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Abstract. Let L2 = L2(D, rdrdθ/π) be the Lebesgue space on the open unit disc
D and letL2

a = L2∩Hol(D) be a Bergman space onD. In this paper, we are interested in
a closed subspaceM of L2 which is invariant under the multiplication by the coordinate
functionz, and a Hankel type operator fromL2

a to M⊥. In particular, we study an invariant
subspaceM such that there does not exist a finite rank Hankel type operator except a zero
operator.

2



§1. Introduction

Let D be the open unit disc in /C andHol(D) be the set of all holomorphic functions on
D. Letdµ = rdrdθ/π andL2 = L2(D,dµ) the Lebesgue space. The Bergman spaceL2

a onD
is defined byL2

a = L2∩Hol(D). ThenL2
a is the closed subspace ofL2. WhenM is a closed

subspace ofL2 andzM ⊆M , M is called an invariant subspace. Forϕ in L∞ = L∞(D,dµ),
a Hankel type operator is defined by

HM
ϕ f =

(
I −PM

)
(ϕ f )

(
f ∈ L2

a

)
wherePM is the orthogonal projection fromL2 ontoM . WhenM = L2

a, HM
ϕ is called a

big Hankel operator and whenM =
(

z̄L2
a

)⊥
, HM

ϕ is called a small Hankel operator. When

L2
a ⊆M ⊆

(
z̄L2

a

)⊥
, HM

ϕ is called an intermediate Hankel operator.
It is easy to see that there does not exist a finite rank big Hankel operator except

a zero one (see [5], [6]). On the other hand, there exist a lot of finite rank nonzero small
Hankel operators (see [5]). In fact, it is easy to see the results. E. Strouse [7] described
completely all finite rank intermediate Hankel operators for some invariant subspace. In the
previous paper [5], we began to study finite rank intermediate Hankel operators for arbitrary
invariant subspace. In[5,Theorem3.2], we gave three necessary and sufficient conditions
for M such that does not exist a finite rank intermediate Hankel operator except a zero one.
In this paper, without the hypothesis on an invariant subspaceM , we give a new necessary
and sufficient condition forM which have a finite rank Hankel type operator except a zero
one.

For an invariant subspaceM in L2, kerHM
ϕ denotes the kernel ofHM

ϕ and then

kerHM
ϕ = { f ∈ L2

a ; ϕ f ∈ M }. HencekerHM
ϕ is also an invariant subspace inL2

a. Thus
each invariant subspaceM in L2 is related to an invariant subspace inL2

a by a Hankel type
operator. In this paper, the following property of invariant subspaces inL2 is important.

Definition. Let M be an invariant subspace of L2. M is called weakly di-
visible if whenever f∈ M and | f (z) |≤ γ | z− a | for some a∈ D and someγ ≥ 0 then
f (z) = (z−a)g(z) and g is a function inM .

In Section 2, we generalize a theorem of S. Axler and P. Bourdon [1]. Then they
will be used in the latter sections. In Section 3, we show that there does not exist a finite
rank Hankel type operatorHM

ϕ except a zero one if and only ifM is weakly divisible. In
Section 4, we give several examples of weakly divisible invariant subspaces.

In this paper[S]∗ denotes the weak∗ closed linear span of a subsetS in L∞ and [S]2
denotes the closed linear span of a subsetS in L2.
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§2. An invariant subspace and the index

In this section, for a given invatiant subspaceM we are interested in two invariant
subspacesM ′ andM ′′ such thatM ′⊆M ⊆M ′′, dimM 	M ′ < ∞ anddimM ′′	M < ∞.
Under some conditions onM ,M ′andM ′′, we describeM ′ andM ′′ usingM . Corollary 3
will be used in Sections 3 and 4. (1) of Corollary 3 is known in [1].

WhenM is an invariant subspace ofL2, for a∈ /C put indaM = dim{M 	(z−a)M }.
indaM is called index ofM at a. It is known (cf. [1]) that for eachn(0≤ n≤ ∞) and for
anya(∈ D) there exists an invariant subspaceM with indaM = n.

Theorem 1.LetM ,M1 andM2 be invariant subspaces of L2 andM1 ⊆M2.
(1) indaM = 0 for any a/∈ D.
(2) If dimM2	M1 < ∞ then there exists a polynomial b such that bM2 ⊆M1, Z(b) ⊂ D
and the degree of b≤ dimM2	M1 and∑(indaM2 ; a∈ Z(b))≥ dimM2	M1.

