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Abstract

In this paper we study a global in time existence of classical so-
lutions of semilinear systems of 3-dim. wave equations. We see that
one component of the global in time solution can be arbitrarily large if
another component is small enough according to some balance of each
amplitude. Also its sharpness is discussed. This is a specific nature of
strongly coupled systems.

1 Introduction

For the initial value problem of semilinear wave equations

{ O2u — Au = F(u),
u(z,0) =ef(x), du(z,0)=ceg(x),

the general theory has been studied by many works. Under the smallness
assumption on the data such as ¢ > 0 is “small”, we can discuss conditions
which guarantee the global existence of small solutions when the nonlinearity
is a large class of power-type, for example,

F(u) =0O(Jul’) asu— 0.

*This work is dedicated to professor Mitsuhiro Nakao on his 60th birthday. Keywords:

semilinear wave equation, classical solution, global existence, blow-up. MOS Subject clas-
sification: 35170, 35B05.




Most of all the results of C'*° category in H® framework are summarized in
Li & Chen [5]. More precise argument on the power was started by John[4]
in C? framework.

On the other hand, we have a different story when € > 0 is “large”. Only
the case where the energy is conserved, for example,

F(u) ~ —|u[P~'u  for large u,

can be studied for the global existence. See Shatah & Struwe[6] for this
direction. In this way we have a big gap in each analysis between toward to
small solutions and to large one for the single equation. But for the system
of equations the situation need not be the case.

We now condiser the following system of real-valued unknowns u, v espe-
cially in three space dimensions.

20 — Au = Au®oP )
{ g%” - ﬁv = gtﬂ’u‘S in R? x [0, 00)
{ U(Q?, O) = Efl(x)a aﬂﬁ(%, O) = ggl<gj) (]-]-)
v(z,0) = M fo(z), Ow(z,0) = Mgs(x),

where both A and B are non-zero constants and all the indices «, 3,7, 9d
are non-negative integers. The initial data f;, g; (i = 1,2) are smooth with
positive parameters €, M. In this paper we will see what happens on the
global existence of the solution (u,v) when M is large. For weakly coupled
case, i.e. a = 60 = 0, at low powers = v = 2, we have no global solution
for any data even with small M. See Agemi & Kurokawa & Takamural[l]
which was initiated by DelSanto & Georgiev & Mitidieri[2]. In order to
avoid such a kind of blow-up case, we shall assume the following strongly
coupled condition.

AB#Oa Oé,ﬁ,’Y,éEN,
a+08,v+6d=3,4,5,--->2, (1.2)
i € C3(R?), g, € C3(R?) (i =1,2).

In the system(1.1), roughly speaking, we may put u = O(g),v = O(M) as
e — 0, M — o0o. According to this point of view, we need a balance such that
both e ' M#? and £ M?~! are small. Actually in the next section we have a
global existence under such a condition. The rest of this paper is devoted to
its sharpness. Roughly speaking again, we have no hope to prove the global
existence result for any data when one of e*"*M?, 7M1 is large.



2 Global existence theorem for o # 1

It is well-known that the solution (u,v) of (1.1) has to satisfy

u = L(Au®v?) + eu®,
v = L(Bu'’) + M°,
where the linear operator L for a function F(z,t) is defined by

1

4z

L(F)(z,t) = /r( 1t)(t — s)F(y, s)dyds

and u°, v° have the following expressions.

u® = 0, Lo(f1) + Lo(g1), v° = 9 Lo(f2) + Lo(ga).
Here we set

Lo(f) () =

4T Jjw)=1

f(z +tw)dS,

and I'(x,t) is a backward cone with a vertix (x,¢) defined by
D(x,t) ={(y,s) €ER* x [0,00) : |z —y|<t— s}
Let us define a function space W by

