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Global small amplitude solutions to systems of
nonlinear wave equations with multiple speeds

Soichiro Katayama and Kazuyoshi Yokoyama

Abstract

We give a global existence theorem to systems of quasilinear wave equa-
tions in three space dimensions, especially for the multiple-speed cases. It
covers a wide class of quadratic nonlinearities which may depend on unknowns
as well as their first and second derivatives. Our proof is achieved through
total use of pointwise and L?-estimates concerning unknowns and their first
and second derivatives.
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1 Introduction

Let u = u(t,z) = (ui(t,x)):.il be an R™-valued unknown function, and set O; =

02 — 2, with some positive constants ¢; (i = 1,...,m). We consider the following
system of nonlinear wave equations

(1.1) Osu;(t,x) = Fi(u,0u,V,0u) fort>0and z € R3 (1 <i<m)
with initial data
(1.2) u;(0,2) = i(x), O (0,2) = Y;(z) for z € R? (1 <i < m).

We use the notation dy = 0, = 0/0t and 0; = 9/0x; for 1 < j < 3 throughout this
paper. Ou and V,0u are R*-valued and R'?™-valued functions, whose components
are Jat; (1 <i<m,0<a<3)and 0;0,u; (1 <i<m,1<j<3 0<ac<3),
respectively. F(u,v,w) = (Fl-(u,v,w))KKm is a given function of (u,v,w) € R™ x
R*™ x R2™ The components of u, v and w are denoted by wu;, Vi and wj ja,
respectively, where 1 <¢ <m, 1 < j <3 and 0 < a < 3. Here v;, corresponds to
Oqtii, and w; jo t0 0;0,u;. We suppose that ¢ = (¢;)i%; and ¢ = (¢;), in (1.2) are
rapidly decreasing functions.



We assume that F'(u,v,w) is linear with respect to w and satisfies
(1.3) F(u,v,w) = O(Jul* + |v|* + |w|?) near (u,v,w) = (0,0,0).

Since F'(u,v,w) is linear with respect to w, each equation in (1.1) takes the form

(1.4) O +Z > 3 (w, 0u)0a0pu; = fi(u, Ou)
7j=1 0<a,5<3
for 2 =1,...,m. To assure the hyperbolicity of the system, we also assume
oéﬂ _ ﬁa I Otﬁ
(1.5) Yij (u,0u) = Yij (u,Ou) = Vji (u, Ou)

forany 1 <4,7<m, 0<a,( < 3.

The purpose of this paper is to give a condition and a proof of global existence
for the Cauchy problem (1.1) — (1.2) with small data. The null condition emerged
as a condition for the existence of global small amplitude solutions in [9] and [3]
for the single-speed case. Its generalization to the multiple-speeds case has been
studied by several researchers, see [11], [1], [17], [15], [4] and [16] for the case where
F depends on du, 9*u but not on u. The case F = O(|ul® + |0u|* + |V,0u|*) with
multiple speeds was studied first in [12], whose result was generalized later in [7].

Let us review the null condition for the case F' = O(|ul® + |0u|* + |V,0u|?) with
multiple speeds. For simplicity, we assume that the wave propagation speeds are
distinct. That is to say,

Assume F = F® + H, where F? = (Ff ))Z , i1s a quadratic function with respect
to (v,w) and H = (HZ)Z:1 = O(|ul]® + |v]* + |w|?) near the origin. We introduce

3
M = {X = (X07X17X2)X3) S R47Xg - C?Zij = O}
=1
fori = 1,---,m. Fory = (y,)7, € R™ and X = (X,)?_, € R, we define
V(y,X) € R and W(y, X) € R?™ by

v(y7 X) = (‘/;'7a(y> X))1<1<m 0<a<3 (sza)1<i<m 0<a<3;
Wiy, X) = (Wi,joa(va))1<Z<m 1<j<3,0<a<3 = (Y X Xa)1<i<m,1<j<3,0<a<3-

We say that F' satisfies the null condition if E(Z) (V(p, X),W(r, X)) = 0 holds for
any pu,v € R™ any X € NV and i = 1,...,m. Then it was shown in [7] that there



exists a global smooth solution for (1.1) — (1.2), provided that the inital data are
sufficiently small.

The nonlinear terms which satisfy the null condition are explicitly described by
the null forms. For arbitrary smooth functions ¢ and 1 on R x R3, we define new
functions Qo(¢, ) and Q.s(¢, 1), as bilinear forms of d¢ and 0

3

(1.7) Qo(p,hici) = p0b — > 0p s,
Jj=1

(18) Qaﬁ(qba,’vb) = aa¢aﬁ¢—aﬁ¢aa¢-

We call them the null forms. If the null condition is satisfied, then we can rewrite
the nonlinear terms explicitly, as

(1.9) F;(u,0u,V,0u) = Z,{Qo(uiﬁ“ui;q)—i— Z/ Qag(ui,aaui)}

la|=0,1 0<a,B<3

+ 3 S Ouwy 005wk + Hi(u, 0u, V,0u).

(4,k)#(%,3) 0<,8<3

|a]=0,1

/
Here and in what follows, the expression f = Z \op 91 means that there exists
S

a family {Cy}aen of constants such that f = ,_, Cigx. We note that only the
products of 9%u; and 9°u; in F; are involved with the null forms. So we understand
that the null forms weaken the effects of self-interactions and that is enough for the
global existence.

Our aim in this paper is to consider the case where the quadratic parts of the
nonlinear terms contain u. This case was studied by the first author in [6] and [8].
More precisely, he gave a global existence theorem for small initial data, assuming

3

3
(1.10) F(u, Ou, V ,0u) ZI 9, {Qo s, U C;) ZI Qap(ui, Uz)}

a,3=0

=0
/
+ Z Z O (8auj 8buk> + Hi(u’ ou, anu)
b 525,

in [6], while another global existence theorem for small data was proved for nonlin-
earity satisfying

(1.11) Fi(u,0u,V,0u) = Z Z {Qo(uj,8 u;; ¢j) Z Qap(uj, 0° uj)}
j=1 |a|=0,1 ,3=0
+3° S 0w 00, + Hy(u, 0u, V,0u)
kAl 0<a<3

|al,|b|=0,1
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in [8]. Note that in both cases nonlinear terms depend on wu itself as well as its
derivatives. In this sense, he considered generalized situations. However, instead
of allowing such terms, additional restrictions are imposed on quadratic terms de-
pending only on derivatives. Remember that special forms were required only for
the self-interactions 0%u; - O°u; (|al,|[b] = 1,2) of F; in the previous case (1.9). In
contrast to this, we see that some special forms are assumed also for terms like
O%u; - Ouj (lal, |b] = 1,2) with j # 7 in (1.10) and (1.11). Hence the readers may
have thought that we should aim to remove these additional restrictions. But this
attempt for (1.11) will not be achieved, on account of Ohta’s counterexamle [14]. In
fact, he showed that a solution of the Cauchy problem for the systems of two wave
equations
Oy (t, 7)) = updpuy,  Oous(t, ) = (Qpuy)?

can blow up in finite time if ¢; < ¢y, however small the initial data are. Note that
there is no self-interaction in this system. So we cannot always combine nonlinear
terms freely, even if they are favorable in different situations (observe that the above
nonlinear terms usd;u; and (Jyup)? are included in (1.11) and (1.9), respectively).

Though we should give up a global existence theorem unifying (1.9) and (1.11),
we can prove global existence for the following nonlinearity, which means that (1.10)
and (1.11) can be unified:

3
(112)  Fi(u,0u,V,0u) = > 0uGjalu, du) + Ni(Ou, V,0u)
a=0
+R;(u, du, V,0u) + H;(u, du, V,0u)
(I<i<m),

(113) Gialw,du) =3 S 0uou,,

i7i [al,bl=0,1
/
(1.14)  N;(Ou, V,0u) Z Z {Qo ug, 0uy; ;) Z Qaﬂ(ujaaauj)}a
0<j<m|a|=0,1 0<a,B<3
(1.15)  R;(u,0u,V,0u) = Z Z/ D%y, DDy,
o,
al,|b|=0,1

(1.16)  H;(u,v,w) = O(|u|* + [v]* + |w|*) near the origin.

As we have observed, we need some assumptions not only for self-interactions but
also for the terms like 9%u; - O®u; for j = 1,...,m. So we require that they should
take either the null forms or the divergence-type forms.

In order to describe the main result, we introduce some notation briefly. I' =
(T, ..., ;) denotes the collection of vector fields S, 2, and 9, where S = td,+x-V,
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and Q2 = (.’,Egag — [Bgag, 1'381 — :1:133,3:182 — .I'Qal). We write
[o(t. )]s =Y IP*u(t,2)),
la|<s

where I'* = I'0° - - - I'7". Moreover, we set
Ey(t) = Eslu](t) = |[lu(t, -)[sl|z2 + [0ut, ) s]|2 +ZH cit — - NOui(t, ) ]s-1llz2,
where (p) = /1 + p? for p € R. We use this notation (p) throughout this paper.

Theorem 1.1 Assume that (1.5) and (1.6) hold. Suppose that the nonlinear term
F = (F)*, is given by (1.12) — (1.16). Let v € (0,1/2]. Then there exists a positive
constant €, such that if
sup {([])*[u(0, @) s + (|])°|0w(0, 2) 14 + (|2])*™ |00, 2) 17} + En(0) < e,
zeR
then the Cauchy problem (1.1) - (1.2) has a unique global solution u € C* ([0, 00) x
R3; Rm).

It should be emphasized that we cannot prove the theorem only by combining the
estimates in [6] and [8]. The method in [6] depends on the peculiarity of nonlinear
terms (1.10), while the estimates in [8] rely on fairly good decay of solutions with
nonlinear terms (1.11), which cannot be expected for the solutions of [6]. Since the
estimates which we require for V; and R; have been established already in former
works, the difficulty of considering the unified nonlinearity lies on the treatment of
the divergence-type terms. The missing tools for the estimates of the divergence-
type terms are pointwise estimates of the second derivatives. See Corollary 3.4 and
the proof of Lemma 6.6 below.

