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Abstract. Let L2 = L?(D,rdrd6 /) be the Lebesgue space on the open unit disc
D and IetLg1 =L2n Hol(D) be a Bergman space dn In this paper, we are interested in
a closed subspace” of L2 which is invariant under the multiplication by the coordinate
functionz, and a Hankel type operator frohﬁ to.#*. In particular, we study an invariant
subspace# such that there does not exist a finite rank Hankel type operator except a zero
operator.



§1. Introduction

Let D be the open unit disc I8 @éndHol (D) be the set of all holomorphic functions on
D. Letdu =rdrd6/m andL? = L?(D,du) the Lebesgue space. The Bergman sp3aen D
is defined byL2 = L2NHol(D). ThenL2 is the closed subspacelof. When./ is a closed
subspace df? andz# C .#, .4 is called an invariant subspace. Fpm L* = L*(D,du),
a Hankel type operator is defined by

H// f = <| —P/f> (pf)  (feld)

whereP“ is the orthogonal projection froms® onto.#. When.# = L3, H,” is called a

L
big Hankel operator and whew = (z_Lg) , H;{l is called a small Hankel operator. When

L2C.# C (Z_L_§> L, H;;/’ is called an intermediate Hankel operator.

It Is easy to see that there does not exist a finite rank big Hankel operator except
a zero one (see [5], [6]). On the other hand, there exist a lot of finite rank nonzero small
Hankel operators (see [5]). In fact, it is easy to see the results. E. Strouse [7] described
completely all finite rank intermediate Hankel operators for some invariant subspace. In the
previous paper [5], we began to study finite rank intermediate Hankel operators for arbitrary
invariant subspace. Ifb, Theoren8.2], we gave three necessary and sufficient conditions
for .# such that does not exist a finite rank intermediate Hankel operator except a zero one.
In this paper, without the hypothesis on an invariant subsp#ceve give a new necessary
and sufficient condition for#Z which have a finite rank Hankel type operator except a zero
one.

For an invariant subspace in L2, ker H;/‘ denotes the kernel dﬂ({[ and then
kerH,” = {f € L3; ¢f € .#}. HencekerH,” is also an invariant subspacelid. Thus
each invariant subspac# in L? is related to an invariant subspacel_ii\by a Hankel type
operator. In this paper, the following property of invariant subspack$ isimportant.

Definition. Let.# be an invariant subspace ofL .# is called weakly di-
visible if whenever & .# and| f(z) |[< y|z—a| for some a D and somey > 0 then
f(z) = (z—a)g(2z) and g is a function in/ .

In Section 2, we generalize a theorem of S. Axler and P. Bourdon [1]. Then they
will be used in the latter sections. In Section 3, we show that there does not exist a finite
rank Hankel type operatdﬂ;/’ except a zero one if and only .i#Z is weakly divisible. In
Section 4, we give several examples of weakly divisible invariant subspaces.

In this paperS.. denotes the wedkclosed linear span of a subsgtn L and[S;
denotes the closed linear span of a sulSsatL?.
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§2. An invariant subspace and the index

In this section, for a given invatiant subspaeé we are interested in two invariant
subspaces7’ and.#" suchthat#’ C.# C.#",dim# ©.#' < o anddima” ©.# < .
Under some conditions o ,.#'and.#", we describe#’ and.#" using.# . Corollary 3
will be used in Sections 3 and 4. (1) of Corollary 3 is known in [1].

When.# is an invariant subspace bf, for ac € putind,.# = dim{.# & (z—a).#}.
inda.# is called index of# ata. It is known (cf. [1]) that for eacim(0 < n < ) and for
anya(e€ D) there exists an invariant subspagé with ind,.#Z = n.

Theorem 1.Let.# .71 and.#> be invariant subspaces ofland .74 C ..
(1) inda.# = O for any a¢ D.
(2) If dim.#2© .41 < o then there exists a polynomial b such tha#b C .41, Z(b) C D
and the degree of k. dim.#> © .#, and Z(indajlz; ae Z(b)) >dimsaro #.
Proof. (1) If |a|> 1then(z—a) ' € H® and.# = (z—a).# . Henceinda.# = 0.
If |a|=1then(z—a).# = (z—a){z—a(1+¢)} L. Foranyf € .#, itis easy to see that

J

by a Lebesgue’s convergence theorem. This implies(thata).# is dense in# and so

inda.#Z =0 for |a|=1. (2) PutAV = 4> #1 and.%; = PM,|.4/" whereM; is a mul-

tiplication operator orL.? by the coordinate functioz and P is the orthgonal projection

from L? to .#. If n=dim.# < o, then there exists a polynomial of degreen such

that ., = b(.#2) = 0 and sob.#> C .#;. By (1), we may assume that(b) C D. We
n

will prove thatZ(inda//lz; ac Z(b)) > n. We can write thab = ag |_| (z—aj) and so
=1

2

28 ¢ _fldu—0 (e—0)

z—a(l+eg)

Z(b) = {a1,a,...,an} whereag € C. If y (indas’2;a € Z(b)) < n—1 then we may as-
n
sumueindy, .#2 = 0. Since[(z— ay).#2)2 = M2, I'L(z— aj). Mo C M C Mo Thenitis
l:

n

easy to see thatim.z, © [I_L(z— aj)./2]2 < n—1 becausénd, .7, < 1for2<j <n,
-

This contradicts thaﬂim//{@ A =n. 0

Corollary 1. Let.#1 and .#> be invariant subspaces ofland .z, C >.
If dim.#2 & #1 = 1 then(z—a).#> C #1 C 4> for some ac D and inch.#> > 1. If
iNda.#1 = 1 or inda.#, = 1then.#, = [(z— a).#5)».