W= {(u,v) € {C*(R3x [0,00))}* :
supp(u, v) C {|z| <t +k}, [[|(u, 0)]]] < oo}

Here we set

| Cas )] = Wul [ + [[[0][]2,
Nl =Y IVeull, (ol = Vool
la|<2 |b] <2
and
full; = sup  wy([z],t)[u(z, )],
(z,t)ER3 X [0,00)
where
wy(r, t) = 74 (r, 6) 7 (r, £)* 772,
wy(r,t) = 7o (r,t)7_ (1, 1)7+02
and t 4+ 2k
ity = BT

For constants U,V > 0 a subspace W, of W is defined by

Wo(U, V) = {(u,0) € W |lJullly < U, |[Jvlll <V}



Theorem 1 Let o # 1. Assume (1.2) and suppf;, suppg; C {x € R® : |z| <
k} (i = 1,2) for some fized constant k > 0. Then, for any M > 0, there
exists a unique global in time solution (u,v) € Wo(2|||[u’|]]1¢, 2|[[v°]|]2M) of
(1.1) provided ¢ is small enough to satisfy that

|Ale*'MP < Cy and |Ble"M°! < Oy, (2.1)

where C) = 01(047/3;f1,f2791792); Cy = 02(%5,f1af2791792) are positive
constants.

Proof. Recall that the usual uniqueness result yields
supp(u,v) C {|z| <t +k}.

See Appendix1 in John[3] for example. We shall start with the following
basic estimate.

Proposition 2.1 (John[4]) Let p > 2 and ¢ > 1. For any (z,t) € R3 x
[0,00) satsifying |x| < t+ k, there exists a positive constant C,, depending
only on p,q such that

—92 —p —
T LT T X g < y) < Cp,qkj-
Employing this proposition we have that

||L(w1:aw;§Xsupp(u,v)) ||1 S Dl, (22)
HL<w1 ’YwQ_ Xsupp(u,v))HZ S DQ,

where Dy = Di(a, 8,k), Dy = Ds(7,0,k) are positive constants. Because
simple computation gives us

wowl = OBt s +80o-2)
V00 v+6,_y(a+B—2)+5(y+6-2)

and
ala+B-2)+p(y+d-2)>a+p>2,
Y(a+B8-2)+0(y+6—2)>v+6>2

Using this estimate we shall construct a solution of (1.1) by classical iteration

argument.
Let us define a sequence {(u,, v,)}nen by

n = L(Aug v ) + o, up = eul, (2.3)
vp = L(Buy_yvy_y) + v, vo = Mv". '



Then it follows from (2.2) that

{ s = LA il il -
[onll2 < |B|Dallun-a|[{[va-1ll + [[0[]2M.
Therefore we obtain the boundedness of {(u,,v,)} such that
lunlly < 2[u’llae, Nloall2 < 2[[0°||2M (2.5)
provided
| A[D1(2||[u°l1e)* (2]|v°[|2M)7 < [Ju]l1e, (2.6)
| B D(2][u’[|18)7 (2][0°]|2M)° < [[0°]]2M.

Keeping this situation we have the convergence of {(un,v,)}. In fact, it
follows from (2.3) that

i =ty = A+ L (0 =) b () —vl))
Upt1 —Up = B L ("UZ(U;YL —uy )+ UZ—1(UZ - Ug—l)) .

We note that

|u;$z - ufz—ll < p(w1—112||u0||15)p71|un - un—1|)
b — v 4| < plwy 2[00 |2 M)P~ o — vy,

where p stands for one of «, 5,7,d. Hence (2.2) yields that

ltnss = wally < AIDy 2[00l M)P a2l 1) 1t — -1 |
+A|Dy (2l|ul| 1) B2 | M) [, — v

lonsr = valla < | BID22]0 M) 20 1€) ™ ftn — twn-sls
+1BI D22l 1) 52| M) e — vl

This can be rewritten as

ltns1 — unlls < Cial|tn — wn—1|l1 + Crzl|vn — vn_1]|2,
V1 — vnll2 < Cot|ltun, — tn—1]j1 + Callvn — vy-1|2,

where

Ciy = 20707 aDy || 3 o0y | Alet M7
Crp = 27071 8Dy ||| ][0°||; | Al M7
Coy = 20~y Dy |u® |7 [0°13] Ble™ ' M°
Coy = 2750710 Dy |u® T[]0 157" | Ble™ M.