Proof. (1) If | a |> 1 then(z−a)−1∈H∞ andM = (z−a)M . HenceindaM = 0.
If | a |= 1 then(z−a)M = (z−a){z−a(1+ε)}−1M . For anyf ∈M , it is easy to see that

∫
D

∣∣∣∣ z−a
z−a(1+ ε)

f − f

∣∣∣∣2dµ −→ 0 (ε → 0)

by a Lebesgue’s convergence theorem. This implies that(z−a)M is dense inM and so
indaM = 0 for | a |= 1. (2) Put N = M2	M1 andSz = PMz|N whereMz is a mul-
tiplication operator onL2 by the coordinate functionz and P is the orthgonal projection
from L2 to N . If n = dimN < ∞, then there exists a polynomialb of degreen such
that Sb = b(Sz) = 0 and sobM2 ⊆ M1. By (1), we may assume thatZ(b) ⊂ D. We

will prove that∑(indaM2 ; a ∈ Z(b)) ≥ n. We can write thatb = a0

n

∏
j=1

(z− a j) and so

Z(b) = {a1,a2, . . . ,an} wherea0 ∈ /C. If ∑(indaM2 ; a ∈ Z(b)) ≤ n− 1 then we may as-

sumueinda1M2 = 0. Since[ (z−a1)M2]2 = M2,
n

∏
j=2

(z−a j)M2 ⊆ M1 ⊂ M2. Then it is

easy to see thatdimM2	 [
n

∏
j=2

(z− a j)M2]2 ≤ n− 1 becauseinda j M2 ≤ 1 for 2≤ j ≤ n.

This contradicts thatdimM2	M1 = n. �

Corollary 1. Let M1 and M2 be invariant subspaces of L2 and M1 ⊆ M2.
If dimM2	M1 = 1 then (z− a)M2 ⊆ M1 ( M2 for some a∈ D and indaM2 ≥ 1. If
indaM1 = 1 or indaM2 = 1 thenM1 = [(z−a)M2]2.

Proof. By Theorem 1,(z−a)M2⊆M1 for somea∈D and soindaM2≥ 1. Since
(z−a)M1⊆ (z−a)M2⊆M1 ( M2,M1 = [(z−a)M2]2 if indaM1 = 1 or indaM2 = 1. �
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Corollary 2. Let M1 andM2 be invariant subspaces such thatM1 ( M2 and
dimM2	M1 = n < ∞. Suppose that(z− a)M j is closed for any a in D when j= 1,2.
If indaM1 = 1 for any a in D or indaM2 = 1 for any a in D thenM1 = bM2 andM2 =

〈 f1/b, . . . , fn/b〉⊕M1 where b=
n

∏
j=1

(z−a j),{a j} ⊂ D and{ f j} ⊂M1.

Proof. By Theorem 1 there exists a polynomialb such thatbM2 ⊆ M1 and

Z(b) ⊂ D and the degree ofb≤ n. Henceb =
`

∏
j=1

(z−a j) and{a j} ⊂ D and` ≤ n. When

indaM2 = 1 for anya in D, dimM2	bM2 = ` because(z−a j)M2 is closed for 1≤ j ≤ `

and so` = n. HenceM1 = bM2. WhenindaM1 = 1 for anya in D, dimM1	bM1 = `

by the same reason. SincebM1 ⊆ bM2 ⊆ M1 and dimbM2	 bM1 = n, ` = n and so
M1 = bM2. PutM2 = 〈ϕ1, . . . ,ϕn〉⊕M1 where{ϕ j} are orthogonal toM1. What was just
proved above,bM2 = M1 and sobM2 = 〈bϕ1, . . . ,bϕn〉⊕bM1 = M1. Put f j = bϕ j for
j = 1, . . . ,n then{ f j} are inM1 andM2 = 〈 f1/b, . . . , fn/b〉⊕M1. �

Corollary 3. LetM be an invariant subspace of L2.

(1) If dimL2
a	M = n < ∞ and n6= 0 thenM = bL2

a where b=
n

∏
j=1

(z−a j) and{a j} ⊂ D.

(2) If dimM 	L2
a = n < ∞ thenM = L2

a.
Proof. It is known thatindaL2

a = 1 and(z−a)L2
a is closed for eacha∈ D. Hence

we can apply Corollary 2M1 = L2
a or M2 = L2

a. If M1 = M andM2 = L2
a then (1) follows.

