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A MAXIMAL INEQUALITY ASSOCIATED TO SCHRODINGER
TYPE EQUATION

YONGGEUN CHO, SANGHYUK LEE, AND YONGSUN SHIM

ABSTRACT. In this note, we consider a maximal operator sup;cg |u(z,t)| =
sup,cp [€?(P) f(z)|, where u is the solution to the initial value problem u; =
iQ(D)u, u(0) = f for a C? function Q with some growth rate at infinity.
We prove that the operator sup;cp |u(z,t)| has a mapping property from a

2

fractional Sobolev space H with additional angular regularity to Lj,_ .

1. INTRODUCTION

We consider the almost everywhere convergence problem on the free Schrodinger
type equation:

%u(z,t) =iQ(D)u(x,t) in R" " (n>2), wu(z,0)=f(z),

where Q(D) is a generalized differential operator defined by a C? function 2 and
D = (—A)%. For smooth initial data f, the solution u(z,t) = e®*P)f can be
written as
1

(2m)"
where f(f) = [e @< f(z)dz. In this note, we assume that the initial data f has
H? regularity for some s > 0 as well as some regularity in the angular direction.
For a, 8 > 0, we define

u(z,t) =

/ ST EHAN F(e) de | e S(RM),
n

11l gz = 1L = A)Z fl] 2y < 00,

_ 8
where [|g]|72 =[5 |gI*r™ =" dr, |lgll 2 e = I1(1=B0) = frw)l| 2 [| 2 (here, (r,w) €

R, x S™~! is the spherical coordinates), and A, is the Laplace-Beltrami operator
on S"71. Since A, commutes with A, one can readily check that 9l o gre ~
[1(1 — Aw)ggHHa (for instance, see [9]). Since not every function in H*HP has
radial regularity higher than «, there is no embedding from or into a usual Sobolev
space. In particular, it should be noted that H*H? ¢ H**Y (0 < v < ) and
HYH] 2 HOY (v = 8).
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2 Y. CHO, S. LEE, AND Y. SHIM
We also assume that 2 is radially symmetric and satisfies
alpl* ™ < 1QW(p)| < calp|** (k=0,1,2), if |p| =N

for some ¢y, c3,a > 0 with a # 1 and a large N > 0. For the point-wise convergence
for the averaging on the sphere, it is sufficient to consider boundedness of maximal

operator u*(z) = sup |u(z,t)|. We prove
teR
3
Theorem 1.1. For anye > 0, if f € H%Hﬁﬁ, then there exists a constant C,
depending only on Q,n, R, such that
1wz (mr) < CII g

Let xg be a radial and smooth cut-off function such that yg =1 on Br and 0
on BSp,. Let us define for a fixed s € [1/4,1/2],

Tf(x,t) = xr(x) / OO ¢

T f(r) = sup |Tf(x,1)|.
teR

Then Theorem 1.1 follows immediately from

o de
(1+[gP)2

Theorem 1.2. For any f € L2H.T7%, there exists a constant C, depending only
on Q,n,R,s, such that

HT*fHL2 < CHfHLEH&,‘*'E_S‘

The maximal function u* and operator T have been studied extensively by
many authors ([1, 2, 3, 4, 5, 7, 8, 10, 11, 12, 13, 14, 18, 19, 21]). P. Sjolin [14] and
L. Vega [19] showed that

(1.1) lu*(lL2(BR) < Cllflla-,

only if s > %. However, the sufficiency remains open. Up to now, it is known that
(1.1) is true if n = 1 ([5, 8]) or the initial data is radial ([4, 12]), or s > 1 and n > 2
([11, 19]). Recently, T. Tao [18] obtained (1.1) for s > 2 and n = 2.

On the other hand, Theorem 1.1 shows that it is true for s = % if we assume
the additional angular regularity. If the initial data is a finite linear combination
of radial functions and spherical harmonics, it was proved by the first and third
authors in [4] that the conjecture is true for s = % but has a dependency on on the
order k of spherical harmonics like O((n + 2k)"*2¥). In this connection, Theorem
1.1 improves the dependency on the order up to kite (see (2.2 below). In case of
a local maximal operator sup,<; |u(z,?)|, then it was shown by G. Gigante and
F. Soria [6] that the angular regularity assumption can be slightly weakened up to
kate, However, we don’t know yet whether the angular regularity must be imposed

or not.
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From the assumption on 2, we treat  not only of the form |£|* but also
22:1 a;|&|™ for any number m; > my_y > -+ > my, m; # 1 and a; € R. For
another use of angular regularity, we refer to [9] in which endpoint Strichartz esti-
mates of 3-d wave and Klein-Gordon equations are considered.