Remark. (i) We can generalize the theorem above to the case where (1.6) is not
satisfied. We define
= {j e{l,...,m}; cj:c,-} for1<i<m
and assume that

Gia(u,0u) = Z Z Z/ 0%y, 0%y,

JE€1(i) k,l€l(j) |al,|b]=0,1

N;(Ou, V;0u) Z Z {Qo uy, 0*uy; ;) Z/ Qaﬁ(uk>aaul)}>

k,lel(j)|al=0,1 0<a,8<3
0<]<m

Ri(u, 0u, V,0u) Z Z D%y, DDy,

I(k)£I(1) 0<a<3
lal [6]=0,1
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instead of (1.13) — (1.15). The global existence is proved without essential modifi-
cations to our proof below.

(ii) There are some nonlinearities to which we can apply our method, though
they do not explicitly satisfy the conditions of Theorem 1.1. For example, consider
a system of two wave equations

(1.17) Oyuy = uj,  Oaug = (aur)(9puz),

where ¢; # ¢, and 0 < «a,( < 3. Note that this system does not satisfy the
conditions of Theorem 1.1, because there exists a term which do not contain any
derivative. However, by introducing new unknowns v; = d,u; and v, = ug, we can
rewrite the above system as

(118) v = Ga(vg), Loty = Ul(aﬂ’vg),

to which Theorem 1.1 is applicable. Thus the reduced system (1.18) possesses a
global solution for small data. Now it is easy to obtain a global solution for the
original system (1.17).

The plan of this paper is as follows. In Section 2 we introduce the notation used
throughtout this paper. In Sections 3 and 4 we collect some basic pointwise and
energy estimates which we require. Then we obtain energy and pointwise estimates
for smooth and small solutions in Sections 5 and 6. Finally, the proof of Theorem
1.1 will be given in Section 7.

2 Notation

We define the scaling operator S and the angular-momentum operators €2;;, by
3
S:tat—i-ZJJjaj and ij:xjﬁk—xkﬁj f0r1§j<k§3
j=1

We also set
Fo=S5, I'1 =Qua, o =3, I3 =CQ03, 'y =0k—a (4 <k <T7)

and I' = (I'g,...,I'7), so that we can use multi-index notation I'* for the product
LTyt ---T97, where a = (ag, - ,a7) € (Z4)®. In order to deal with the products
of the differential operators above, we frequently use the commutation relations

[S7 aa] = _aom [57 ij] = 07
[ij7 aoz] = _504]'816 + 504]68]'7
[ij’ qu] = 5ijqk + 5ijkp - 5kaqj - 5kqup
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for0<a<3,1<j<k<3and1<p<q<3, where dy is the Kronecker delta,

and €, for j > k is given by Q;, = —{;. From these identities we obtain
/
Ty = Mo+ Y-
|e|<l|a|+[b]—1
! /!
0T = T v+ Y  TlOsv, T"0qv = duI"v+ > 9"
0<B8<3 0<8<3
bl<|a|]-1 bl<|a|—1

for any smooth function v. We have also [0;,I'¢] = 20; and [0;,I';] =0 for 1 < j <
7, which yield

(2.1) O() = T*@) + > (@),
bl<lal-1

The followings are used in the subsequent sections, to evaluate several quantities
by using pointwise and L?-estimates. Let s be a non-negative integer. Then for a
smooth function v(t, x), we define

lu(t, x)|s Z|Fatx

lal<s
and
ot Y = 1060, Vel
Finally, we introduce two linear operators. For each ¢ € {1,--- ,m}, we write
U:[f, g] for the solution to the Cauchy problem
0O;U;[f, 9)(t,2) = 0 in (0,00) x R3,
{ Urf, gl(0,2) = f(x), QU[f, g](0,2) = g(z) for z € R".

Similarly, U;[®] stands for the solution to the Cauchy problem

0.;U;[®](t, ) = ®(¢, x) in (0,00) x R3,
{ U;[®](0,z) = 0,U;[®](0,2) =0 for z € R3.

Since the commutation relations [0;, 'y] = 20p,0; imply 0,1, U;[®] = ', ® 4 250, P
we easily get

(2.2) T Ui[®] = Ui[Ta®] + 200aUi[®] + 84 U[0, (0, -)].
Here we use the representation

(2.3) vt x) = U7 (0, ), 8r0(0, )] (¢, x) + Ui[D 0] (¢, ).
As an immediate consequence of (2.3) and (2.1), we also have

(24)  To(t,x) = U7 [T*(0, ), 000 (0,)](t,2) + Y Gi['O0](t, ).

[b]<|al



3 Pointwise estimates

The aim of this section is to give some pointwise estimates for solutions of wave
equations. We start with the estimates of U}[f,g] and U;|®] together with the
estimates of their first derivatives.

Lemma 3.1 Forv >0, andi=1,...,m, we have

(3.1)  (t+ Jal) et — [2l)"|UF (£, g)(t, @)
<C s {37 Il Uyl 9 )]+ Il e )l

ly|<cit+|z| la|<1
(32)  (t+z|){at — [z)"|OUF[f, g](¢, )]
<C sup Y Ny {IVEV ()] + Va(y)] )

ly|<cit+]|=| la|<1

The above constant C' depends only on ¢; and v.

Proof. See Proposition 3.3 and the subsequent remark in Kubota — Yokoyama
[12]. In [12], it was actually shown that

(t+ [z]) (et = |2} U7 F. g}t @) < C sup () { D 1927 ()] + lgw) }-

3
yeR lal<1

But (3.1) is obtained by making slight modification to the proof of [12]. (3.2) is an
immediate consequence of (3.1), since 0., U} (f, g] = U{[0y, f, 0, 9] and Q.U [f, g] =
Uilg, c2Af]. See also Asakura [2]. 0

)

To describe the estimates for U;[®] which we require, we introduce two kinds of
weights. We set

39 wen = {707

(3.4) wilt,r) = {(r>1+z<cjt—r>l}_l (i=1,....m).
JF#i

We also set

(3.5) Di(t,7) ={(r,y) ERxR*0<7<t, 7+ |yl <cit +7}.



Lemma 3.2 For py>0,v>0,i=1,...,m, and a =0,...,3, we have

(3.6) (t + |z])(cit — |z)"|Ui[@](L, )|

< C( s (7 + ) w(r, Jy) (7, )],
(3.7) (lz]) {cit — [=]) U [0.9](t, )|

< C(ngp(t » Wyl + lyl) Frw(r, Jy) @ y)
(3.8) (J]) (it — |z])"|Ui[0.P](t, )|

<C  osup fy[(m A+ JyD) wi(r ) @ (T, y)
(sz)eD'L(t7|$D

where the constant C' depend on c;, ju, v

Note that the weight w;(¢,7) is stronger than w(t,r) along the cone ¢;t = r. Hence
(3.8) for v > 1 is a weaker result than (3.7). However, the inequality (3.8) is no
longer true for 0 < v < 1, if we replace w;(t,r) by w(t,r).

Proof. Although we can get (3.6) — (3.8) by making slight modifications to the
proofs of Yokoyama [17] or Kubota — Yokoyama [12], we give a proof in Section 8
for completeness. O

In addition, we need pointwise estimates of the second derivatives. As it was
shown by Klainerman — Sideris [10], we can draw out the decaying factor (c;t — r)
like (3.9) — (3.11) simply by manipulating differential operators I', and O;, as far
as the temporal differentiations or the laplacian are involved. We can play a similar
game for the spatial second derivatives, but unfortunately only a factor (r) can be
obtained instead of {¢;t —r) (see (3.12) below). We will observe in Section 6 that it
is sufficient for our present purpose.

Lemma 3.3 Let v € C?((0,00) x R®). Then we have

(3.9) (cit — |z])|Av(t, )] < C(Z |0T0(t, z)| + t |3;0(t, x)|>

la|<1

(3.10) (cit — |z|)|O%v(t, )| < C’(Z |0T%0(t, z)| + |z| |2;v(t, :1:)])

la|<1

(3.11)  (cit — |z)| Ve 0(t, x)| < C( |0l (t, x)| + t |Ov(t, a:)|>

la]<1

(3.12) (z)|Viv(t, o)l < C(IQVou(t,2)| + (|z])|Av(t, 2)]).



Proof. See Lemma 2.3 of [10] for the proof of (3.9) — (3.11). In order to prove
(3.12) we note that

(3.13) tAQ=x(x-V)—|z|°V, QAV=—2A+ (z-V)V,
where () = (Qla QQ, Qg) = (Qgg, (2317 912). Hence we obtain
(3.14) —(x A Q)00+ 2:,(QA V) v = |2]*0:0;v — 21;Av

for 7,5 = 1,2, 3, which imply (3.12). O

Corollary 3.4 Let v € C*((0,00) x R?). Then we have

(3.15) |0%0(t, z)| < Cw(t,|x|)” Z |0T v (t, x)| +C’% I0;0(t, )|
la|<1 Gt —
fori=1,...,m, where w(t,r) is defined by (3.3).
Proof. 1t follows from Lemma 3.3 that
(3.16) |Av(t, z)| + |0 0v(t, x)|
< Clet — |z])~ <Z 0T (t, )| + (t + |z|) [D0(t, x)|>

la|<1

(3.17) IV20(t, )] < C(lz)™ ) |orv(t, )| + C|Av(t, z)].
la|]<1

Noting that Av on the right-hand side of (3.17) can be controlled by (3.16), we
obtain (3.15). O

Lastly, we present the following well-known Sobolev type inequalities.