If M1 = L2
a andM2 = M thenM = 〈 f1/b, . . . , fn/b〉⊕L2

a whereb=
n

∏
j=1

(z−a j), {a j} ⊂D

and{ f j} ⊂ L2
a. For each 1≤ ` ≤ n, f`/b∈ L2 and sof`(a j) = 0 for 1≤ j ≤ n. Then f`/b

belongs toL2
a and sof`/b = 0 for each̀ . ThusM = L2

a and so (2) follows.�

§3. Finite rank Hankel type operators

In this section, we study the relation between finite rank Hankel type operators and
invariant subspaces.

Theorem 2. Let M be an invariant subspace of L2. Then there does not exist a
finite rank Hankel type operator HMϕ except a zero one if and only ifM is weakly divisible.

Proof. SupposeM is weakly divisible. IfHM
ϕ is of finite rank thenkerHM

ϕ is an

invariant subspace inL2
a anddimL2

a/kerHM
ϕ < ∞. By (1) of Corollary 3,kerHM

ϕ = bL2
a for

some polynomialb with Z(b) ⊂ D and sobϕ belongs toM . Put f = bϕ then| f (z) |≤ γ |
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b(z) | (z∈ D) whereγ = ‖ϕ‖∞. Supposeb(z) = a0

n

∏
j=1

(z−a j) where{a j} ⊂ D. For any`

with 1≤ `≤ n, ∣∣∣∣ f (z)
z−a`

∣∣∣∣≤ γ | a0 |∏
j 6=`

| z−a j | (z∈ D)

and f (z)/(z−a`) belongs toM becausea` ∈ D andM is weakly divisible. Thusϕ(z) =
f (z)/b(z) belongs toM . HenceHM

ϕ = 0.
Conversely ifM is not weakly divisible then there exists a functionf in M and a

point a in D such that| f (z) |≤ γ | z−a | (z∈ D) and f (z)/(z−a) does not belong toM .
Putϕ = f (z)/(z−a) thenϕ ∈ L∞ andHM

ϕ is not zero becauseϕ /∈M . On the other hand,

(z−a)ϕ ∈M and so the kernel ofHM
ϕ contains(z−a)L2

a. This implies thatHM
ϕ is of rank

one becauseL2
a/(z−a)L2

a = /C. �

Proposition 1. If there exists a symbolϕ such that r
(

HM
ϕ

)
= n≥ 1 then there

exists a symbolϕ j such that r
(

HM
ϕ j

)
= j for any j with0≤ j ≤ n−1.

Proof. Suppose 1≤ n = r
(

HM
ϕ

)
< ∞. Then kerHM

ϕ = the kernel ofHM
ϕ

is an invariant subspace ofL2
a and L2

a/kerHM
ϕ is of finite dimensionn. By Corollary

3, kerHM
ϕ = bL2

a whereb =
n

∏̀
=1

(z− a`) and (a`) ⊂ D. Hencebϕ belongs toM . Put

ϕ j = ϕ

n

∏
`= j+1

(z− a`) for 1 ≤ j ≤ n− 1 then ϕ j /∈ M for 1 ≤ j ≤ n− 1 and ϕ0 = bϕ.

SincekerHM
ϕ j

= b jL
2
a for 1 ≤ j ≤ n− 1 whereb j =

j

∏̀
=1

(z− a`), HM
ϕ j

is of finite rank j

for 0≤ j ≤ n−1. �

Corollary 4. The following(1) and(2) are equivalent for an invariant subspace
M .
(1) If r

(
HM

ϕ

)
< ∞ then r

(
HM

ϕ

)
= 0.

(2) If r
(

HM
ϕ

)
≤ 1 then r

(
HM

ϕ

)
= 0.

Proof. (1)⇒ (2) is clear.(2)⇒ (1). If (1) is not true then there exists a symbol

ϕ with r
(

HM
ϕ

)
= n≥ 2. By Proposition 1 there exists a symbolϕ1 such thatr

(
HM

ϕ1

)
= 1.

This contradicts(2). �

6



§4. Weakly divisible invariant subspaces

For a functionf in L2
a, put Z( f ) = {a∈ D ; f (a) = 0} andZ(G) = ∩{Z( f ) ; f ∈ G}

for a subsetG in L2
a. For 1≤ p≤ ∞, if E is a open set inD, H p

E denotes the set of all func-
tions inLp that are analytic onE. In Corollary 5, a weakly divisible invariant subspaceM

is described completely whenM is in L2
a. There exists a nonzero invariant subspaceM in

L2
a such thatM ∩L∞ = 〈0〉. For it is known (see [4]) that there exists a nonzero functionf

in L2
a such thatZ( f ) does not satisfy the Blaschke condition.