For the proof of our results, we estimate the maximal operators locally in L2
since there is neither a global L? estimate for s > 1 ([11]), nor a local estimate in
LP(p > 2) for s = %. We use the asymptotic property of Bessel functions J, and
the spherical harmonic expansion f(rw) = Y, fix(r)Yx(w) where Y} are spherical
harmonic functions of order k. As to be shown in the next section, the angular
regularity is related to the order of spherical harmonic function Yj(w) (see (2.1)).
By the orthogonality among spherical harmonic functions of different orders, to get
Theorem 1.2, the matters are reduced to obtaining uniform estimate along k. To
control the dependency on k, the angular regularity is used.

If not specified, throughout this paper, C' denotes a generic constant that depends
on Q,n, R,s. We use the notation A < B and A ~ B to denote |A| < CB and
C~1B < |A| < OB respectively.

2. PROOF OF THEOREM 1.2

We begin with reviewing some properties of the spherical harmonic expansion.
If f(rw) = g(r)Yx(w) for a radial function g and a spherical harmonic Y}, of order

k, then we have

o~

f(p0) = G(p)Yx(0),  lgllcz = [IGl]L2,

where
o0 n— _n—2 2]’(3 +n — 2
G(p) = o [ 9™ o) T A lrp)dr fenal < €, v = 2,
0
For the representation of G, see e.g. [16] or [22]. Since A,Y; = k(k + n — 2)Y,
we also have ||f]|2 0 ~ (1 + k2)§||g\|Lg||Yk||Lg~ Furthermore, if h € L2HS, then
there exist radial functions {h}} and spherical harmonics {Y}'} such that
)=S0 S0 BLYiw) i L2HE,
k>01<1<d(k)
where d(k) is the dimension of the space of spherical harmonics of degree k, and
(21) (IS SIS SRR SR
" k>0 1<1<d(k)
Thus from the orthogonality of spherical harmonic functions, we have only to con-
sider the case that f(rw) = g(r)Yx(w). It is also sufficient for the proof of theorem
to show for large k

* 1—s
(2.2) 1T Fllze S k27 Mlgll 2] Vel 2

1

since k3 ~lgllz 1Vellug = K<l el Vidloz - k=3
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By scaling and translation, we may assume that Br = B(0,1), ball with radius
1 centered at the origin. Since f(pw) = G(p)Yx(w), from the definition of T, we
have

Tire =) [ [ Gyt
sn=1Jo (L+p%)2
i _n—z n— d
—coal®) [ D )T A ) ) (),
0 (14 p?)>
Let us define an operator S by
dp

SG(r,t) = copr™™ r/ 0 (rp) = T 1, (rp)p" T Glp) ——
) 1( ) 0 ) (1+p2)2

Let us denote by ||F|[zrra the mixed norm ||(||F(r,t)||za(ar))||Lr(ar). To prove
(2.2) it suffices to show that

(2.3) 1SG| 2o < k272 |C| L2,

1

where G(p) = p“= G(p). Now we define the dual operator S¢ of S by

SiF(p) = a j_n ok / / e (1) 3], (rp)x1(r)F(r,t) drdt
p?)

for F' € C§°(Ry x R). Then, by duality (2.3) follows from

(2.4) 1S4 |2 < Ck2%||F|| 211

Choose smooth cut-off functions ¢y, ¢1 and ¢3 so that ¢o = 1 on {|s| < 1},
¢o =0on {|s| > 1}, 1 = 1 on {|s| ~ 1}, ¢1 = 0 otherwise, ¢ = 0 on {|s| < 2},
#2 =1 on {|s| > 3}, and ¢o + ¢1 + ¢2 = 1. Then we decompose S¢ as

SdF(p) = SoF+ SlF + SQF,
where for ¢ = 0,1, 2,

SiF(p) = —mk / / e NP (1) 3 T, (rp) b ( p) X1(r)F(r,t) drdt.
(14 p?)
Now we need to show each S; satisfies (2.4) in the place of S?. Each estimate is to

be shown using the following asymptotic behavior of Bessel functions:

(2.5) 7,(0] < Cexp(=Cv), i 1< 3,
1 T
(2.6) ;/ |J,(t)|*tdt < C for all r >0,
0
t -3 it —it t t
(2.7) Ju(t)¢2(0) =172 (bee” +b-e7")2(-) + o (t)2(7),
where |®,(t)| < €, |by| < C and the constant C is independent of v. For the proof

of (2.5), see [17]. The mean value estimate (2.6) can be found in Section 4.10 of

[20]. Invoking the Schlafli’s integral representation (see p.176 in [23]):

