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to the stationary Stokes equations
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Abstract

We establish the existence, uniqueness and L9 estimates of weak so-
lutions to the stationary Stokes equations with rotation effect both in
the whole space and in exterior domains. The equation arises from
the study of viscous incompressible flows around a body that is ro-
tating with a constant angular velocity, and it involves an important
drift operator with unbounded variable coefficient that causes some
difficulties.
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Keywords. Stokes flow, rotating body, exterior domain, L¢ estimate.

1 Introduction

Consider the motion of a viscous incompressible fluid around a compact rigid
body B = R?\ D (with smooth boundary dD), that is formulated as the
exterior problem for the Navier-Stokes equations. The case that the body
B is rotating with a prescribed angular velocity w is of particular interest.
Assume that w is a constant vector, say, w = (0,0,1)7. The problem is
then to solve the Navier-Stokes equations in the domain D(t) = O(t)D, that
depends on the time-variable unless the body B is axisymmetric, subject to
the inhomogeneous nonslip boundary condition, where O(t) is the rotation
matrix below. It is reasonable to reduce the problem to an equivalent one in
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the exterior domain D by using the coordinate system attached to the body
B and by making a change of unknown functions. The reduced problem is
([12, subsection 2.1]; see also [1], [4], [5], [7])

ou+u-Vu =Au+ (wAz) - Vu—wAu— Vp, in D x (0,00),
V-u =0, in D x [0, 00),
subject to
ulop = w Az, u—0 as |z| — oo, Uli—o = a,

where u = (u1, us, u3)” and p are unknown velocity and pressure, respectively,
and A stands for the usual exterior product of three-dimensional vectors; so,
wAx=(—x9,21,0)T.

The most interesting and difficult feature is that the drift term (wAz)-Vu
is not subordinate to the viscous term Awu and thus cannot be treated as a
simple perturbation. In fact, the fundamental solution of the linear operator

L=-A—(wAzx)-V+wA (1.1)

cannot be estimated from above by C/|z — y| unlike the Laplace operator,
see Proposition 3.1. Furthermore, the generated semigroup

e f(x) = O(1)" (2f) (O(t))

on L%(R?)? is not analytic unlike the heat semigroup e'?, see Proposition 3.7
of [12], where

cost —sint 0
O(t) = | sint cost 0
0 0 1

and O(t)T = O(—t), although it possesses some smoothing properties (the
related semigroup [11] for the exterior problem enjoys such properties as well,
see [12], [13], [14]).

There are some studies on the nonlinear problem above in exterior do-
mains within the framework of L? space; weak solution [1], local unique
solution [12], stationary solution (time-periodic solution of the original prob-
lem) [8], [20], local and global strong solution [9]. Among them, Galdi [§]
has derived some pointwise estimates at infinity such as |u(z)| < C/|z| for
stationary solutions provided the angular velocity of the body is sufficiently
small.



In the present paper, toward an analysis of the problem above in general
L4 spaces, we prove the fundamental estimate

IVullg + llplly < Cllfll -1 (1.2)

of weak solutions to the linearized stationary problem
Lu+Vp=f, V-u=0. (1.3)

See Theorem 2.1 (whole space problem) and Theorem 2.2 (exterior problem)
in the next section. Note that, when one ignores the crucial term (wAz)-Vu,
a multiplier theory leads to some L7 estimates; in fact, this was done by [18]
to estimate {V?u, Vp}. However, such a theory does not work well for the
operator L with variable coefficient.

In section 3, we first discuss the whole space problem by real analytic
method based on dyadic decomposition, square function and maximal func-
tion to derive the estimate (1.2) for 1 < ¢ < co. We make use of an explicit
representation formula of the solution and consider the integral operator
F' — Vu, which does not seem to be of Calderén-Zygmund type, where
f=V-F with F € C°(R?)?. The argument is a development of the previ-
ous study [6], in which the L? estimate of {V?u, Vp} for (1.3) in the whole
space R? was provided. See also Farwig [5], in which the translation of the
body as well as its rotation has been taken into account and the L? esti-
mate of d,,u, that arises from the translation, as well as {V?u, Vp} has been
derived.

The final section is devoted to the analysis of the exterior problem by
means of a localization procedure, which was developed in [2], [15] and [16].
Unlike the whole space problem, there is the restriction n/(n—1) = 3/2 < ¢ <
3 = n so that the estimate (1.2) holds. For the usual Stokes problem (the case
w = 0) in general space dimensions n > 3, Theorem 2.2 is due to Borchers
and Miyakawa [2], Galdi and Simader [10], Kozono and Sohr [15], [16], where
the restriction above is optimal; that is, ¢ > n/(n — 1) is necessary for the
solvability in the class {u, p} € /Wol’q(D)" x L4(D) for all f € /V[?_l’q(D)”, and
so is ¢ < n for the uniqueness in that class. For the function spaces, see the
next section. Indeed the behavior of the fundamental solution of (1.1) is a
little worse than that of the Laplace operator, but Theorem 2.2 tells us that
the same result as in the case w = 0 holds true as far as we are concerned
with L? theory.