Theorem 3.LetM be an invariant subspace of L2.
(1) If M ∩L∞ ⊆ H∞ and Z(M ∩L∞) = /0 thenM is weakly divisible.
(2) If M ∩L∞ = H∞

E for some open set E, thenM is weakly divisible.
(3) If M ∩L∞ = 〈0〉 thenM is weakly divisible.

Proof. (1) If { fn} is a sequence inM ∩L∞which converges pointwise boundedly
to f , then f ∈ M . By the Krein-Schmulian criterion (see[3, IV 2.1]),M ∩ L∞ is weak-
star closed. Hence, by a well known theorem of Beurling [2]M ∩ L∞ = qH∞ for some
inner functionq. Hence if f ∈ M and | f (z) |≤ γ | z− a | (z∈ D) for somea ∈ D then
f = qh for someh∈ H∞. SinceZ(M ∩L∞) = /0, | q(z) |> 0(z∈ D) and soh(a) = 0. Hence
f (z)/(z−a) = q(z)×(h(z)/(z−a))∈ qH∞. Thus f (z)/(z−a) belongs toM . (2) If f ∈H∞

E

and| f (z) |≤ γ | z−a | (z∈ D) for somea∈ D then f (z)/(z−a) ∈ L∞ and f (z)/(z−a) is
analytic onE. Hencef (z)/(z−a) belongs toH∞

E and soM is weakly divisible.(3) is clear.
�

Corollary 5. LetM be an invariant subspace of L2
a. ThenM is weakly divisible

if and only ifM ∩L∞ = 〈0〉 or Z(M ∩L∞) = /0.
Proof. The part of ‘ if ’ is a result of(1) and (3) of Theorem 3. Conversely

suppose thatM is weakly divisible. IfM ∩L∞ 6= 〈0〉 then by a theorem of Beurling there
exists an inner functionq with M ∩L∞ = qH∞. If q(a) = 0 for somea∈D then there exists
a finite positive constantγ such that| q(z) |≤ γ | z−a | (z∈ D) andq/(z−a) /∈ M . This
contradicts the weakly divisibility ofM and soZ(q) = Z(M ∩L∞) = /0. �

Corollary 6. LetM be an invariant subspace of L2.
(1) If M ( L2

a and dimL2a/M < ∞ thenM is not weakly divisible.
(2) If M ⊇ L2

a and dimM /L2
a < ∞ thenM is weakly divisible.

Proof. (1) If M ( L2
a and dimL2

a/M = ` < ∞ then by (1) of Corollary 3M = bL2
a

whereb=
`

∏
j=1

(z−a j) anda j ∈D(1≤ j ≤ `). HenceZ(M ∩L∞) = Z(b) 6= /0 and so by Corol-

lary 5M is not weakly divisible.(2) By (2) of Corollary 3M = L2
a and soM ∩L∞ = H∞.
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Hence (1) of Theorem 3 implies thatM is weakly divisible.�

Corollary 7. If M = H2
E for some open set E in D thenM is weakly divisible.

Proof. It is a result of(2) of Theorem 3.�

Proposition 2. Suppose thatM j is a weakly divisible invariant subspace of L2

for j = 1,2, ... andM j ×M` = { f g; f ∈M j and g∈M`}= 〈0〉 if j 6= `. If M =
∞

∑
j=1
⊕M j

thenM is a weakly divisible invariant subspace.

Proof. If f ∈M then f =
∞

∑
j=1

f j and| f (z) |=
∞

∑
j=1

| f j(z) | (z∈D) by hypothesis.

This implies thatM is weakly divisible.�

Corollary 8. Let1≤ `≤ ∞. Suppose Dj is an open set in D withµ(∂D j) = 0 for

1≤ j ≤ `, Di∩D j = /0 (i 6= j) and D=∪`
j=1D j . ThenM =

`

∑
j=1
⊕L2

a(D j) is weakly divisible.

Proof. This is a result of Corollary 7 and Proposition 2.�

Proposition 3. If M is a weakly divisible invariant subspace of L2 and ϕ is a
unimodular function in L∞ thenϕM is a weakly divisible invariant subspace.

Proof. From the definition of weakly divisibility, the proposition follows trivially.
�

Corollary 9. If ϕ is a unimodular function in L∞ thenϕL2
a is weakly divisible.
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