1 27 o . 0o '
Jy(t) — ez(tsm 0—v0) do — M/ e—VT—t sinh 7 dT,
0

2m Jo m
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the last asymptotic behavior follows from the easy estimate

Sin(l/ﬂ') /OO efu'rft sinh 7 dr C

<

and the method of stationary phase such that
1 27

o e s 0=v0) g (b e 4 b_e )2 4+ O(t73) for t> 2.
i

Using (2.5), we now see

Svre (14 p%) 5 (min(Z, 2))3(|F||L2p0
p

Thus we have

(2.8) |SOF|L25u%eC"(/ (1+p2)smm<”,2)dp) 1F]l g2
0 14
< v % Y| F|| 2.

For Sy, we have

2 3
SFI S 1+ )5 ([ 2ot () ar) e

By the change of variable r — r/p, the integral in the RHS of the above estimate
is bounded by 1 f(Qp J2(r)réi(r/v)dr. Since p > % from the support condition of

l/

¢1, by (2.6) we have

S1F(p)| < CvE (14 p*) "2 p™ x5y | Fl 20
We thus obtain
(2.9) 11F g2 S v2 || Fllgaps.

Now we estimate SoF'. Let us set SoF' = S, F + S_F + SsF, where

n, b 1, r
S:+F(p) = 1:’“; / / (Ero—t9e)) g, (1P X () E(r, 1) drt

S3F(p) = / / e 1)1, (rp)s (L) xa () F (1) i

For the estimate SiF , it suffices to consider S F. We decompose it into two parts
as follows:

where

Cnpby / / e =120y | (r)F(r, t) drdt,
(14 p?)

= fl? / / =N (1 — o L)) (1) F (1) dr.
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For II, we have

min (3% 2)

(IS (1+p%) % [1E(r, )L dr

S—

s 3v H
) (min2.2) 1Pl
and hence
(2.10) 1|2 S v2=||F|g2p0.
Now we estimate I. Since F' is in C§°(Ry x R), obviously we may assume

kD 4
I = (11% /2 ez(rp—tﬂ(p))xl(|7“|)F(7n7 t) drdt.
R

Squaring and integrating I over {|p| < N}, we have
(2.11) / [1|?dp < C||F|[Zapa-
[p|<N
<s< %7 it is easy to see
[ ieas
[p|>N

<c [[[[ 16t~ OhateIPE Ol DIFC! )] drardeat

where

: 1
Since 1

K(r,t) = / et (rp—tQ(p)) dpl .

lo|>N lp|2
For the kernel estimate, we introduce a lemma which shows uniform bound of kernel
K on t.

Lemma 2.1. For any real number A,B(A # 0) and s € [1,1), there ezists a
constant C' independent of A and B such that

/ £i(AQ(0)+Bp) 9P
lp|>N pl*

Applying Lemma 2.1 with s = é and B = r — 7/, from fractional integration it

LR
lp|>N

_1
(2.12) S [ =1 Bl Nl DIFE )l drar’
ST Call Pl all s
5 ||FH%2L15

< C|B|~(1=9),

follows

where 7 1 is the Riesz potential of order %
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Finally, we estimate S3F'. From the uniform bound of ®, on v, for small ¢ > 0,

we have

1S3F(p)] < JooHon (") a)IFC s dr

2

SC’pfS*éx{pzy}/ r7%||F(7’,')HL1 dr

P

2
_ e 1 _ 1
<C.vp* 2+EX{pzu}[2 r 2 F(r, )| dr

(1+ )

< CEV_EP_S_%JFEX{pzu}||F||L2L1-
Choosing ¢ as %, we obtain
(2.13) 1SsFl|2 S v ||F L2
Combining all the estimates (2.8) to (2.13) and recalling v = 2E£n=2
(2.4) and hence Theorem 1.2.

, we get

Proof of Lemma 2.1.  To prove Lemma 2.1, we need the following (see e.g. [8]
and [15])

Lemma 2.2. Let ¢ be a monotone function and I = ff e Php(p)dp. Then if

\i—ﬂ > A >0 in o, 5] and i—i is monotone, |I| < CA™1 [sug] [v(p)|, and if |f7f| >

A >0, then |I| < CA~% sup |(p)|. The constant C' doesn’t depend on a, B, \, ¢
[,A]
and .

We may assume that N = 0 because there is no harm to the entire estimates.
And by symmetry, we also assume that A > 0 and B > 0.

(Case a>1) Let D= Afi . Then by the change of variable, we have

s ) 1
I— A_la /el(AQ(A ap)+DP)|p|—s dp:/ +/ -1 +I+
p<0 p>0

We have only to consider I and we denote it I again.