Lemma 3.5 Let v be a smooth function. Then we have

(3.18) 2 Plo(@)] < C 11000 12,
la|<1
(3.19) wlfo(z)] < C S 1%l +C 3 [Q%D50]) 2.
la|<2 la]<1

10



Proof. See Lemma 4.2 of Klainerman-Sideris [10] and Lemma 6.1 of Sideris-Tu
[15]. |

Remark. By combining the standard Sobolev’s inequality and Lemma 3.5, we
can replace |z| with (|z|) in the above inequality, and we get

(3.20) (2 Plo(@)] < C Y 118:000"] |1,
Jal+}bl<1
(3.21) (zhlo@)| < C Y 1900 .
la]+]b]<2

4 Energy estimates

In this section, we collect several L%-estimates concerning the operators U; and U}
We start with the standard energy inequalities.

Lemma 4.1 Let f € H'(R?), g € L*(R?) and ® € L'([0,T); L*(R®)). Then we

have
(4.1) 10U [f, g)(t, rzwsy < C(IVafllrzms) + 9l r2es))
(12) OV, )| oy < / 1007, )|y d

for any t € [0,T), where C' is a constant independent of T.

The following conformal energy was used in Klainerman [9] (see also [8]). It
plays an important role in our proof, since it is useful not only for estimating the L?
norms of u but also for the weighted estimates of the first derivatives (see Lemma
4.3 below).

Lemma 4.2 Let v be a smooth solution of
(4.3) (0F — A )v(t,z) = ®(t,x) in (0,T) x R®.

Then we have

(4.4) D lI(, HL2+Z||LW )z

la]<1
C (K] - YOv(0, )|l L2 + [[v(0, )| 2) +C/0 [T+ - D27, )| 2 Ty

where L;; = ﬁ&g +ctd; (i=1,...,m; j=1,23).
Ci

11



Proof. Using a certain change of variables, we may assume ¢; = 1. For simplicity
of exposition, we write L; for L;; with ¢; = 1, i.e., L; = x;0; + t0;. We introduce

3
o(t,@)ffpy = Y ID(t2)P+ ) |Lyu(t )
1

|a[<1 J=

_ 02+(atv)2+2(ajv)2+(sv)2+ > (ijv)2+Z(Ljv)2

1<j<k<3

and
1 9 3 2
(4.5) Ev](t,x) = §|v(t,x)\F’L71 + 2tv(t, x) o (t, x) — iv(t, x)°.

We can rewrite E[v] as

(ajv)z} + 5 2,(9,0) (9rv)

1 j=1

Ell(ta) = 5(1+2 +[eP){ @) +

+ 2tv(Ov) — v*.

3

J

Set
Kv:= 1+t + |2*)0w + 2tz - Vv + 2tv.

Multiplying (4.3) by Kv and integrating by parts, Klainerman showed that

(4.6) % [ Bul(ta)is - / (Kv)(t, 2)D(t, ¢)dz

R3

(see Klainerman [9], Section 3). He also showed that there exists a constant C' such
that

1
an 4 /R (e )l ade < / Bt 2)dz < C /R ol 2 ade

]R3

(see Klainerman [9], Lemma 3.1). Now, we define |[v(¢)||% = [ E[v](t,z)dz. Since
Kv = 0w + t(S + 2)v + |z|L,v with L, = Z?Zl(xj/|x|)Lj, we have

[Ku(t, z)] < C(L+t+ |z])|vt, 2)lr.La-
Therefore it follows from (4.6) and (4.7) that

(4.8) %Ilv(t)Hi; < C/Rg<t+lévl)|‘1>(tax)||v(t,w)\r,L,1dI

< Ol +1-DeE )lello@)] e

12



Gronwall’s lemma applied to (4.8) implies

lo@le < llvO)]e + C/Ot {7+ - DT, )l 2d.

In view of (4.7), this completes the proof (see also Hérmander [5], Section 6.3, or
Katayama [8], Section 3). O

Corollary 4.3 Leti € {1,---,m}. Then we have

(4.9) U@ )] < C/Ot I+ - DT, )l 2 s

(4.10) NO7[f. ()l < Ol + 11K DVafllze + 14 - Dallz2).

(411)  |[{eit = |- DOU[P(E, )]l 2 < C/Ot [T+ - DT, )l 2 s

(4.12) (et = [- DOUFL: g)(t Mz < OISl + K- DV fllz + K- Dollzz)-

Proof. (4.9) and (4.10) are apparent consequences of Lemma 4.2. (4.11) and
(4.12) follow immediately from Lemma 4.2 and the following inequality which is
essentially due to Lindblad [13]:

(4.13) (it — |2Vt 2)| < C(Z ro(t,2)[ + Y ]Lijv(t,:z:)\)
|a]=1 j=1

In order to prove (4.13), we just need the following identities, which can be verified
easily by direct calculations:

3
(4.14) (c7t* — |z[*) 0w = Gt(Sv) — ¢ ijLijv,

J=1

(4.15) (I = |z[) 00 = cit(Lijv) — z;(Sv) + Y ap(Qrv)  (j =1,2,3).
k#j

Remark. By substituting ¢ = 0 to the identity (4.15), we have
2] |Veo(z)] < |- Veo(z)] + [Qu(z)].
We will use this inequality for functions on R x R? in the following form:
(416) 2]l V,0(0,2)] < [Sv(0,2)] + [20(0,2)], (|a}IV,0(0,2)] < [v(0,2)]:.

To conclude this section, we state L?-estimates for second derivatives.
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Lemma 4.4 Let v be a smooth function decaying sufficiently fast at spatial infinity.
Then we have

(417) et — |- V.00t HL2<C(ZH@F“ Yes + tDwt, >||L2>

la]<1

(418) (et — |- DRt rumc(Zuar“ ez + Il - [0, >HL2)

la|]<1

Proof. Estimates of |[{cit —|-|)Av||z2, ||[{cit —|-[)0?v]|z2 and ||(c;t — |- [y V00| L2
follow immediately from Lemma 3.3. Performing integration by parts in the left-
hand side of

3

> et — || 88;91)]&2—2/011%—\ 2(0;000)(0;0,v)dx,

Jik=1 j,k=1

we obtain (4.17). See the proof of Lemma 3.1 in [10] for the details. a

Corollary 4.5 The following estimate holds fori=1,...,m
(419) |J(est — | - DOPU)(¢

")HLQ

< C/O () dr + ClIE+ |- DU, )2 + Cl - DO, )] 2

Proof. Set v = U;[¥]. Lemma 4.4 yields

(4.20) et = |- N0l < C Y (00| gz + CII(E+ |- N (E, )| e

o<1

Now, using (2.2), (4.10) and (4.2) to estimate ||0I'*v|| 2 in (4.20), we obtain the
result. |

5 Energy estimates for small solutions

First of all, we recall the estimates for the null forms. See [7], [15] or [17] for the
proof.

14



Lemma 5.1 Let ¢1(t,x) and ¢o(t, x) be smooth functions. Let co = min{cy, ..., cn}/2
and |z| > cot. Then we have

(5.1) (t +[2[)|Qo(¢r, p2; )| < C({eit — [x])|0¢p1|[Oa| + |01 dal1 + [61]110¢al),
(5.2) (t+ |2])|Qap(d1, d2)| < C(|0d1]|¢2]1 + |d1]1]002])

fori=1,2,...,mand 0 < a, < 3. Here Qo(¢,v¥;c;) and Qap(@, ) are defined by
(1.7) and (1.8), respectively.

The aim in this section is to derive an L*-estimate for a small solution of (1.1).
We define Fog (t) = Eai[ul(t) by

(5:3)  Ear(t) = lJult, )k + [[ult, ) llax + Z [{eit =1 - DOt -)|are 1l 2

A bound of Eyk(t) is given in the following proposition.

Proposition 5.2 Let u € C®([0,T] x R3) be a solution of the Cauchy problem
(1.1) — (1.2) for some T > 0. Assume (1.5), (1.6) and (1.12) — (1.16). Then there
are positive constants Ay < 1 and C4, both independent of u and T, such that the
following holds: If the solution u satisfies

m

(5.4) Z(|x|><czt — |2 uwi(t, 2) |k <A for 0<t<T andx € R?

i=1
with some A € (0, Ay], then we have

(5.5) Baxc(t) < C1 Eage (0) (1014,

Remark. An estimate essentially similar to (5.5) can be found in [8], but its condi-

tion was Z(t + |z) (it — |x|)|ui(t, x)| k12 < A, which is stronger than (5.4). This
i=1
is one of our modified points.

Proposition 5.2 follows from Lemmas 5.4 and 5.5 below. The main tools required
in this section are the results in Section 4 and the following standard energy estimate
for hyperbolic systems.
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Lemma 5.3 Let v = (vy,...,v,) be a smooth solution to

(5.6)  Dwilt,x)+ > A (t2)0u0pv(t x) = filt,x) (1<i<m)

0<a,3<3
I<j<m

for (t,x) € [0,T] x R3, where 7;-5 = 75-0‘ = 7%6. If v(t, x) vanishes sufficiently fast
at spatial infinity and

o 1
[v(t Mz = Z H%’jﬁ(ta Mz < B for0 <t < T,

0<a,B<3
1<4,;<m
then
t
(5.7) 100(t, M < ClIOu(0, )=+ C / 1 e
t
o / 107(r, Yz 10v(r, ) 2
0
for0 <t <T.

We begin with this standard energy inequality to get the following Lemma
5.4. Here we do not take advantage of the special structures of the nonlineari-
ties. If we take them into consideration for the lower energy, then we can show that
|Ou(t, -)||2x —2 remains small as t gets large. But this estimate will not be disscussed
here, because it will not be used later in our proof.

Lemma 5.4 Let u € C([0,T] x R?) be a solution of the Cauchy problem (1.1) —
(1.2) for some T > 0. Assume (1.3), (1.5) and (5.4). Then we have

(5.8) [|Ou(t, )2k < C’II(%(O,-)IIzK+CA/0 (m) Il )l + l0u(r, ) llox b7

for0<t<T.