(2.9)



If we assume further that

2 S max{a, ADU A <L
2703 max{y, 0} Da|lu||7 ][00 |5} Ble" M < 1, '
we have
1
Ci1, Oy < —, (1209 < 6 (2.11)
Therefore we obtain
E1 E2
[nsr = ualls < 5z onsn = wallz < 557 (2.12)
where
Ey = |Jug — ugll1 + 4Ch2||vr — vol|2,

Ey = 4C5 ||ur — wol|1 + ||vr — vol|2-

This means a convergence of {(uy,,v,)} in C°-norm under the combined con-
dition of (2.6) and (2.10), i.e

{ 20+ max {2~ max{a, B}, L} Dy ¢~ [o°}5] AJe™~ M7 < 1,

2.1
2v+o max{27% max{~y, §}, 1}D2Hu0]|¥Hvng_l\B|€7M5_1 <1. (2.13)

Next we shall check the convergence in C'-norm. It follows from (2.3)
that

{ Ou, = AL(ovuy” aun 1vn 1+ Bus lvn_iavn 1) + Ouo,

Ov, = BL(yu,)_ 8un W+ ou) lv YOv,_1) + Oy, (2.14)

where 0 stands for one of 0,, (i = 1,2,3). Hence each total number of the
power of weight functions is invariant, so that, under the condition (2.13)
which yields (2.5) we get
10unlls < [AlD1a(2]|u’[[16)* | Oun—1]|1(2]|v°|2M)”
+HAID1B2|[u012)* (2l[v° M) | Ovn-all2 + 0u°l1e,
10vallz < B Day(2][ul1€)" ™ |Oun—1 [l (20" 2M)°
+BI D26 (2][ul1€)7 2I[v° M)~ [Qvn-sl2 + [|00° |2 M

Therefore we obtain the boundedness of {(du,,, dv,)} such that
10wl < 2[|0u’l1e, [l0vall2 < 200" 2 M (2.15)
provided

10wl = [A|Dra(2l[u’]l1€)* 2] 0ul | (2]|v° M)
+HAID1B (2] [12)*(2]|v°[]2M)72]| 00°| |2 M,

100120 > | B| Day(2]|u]l1€) 2|0 |12 (2] 0°]]2M)°
+B|D20(2]|u’ 1) (2]|v"[|2M)°~ 12|00 M.

(2.16)



Keeping this situation we have the convergence of {(Ju,,dv,)}. In fact,
it follows from (2.7) that

OtUpiy —u,) = A- L(BvS 100, (u

= Uy -1
Fau O a8 )+ 9 ),
O(Vpi1 —v,) = B+ L6003  0v, (u) — u) ) +v20(u) —u) ) '
Fyun O 1 (V) — 0 _1) 4w O(vh — v _,))

We note that

0(uh —up )| < plwy 2]u]12)P|0(up — )]

+(p = 1) (wy 2|u’llre)"* (2] 0u’ 1) tn — tnrl,
0w — v )| < plwy 200 2M)P~HO(vn — V)]

+(p = 1) (wy 20 [2M)P2(2]|00° |2 M) [vn — Vo,

where p stands for one of «, 3,7, . Therefore it follows from (2.2), (2.8) and
(2.12) that

E
Hmwﬂ—%mzcmmw—w»m+cwmw—wnm+gi
[0(Vns1 — vn)ll2 < Corl|0(un — un—1) |1 + Coa||0(vy — vy1)2 + 2—;1,

where each Cj; (i,7 = 1,2) is the one in (2.9) and

Es = |A[DyS(2[|0° |2 M)~ (2] 00° |2 M) (2] el [|1€)* " By
+|A[Dya(2]|u (1) (2[|0u’ [[1e) B2 | M)~ B,
+|A[Dy (2][0°]|2M)P (o = 1) (2[Ju’ [|1€)*~2(2]|0uC| 1) E
+|A[Dy (2][u[1)*(B — 1)(2[|0°[|2M)P~2(2[|00° |2 M) E,