Now we first consider the case when Q' > 0. Observe that
E = (AQ(A % p)+ Dp)' > c1p*' + D.

Let M be a large positive number depending only on a, s, c1,ce. If D < M, then

1 [e’e)
[—A (/ +/ )=11+12
0 1

For I, by direct integration, we have |I;| < A= < B~(1=9)_ For I, since E > 1,

by the first part of (2.2), we have |I,| <A=& < B~(=%)_If D > M, then since
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E > D, by the first part of Lemma 2.2, we have |I5| < A" D1 < AiBl <

B~(=%)_ For I, using the change of variable, we have

D 1
n= A—lsz—u—s)/ (ARDTI AT p)p) s
0

Thus I = [, + [ = Iy + Lis. By the integration, |I;;| < B~(~*). For
I 5, since (AQ(D"1A~%p) + p)’ > 1, from the first part of Lemma 2.2, we have
|11 2| < B~(=%) and hence |I,| < B~(1~9).

Now we consider the case when ' < 0. We observe that

—e2p" '+ D < E=(AQA % p) + Dp) < —c1p* ' + D.

If D < M, then we split I into two parts as follows:

%g)E%T 00
+/ ) =ntn
2M N\ a1
(%)t

1-—s ( -
I =A" o /
0
1—s

For I5, we have by direct integration |I3] < A~ "=

< B~(=9) For I, since E <
1—s

—c1p '+ D < —1, by the first part of Lemma 2.2, we get |I,] < A~ & < B~(1-9),
If D > M, then we split I into four parts as follows:

1—s 1 (
([
(2.14) 0

=15+ Ig+ I; + Ig.

1
2D —
et

D )E%T o)
ST
I C

For I5, we use the change of variable so that

. b 1 ,-1
L= A5 D—(l—s)/ (IARDTI AT p)p) =5 g
0

1—s

We split I5 into two part: Is = A™ =

p-(1-9) (fol +f1D) = Iy + Iss. For I,
and I 9, using the direct integration and the first part of Lemma 2.2 respectively,
we have |I51] + |Iso| S A= D=(1=%) = B=(0-9)_ For I, since E > D > D%,
using the first part of Lemma 2.2, we have |Ig| S A™ "=

1_51)7(173) — Bf(lfs).
To estimate I7, we use the second derivative |E’| ~ p®~2 ~ D&=1. Then from

the second part of Lemma 2.2, we obtain

1 a

—242s
2(a—1) |

| < A D pt - A= -

1 1—s

Since @ > 1 and s > %, we have |I;| $ A== D~(179 = B~(=9). Finally, we
estimate Ig. Since E > D > D'~ by the first part of Lemma 2.2, we have
1—s

Is]| <A~ D-(-s)p~a=x < B~(1-9),
(Case a <1) Let D= %. Then by the change of variable, we write

9] 0
Bl—SI _ /ei(AQ(%)"rp)‘p‘—sdp :/ +/ — I+ +I_
0 —0o0

Similarly to the case a > 1, we only consider I, and denote it by I again.
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In case that Q' > 0, we have E = (AQ(%)+p) > c1Dp* 1 +1>1forall p> 0.
We divide I into two parts: [ = fol + [°. For the first integral, we just integrate
and for the second one, we use the first part of Lemma 2.2. Then we can see |I| < 1.

Now we consider the case when ' < 0. Then we can observe that

—Qﬁp“il +1<FE< —clﬁpafl + 1.

a—

If coD < 2, then we divide I into two parts: I = fo(%)il +f(olo)ﬁ =1, + I,. By
~ T
the integration, we get |I;| < 1. And since coD < 2 and hence E 2> 1, by the first

part of Lemma 2.2, we have |Io| < 1.
If ;D > 2, then we divide I into four parts:

2

L (29T G oo
I=/+/ +/ . +/ N =13+ 14+ I5 + Ig.
0 1 (Cl2ﬁ)ﬁ (2c;§)a_1

For I3, by the integration, |I3] < 1. For |I5|, since |E'| ~ DD~ &1 = D& and
~ 2s5—1
s > 1, by the second part of Lemma 2.2, we have |I5| < D20 < 1. And since
E<—lon[l,(-2)= 7] and E > 1 on [(=1=)#T,00), we also have |I4], |Ig| < 1.
~ - P ~ 2co B ~
If % <D< %, choose a large number M depending only on ¢y, ¢z, and divide I
as follows: I = fOM + [5 - Then as the estimate of I; and I3, we can obtain |I| < 1.

This completes the proof of lemma. O
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