Proof. We apply I'* to

O,u; + Z fyfjﬁ(u, 0u)0,05u; = fi(u, Ou)

0<a,8<3
1<j<m

16



for all @ with |a| < 2K. Then we have

M, + Z ’yw u, 0u) 0,051 "u; = fm,

0<a,B<3
1<j<m
where
fia =Tfi(u,0u) — [[°,0;]u; — Z [Fa,yg’gﬁaag]u]
0<a,B<3
1<j5<m
/ /
S S () T, - o 0,01
|b|<|al j,oaﬂl‘b||+<||c|‘§\c1zl Je.B

Therefore it follows that

fialt, )] < Clu(t, o) e (Jult, 2)lox + |Ou(t, 2) |ax)

<
< CAW M (Jult, 2)|ar + |Oult, 2)|2k),
which implies

1Fiat, Mz < CA®R) T {ult, )ax + [0ult, )ax }-

Besides this we also have

S WP, ou)(ta)] < Clu(t, )l < 1/2,
0<a,8<3
1<4,5<m

1075 (u, 0u) (¢, )] < Clu(t, z)]s < CA(t)™
if we take A sufficiently small. So the energy inequality (5.7) leads us to

[T u(t, -)||> < CllOT*u(0, )| 2 + OA/ Tl lox + 10wl )l fr
This completes the proof. O

We next derive estimates of ||u;(t, -)||ax and |[{cit — | - |)|Owi(t, ) |arc—1]| 2
Lemma 5.5 Let u € C([0,T] x R3) be a solution of the Cauchy problem (1.1) —

(1.2) for some T' > 0. Suppose that the assumptions in Proposition 5.2 are fulfilled.
Then we have

(5:9) ui(t, lax + [[{eit = [ - DOwi(t, -)|ar |22
< CEzK(0)+CA/<T>1E2K(T)dT+CA(HU(U)||2K+H<9U(tw)H2K)-

0
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Proof. We first represent I'*u; by using the formula (2.4). Then we have
(5.10) Iu; = U7 [Du;(0, ), 37w, (0, )] + > Uy[I°F].
b]<|al

We proved L?-estimates concering U7[f, g] and U;[®] in Corollary 4.3, so the estimate
proceeds as follows.

(5.11) it )laxe + [[{eit = | - P]Ows(E, )|k 1| 2
< ¢ Y I, Y+ et = |- DOT ui(t, )|z}
la|]<2K—1
< ¢ >0 {4 DA w0, )l + T (0, )|z }
la|<2K—1
+C > (NG FIE )+ et — | - DOV F(t, )12} -
la|<2K—1

Note that ||{| - [)OT%u;(0, )|z + [T (0, )| 2 < CEyx(0) for |a|] < 2K — 1. So it
remains to estimate the second term on the right-hand side of (5.11). We should not
use Corollary 4.3 for them right now, because it cannot deal with the divergence-type

terms.
Let |a| < 2K — 1. We rewrite the terms u;(0,050'*uy) and (0yu;) (0,081 uy) as

(0"u;) (0005 ur) = 9a{ (0"u;) (05T ur) } — (8a0"uy) (DT "ux)  (Jb] < 1),
so that we can avoid loss of derivatives. We also use a similar trick to handle
(Tbu;)(TDquy) (j # k), which may appear in T°R;, when [b| > |c| (see Lemma 5.4
n [8] for the details). Then we obtain decompositions of the following type:

3
(5.12) ' F;(u, 0u, V,0u) = Z Oufo +q+ 71+ h,

a=0

where

(5.13) g = Em: SN ot

Gk=11d|<1 |b|<K+1
le|<2K—1

(5.14) q=)_ Z, Qo(TPuy, Tuzic) + ) Z, Quap(Tuy, Touy),

Jj=1 |b|<K 1<j<m  |h|<K
lc|<2K—1 0<a,8<3|c|<2K -1

(5.15) r= Z Z/ [Pu,T0uy,,

1<j,k<m [b|<K+1
7k |e|<2K -1

(5.16)  h =T"H;(u,0u, V,0u).
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We continue the estimate to obtain

(5.17) (|G F(E, )1 + [[{eit — | - DOU I E (¢, )| 2

< Z{HU wgal ()L + et — | - VOU;[Oagal (8, )12}

+||Uz[q +r 4 A )+ et = [ HOUilg +r + RI(E, )| 2

We begin with the estimates concerning g,. In order to apply Lemma 4.1 and
Corollary 4.5, we interchange the order of the operators U; and 9, by the commu-
tation relations (2.2), as follows:

Z{HU ol (t, )1 + [[{cit — | - 1)OUi[0nga] (£, )ll2 }

< Z{II@ Uilgal (t, )l + ll{eit = |+ N00aUilgal (t, )l 2 }

+HU*[090( N+ et = - HOUT(0, 900, -)][| 2

< Y {I0sUiTgal(t, )2 + [{eit — | - )00alilgal (£, )|I22 }
0<a,8<3
lb|<1
+CUF10, 9o (0, )]l + [I{eit — |- [YOUF[0, 9o (0, )] z2-

Hence Lemma 4.1 and Corollary 4.5 yield

3

> (1U:[Bagal (8, ) + I(eit = |- NOU;[Oagal (t, )l.2)

< OS2 ol Mt 1+ Dl i 1 D0 i)

Recalling (5.13), we have
190 (t, 2) 1 < CALE + [2]) ™ (Jult, @) ok + [Ou(t, 7)|2x).

Thus we conclude

3

(5:18) > (IUil0agallls + ll{cit =1 - 1)0Uil0ugalll2)

a=0

< CA{ [t s + 10t
s Ve + 19u(t, e + (0, s + 9 (0, ->H2K}.
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The rest of the proof is aimed at the estimates concerning ¢, » and h. By
Corollary 4.3, we get

(5.19) [Uila+r + )Gt i + et — | - Y00+ + BI(E, 22
< 0/0 141 Dla + 7+ )7, )2 dr

In view of Lemma 5.1, we divide the region [0, T]xR3 into {|z| < ¢ot} and {|z| > cot}

for the estimate of ¢ + r, where ¢g = min{c,...,¢n}/2. So we decompose the
integrand ||(t + | - [)(¢ + r + h)(t,-)|| 2 and obtain

(5.20) NE+1-D@+r+h)(t, ) <T+II+111,

where

(5.21) L=t +1- g+ 7)) 2(ei<con

(5.22) LE= ¢+ - g+ )@ )l 22 (efzeon)

(5.23) LT =[{t + [ - Dh(t, ) 2

Since (t + |z]) < C{cext — |z|) for |z] < cot, we have
(5.24) I < CA(t ZH (cxt — | - MOug(t, )ar—1l 12,

recalling (5.14) and (5.15). On the other hand, Lemma 5.1 yields

{t +lz)q(t, 2)] < CZ(<Cjt — |2 u; (t, 2) |k 12|0u; (¢, ) axc
+Huy (8, @) | k2lus (t 2) |ax)

< CAW™ (10wt x)|ar—1 + u(t, ) 2x)

j=1

for |z| > cot. Moreover, since (t + |z|) < C{c;t — |z|){(cxt — |z|) if 7 # k, we have
(t+[z))[r(t )] < CZ@ + |z |y (€, ) [ k12| Our(t, )2k -1
jk
< IZ cxt — |z[)[Ougl2r—1
k=1
for |z| > cot. Therefore it follows that

(5:25) 11 <CAG{Jlutt,) |2K+Z|| et = | [Our(t, erc-1 1 §.
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Finally, since

(t+ [zt 2)| < O+ |z ult, 2) [iepo ([ut, 2)|ax + |Ou(t, ©)]2x)
< CA% () (Jult, 2)|ax + [Oult, 2)|ak),

we have
(5.26) 111 < CA () ult, )axc + 10ut, ) ax |-
Therefore it follows from (5.19), (5.20) and (5.24) — (5.26) that
(5.27) 1Uilg + 7+ hJ(t, )l + (et = | - DOUlg +r + Al (L, )| 2
<CA /Ot<7—>_1E2K(7—) dr.
Now (5.11), (5.17), (5.18) and (5.27) imply (5.9). O
Proof of Proposition 5.2. By Lemmas 5.4 and 5.5, we have

EQK(t) S CEZK(O) + CA /0t<T>_1E2K(7‘)d7‘

for sufficiently small A. Hence Gronwall’s inequality yields

EQK(t)

IA

CFEyk(0) exp [C’A /Ot<7>—1d7']
< CEyr(0)()°4.

6 Pointwise estimates for small solutions

We first show a refinement of Lemma 3.1, to weaken the weight imposed on the
initial data.

Lemma 6.1 Let u € C([0,T] x R?) be a solution of the Cauchy problem (1.1) —
(1.2) for some T > 0. Assume 0 < XA <1, u>0, and |a| < k. Then we have

(6.1) {t + [z et — 2" |U7 [Tu;(0, ), 8,7 u; (0, )] (¢, )]

< C‘ s ‘{<|y|>”“!ui(07y)ln+ lyl[{ly)**10uw; (0, y)| . }-
(6.2) (t + z[)Meit — |z)*|0U; [Tu;(0, ), BT “u; (0, )] (¢, )|

< C s (ol 10u0. )

for 0 <t <T and x € R3.
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Proof. We set uj, = U;[I"u;(0, ), 0;T'*u;(0, -)] for simplicity. By Lemma 3.1, it
follows that

{t + |z} et = ) |uiq (¢ 2)]
< O sup {{ly) w0, )] + [yl{yl) T IOr w0, )}

lyl<eit+z]
< Ol sup {(yD) 0w (0, )] + lyl(yl) 10T w0, )}

ly|<cit+|=|

Thus we obtain (6.1). To estimate the first derivative (6.2), we begin with the
estimate of Lemma 3.1, and use (4.16). Then we have

{t + [a]){eit = |])*|Ou; o (¢, )]
< C sup {(Jy)) 00w (0, )] + lyl(ly ) VOT i (0, )| }

[y|<cit+|z|

< C sup (Jy))"*or"ui(0, )]s

C ulScit+al
Thus we obtain (6.2) by a similar argument as above. O

As a first step, we derive a pointwise decay estimate of the small amplitude
solution from Sobolev’s inequality and the L*-estimate (5.5).