We note, owing to the restriction ¢ > 3/2 in Theorem 2.2, that our theory
for the exterior problem is not sufficient to solve the stationary Navier-Stokes
equations because [lu-Vul|_1, < C||Vul2 holds if and only if ¢ = 3/2 = n/2.
In the case of the usual Navier-Stokes problem, this difficulty was overcome
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by [17] and, later on, [19] with use of the Lorentz spaces, especially L3?
(weak L*? space) that is larger than the usual L3/2. A right space to find a
nonlinear solution seems to be L3/ 2(9 Vu) for our problem as well and this
will be discussed elsewhere.

2 Results

To begin with, we introduce notation. Given a domain Q (= R3, D, ---), the
class C3°(Q2) consists of C*° functions with compact supports contained in
Q. By L9(Q2) we denote the usual Lebesgue space with norm || - ||, . For
Q=R3 D and 1< g < oo, we need the homogeneous Sobolev spaces

Wh(RY) = CE(RP) 1% = (v € LL (R*); Vo € LYR?)}/R,
WD) = (D) "
[ {v e L3/C-9(D); Vv € LI(D)3,v|pp = 0} for 1 < ¢ <3(=n),
| {ve Ll (D);Vve Li(D)? v|sp = 0} for 3 < ¢ < o0,
(2.1)
and their dual spaces
/Wfl,q(R?)) _ Wha/(e-1) (R®)", W’Lq(D) _ Wol,q/(q—l)u))*,
with norms ||-||_14rs and |- ||-1,4,p, respectively. The characterization above

of the space Wol (D) is due to Galdi and Simader [10] (see also Kozono and
Sohr [16]). For a bounded domain 2, we use the usual Sobolev spaces W, %(Q)

and W19(Q) = Wo "V (Q)* with norm || - ||_14.0. For simplicity, we use
the abbreviations || - ||, = || - llop and || - [|=14 = || - ||=1,¢,0 for the exterior
domain D.

Let B,(z) be the open ball centered at « with radius > 0. For sufficiently
large r > 0, we set D, = DN B, as well as B, = B,.(0).
Let us consider the boundary value problem for the linearized equation

—Au—(wAz)-Vut+wAu+Vp=f in D,
V-u=0 in D, (2.2)
u=20 on 0D.

Let 1 < g < co. Given f € W\*l’q(D)g, we call {u,p} € Wol’q(D)3 x LY(D)
weak solution to (2.2) if



1. V-u=0 inLi(D);
2. (wWAz)-Vu—wAué€ /W_I’Q(D):*;

3. {u,p} satisfies (2.2), in the sense of distributions, that is,

(Vu, Vo) = ((wAz) - Vu—wAu,p) —(p,V-0)=(fp) (23)

holds for all p € C5°(D)3, where (-,-) stands for various duality pair-
ings; by continuity, {u,p} satisfies (2.3) for all ¢ € Wol’q/(q_l)(D)?’.

Since we make use of a cut-off technique, we first consider the whole space
problem with the inhomogeneous divergence condition

—Au—(wAz)-Vut+twAu+Vp=f V-u=g  inR3 (2.4)

a weak solution of which is defined in the same way as above.
The results on the existence, uniqueness and L? estimates of weak solu-
tions to (2.4) and to (2.2) are, respectively, as follows.

Theorem 2.1 Let 1 < g < oo and suppose that
FEW MR, ge LU(RY), (wAz)geW (R

Then the problem (2.4) possesses a weak solution {u,p} € /I/I?Lq(]R?’)S x L1(R?)
subject to the estimate

IVullgrs + IPllgrs + (WA 2) - Vi —w Aull 1 g
S C(Ifll-rqrs + lgllgrs + (WA 2)gll-1qm3)

with some C' > 0. The solution is unique in the class above up to a constant
multiple of w for u.

(2.5)

Theorem 2.2 Let 3/2 < ¢ < 3. For every f € W=14(D)3, there exists a
unique weak solution {u,p} € Wy'(D)? x LI(D) of the problem (2.2) subject
to the estimate

[Vullg + l|pllg + [[(wAz) - Vi —wAul| -1 < C| fll-1,4, (2.6)
with some C > 0.

Remark 2.1. In Theorem 2.2, we have the embedding relation /Wol (D) —
L3/G=9(D) by (2.1). In this sense, u is small at infinity.
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3 Whole space problem

This section is devoted to the analysis of the whole space problem (2.4).
Theorem 2.1 is implied by the following.

Theorem 3.1 Let 1 < ¢ < oo and f € W=19(R3)3. Then the equation

Lu=-Au—(wAz)-Vut+wAu=f inR3 (3.1)

possesses a weak solution u € WYI(R3)3 subject to the estimate

IVullges + (WA @) - Vu—wAul g <Ol fll-rgms,  (3.2)

with some C > 0. The solution is unique in Wl’q(R3)3 up to a constant
multiple of w for u.

For f € S(R3)3, the equation (3.1) admits a solution of the form [6]

ua) = [ Twswy = [ 007 (25 O (33

with the non-symmetric kernel

Iz, y) = / O EHO(t)z — y)dt, (3.4)
0
where e'® = E'x is the heat semigroup and
El(z) = t732E(x/ V1), E(z) = (4m) 32 1#1P/4,

On the Fourier side, the solution (3.3) is written as

ul§) = (2#)_3/2/ e~ Su(x)de
R (3.5)

::/moufew%ﬂO@KMu

where i = v/—1. As mentioned in section 1, we have the following negative
assertion on a pointwise estimate of I'(x,y), which shows that the operator
(w A z) -V is not subordinate to the Laplacian.
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Proposition 3.1 There is no constant C' > 0 such that

|z —y||D(z,y)] < C, V(z,y) € R® x R%.