Proof. By Theorem 1(z—a).#> C .#1 for somea € D and sand,.#> > 1. Since
(z—a)h C (z—a)dlo C M1 G Mo, M1 = [(2—a) M) if iINdatty =1 0rindatto=1.0

4



Corollary 2. Let.#; and.#> be invariant subspaces such that; C .#> and
dim.#,© /1 = n < . Suppose thatz— a).#] is closed for any a in D when 1,2.
If inda.#1 = 1 forany ain D or inqu//z = 1for any a in D then#1, = b.#> and .#> =

(f1/b,..., fn/b) & .21 where b= |_| (z—aj),{aj} cDand{fj} C .#1.
Proof. By Theorem 1 there eX|sts a polynomialsuch thatb.#> C .#1 and
Z(b) c D and the degree df < n. Henceb = |_| (z—aj) and{a;} Cc D and/ <n. When

inda.#> = 1 for anyain D, dim.Z> © b.#> = 6 becauseéz aj).#>is closed for 1< j < /¢
and sof = n. Hence.#1 = b.#>. Whenind,.#1 = 1 for anya in D, dim#zy, &bz, = ¢
by the same reason. Sinbe#1 C b.#, C .#, anddimb.#, ©b.#1, = n, ¢ = n and so
M1 =bMo. Putdlo = (@1,...,¢n) ® .41 Where{¢; } are orthogonal to#71. What was just
proved aboveb.#, = .#1 and sob.#> = (b@1,...,ben) & b.#y = #1. Putfj = be; for
j=1,...,nthen{f;} are in.#y and.#> = (f1/b,..., fn/b) & .2,. O

Corollary 3. Let.# be an invariant subspace of L
n

(1) If dimLZ©.# = n < » and n# Othen.# = bLZ where b= [] (z—a;) and{aj} C D.
=1

(2) If dim.#Z ©L2=n < o then.# = L2.
Proof. It is known thatind,L2 = 1 and(z— a)L2 is closed for each € D. Hence
we can apply Corollary 2#71 = L2 or .#o = L2. If .#y = .4 and.#> = L2 then (1) follows.
n

If 1 =L2and.#, = .4 then.#t = (f1/b,..., f,/b) ® L2 whereb = [1(z—aj). {aj} cD
=1

and{f;} c LZ. For each X ¢ <n, f;/b € L? and sof,(aj;) = 0 for 1< j <n. Thenf,/b
belongs td_2 and sof, /b = 0 for each/. Thus.# = L2 and so (2) followsL]

§3. Finite rank Hankel type operators

In this section, we study the relation between finite rank Hankel type operators and
invariant subspaces.

Theorem 2. Let.# be an invariant subspace of L Then there does not exist a
finite rank Hankel type operator;}?f except a zero one if and only.i# is weakly divisible.

Proof. Supposes is weakly divisible. IfH,” is of finite rank therker H,” is an
invariant subspace i3 anddimL3/kerH,” < «. By (1) of Corollary 3ker H,? = bL3 for
some polynomiab with Z(b) C D and sobg belongs ta#. Putf = b then| f(z) |< 7|



n
b(z) | (z€ D) wherey = ||¢||«. Supposé(z) |_| (z—aj) where{a;} C D. For any¢

with 1 </ <n,
f(2)

Z—ay

<vlao|[]lz—3| (z€D)
2

andf(z)/(z—ay) belongs ta# becausey € D and.# is weakly divisible. Thusp(z) =
f(2)/0(2) belongs ta. HenceH,” = 0.

Conversely if.# is not weakly divisible then there exists a functibnn .# and a
pointain D such that f(z) [<y|z— a| (ze D) andf(z)/(z—a) does not belong to .
Putep = f(2)/(z—a) thengp € L” andH is not zero because ¢ .#. On the other hand,
(z—a)p € . and so the kernel dfi;; 4 contalns(z a)L2. This implies thaH/// is of rank
one becauskZ/(z—a)L2 =C. O

Proposition 1. If there exists a symba such that r(H;{’) = n > 1then there
exists a symbap; such that r<H;f/> = jforany jwithO< j<n-—1
Proof. Suppose K n=r (H{’) < . ThenkerH,” = the kernel ofH,”

is an invariant subspace &£ and Lg/kerH{/ is of finite dimensionn. By Corollary
n

3, kerH;p% = bL2 whereb = ﬂ(z— ay) and (ay) C D. Hencebg belongs to.#. Put

n
=0 |_| (z—ay) for1<j<n—-1theng; ¢ .# for 1 < j<n—1andg = be.
=j+1
i
SincekerH,” = bjLZ for 1 < j < n—1 whereb; = le(z—ag), H,/ is of finite rank j

forO<j<n-1.0

Corollary 4. The following(1) and (2) are equivalent for an invariant subspace

(/il)lf( )<oothenr<H;pﬂ>:0.
(2) If r (H///)<1thenr(H///) 0.