Lemma 6.2 Let u € C([0,T] x R?) be a solution of the Cauchy problem (1.1) —
(1.2) for some T > 0. Assume (1.5), (1.6) and (1.12) — (1.16). Let 0 < 6 < 1/2 and
0<v<1-=20. Then there exist two positive constants As and C' such that

(6.3) Z sup (|x])(eit — |x|)|ui(t, @) |2 < A
i=1 x€R3

implies

(6.4) (t + J2])"{eit = o)’ Jui(t, @) |2

(e |2 ) 2l (et — ) 010uit, ) |2x—a < CEaic(0)

for 0 <t < T and x € R3, provided A € (0, As]. Here the above constants Ay and
C' may depend on § and v, but are independent of T and u.
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Proof. Using the representation (2.4) and Lemma 6.1, we have

(6.5) (t+ |=)" (et = |2])° fui(t, @) are s
< C Y (e (et —|z))
la|<2K -3

) {|UF 0w (0, -), ,T%u; 0, )](t, )| + |Us[L*F) (¢, )|}
< Csup {{JyD]ui(0,9)]2x—s + (|[y)*0ui(0, y)|2x 3 }

y€R3

+C Y (|2 (et — [l U F (¢, 7))

la|<2K —3

To estimate the sup norm above, we apply (3.21). Then we immediately see that

6.6)  sup {{|yD)lui(0, y)larc—s + {|y[)*[Ous(0,y) |23 }

y€ER3

< ¢ 3 {IVQTu(0, )l + VU - NTDu(0, )2 }

la|+[b]<2
lc|<2K—3

< CE(0).

To estimate the force terms, we only have to notice that they are quadratic near
the origin. Then it follows from Lemma 3.5 and the smallness assumption (6.3) of
|u(t, x)| k4o that

WITEs(r,y)] < Clyllu(r, y)|g+2(lu(r,y)l2x—2 + [0u(T,y) |2x—2)

< Al (3o = Iy ) (e lloxe + 19u(r, ) k)

j=1
for [a] <2K —3 and 0 < 7 < T'. Thus we obtain
(T + [yhw(r, [y)[TFi(T, y)| < CAEK(T),

where the weight w(t,r) is defined by (3.3). Moreover, in view of Proposition 5.2,
we get

(6.7) T+ [yl Pw (T, [y) PR Fy(r y)| < CAB (0)(t + |])

for |a] <2K —3,0 <7 <tand ¢7+ |y| <c¢t+ |z|, provided that A is so small to
satisfy A < Ay and C1A < §/2. Here A; and Cy are the constants in Proposition
5.2. Thus Lemma 3.2 yield

(6.8) (t+ |z[) (et = |2’ (UL F](t,2)] < CAEyg (0)(t + |])*
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for |a| < 2K — 3. Hence (6.5) — (6.8) imply
(69) <t + ’$|>V<Clt — |‘T’>6’Ui(t,l’)|2}(,3 < CE2K<O)
We next estimate |0u;(t,x)|ax—4. By (2.4) and Lemma 6.1, we have

(6:10) (¢ + |2zl et — |2 )| Oui(t, ) |2 —a
< C Y ()Nl et — o)

la|<2K —4
x{]@U* [T%u;(0, -), 0T %u; (0, )] (¢, )| + ]8U¢[F“Fi](t,x)|}

< C sup(ly)*|0w; (0, y)|2r -3
y€R3

+C Y () 2l (et — 2 ) P lOUTE (@)

la|<2K —4
Observing that, by (6.7) and Lemma 3.2, we obtain
(6.11) () (it — |2[) T OU[T F(t, )] < CABaw (0)(t + |2])*
for |a] < 2K — 4, we conclude from (6.10) and (6.6) that
(t+ ) |2 ]) it — ) 0us(t, @) ok -4 < CEagc(0).
This completes the proof. O

Now we set

(6.12) a(t) = ai[u](t) = sup . Z [z ])(eit = [P ui(t, )|k y2,

(6.13) as(t) = = Supz jz]){eit = [zhw(t, [z])"|0uwi(t, ©)| k13,

z€R3

(6.14) az(t) = aslu|(t) = sup Z lz) (it — |z])"|ui(t, ©) |2k —s5,

xeR3
and

(6.15) A(T) = A[u](T) = sup {al(t) + as(t) + ag(t)},

0<t<T

where w(t,r) is defined by (3.3). Our aim in this section is to give a bound of
Alu](T) for a small amplitude solution of (1.1).
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Proposition 6.3 Let u € C([0, T] xR3) be a solution of the Cauchy problem (1.1)
— (1.2) for some T' > 0. Assume (1.5), (1.6) and (1.12) — (1.16). Assume moreover
K+6<2K—-5and0<v<1/2in the definition of A(T) above. Then there exist

positive numbers Ag and Cy, both independent of u and T, such that the following
holds: If A(T) < Ay, then we have

(6.16) A(T) < Cosup {(|yl)*|u(0, ) x+2 + {|y)*10u(0, y)|x+2

yeR3

+ ([yD)**10:u(0, y) |2k -5 } + CoFak (0).

The proof of this proposition will be given at the end of this section, after proving
three lemmas below.

Lemma 6.4 Let u € C*([0,T] x R?) be a solution of the Cauchy problem (1.1) —
(1.2) for some T > 0. Assume (1.5), (1.6) and (1.12) — (1.16). If0 < v < 1 and
A(T) < A, then we have

(6.17) () (et = [x)" uilt, ©)|ar -
< C Sg§{<\y|>1+”\ui(0,y)!zKﬁ% + (YD) *10ui (0, y)lor—5 }

+CA(T)Eyx (0) + CA(T)?
for 0 <t < T and x € R3, provided that A is sufficiently small.

Proof. By (2.4) and Lemma 6.1, we have

(6.18) () (et = [x)" uilt, ©)|ar -

< C Suﬂg{ﬂy”l”\ui(o’ y)|ax—s + ([y))* 10w (0, y) lax—s }
y€ER3

+C Y (el (et — |2 UL E](¢, ).
la|<2K—5
In order to estimate the effects of the force terms, we use the decomposition
(1.12). That is,

(6.19) UL E(t, @)

3
S Z |Ui[raaaGi,a](ta ZL‘)| + |UZ[FQNZ] (tv I’)|
a=0

HUMR](E, )| + |Us[T Hi] (£, )

O 3 WO Gt )| + VTN 1, )

a,3=0 |b|<|al

+|U; [T R, (¢, )| + |U; [T Hy) (¢, z)|.

IN
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We estimate the each term above in the following. Firstly, we choose sufficiently
small § > 0 so that we have 6 < v < 1 — 24. Then, by the pointwise estimate of
Lemma 6.2 and the definition (6.15), we get

(620)  |D°Gialmy)h < CD |us(r )l ksl (7,9) |2k
i
< CA(T)Eac (0)(|yl) ™ (7 + [y) " wi(r, [y])~*~°

for |b] < 2K — 5, where w;(t,r) (i =1,...,m) are defined by (3.4). Hence it follows
from (3.8) in Lemma 3.2 that

(6.21) () {eit = a))" U051 Gio] (8, @) < CA(T) Eaxc (0)

for |b] < 2K — 5. Likewise, we compute pointwise bounds for the force terms by
using Lemma 6.2 and (6.15), and apply Lemma 3.2 in the following. To estimate
the null forms, we divide [0, 7] x R? into |y| < co7 and |y| > co7. If |y| < o7, simply
because N; are quadratic, we obtain

P Ni(my)l < C Y Jui(ry) sl Oy (7, ) o

7=1
m
< T)Earc(0) Y (Jul) > (r + 1yl ey — [yll) >
7=1

< CA(T)Eaxc (0)(lyl) ™+ [yl) ()™~

provided |a| < 2K — 5. If |y| > ¢y7 to the contrary, we employ Lemma 5.1. Since
(y|)~ < C{r + |y|)~t, we easily have

[TNi(T,y)| < CZ T+ [yl = [y (7, )| ic42|0ui (7, y) |2k -4

+|Uj(7a ) k2l (T, y) |2k -3 }

< CAM)E () (y) ™+ [yl 7 D ey =y ™' °
j=1
To sum up, we have proved
(6.22) [TNi(7, y)| < CA(T) Eare (0){Jy) (7 + [y) ™ w(r, [y))~°

for |a| < 2K — 5. Therefore, (3.7) in Lemma 3.2 implies
(6.23) (t + |z|)(cit — |z])"|U[TON;](t, z)| < CA(T)E2x(0)
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for |a| < 2K — 5. In the estimates of the nonresonant terms I'*R;, we note that at
least two of three decaying factors (|y|) ™', (¢;7—|y|) ™" and (¢, 7—|y|) " are equivalent
to (7+|y|) ! everywhere, by virtue of the difference of the wave propagation speeds.
Remember also that we have chosen 4 satisfying 0 < § < v < 1 —2§. Then Lemma
6.2 and (6.15) lead to

(6.24) [T R;(7, y)|

< CZ(\“j(ﬂ )| k42| Our (7, y) 2k —a + [ (7, ) 2k —5|Ou (7, y) | i 4:3)

ik
< CA(T)Ezx(0) ) _(Jyl)~>(r + lyl)' ™ {esm — lyl) " Hewr — [yl)™°
J7#k
+CAT)X(lyl) (e — lyl) ™" (et — [y~ w(r [y) ™

< C(A(T)Earc (0) + AT )yl ™7 + [yl = (7, [y)) 17
for |a| < 2K — 5. Therefore, it follows that
625)  {t+lalct — )|V RY(E 2)] < C(A(T) By (0) + A(T)?)
for |a| < 2K — 5. Lastly,

(6.26) |[T“Hi(t,y)| < Clu(r,y)|%s2(10u(T,y)|2x—a + [u(7, y)]2x—3)

m

< CAT)Earc(0)(Jy) (7 + 1y ™ D et — Iy

j=1

< CA(T) Barc (0){yl) ™7 + [yl ™ (7, [y]) >~
for |a| < 2K — 5, so we obtain
6.27)  (t+ ]zt — [2))"|UTHi(t,2)| < CA(T) B2k (0) (la] < 2K —5).