Proof. This was shown in [6], but we give the proof for completeness. We
intend to estimate the right-hand side of

T(z,y)| > Tas(x,y) = /OOO EY{O)x — y)dt.

We take, for instance, z, = (p,0,0)7 and y, = (0, p,0)” to show

- : C1
F33([L'p7 yp) = / (47Tt)—3/2€—p2(1—s1nt)/2tdt 2 %7
0

for all p > 1 with C' > 0 independent of p. In fact, we have

Ls3(z,,y,) > Z Ji(p) > Z Jir(p)

with
/6 5
Jk(P) _ {47T(t + 7T/2 + 2]{37T)}_3/26_p (1_COSt)/2(t+7r/2+2k7r)dt,
—7/6
which is estimated from below as

/6
Jk(p) 2 (12]{;7‘(2)_3/2/ 6—92(1—COSt)/4k7rdt

—7/6

¢ [VEP/12V2k
/ e dt

/6
2(12km?) =3/ / e Pk = —
0 kp Jo
for k > 1. If in particular k¥ < p?, we then find
c (VI C
> — Cdt = —.
Y A

As a consequence,

2

c ¥l . C ”ds  Clogp
F > _ — _ —_— =
33 xpayp - ];: k= P /1 S )

p

\]



which completes the proof. [J
For the proof of Theorem 3.1, an essential step is to show

IVullges < C[lFlqps, (3.6)

for the force of the form f = V - F with F € C5°(R?)? on account of the
following density property.

Lemma 3.1 (Kozono and Sohr [15, Lemma 2.2, Corollary 2.3]) Let 2 C
R™(n > 2) be any domain and let 1 < q < co. For all g € W=19(Q), there is
G € L1(Q)" such that

V-G=g,  [Gllaa <Clgll-140

with some C' > 0. As a result, the space {V - G;G € C§°(2)"} is dense in

o~

WLa(Q).

Let us thus derive the L? estimate of the operator T defined by

TF(x)=Vu(zr) = — /11&3 V.V, I(z,y): F(y)dy (3.7)
to show (3.6), where

(VoL@ 9): F))y = D Oululz,y)Fuly)  (1<€<3).

1<p,w<3

As in Proposition 3.1, the kernel of (3.7) does not seem to enjoy the pointwise
estimate |V,V,['(z,y)| < C/|z — y|*; that is, the operator T' does not seem
to be of Calderén-Zygmund type. Nevertheless, the L? estimate is quite easy.

Proposition 3.2 The operator T enjoys
ITFl2prs < [[Fll2zs,
for all F € C§°(R?)?.

Proof. By the solution formula (3.5) we have

TF)(E) = ¢ / oy e O - FO()e)dt.

The Planchrel theorem thus leads us to



o) 2
TP = ITF I < [ 16 [~ s POt} d

N R 2
< [ 1€k [ RO Parde

o0 B ) R R
- / | e P Pdgdt = |1F I ga = IF

which completes the proof. [J
We rewrite (3.7) as the form

TF = (T“™F) for F=(F,

1<6,m<3 )1<uw<s

with

TE™ F(2) = Oy, e
-3 / OW)om(HY, * E) O 2L, B

+’
wk

where H = (Hyy) <}, <3 18 the Hessian matrix of F, that is,

Hy (1) = 8,0, B(x),  Hj,(x) =1 Hy(2/V1). (3.9)
We need also the adjoint operator

TG — (T*(uﬂ/)G) for G = (GZm)1ge,m§3

1<p,r<3

with

dt
T*ENG(y Z/ O(t éu km/ H. (O(t)x — y)Gm(x )dm?,
(3.10)

for which the argument will be parallel to that for the operator 7'
We now introduce the Littlewood-Paley dyadic decomposition

o0

Yo =1 (£€R\{0})

j=—00



with
(&) = B2771E]) — BT,

where § € C*((0,00);[0,1]) is a fixed function so that 5 = 1 on (0, 1] and
S =0 on [2,00). Note that

supp 7; C {& 2771 <[] < 2771} (3.11)

By use of 7;, we decompose the function H in (3.9) as

Hk‘y == Z Hk;V,ja Hkl/,j = (27()_3/277] * HkV <Hkl/7j = fl}HkV) .

j=—00
In (3.8) and (3.10), respectively, we replace H by H; = (Hpj),<; <5 tO
define the decomposed operator -
= W’”) - _ < ?*W))
T (TJ 1<tm<3’ 1 1 1<pup<3’
with
lm o dt
T Py = 3 /0 OW,0W (= E)OWD T, (312)
v,k
(v Oo dt
TGy =Y | OW],0km | Hi,;(Ot)x — y)Gn(z)dz—,
kom0 R3 t
(3.13)
where
Hy, j(x) = 2 Hy (/1)
namely,
H}, 5(€) = Hig (V1) = ;(Vt€) Hyu (VE),
so that (3.11) leads to
supp Hj,,; < {& 27 <jgl <21} (3.14)
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In order to estimate Tj(é’m)F and T;(”’V)G defined by (3.12) and (3.13),

respectively, we make use of the square function (see Stein [23])

so) = ([0 e 0@ L)

where {¢°}ss0 C S(R?) is a fixed family of radially symmetric functions
constructed in the following way: we take v € C§°(1/2,2) so that