Ey = |B|Dyd(2||0°|aM)° = (2[]00°[| s M)y (2]|u’ 1)~ B
+|B| Dy (2([u]|1)7 (2] 0uC 1) 0 (2]|0° | . M)~ By
+|B| D2 (2[0[|2M)° (v = 1) (2[[u’[l1€)72(2]|0u° || &) Ex
+|BIDa(2]|u’[l18)7 (6 — 1)(2([v°[|2M)°~2(2]|0v° |2 M ) E».

Making use of (2.11) again, we finally obtain

E5 + (TL — 1)E7
101 — )l < 22 DET

Eﬁ + (n — 1)E8
[0(vn11 — va)l2 < o+l )

where
Es = [|0(u1 — ug)[1 + 4C12[|0(v1 — vo) |2 + 2E3,

E6 = 4C21||8(U1 — UQ)Hl + ||8(U1 — ’Uo)”g + 2.E47
E7 = E3 + 4012E4,
By =4C5 E5 + Ey.



This means a convergence of {(uy,,v,)} in C'-norm. Only the price that we
have paid futher than (2.13) is (2.16) which comes from the boundedness in
C'-norm and changes nothing essentially of the balance between ¢ and M.
In almost the same way one can see a convergence of {(u,,v,)} in C*-
norm. We have to assume further only a codition to guarantee the bound-
edness, which is similar to (2.16), but again nothing is changed essentially
in the balance between £ and M. Note that (2.16) can be rewritten as (2.1).
Therefore we shall omit details and close the proof of the Theoreml.

3 Positiveness of the solution

This section provides preliminaries for the non-existence result which will
appear in the next section. The comparison argument of this kind, which
is due to the continuity of the solution, can be found in early works for the
single equation. For example, see Zhou|7].

Proposition 3.1 Let A,B > 0. Assume that for « = 1,2, f;, = 0 and
suppg; C {w € R® : |z| < k} with a fized constant k > 0 and

gi(z) > 0 for |z| < k. (3.1)

Then the classical solution (u,v) of (1.1) satisfies that supp(u,v) C {(x,t) €
R? x [0,00) : |z| <t+k} and

u(z,t), v(z,t) >0 for x| <t+k. (3.2)

Proof. In the previous section we know that supp(u,v) C {|z| < t + k}.
Note that

tiy=inf{t>0 : u=0orv=0in {|z| <t+k}} >0

due to the assumption on the data and the continuity of the solution. If
the conclusion is false, meaning that there exists a point (xq,¢,) with |z;| <
t1 + k, we immediatly reach to a contradiction. To see this we may assume
that u(z1,t1) = 0 without loss of the generality. Then it follows from the
representation formula and the assumption on the initial data that

uO - LO(gl) Z 07
so that we have

0 =u(zy,t;) > L(Auo‘vﬂ)(xl,tl) > 0.

8



Because the definition of #; says that

u,v > 0 in the interior of I'(zq,t1) N {|z| <t + k}

and |I'(xq,t;) N{]z| < t+k}| > 0. This contradiction proves the proposition.

Proposition 3.2 Assume that all the assumptions in Proposition3.1 are ful-
filled. Let (u,v) be a radially symmetric solution of variables (r,t), r = |z|

to the system (1.1) with g; = g;(|x|) (i = 1,2). Then (u,v) satisfies

c
/ﬁ (r + Nu(h 1)\, 7)Pdrdr + S
D(r,t) t+r

0(92)]\/—’
t+r

A

4(t + )
B

4(t+r)

u(r,t) >

v(r,t) >

/‘ (7 + Nu(\, 7)7o(A, 7Y dAdr +
D(r,t)

o |

(T,t)GR:{OSt—TS ,k§t+r},

where i
Clo) = [ Aair>0 (=12
k/2
and

(3.3)

(3.4)

D(r,t) ={(\,7)€[0,00)? : 0<T—-A<t—1, k<T+A<t+r}

Proof. It is well-known that the radial symmetricity yields

L)) = La0)(r) = 5 [ M)A for fa) = £0).