Thus we have proved the lemma, by (6.21), (6.23), (6.25) and (6.27). O

Lemma 6.5 Let u € C*([0,T] x R?) be a solution of the Cauchy problem (1.1) —
(1.2) for some T > 0. Assume (1.5), (1.6) and (1.12) — (1.16). If K +6 < 2K —5
and A(T) < 1, then we have

(628) (el (cit — [e)us(t 2) o
< O sup {{y)*lu0,y) |2 + (fy) (0, y) xcs2} + CAT)?

yeR3

for0 <t <T and x € R3.
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Proof. By (2.4) and Lemma 6.1, we have

(6.29) (lzl) (it — |z])]u ( )| K42
< 0855{ (0, )] k42 + (Jy)*[0w(0,y) | k42 }
+C Y (=) et — )| F (¢t ).
la|<K+2

Then we use the decomposition (6.19) for |a| < K +2, and proceed the estimates by
similar arguments as in the previous lemma. That is, we compute pointwise bounds
for the force terms by using (6.15), and apply Lemma 3.2.

We start with an estimate of G;,. Since K +6 < 2K — 5, we get

(6.30) T'Gia(m )l < O Jui(7,y)|ics2lu (7, 9) |2 —s
i#i
< CAT (Y>> Aem = [y~
J#i

< CAT)X(lyl) "+ lyh) " wilr, lyl) "

for |b] < K+5. Note that what we actually need here is the estimate for |b| < K +3.
The estimate for |b] < K + 5 will be used to prove the next lemma.

Now, assume |a| < K + 2 in what follows. We estimate the null forms for
lyl < o7 as

TN y)| < O3 uy (7 ) sl (r, ) s

j 1
< CZA 2yl ey = lyl) (T, [y) ™
< CA( Iyl =+ Jy) " Pw(r, [y)) ™
while for |y| > ¢o7, Lemma 5.1 implies
I*Ni(r,y)| < CZ + 1y~ (e — 1Dl (7, 1) k+210u; (7, ) 145

+|u]~(7, Y)|ig2|ui(T,y) |K+4}

< CA(T) Z(T + 1yl yh " Pw(r [y ™ e — b
< CAXlyl) "+ lyh) w(r lyl) "
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Hence it follows that
(6.31) IT“N;i(m,y)| < CAT)*(Jyl) (7 + [y]) 2w(r, [y]) .

As for the nonresonant terms, noting that (¢;7 — |y|)(cx7 — |y|) is bounded from
below by C(7 + |y|)w(r, |y|) for ¢; # i, we obtain

(6.32) [T*Ry(r, )| < O |u(7,9) k2l Oun(7, ) ke 13
J#k
< CAT D () (e =y ™ ewr — lyl) " w(r )™
J#k
< CAT (lyl) ™7+ lyl)~>w(r [y) ™.

Finally, the higher order terms are handled as
(6.33) P Hi(r,y)| < Clu(r,y)l5es (10u(r,9) 115 + |17, y) 1e12)
< CAMP*(yh Y et = Iyl
j=1
< CAD)lyl) "+ lyl)*w(r, [y~

Now, combining the estimates (6.31) — (6.33) for |a| < K + 2 with (3.6) of Lemma
3.2, and (6.30) for |b] < K + 3 with (3.8) of Lemma 3.2, we obtain (6.28). a

It remains to show the estimate of as(t). Here we need the extra decaying factor
w(t, )", which has played an important role in the proof of Lemma 6.5, but it will
not be difficult to obtain this factor from the terms other than the divergence-type
terms. To handle the effects of the divergence terms, we notice that they are written
as the second derivatives plus harmless terms.

Lemma 6.6 Let u € C*([0,T] x R®) be a solution of the Cauchy problem (1.1)
- (1.2) for some T > 0. Assume (1.5), (1.6) and (1.12) — (1.16). Suppose that
O<v<land K+6<2K —5. If A(T) < A, then we have
(6.34) (lz[){eit = [zNw(t, |2])"|0ui(t, )| k3

< Csup(ly))**"|0u(0,y)| x4+ CA(T) Erxc (0) + CA(T)?

yER3

for 0 <t <T and x € R3, provided that A is sufficiently small.
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Proof. We begin with (2.4) and Lemma 6.1 as before. Since w(t,r) < (¢;t —r),
we get

(6.35) (lz[)(cit = |zDw(t, |2))”|0ui(t, 2) |43
< ngﬂg<|y|>2+”I5U(0,y)|K+4
+C Y (2 et — [alyw(t, [2])[UTF] (¢, z)|.
la|<K+3

Let |a| < K 4 3. We split U;[I'*F;] by using (1.12). We first deal with the terms
concerning N;, R; and H;. By the commutation relations (2.2), we get

|OU; [T N, (t, )| + |0U; [T R;|(t, )| + |OU; [ H;|(t, x)|
< U0 Ni|(t, z)| 4 |U; 0T Ry (L, )| + |U; [0 Hy(t, )|
+|U[0, DN (0, )] (¢, z)| + [UF[0, T Ri (0, -)] (¢, )|
+|UF[0,T*H;(0, )] (t, z)].

We have already computed the estimate of I'*N;, I'*R; and I'*H; in (6.22), (6.24)
and (6.26) for |a| < 2K — 5. Therefore, it follows from Lemma 3.1 and (3.7) of
Lemma 3.2 that

(6.36)  (Jz|)(cit = [«){|OU[L*N](t, )| + [OUL [T Ri) (¢, )| + |OU; [T Hi) (¢, )| }

< Cllaf){cit = =) {IT[OT*Ni] (L, 2)| + [U;[OT Ri] (¢, )]
+|Ui[0T Hil (¢, z)| + |U;[0, TN (0, )] (¢, )|

+[UF[0, TRy (0, -)](¢, )| + [U7[0, T*H; (0, )] (¢, )|}

C{A(T)Ex(0) + A(T)?

+ sup ([y[)* " (IT*Ni(0, y)| + [T Ri (0, y)| + [T H(0,)]) }

yeR3

< C(A(T)E»k(0) + A(T)?).

IA

Now it remains to estimate OU;[051*G} o] for |a| < K 4 3. We employ (2.2) to form
second derivatives:

(6.37) OU;[051°G o) = 008U TG, 0] — 0030U; [0, TG, 0(0, -)].
Applying Lemma 3.1 to the second term on the right-hand side above, we have

(6.38) () (cit = [x)w(t, |2])"[OUF[0, TG .a(0, )](£, )]

< Csup(ly))*™1Gia(0,9) k4
yeR3

< CEx(0)A(T) + CA(T)?,
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where we used Lemma 6.2 and (6.15). As for the second derivative, we use Corollary
3.4 to obtain

(6.39) (lz){eit = |z[)w(t, |2])" 00U G 0] (E, )]
< Clal)(eit — |2)OUT G ol (t, 2) 1
+CO ()t + |z)w(t, |2])" TGt 7).
Note that we have disposed of w(t, |x|)*~! in the first term on the right-hand side.

In order to estimate it further, we utilize the commutation relations repeatedly and
get

TMosUi[IGial = Z' U[0,T°G 0] + Z’ UZ[0,T°G; (0, )]
e|<K+4 le| <K +4
0<~y<3

+ 3 0,U7[0,1°G, (0, )]
0<y<3
for |a| < K + 3 and |d| < 1. Therefore we obtain
(o) st — | DU DGl 1,2
< O Y2 {leet ~ DU Cualit, )

lc|<K+4
0<B<3

+C sup (|y))*|Gia(0,9) |k 44-
y€ER3

Now, in view of (6.30) for |b| < K + 5, from (3.8) of Lemma 3.2 and (6.38) we get
(640) <|I|><Czt - |JZ|>|8UZ[FaG17a] (t, J})|1 S CEQK(())A(T) + CA(T)2

As for the second term on the right-hand side of (6.39), we see easily from (6.30) for
|b| < K + 3 that it is bounded by C'A(T')?, because w(t, |z|) < Cw;(t, |x|). Finally,
it follows from (6.37) — (6.40) that

(6.41)  (Jz[){cit — |zhw(t, [2])"|0U; (051 Gyl (t, 2)| < CEaic (0)A(T) + CA(T)
for |a| < K + 3. This completes the proof. O

Proof of Proposition 6.3. Summing up the estimates of Lemmas 6.4, 6.5 and 6.6,
we get

AT) < CS§£{<IyI>2\U(0,y)!K+2+<\y!>3!3U(07y)\K+z}

+C' SU§{<|ZJ\>1+V\U¢(07y)!2K—5 + (lyh)*10ui (0, y) lax—s5 }
y€EeR3

+CA(T)Exx (0) + CA(T)?.
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Since v < 1/2, Lemma 3.5 and (4.16) imply

(6.42) (Y1) s (0, )2k —s5 + (Y1) * ™| Vaui(0,y) l2x—5 < CLE2(0).