2
do 1
| P =3,
1/2 o 2

define ¢(z) by ¢(¢) = (|¢|) and set
o'(x) = s Po(/VE) (86 =aleD)
for s > 0. Then we have

[ade=0 [TEePT o1 €er\OD @)

and
supp ¢* C {E; 5z <€l < %} (3.16)
It is known that ||S - ||, rs is equivalent to || - ||, s on the space L1(R?),1 <

q < oo [23, Chapter I, 8.23]. Hence,

Lm £m tm
1T Flls s < CISTS ™ 3 g = CINST ™ Fllgpoze. (3.17)

Assume now that 1 < ¢/2 < co. Then we will estimate

@ [ T PP @1s)

S

(ST PP u) = [

R

for w € L¥/@=2(R3). By (3.12) we see

(6"« "™ F)(a)
— Z /I( ' O(t)gTNO(t)km(gbs « Hf,  * FW)(O(t)x)@

t
Hovsk
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with
I(s,7) = [2%74s, 2274
because (3.14) and (3.16) imply

FOHL, () =0, t¢1(s,))

and because ¢° is radially symmetric. We use the Schwarz inequality twice
to obtain

(6% * T\ F) ()]

Z dt »
=¢ / ¢ / {/ [ (O = )I1(6” * Fuu)(y)\d?/} t
pk / 1(5:3) I(s,j) (JR3

) dt
< 8(10g2) C Y [|Hpuyll1,z /1( i ([Hio gl 5 107 % Ful”) (O(t)2) —
wov,k 83

Therefore, (3.18) is estimated as

(ST F)?, w)

dtds
<OX Wil [ [ [ 100070 (B 167 ¢ Ful®) )0 G
w,vk
—GZ||HkVJ||1R3//| (@)
w,v,k

t T d ds

where Hf HE is the reflection of H

fuv.j» that is, H,tw]( x) = Hy, ;(—). Set

M;k,u)w(x) = sup /224T <|H,i | Jw(O (t)T)|> (x)ﬁ (3.19)

r>0 t

Then we have

(ST ™ F)?, |<CZ||HkVJ||1R3/ M w(z)SF,, (x)2dz.  (3.20)

w,v,k
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Similarly, for the adjoint operator we find

wwﬁ%ﬁwchwmmw/MW%mwme<mn
R3

k,l,m

where

24y
Mty =swp [ (Bl ) 00T 32
r>0 Jo—4p t
To proceed with the estimates, it is necessary to find the behavior of the
following for j — +oo: M;k’”)w and /\/lg-k’y)w as well as ||Hy, j||1gs. For
this aim, the following lemma plays an important role (see [6]); that is, we
derive a pointwise estimate of Hy, ;(z), independently of (k, v), by use of the
function (1 + |z|*)~2.

Lemma 3.2 Let (z) = (1 + |z|*)"2. Then there is a constant C > 0,
independent of t € R3, j € Z and 1 < k,v < 3, such that

|y j(2)] < €272 (2), (3.23)
where Yt (x) = t=3/%)(x/\/t).
Proof. The proof is the same as in [6], but we give it for completeness. Since

ﬁ;(ﬁ) = —(27r)_3/2§,,£ke_‘5|2, we have

e Ca max{2—|o¢\,0}7 < ].7
e (G g e

for multi-index a. On the other hand, there is a nonnegative function ¢ &
Ci°(1/4,4) such that, for |a] < 4,

0£7;(6)] < Ca277¢(2771€)). (3.25)
In fact, setting b(r) = B(r) — B(2r) € C§°(1/4,4) and writing 7;(§) =
b(277|¢|), we have only to choose ¢ so that max{|(d/dr)"b(r)[;0 < n <4} <

((r), when we take |{] ~ 27 by (3.11) into account. From (3.25) it follows
that
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21°0¢ Hy y(6)] = 2

2. ( N ) 08 5(€) 0" Hi (€)

0<a/'<a @
<Co Y, 227 g))0Y Hi (6,
0<a/'<a

for |a| < 4. Since [¢] > 2771 > 1/2 for j > 0 and || < 277! < 1 for j < 0,
we use (3.24) and note [£] ~ 27 again to see

02 Hyopy (6)] < C2701-201¢ (277,
AS a consequence,
(1= 22 A¢) Hy s (6)] < C27291(277¢]),

This together with

Hyj(z) 3 ~3/2 €1 02 A N2 T
—¢2_2j @ 27 (2m) /R3 e (1 — 2% A¢)* Hy, ;(€)dE (3.26)
imply that
| Hiwj()] (9332l 2-71¢Nde = 22l
= Rl IRCCRGI ,

which completes the proof. [
To investigate M ;k’y)w and M§k’y)w, see Proposition 3.3 after the follow-
ing lemma, we introduce the Hardy-Littlewood maximal function

1
Mg(z) = sup

l9(y)|dy (3.27)
r>0 | Br ()] B, (z)

and need a variant of its LP-boundedness.