T2

t—r|

Then it follows from the assumption on g; (i = 1,2) that

0 _ C(gi
w (r,t) = Lo(gi)(r,t) > P

~—

Similarly, the classical formula of the radially symmetric version

L(AuP)(r,1) = é%!/g( O 7o
r,t

where

T(rt)={(\7)€[0,00)? : 0<7<t, [t—T—1r|<A<t—T+7},

9



shows that

A
L(Au™®)(r, t) > 5 / (X, 7)*v(\, 7)PdNdT
D(r,t)

for (r,t) € R. Because it is clear that

D(r,t) C (#)I'(r,t) when (r,t) € R
and Proposition3.1 says, when 7 — \ > —k,
w(\, 7),v(A\,7) > 0 in the interior of T'(r,t)\ D(r,t).
Therefore the proposition follows from a simple estimate in D(r, t),

T+ A T—)\>T—|—)\ t—r
2 2

N =
2 2

>T—|—)\_E>T+)\
- 2 4 — 4

The proposition is now established.

4 Non-existence theorem for a# 1 or 0 # 1

We are now in a position to see the sharpness of Theoreml. Actually we
prove the following theorem.

Theorem 2 Let o # 1 ord # 1. Assume that all the assumptions in Propo-
sition3.2 are fulfilled, i.e., f; =0, gi(z) = g;(r) (r = |z|) and g; > 0 when
r <k, gi=0whenr >k fori=1,2. Then, for any e > 0, the system (1.1)
admits no radially symmetric solution (u(r,t),v(r,t)) fort+r >k provided
M 1is large enough to satisfy that

C
Ae* M7 > >
: = e B — (tfr)2 0P

C.
0% 6—1 4
or Be"M°* > K2==8 — (t + )2

when o # 1,

when § # 1,

where C3 = C3(a, B, g1, 92) and Cy = Cy(7, 9, ¢1, g2, ) are positive constants.

This theorem needs the following comparison argument.

10



Proposition 4.1 Assume that all the assumptions in Proposition3.2 are ful-
filled. Then the radially symmetric solution (u,v) of (1.1) satisfies

(t+r)ulr,t) > X(t+7) >0,
{ (t + T)U(T, t) > Y(t + r) >0 for (T7 t) € R, (4.1)
where X and Y are solutions of
- 9 3 o
X(f) —_ (t )0(89 )ﬁAMﬂ/ al—e BX(a)ada—i—C(gl)g,
1B € (4.2)
Y(§) = (= r)Cégl) Be /: a'=77Y (a)’da + C(gy) M.

Proof. First we note that X > 0 and Y > 0. It is easy to see, for example,
X > 0. In fact we have X (k) > 0. If there is a point & such that

§o = min{¢ € (k,00) : X(£) = 0},

then the definition of X in (4.2) yields the desired contradiction, X (&) > 0
because of
X(a) >0 for a € [k, &).

We shall turn to the proof. At a point (ro,tg) such that
to+ro=~kand ty—1rq9=0,
we have, by Proposition3.2,

{ (to + ro)ulro, to) > X(to +1m0) = Cg1)e
(to +70)v(ro, to) > Y (to +10) = C(g2) M.

If the conclusion is false, we immediately get a contradiction. In fact, suppose
that there is a point (r,t;) nearest from (rg,to) such that

(tl + rl)u(rl,tl) = X(tl + 7“1),
or (tl + 7’1)1}(7’1,'[}1) = Y(tl + 7’1).

Without loss of the generality, we may assume that the first case is hold. We
note (ro,tg) # (r1,t1) by continuity of w and X, which implies that an area
of D(ry,t1) is positive. Then it follows from Proposition3.1 and 3.2 that

0(92)5141\45/ - Clg)e
u(ry, ty) > 92 A0 BN, T dAdr  —IVE
( ! 1) 4<t1 _'_Tl) D(Tlatl)(T ) ( T) "

t1+7’1.