Thus we obtain (6.16), provided that A(T') is sufficiently small. O

7 Proof of the main theorem

In this section we give a proof of Theorem 1.1. Suppose that all the assumptions of
Theorem 1.1 are fulfilled. Because we are only considering small solutions, changing
the definition of fyf‘jﬁ (u,v) in (1.4) outside some large ball of (u,v) does not affect
solutions. Hence we may assume >_, ., ; yfjﬁ(u,v) < 1/2 for any (u,v) € R™ x
R*™. Then, by the standard argument for classical local existence theorems, we
can see that the Cauchy problem (1.1) — (1.2) admits a (unique) local solution
ueC OO([O, T) x R3; Rm) for some T' > 0. More precisely, we have

(7.1) ue C®([0,T); H**(R*;R™)) for any s > 0 and p > 0,

where H*? is given by H*® = {f € L5 Y ey I - PO f 12 < oo} with 8, =

(01, 0o, 03). Moreover, the above solution u can be extended beyond the above time
T, unless

(7.2) sup |0%u(t, z)] = oo
(t,2)€[0,T) xR3

la|<2
holds (see Hérmander [5], Theorem 6.4.11 and its remarks; see also Proposition 4.1
in [7]). Therefore, if we can show that -, o, [|0%u(t, )| L (gs) stays small as far as
the solution exists, we can extend the solution globally in time.

Our task is to show the following:

Proposition 7.1 Suppose that the assumptions in Theorem 1.1 are fulfilled. As-
sume that v € (0,1/2] and K + 6 < 2K — 5 in the definition (6.15) of Alu](t). Set
M = max{1, Cy, C1}, where Cy and Cy are the constants given in (6.16) and (6.42),
respectively. If

(7.3) M sup {{Jy1)*|u(0,9)|xc+2 + ([y1)*|0u(0, )| x4

yER3

A
+ [y 10:u(0,y) |2k —5 + + M Egie(0) < 70

then, for the local solution u € COO([O, T)x R3; ]Rm), we have supy<; . Alu)(t) < Ay.
Here Ay is the constant appeared in Proposition 6.3.
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Proposition 7.1 implies Theorem 1.1 immediately, because we have

> N0 u(t, )| pe@s) < Alul(t) for any t € [0, 7).
la]<2
Proof of Proposition 7.1. Thanks to (7.1) and the Sobolev embedding theorem,
A(t) = Alul(t) is continuous with respect to ¢t € [0,T).
Set Ty :=sup{0 <t < T; A(t) < Ap}. (7.3) implies A(0) < Ay/2, because we
have
A(0) < sup ((ly)*[u(0, )|+ + (|yl)*|0w(0, y) | x+3) + M Earc(0)

yERS

by the definition of A(7) and (6.42). Hence, by the continuity of A(t), we find that
To is well-defined and T > 0. Now assume 7y < 7. Then (7.3) and Proposition 6.3
yield A(Tp) < Ap/2, and thus we see that A(Tp + ) < Ap for some 6 > 0. This
contradicts the definition of T, and we conclude that Ty, = T'. This completes the
proof. O

8 Appendix

In this section, we give a proof of Lemma 3.2.

Lemma 8.1 Leta >0, u >0, and v > 0. Then we have
(8.1) (t + |z]){cit — [z])"|Ui[@](¢, )]

< € sup () + ) ar — [y D(r y)l,
(r9)€Di(b el

where D;(t,r) are defined by (3.5).

Proof. 1t suffices to prove Lemma 8.1 for the case where ¢; = 1. So in the
following we always assume ¢; = 1.
Set

(8.2) 20(m,p) = (1+7+p)™ (1 + |ar — p|) .
Then we have

(8.3) Ui[@](t, 2)| < CIzo] (¢, |2]) — sup fylzo(, [y))|®(7,y)],

(T,y) €D (t,]x])

(8.4) Izo)(t,7) =77t //D.(t| | zo(T, p) drdp
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(see p.613 of Yokoyama [17]). Therefore, it suffices to prove
(8.5) Ilzo)(t,7) < C+r) Nt —7r)7".

Setting
a=ptr, f=p-ar

the integral (8.4) can be written as

86 alltr) = oy [ e [ v

where

(8.7) B:%{(l—a)oz—k(l—i-a)(r—t)}.

Hence, noting that (1 + |3])~'~* is integrable on R for p > 0, we get
thr

(8.8) I[z0](t,r) < Crt /|t y (1+a) " da

<Or{@+t—r)"=Q+t+r)"}
Thus if t + 1 < 2r, we obtain (8.5) immediately. If t + 1 > 2r to the contrary,

(A+[t—r) = Q+t+r)"| < CA+[t—r)™ ' E+r—|t—7])
< C{t+7r)"" tmin{t,r}.
Therefore (8.8) implies (8.5). This completes the proof of Lemma 8.1. O

We next consider estimates for derivatives.

Lemma 8.2 Let a > 0, p > 0, and v > 0. We further assume v > 1 if a = ¢;.
Then we have

(8.9) (=) {eit = |2)"[U:[0®](¢, )]
< ¢ sup () + ) (ar — [y)) T {I2(r, y)]

(Tvy)eDi(tv‘xD

+00 (7, y)| + Q@ (7, )|},

where D;(t,r) are defined by (3.5).
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As before, it suffices to prove Lemma 8.2 for the case where ¢; = 1, which is
always assumed in what follows. Set

(8.10) 2(7.0) = (L4 7+ p)" (1 + far — )™+,

We begin with the following estimate, which is an immediate consequence of (3.25)
—(3.29) and (3.39) — (3.40) of Yokoyama [17]:

(811)  [Ui[0®](t, )] < CJ[Z](LI-’BI)( ):gp(tlDIyIZ(T,IyI){I‘P(Tyy)I

+02(7, y)| + Q@ (7, )|},

where

- TRy = T_l[//DIZ<Tap)_1d7'dp+/8DHZ’(T,p)_1dJ
+//DH{P_1 + &t T, p) Y2(T, p)_ldep]7

1

1
2_27L — — ) (p— > 0),
(313) (e rr ) = VE=p2 (o =p)p—p
L (p- <0)
N RV
(8.14) po=t—T—1, pp=t—T+T,

(8.15) Dy = {(T,p) 0<7 <t |p-|<p<l|p-|+1, p<p+}
U{(T,p)‘0<7<t, pr—1<p<py, !p—|<p},

(8.16) Dy = {(T,,o) 0<r<t |p,|+1<p<p+—1}.

Now we find that all we have to do is to estimate J[z|(¢,7). For this purpose, we
prove a series of lemmas. The proof of Lemma 8.2 is clear from Lemmas 8.3 — 8.5
below.

Lemma 8.3 Leta > 0, >0, and v > 0. Suppose min{t,r} < 1. Then

(8.17) J[2](t,r) < C{r) Mt —r)7".
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Proof. The assumption min{¢,r} < 1 implies D;; = (), because
(pr =) —=(p-|+)=t—74+r—|t—7—71|—2=2(min{t —7,r} — 1) <0.

Hence we have
JZ)(t,r) =11 // (1+74p) (1 + |ar — p|) ' *drdp.
Dy

Therefore, going the same way as in the proof of Lemma 8.1 with v + 1 replaced by
v, we reach at

t+r
JE(tLr) < Cr! / (1+a)“da

jt—r|

t+r
Crt(1+ ]t—'r\)”/ do

[t—r]

< COA+t—r))™ - rtmin{t,r} <C{Yy Nt —r)".

IN

This completes the proof. O

It remains to prove the case where » > 1 and ¢ > 1. In view of (8.12), we see
that it suffices to prove

(8.18) //D (7, p)"\drdp + /aDH (7, p) Mo < Clt — ),
(8.19) /| (7 ©)x(rp) N < Clp )

Lemma 8.4 Let a > 0,u > 0, and v > 0. Furthermore we assume v > 1 when
a = 1. Then we have

(8.20) / /D o) N+ /8 ) o < Cl )

Proof. We first note that

(8.21) // z(7, p) " tdrdp —l—/ z(1,p) o < C’/ z(7, p)~tdo,
Dy ODyr aD(t,T‘)

because if (7,p) € Dy, z(7,p)~" is dominated by Cz(7,|p_|)~! for p < r, and by

Cz(t,py) for p > r. In order to estimate the right-hand side of (8.21), we divide
dD(t,r) into {p = |p-|}, {p = p+} and {7 = 0}. Here we show the estimate of
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the integral on {p = |p_|} in particular, and omit the estimates of integrals on the
other two regions, since they are easy to handle. The integral on {p = |p_|} is split
as follows:

t (t—r) 4 t
/ o(r, p_|)tdr = / 2(r, p_|)tdr + /( o(r, |p_|)dr,
0 0

t=r)
where (t — r); = max{t — r,0}.

(i) Let t > r,and 0 <7 <t —r. Since |p_| = p_ =t — 7 —r, we have

(t—r)+ t—r
/ o(r lp-l)Ndr = / (Lt 7+ p ) (14 Jar — p_|) " Hdr
0 0

= /Ot_r(l +t—r)VA+ [(a+ DT —t+r|)" T Hdr
< Clt—r)".

(i) Let (t —r); <7 < t next. Since |p_| = —p_ =7 —t + r, we have

t
/ o(r |p_))tdr
(t=r)+

t
= / (1—t+r+21)"A+|(a— 1)1+t —7r|) rdr
(t=r)+

= jo(t,r).

We observe that we can calculate jo(¢,r) directly for @ = 1. Since v > 1 in this case,
it holds

t
joltr) = (1+\t—r|)1”/ (1 —t+47+20)"dr
(t=7)+
< C+Jt—r) A+t —r)
< C{t—r)y™".

If a # 1 to the contrary, we get
¢
Jolt;r) < (1+|t—7”|)_y/ (1+|(a— )7+t — 7))~ "Fdr
(

t—r)+
< C{t—r)™".

This completes the proof. O

Now we turn our attention to (8.19) whose proof is rather complicated. Firstly,
(8.13) and (8.16) yield

(5.22) / /D (0" + €)2(r, p) drdp < CLL (L, 1) + Jalts )},
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where

82 gt = [[ s )

D},

x{(14p)7 2+ (14 ps — p)~}drdp,
s20  atr) = [[ dre e

D},

x<{(L+p+p-)""2+ 1+ py — p) " /?}drdp.
Here we set
(8.25) D}, =Diyni{p_->0}, D% =D;n{p_ <0}

To evaluate the integrals (8.23) and (8.24), we introduce new variables of integration

(o, B) by
(8.26) p+T=qa, p—ar = 0.