Lemma 3.3 Consider (3.27) in one dimension and let 1 < p < oo. Then
there is a constant C' = C(p) > 0 such that

1Mgllp.r < Cllgllp.r

for all 2m-periodic function g on R with g € LP(I), where I = (0, 2m).

14



Proof. We first note that Mg is also 2m-periodic. Since

1Mgllor = [Mglloo < Cllglloor = Cllglloc,z

for all 2m-periodic g € L*(I), it suffices to show the weak (1,1) estimate;
then the Marcinkiewicz interpolation theorem implies the assertion. For 2m-
periodic g € L*(I) and A > 0, we set E) = {0 € I; Mg(6) > \} and

1
Aolr) = / GOldt, 1> 0.
27” B.(6)

where B,.(0) = (0 —r,0 +r). We then find

Mg(0) = sup Ag(r) = sup Ag(r), 0el.

r>0 0<r<2mw

In fact, for 27 < r < 4w, 2w-periodicity of g yields

1 0—27 0+2m O+r
o HLT L)
2r O—r 0—2m 6427

1
=3 {4mAp(2m) + 2(r — 2m) Ap(r — 2m) },
-
from which together with Ag(27) = Ay(m) it follows that

Ag(r) < sup Ay(p).

0<p<2m

Therefore, supg.,4r Ao(7) = SUpgc,ar Ag(r). The same procedure implies
that for all n € N

sup Ag(r) = sup Ay(r).

o<r<2nm 0<r<2m

Fix A > 0 arbitrarily, and for 6 € E, we choose r € I so that Ay(r) > A;
then, we have

/ g(8)[dt > A|B.(6)] = 2r- (3.28)
(0)

Since the length of the members of the family {B,(0)}gcr,, which is a cov-
ering of E), is bounded, the Vitali covering lemma ([22, Chapter I, 1.6])
implies that there is at most countable sub-family {B®1,, whose members

15



are disjoint each other, such that Z |B®)| > |E,|/5. This combined with

k
(3.28) yields

47 15
B <5310 <3 [ o< [ ool =Tl

—27
We thus get

sup A Ey| < 15]|g]|1.1,
A>0

which is the desired weak (1, 1) estimate. [J

Proposition 3.3 Let 1 < p < oo. Then the sublinear operators defined by
(8.19) and (8.22), respectively, enjoy

1M wllpzs < C2H wllpga, M 0]z < C27 2wl s,
with some C'= C(p) > 0 independent of j € Z and 1 < k,v < 3.

Proof. The reflection ﬁ;:y/j(x) also satisfies (3.23) on account of ¢ (—x) =
Y(x). Note that ¢? "H(x) < Cy* 77 (x) for 274 <t < 2%. Thus, we have

24y
| » di
0< M;k’y)w(:v) < 272l Sup/ W2z — y)|w(O(t)" )|d?/—
2—4r JR3

r>0

24y
. —23 t
<criswp [ vy [ o) T
2

r>0 JR3 —4,

Set

Rw(z) = sup/ ' lw(O(t) x)|ﬂ (3.29)

r>0 2—4p t
By use of this together with the maximal function (3.27), we obtain

M&w(z) < 0272 sup (1 * Rw)(z)

J t>0

< C2 W (MRw)(z) | ¥(y)dy,

R3

16



see [23, Chapter II, 2.1]. The L? boundedness of the maximal operator M
([22, Chapter I, 1.3]) implies

1M w]| s < C2729| Ruw| gs,

as long as Rw € LP(R?). It remains to show that the sublinear operator R
is bounded in LP(R?). Using the cylindrical coordinate x; = pcosf, zy =
psiné, r3 = z, we set

Wp)(0) = w(pcosh, psind, z).

Then we have

247 dt
Ru(e) =sup [ Jug6 - 01 < 2(Muw)(0)

r>0 2—4p

By Lemma 3.3 we find
[Mwpzllpr < Cllwesllpr, 1= (0,2m).

Hence,

o 27
| Rwl[} g < C’// p/ (Mw,.»))(0)Pdbdpdz
R JO 0

o) 2T
< C// p/ w(p,z)(e)pdedpdz = CHwHZ]R?”
R JO 0 ’

which implies the estimate for M ;k"/). By use of

Ru(z) = sup / w(O))| 2

r>0 —4p t

instead of (3.29), the same estimate for /\/lg.k’l') can be proved similarly. [
Proof of Theorem 3.1. In view of (3.20), we use Proposition 3.3 as well as

| Hiwjll1ps < 02_2j/ Y(z)dr,
R3
which is implied by (3.23), to see that
4m k,v
(ST FP, ) < C Y 1 Hiwg g M 0llgs-21.20| SFyu | 2

w,v,k
_9liI\ 2
<C (2 2|J|) Hqu/(qf?)JR3 Z HFMVH;]R?’?
v
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for all w € L¥(@2(R?). By duality and by (3.17) we arrive at

7™ Fllggs < €272\ F)| o, (3.30)

with some C' > 0 independent of F € C*(R*)?, j € Z and 1 < ¢,m < 3.
Hence, as long as 2 < ¢ < o0,

with 7¢m = Y= 7™

j=—o0

T = (T¢"™)

1<,m<3

is well-defined as a bounded operator on L4(R3)?. For 1 < ¢ < 2, we use the

adjoint operator T* given by (3.10). The same argument as above implies
that 7* is also a bounded operator on L%/ (@=1(R%)?; so, T is LI-bounded for
1 < g <2 as well. We have thus proved (3.6) for 1 < ¢ < occ.