Proof. (1) = (2) is clear.(2) = (1). If (1) is not true then there exists a symbol
@ withr <H;P/’> = n> 2. By Proposition 1 there exists a symhmlsuch that (Hf) =1.
This contradictg2). O



84. Weakly divisible invariant subspaces

For a functionf in L2, putZ(f) = {ae D; f(a) = 0} andZ(G) = n{Z(f); f € G}
for a subseG in Lg. For 1< p< oo, if Eis a open setib, Hé’ denotes the set of all func-
tions inLP that are analytic o. In Corollary 5, a weakly divisible invariant subspae#
is described completely whew is in Lg. There exists a nonzero invariant subspagen
Lg such that# NL* = (0). For it is known (see [4]) that there exists a nonzero funcfion
in L2 such thaiZ(f) does not satisfy the Blaschke condition.

Theorem 3.Let.# be an invariant subspace of L
(1) If ./ NL® CH® and Z.# NL*) = 0 then.# is weakly divisible.

(2) If .# NL™ = HE for some open set E, the# is weakly divisible.
(3) If ./ NL® = (0) then.# is weakly divisible.

Proof. (1) If {fn} is a sequence iz NL*which converges pointwise boundedly
to f, thenf € .#. By the Krein-Schmulian criterion (see[3, V 2.1])# NL” is weak-
star closed. Hence, by a well known theorem of Beurling.J2]nL” = gH” for some
inner functiong. Hence iff € .# and| f(z) |[<y|z—a| (z€ D) for somea € D then
f = ghfor someh € H®. SinceZ(.# NL") =0, | q(z) |> 0(z€ D) and soh(a) = 0. Hence
f(z2)/(z—a)=9(z) x (h(z)/(z—a)) € qH”. Thusf(z)/(z—a) belongs ta. (2) If f e HZ
and| f(z) |[<y|z—a| (ze D) for someae D thenf(z)/(z—a) € L* andf(z)/(z—a) is
analytic onE. Hencef (z)/(z— a) belongs tdHg and sa# is weakly divisible.(3) is clear.
U

Corollary 5. Let.# be an invariant subspace oﬁLThen//{ is weakly divisible
if and only if.#Z NL* = (0) or Z(.# NL*) = 0.

Proof. The part of ‘ if ' is a result of(1) and (3) of Theorem 3. Conversely
suppose that# is weakly divisible. If.# NL* # (0) then by a theorem of Beurling there
exists an inner functiog with .#Z NL* = gH®. If g(a) = 0 for somea € D then there exists
a finite positive constant such that q(z) |[<y|z—a| (z€ D) andq/(z—a) ¢ .#. This
contradicts the weakly divisibility of# and saZ(q) = Z(.# NL") = 0.0

Corollary 6. Let.# be an invariant subspace of L
(1) If .# C L2 and diml2/.# < o then.# is not weakly divisible.
(2) If .# D L2 and dim# /LZ < o then.# is weakly divisible.

Proof. (1) If .# C L2and dim_2/./# = ¢ < « then by (1) of Corollary 34 = bl2
¢
whereb = ﬂ (z—aj)andaj € D(1< j</). HenceZ(.# NL>) =Z(b) # 0 and so by Corol-
=1
lary 5. is not weakly divisible.(2) By (2) of Corollary 3.# = L2 and sa# NL” = H".



Hence (1) of Theorem 3 implies tha# is weakly divisible.[]

Corollary 7. If # = Hé for some open set E in D the# is weakly divisible.
Proof. It is a result of(2) of Theorem 3]

Proposition 2. Suppose that#; is a weakly divisible invariant subspace o L
for j=1,2,...and.#j x 4, = {fQ; f € #jandge A#,} = (0)if j £ L. If A = il@///j
then.# is a weakly divisible |nvar|ant subspace.

Proof. If f € .# thenf = Z fand| f(2) |= Z | f;(2) | (z€ D) by hypothesis.

This implies that# is weakly dIVISIb|e OJ

Corollary 8. Let1 < ¢ < . Suppose Pis an open setin D withu(dDj) = O for
1<j<4,DiNDj=0(i#j)and D= U‘Z _1Dj. Then# = Z eL2(D Dj) is weakly divisible.

Proof. This is a result of Corollary 7 and Proposmon[Z

Proposition 3. If .# is a weakly divisible invariant subspace of and ¢ is a
unimodular function in £ theng.# is a weakly divisible invariant subspace.

Proof. From the definition of weakly divisibility, the proposition follows trivially.
O

Corollary 9. If ¢ is a unimodular function in € thengL2 is weakly divisible.
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