11



But the definition of (ry,t;) yields
(T + MNu(X,7) > X(7+ A) in the interior of D(ry,t1).
Therefore we get a desired contradiction to the definition of (rq,t),

Clg1)e

ty+1r

C(gz)BAMﬁ

) >
U<T1 1) 4(t1+T’1)

EOPX(E)Y _,,, dXdT +
/D(m,tl) ( ) |§7’r+>\

Because introducing a characteristic variable
a=T4+\ b=17—A\,
we have
(tl + rl)u(rl, tl) > X(tl + 7“1).
Hence the first inequality follows. The second one can be obtained in the

same manner. The proof is now completed.

Proof of Theorem?2.
First we consider the case of o # 1. Let X be the one in Proposition4.1.
Restricting variables on the line t — r = k/2 in R, we know that X satisfies

kC(gs)? AMP

X (k) = Clgr)e.

greix(g)

Then, integrating the inequality over & € [k, t + r], we have

X (k) — X(t 4 r)'°

a—1

= m (k‘Q_a_ﬁ — (t + 7”)2_&_’8) .

Hence we obtain

R
- (alg(&)+(g2z G (T ).

This inequality shows that the statement in the theorem is ture if we put

_ 16(a+3—-2)

Cs = k(Oz — 1) C’(gl)l_O‘C'(gg)_B > 0.

12



Because

Cs

a—1 B8
X(t+r)—ooas e AM" — BB (4Pt

Therefore, due to Proposition4.1, u cannot exist after X blows-up.
The second case of § # 1 can be investigated in almost the same manner.
In this case, we have to start with Y in Proposition4.1 which satisfies

{wwzﬁ&%fiééwwé
Y () = Clon)M.

when t — r = k/2. Therefore it is easy to see that the statement in the
theorem is ture if we put

_16(6+v—2)

Cu k(0 —1)

Clg2)""°Cgr) ™ > 0.

Because this implies

Cy
k2—a—p _ (t + T)Q—a—ﬂ'

Y(t+r) — oo as Be7TM° —

Therefore, due to Proposition4.1, v cannot exist after ¥ blows-up. The
theorem is now established.

5 Remark on the case of a =1

In this section we shall take a look of the case of @ = 1. Due to definition
of X in (4.2), we have a lower bound of u under the same assumption of the
non-existence result. That is, for ¢ —r = k/2 and ¢ +r > k, one can obtain
the exponential growth of u in M such as

KC(g2)P (K7 — (t 1 r)1=?)
65— 1) AM%'

This is not enough to reach to the expected result saying that the blow-up of
some special solution can be established for any ¢ provided M is larger than
some constant independent of e.

It seems that it is not so easy to obtain a global existence result for
any ¢ and large M by means of the iteration method in W via John’s basic

(t+r)u(r,t) > C(g1)eexp (

13



estimate. Actually, according to the first estimate of the sequence {(u,,v,)}
in (2.4), we have

lunlls < [AID\UVE + [[u°]|se,
[vall2 < [BID2UTV® + [[0°]]2M

provided |[Ju,—1]l1 < U and ||v,_1]|2 <V, where U,V are positive constants
may depend on € and M. In order to get the same bounds for ||u,||1, ||va2
by means of this inequality, we need

|A| DUV + ||ul]|1e < U,
|B| DUV + |[00)]oM < V.

Therefore the first line says that we should have
|A|D VP < 1.

But this is impossible to be established under the same assumption of The-
orem?2 if M is larger than some constant independent of €. Because we have
V' > ||v||2. Then by Proposition4.1, this inequality implies that

210720 gy)

(IA[D1) Y% >V > wy(r, t)o(r, 1) greyer > Lk

M.
This fact indicates that we need a different method from our simple iteration
in order to construct a global solution when o = 1.
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