Let f € W-19(R3)3. By Lemma 3.1 there is F € LI(R3)° such that

V-F=f Fllgrs < Clfll-rqms- (3.31)

We take Fj, € C5°(R?)? so that || F), — F||,zs — 0 as k — oo. Let uy, be the
solution (3.3) with f = V - Fj. For each k and m € N, we take a constant
vector b™ € R? satisfying

/ (up(x) 4 b™)dx = 0
B
so that
w4+ 0y g5 < Conll Vitrllg < Conl| Vit llgrs < Conll Ficllgms

m — m —

by the Poincaré inequality and by (3.6). Therefore, there exist u(™ &
Whe(B,,)* and V € L1(R?)? such that

g + 0 —u™| o5, =0,  ||Vug—Vl]zs =0  (k— o)
with Vu™ (z) = V(z) (a.a. x € B,,). We first set
a=u" onBy; b= b,gl).
Consider next the case m = 2; since Vu®?(z) = V(z) = VulY(z) = Vi(z)

for a.a. x € B; C By, the difference u® () — @(x) =: a is a constant vector
and
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B0 = b = al = 17 = by = allo 3.3
< g+ by = Wlg,p, + [k + 0 = u®|lg5, = 0 |
as k — 0o. One extends u by
t=u? —a on B,.
Then (3.32) implies
[ + b — Tllgn, < llur + 02 — u®||y.5, + | B2 90> — by — a| — 0

as k — oo. We repeat this procedure for m = 3,4,---. By induction there
is a function u € W4(R?)? so that

etk + b = g, + [Vt — Vs — 0 (3.33)

as k — oo for all m € N. By use of the operator L, see (1.1), it follows from
(3.33) together with Lu, = V - Fj, that

Loy =wAb,=L(ug+by) —V-F,— Lu—V-F in D'(R3)3
as k — oo. But then, there is a constant vector b € R? such that
wWwAb, - wAb=1Lb
as k — o0o. Cosequently, we get
Lu—-b=V-F in D'(R3)3

and u = u — b is the desired solution. By (3.33) we have ||Vu, — Vu|,gs — 0
and, therefore, the estimate (3.6) holds true for the obtained solution u as
well (we note that Vu = TF, where T is the extended operator on L9(R3)?,
since Vuy, = T'F}). This together with (3.31) implies the estimate (3.2).

It remains to prove the uniqueness. We use the duality method. Let us
consider the adjoint equation

L'v=—-Av+ (wAz) - Vo—wAv=V-F (3.34)
with F' € C5°(R?)?. This admits the solution

v(z) = /000 O(t) (e"*V - F) (O(t)"z)dt,
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where one has only to replace O(t) by O(¢)T in the formula (3.3). By the
same argument as for (3.3) we have v € WL(R3)? for all r € (1, 00) with
IV0|[ngs < C||F|lyzs. We now let u € WH4(R®)3 be a weak solution of
Lu =0 in W~19(R%)3. One can take v as a test function to get

(Lu,v) = 0.

Similarly, one takes u as a test function for (3.34) in W—19/(@D(R3)3 to
obtain

(u, L*v) = (u, V- F).
Therefore,
(u, V- F)=0.
Since F € C°(R3)? is arbitrary, we obtain u = 0 in W1¢(R3)3 by Lemma
3.1. Namely, u is a constant vector; but, it should be a constant multiple of

w because w Au = 0. [J
To complete the proof of Theorem 2.1, we need

Lemma 3.4 Let v € S8'(R?) be the solution of
—Av—(wAz)-Vo=0  inR3
Then supp v C {0}.

Proof. This was shown in [6], but we give the proof for completeness. We
first see that

€20 — (WA E) - Ve =0 in RY.
For any ¢ € C3°(R¢ \ {0}), the adjoint equation
EPx+WAE-Vex=¢  inRE

is solvable; in fact,

M@ = [ 00 Ot € G R (o)
is a solution. Hence, we have
(,0) = (@, [€x + (WA &) - Vex) = ([T — (w A E) - Ve, x) =0,
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which completes the proof. [J
Proof of Theorem 2.1. Since

VilwAz) - Vu—wAul=(wAz) - V(V-u)=V-[(wAx)V-u,
we formally obtain from the problem (2.4)
p=-V-(=A)[f+Vg+ (wAz)gl.