We can easily check the following relations:

a—f3 ac + (3
T = =
1+a " 1va’
(8.27) 2(5—3)
p—p-=r—tt+a, pr—p=t+r—a, ptp.=-—"7—",
1+a

where [ = {(1—a)a+(14+a)(r—t)}/2as (8.7). Applying the transformation (8.26)
to (8.23) and (8.24), we obtain the estimates

(8.28) glt,r) < Cljult,r) + gialt,r)},
(8.29) Ja(t,m) < C{jar(t, 1) + joalt, 1)},
where

t+r
(8.30) Ju(t,r) =/ (14+a) ™ (1+r—t+a) " 2da
|

t—r|
< [ an ),
7
t+r
(831)  Jua(tr) = / (1+a) (I +r—t+a) P(L+i+r—a)da
=]

«a _1_’“d
x /ﬂ (1+18)) s,
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(832) jgl(t, 7’) = /tJrT(l =+ Oé)*VdOé

t—r|

B

t+r
(833)  im(tr) = / (14 a) (1 +t+7—a)da
\

t—r|

* [a(l +18) (1 4 ac + B)2dB.
15}

Lemma 8.5 Let a > 0,0 > 0 and v > 0. Moreover we assume v > 1 if a = 1.
Then (8.19) is true.

Proof. As we have observed in the above, it suffices to prove
(8.34) Jgut,r) <C{t—r)"" (k1=1,2).

Before we proceed to estimates for each j5;, we give two basic inequalities which will
be used repeatedly.

1
Lemma 8.6 (i) Let |p| < q, and vy, vp > 3" Then we have

q
(8.35) Ko = / (14+p+a)™(1+q—a)*da <4

|p|

(ii) Let 0 < |A| < |p|, and v > 0. Then we have

[e.9]

(8.36) L, = / (1+ a)_%_”(l + | Aa + ,up|)_%doz <C(p)™",

pAL T
||
where C' is a constant independent of p.

q
Proof. (i) We have K'*> < / (1—|p| + a)’%(l +q— a)*%da for vy, vy > L.
Pl
Since 1+q—a =1+ (¢ —|p[)/2 for |p| < a < (|p| + q)/2, we get

lpl+4q

2 A
(1—|p|+a) 2(1+¢—a) 2da < 1+T
Ipl

lpl+4q

/ S (1—|pl+a) tda <2
|p|

[SIE

On the other hand, since we have 1 —|p|+a > 1+ (¢—|p|)/2 for (|p|+¢)/2 < a < g,
we can estimate the integral on [(|p| + ¢)/2, ¢] similarly.
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(ii) For oo > 2|upl|/|\|, we have |[Aa + up| > |A|a/2. Therefore we get

[ Gt s pas ) ta <0 [ (4 da < Ct)
91Kp| 2 1Kp|
[A] By
On the other hand, we have
2% 1 1 1 2% 1
[ @k s pas s ta <o) [ @ Dat ) Hda
Ip [p
< C(p)™".
This completes the proof of Lemma 8.6. O

Now we resume the proof of Lemma 8.5.
1. Estimate of jj»(¢,7). By Lemma 8.6 (i), we obtain

t+r
Jra(t,r) < C/ I+a)(A+r—t+a) " PA+t+r—a)da
|

t—r|

< C(1+t- 7”|)_VK7?3¢+7~ <C{t—r)™".

2. Estimates of ji(¢,7) and joo(t, 7).
We next consider the estimates of jii(¢,7) and jao(t,7). We use the following
lemma.

Lemma 8.7

(8.37) /;(1 + 18D (1 + aa + B)V2d3
{0(1 fr—t+a) V2 H (a=0),

C(1+ a)~1/2 (a>0).

Proof. Let us first consider the case a = 0. Since 3 = (a+r—1t)/2>0ifa =0,
the integrand is equal to (1 + 3)~%/27#. Therefore, we can calculate the integral
directly. R

Let us assume a > 0 next. Since § > —aaq, the left-hand side of (8.37) is bounded
by

—aa/2
/ (1+ \ﬁ])1“(1+aa+ﬁ)1/2dﬁ+/ (148D (1 + aa+ B)~"/2dp.

ao —aa/2
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Since 1 + aa+ > C(1 + a) for —aa/2 < f < a, we obtain

/a (L+[8)7 (A +aa +5)72dB < C(1+a)‘1/z/a (L+8)~""dp

—aa/2 —aa/2
< C(l+a) 2
On the other hand, we obtain
—aa/2 L —ao/2
/ 1+ 18)" "1 +aa+ p) 2d3 < C’(l—i—oz)_l_“/ (1+ao+ B)"Y2dp
<O +a) Ve,
This completes the proof. O

Let us begin the estimates of ji1(t,7) and jaa(t,r). Suppose a = 0 first. Then
Lemmas 8.7 and 8.6 (i), together with 1+« > 1+ |t — r|, yield

t+r 1 1
(t —rY (ju(t,r) + joa(t,r)) < C’/ (147 —t+a) " da+ C’Kfjtfi’fT < C.

[t—r]

Thus we obtain (8.34) for (k,l) = (1,1) and (2,2) when a = 0.
Assume a > 0 next. Then, using Lemma 8.7, we obtain

t+r

Ju(t,r) + jaa(t,r) < CLy 1+ C/ (1+ 04)’1/2”’(1 +t4+r— a)’l/QdOz.
[t—r]

The first term on the right-hand side can be estimated by using Lemma 8.6 (ii).
11

Since (14-a)~" < C(t—r)~", the second term is bounded by C(t —7) " Kg,?,. Thus
we get (8.34) for (k,1) = (1,1) and (2,2) also when a > 0.

3. Estimate of jy(¢,r).
Lemma 8.8 For a > |r —t|, we have
(8.38) [ (L+18) 7" (1 +aa +8) (1 + 8~ B)"*dp
B
< L+ 1B) T4 (L a) AL+ )
Proof. Assume B > 0 first. Then we estimate (1 + |3])™*"* in the integrand as

(18] < (1+3])~"/2(1+|8|)*/2. We also have 1+aa+3 > 1+8—7 from
the definition of § (even if 5 < 0). Hence the left-hand side of (8.38) is bounded by

CO+ B [+ 18) 20+ 5 B a5 < 00+ B)
B
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Suppose B\ < 0 next. Note that a > 0 in this case. We divide the interval (B, al as
(B\, a] = Uy, where I} = (B\, B\/Z]7 and I, = (6/2, a]. The estimate on the interval
I proceeds as above, because we still have (1+|8])"1# < (1+|3]) = #/2(1+|3]) /2
and 1 +aa+ 03 > 1+ — B\ Thus we see that the integral on [; is bounded by
C(1 + B)~'=#/2. As for the integral on I, we note that —aa/2 < [(3/2. Since
(1+aa+8)" 2148 —5)" Y2 < C(1+a) 21 + |3])"1/2, we get

(8.39) / (1+18) 7" (1 + aa + B) 721+ 5 — B)7/dp
Iz
< O(L+a) (14 [B) 2

This completes the proof. O

Now we begin the estimate of ja;(¢,7). By Lemma 8.8, we have

t+r -
(8.40) it < €[ @ea) e B
[t—r|
t+r R
s [ (e B) Voo
jt—r|
=: ]ﬁ(t, T') + kg(t, 7").
Suppose a # 1 first. It is easy to see
t+r R
ki(t,r) < C(1+ |t — r|)—"/ (L4 |8) 7+ da < Ot — 7).
[t—r|
On the other hand, by the definition of 3, Lemma 8.6 (ii) leads to
ka(t,r) < LYy (1_ayj2, 14y S CE—1) 7"

_ We next assume a = 1. Remember that v > 1 by the assumption. Since
B = |t — r| in this case, we can calculate ki(t,7), ka(t,r) directly. Thus we obtain
(8.34). This completes the proof of Lemma 8.5. O

Finally we are in a position to prove Lemma 3.2.

Proof of Lemma 3.2.
We may assume ¢; < ¢3 < -+ < ¢, Set ¢g = 0 and

ey~ 2Ner — e
djzcj_%v djzcj_w (:]—7 7m>7
N e — e
e]:cj—l—C]Hg Cj,e]:cj—l— (C]H?) %) (7=0,...,m—1)
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We put I; = [(e;)7%, (d;)™] and I, = [(&;)7Y, (d;) ] for 1 < j < m — 1. We also set
Iy = [(60)_1700)7 Iy = [(50>_17 OO)? I = [07 (dm)_l]v and [, = [07 (dm)_l]

We take a smooth cut-off function y on [0,00) such that x = 0 on [0, 1], and
x = 1 on [2,00). We also take smooth functions x; (j = 0,...,m) so that each y;

is supported on I;, x; =1 on I;, and Z;.n:o x; = 1 on [0,00). We define

Gt ) = {1 = x{la)} + x(lel)xo (7).
! ) (j=1,...,m)

||

Gt ) = x(als

for (¢,2) € [0,00) xR®. Then, noting that y 7" (;(t,2) = 1 for [0, 00) x R?, we have

m

¢+ lal) (et — (U@ (¢, 2)] < Y (t+ |zl (et — |2)) | UGt 2)]-

=0
Since (c;t — |z|) < Cw(t, |x|) in supp (;, Lemma 8.1 implies

{t + |z|)(eit — [x)"|Ui[¢; @] < C sup |)<|y|><7+ [yl w( [y[) (T, y)|
yeD;(t,|x

for v > 0. This proves (3.6). The proof of (3.7) is similar. We can also prove (3.8)
similarly, because (t + ) < Cw;(t,7) in supp ¢; and (¢;t — r) < Cw;(t,r) in supp ¢
for j #£ 1. O
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