Since (—A)~! can be justified as a bounded operator from W~1(R3) to
WHa(R?) ([10], [16]), we get

[1Pllgzs < CIIf + Vg + (W Az)gll 1,085, (3.35)

which implies

I = Vol vgm < C (Il vgm + Vg + @A D)l 1gs) - (3:36)

Theorem 3.1 thus provides a solution u € Wh4(R%)3. Since
(A+(wAx)-V)(V-u—g)=0,

Lemma 3.4 yields V - u = g in LY(R?). The estimate (3.2) together with

(3.36) and (3.35) imply (2.5). This completes the proof of Theorem 2.1. [J

4 Exterior problem

In this section we will prove Theorem 2.2 for the exterior problem (2.2) by
means of a localization procedure. We combine Theorem 2.1 for the whole
space problem with the following lemma on the interior one. Let © C R? be
a bounded domain with smooth boundary 02, and consider the usual Stokes
problem with the inhomogeneous divergence condition

—Au+Vp=f, V-u=g in€Q; ulsgq=0. (4.1)

Lemma 4.1 (Cattabriga [3], Solonnikov [21], Kozono and Sohr [15]) Let €2
be as above and let 1 < q < co. Suppose that

fewh(Q)3, ge L1YQ), /g(x)dm = 0.
Q
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Then the problem (4.1) possesses a unique (up to an additive constant for p)
weak solution {u,p} € Wy (Q)? x LI(Q) subject to the estimate

IVullga + 1P = Dllae < C1f a0 + lgllae) (4.2)

1
where p = 9] / p(z)dz.
Q

To begin with, we derive the following a priori estimate, which will be
refined later, see Proposition 4.2.

Lemma 4.2 Let 3/2 < ¢ < 0o. Given f € W=14(D)3, let
{u,p} € Wy(D)? x LU(D)

be a weak solution to the problem (2.2). Fiz p > py > 0 so large that
R*\ D C B,,, and take ¢ € C§°(B,;[0,1]) such that ¢ =1 on B,,. Then

) (4.3)

Proof. By use of the cut-off function v, we decompose the solution {u,p} as

IVullg + llpllg + l[(wA2) - Vu —w Aull g

<C (||f||—1,q + llulle.0, + lIpll-1.0.0, + i U(@)p()de

with some C' > 0, where D, = D N B,.

{u:U—l—V, U= (1-1)u, V = u, (4.4)

p=0+T, o= (1-=¢)p, T =1p.
Then {U, 0} is a weak solution of
—AU - (wAz) VU+wAU+Vo=2;, V-U=-u-V¢p inR}
where
Zi= (1= ) +2V0 - Vu+ [AY + (w A ) - Viu — (Vo)
in fact, for all ¢ € C5°(R?)?, we see that

(VU V) =((wAz)- VU —wAU,¢) = (0,V - ¢) = (Z1,9),
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since {u,p} satisfies (2.3) with ¢ = (1 — ¢)¢. Similarly, {V,7} is a weak
solution of

—AV+Vr =2, V-V=u-V¢ inD, Vlp, =0,
where
Zo=Y[f+(wAz) Vu—wAu] =2V - Vu— (A)u+ (V)p.

It therefore follows from Theorem 2.1 and Lemma 4.1, respectively, that

VU lgrs + [lo]]g.es

4.5
< Oz -1 gms + Cllu- V|grs + Cll(w A z)(u- V)| 1688, )

and that

IVVillg.p, + lI7lla.0,

(4.6)
< CllZ2|-14.p, + Cllu- Villgn,

Y

/Dp 7(x)dx

as long as the right-hand sides are finite. Let ¢ € C§°(R?)3. We then have

1
T D,

(L =) f, 0 < N fIl-1gIVI(E = ¥)Plllg/q-1)
<fll-1q (IVOllgsg-1) + Clliéllasa-1).0,)
< Cfll-1aIVOllg/(q—1) 13-

Here, we have used the condition ¢ > 3/2, so that ¢/(¢ — 1) < 3, to apply
the Sobolev inequality

ollg/(q-1).0, < Cll9llrp, < CllPllrrs < CIIVOlg/g-1)m3,

where 1/r = (¢ — 1)/q — 1/3. Similarly, we obtain

|2V - Vu + [AY + (w A x) - Vlu, ¢)|

< Cllullg,n, (IVolla/a-1).0, + 16lla/(a-1).0,)
< Cllullg,0,IVPllq/q—1)r3,

and
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{(V)p, )| < Ipll=1,0,0,[IVI(V) O] | g/(a-1),D,
< CHp”fl,q,DpHV¢HQ/(q—1),R3’

as well as

[(wAz)(u- V), d)| < Cllullg,p,l[@llq/q-1),0,
S O”U q»Dp“vngQ/(q_l)’RS'

In view of (4.5), we collect the estimates above to find

IVUllgzs + llollgrs < C (Ifll-1q + llullg.0, + IPll-14.,) - (4.7)

In the same way, we see that

(22, O)| < C (IIfll-1.0 + lulla.p, + 1Pl -1.0.0,) VSl asa-1).,

for all ¢ € C§°(D,)?; here, we have used the Poincaré inequality and so the
condition ¢ > 3/2 is not necessary. This combined with (4.6) implies that

) (4.8)

INVVllg.p, + I7ll.0,

Y(@)p(z)da

Dy

<C <||f||—1,q +[ullg.n, + [Pl -14,0, +

By (4.7) and (4.8) we obtain

[Vullg + [pllq

)

lwAx) - Vu—wAullorg = [If + Au = Vplo1g < [1fll-1q + [IVullg + 2l

<C (Hfl\l,q + llullg.p, + [Pl -10.0, + : Y(x)p(e)de
P

which together with

yields (4.3). O
We next show the existence and summability of weak solutions to the
problem (2.2) and of those to the adjoint one
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—Av+ (wAz)-Vo—wAv—Vr=f in D,
~V.v=0 inD, (4.9)
v=20 on 0D,

for nice force terms f, being in a dense subspace of /W_l’q(D)3

3.1.

; see Lemma

Lemma 4.3 Let F' € C°(D)°. Then the problem (2.2) with f =V - F has
a weak solution {u,p} of class

uwe Wr (D), p e L'(D) for 3/2 < Vr < o0. (4.10)
The same assertion for the adjoint problem (4.9) holds true as well.

Proof. We first employ the standard L? technique to show that there is a
distribution solution

uwe WD) — LSD)y, pe L2 (D).

loc

When ¢ = 2, one can take ¢ = u in (2.3) to get
IVull; = (V- F.u)

since

/DR[(WAI)'W] e = %/ n- (wA)lul*de =0

DR

for every sufficiently large R > 0, where Dr = D N By and n is the unit
exterior normal vector to the boundary 0Dpg; here, note that = - (w A x) =0
on 0Bgk. We thus have the a priori estimate

[Vaulls < [|F].

The Lax-Milgram theorem (together with a result of de Rham) provides a
distribution solution {ug,pr} € W&’UZ(DR) X L*(Dpg) to the same equations
in each bounded domain Dpg, where Wolyf(D r) denotes the completion of the
class of solenoidal vector fields, whose components are in C§°(Dg), under the
norm ||V - ||2,p,- In fact, the bilinear form

(u, ) = (Vu, Vo) — (wAz) - Vu—wAu,p)
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on W&f(DR) X W&f(D r) is not only continuous but also coercive. Since the
a priori estimate |Vugl|le < ||F||2 is available, where ug is understood as its
extension by setting zero in D\ Dg, there exist u € /W()l *(D)? and a sequence
{R,} / oo so that ug, — u weakly in /I/I701’2(D)3 as n — oo. We then find
(Lu — V - F,p) =0 for all ¢ € C°(D)? with V - ¢ = 0. By a result of de
Rham, there is a distribution p such that —Vp = Lu—V-F in D'(D)>3. Since
the right-hand side belongs to W~12(Dg) for every large R > 0, we see that
p € L*(Dg) and thus p € L2 (D).

Now, as in (4.4), we use the cut-off technique to split the solution {u,p}
into flows {U, o} for the whole space problem and {V, 7} for the interior one.

Along the same line as in the proof of Lemma 4.2, Theorem 2.1 and Lemma
4.1 lead to

we W (D)},  pelL’(D) for3/2<Vr<6.

By the same localization argument once more, we obtain (4.10) for the prob-
lem (2.2). The problem (4.9) is nothing but (2.2) with {p,w} replaced by
{—m, —w}, and so the same assertion holds. [J

As a corollary, we have the following uniqueness assertion.

Proposition 4.1 (Uniqueness) Let 1 < ¢ < 3. Suppose that {u,p} €
Wy (D)? x LI(D) is a weak solution to the problem (2.2) with f = 0. Then
{u,p} ={0,0}.

Proof. Consider the adjoint problem (4.9) with f = V - F, where F' €

Cs°(D)?. By Lemma 4.3 there is a weak solution {v, 7} of class (4.10). Since
q/(q—1) > 3/2, one can put ¢ = v in (2.3) with f = 0:

(Vu, Vo) = ((wAx) - Vu—wAu,v) =0.
Similarly, one can take u as a test function for (4.9), to get
(Vo,Vu) + ((wAz)-Vo—wAv,u) = (V- Fu).
From the equalities above it follows that (V - F,u) = 0 for all F' € C5°(D)®.
By Lemma 3.1 we get (f,u) = 0 for all f € W=5¢/@=1(D)3  which yields
w =0 in Wy%(D)?3, and thus p = 0 in L(D). This completes the proof. [

By Lemma 4.2 together with Proposition 4.1 we find the following a priori
estimate.

Proposition 4.2 (A priori estimate) Let 3/2 < q¢ < 3. Suppose that {u,p} €
Wy '(D)?x LY(D) is a weak solution to the problem (2.2) with f € W~=14(D)3,
Then the estimate (2.6) holds.
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Proof. Suppose the contrary. Then there exist sequences f; € W-La (D)3

and {uy, pr} € /Wol’q(D)?’ x L(D), the corresponding weak solution, so that
IVugllq + llpellq + Hw A z) - Vg —w Augf -1 g = 1,
while
[fxll-14 =0
as k — co. Then we have

[ukllr.q.0, < Vurllg.n, + Cllus

@, Dp < CHv“k’”q <C

as well as ||px|l¢,p, < ||pkllq < 1, where 1/q, =1/q—1/3, D, = DN B, (as in
Lemma 4.2) and || - ||1,4,p, is the norm of W'4(D,). There are subsequences,
which we denote by u and py again, so that they weakly converge in W'4(D,)
and L9(D,), and by the Rellich compactness theorem, they strongly converge
in L9(D,) and W~14(D,), respectively. From (4.3) it follows that {uy,px}
and {(w A x) - Vur — w A ug} are the Cauchy sequences, respectively, in
W9(D)3 x LY(D) and in W~19(D)3; hence, there exists {u,p} € Wl (D) x
L9(D) so that

Jiwn ) Von—w A w] ~ [wAz) Vu-wnulg -0,

?WW—vwfwm—mwﬁa
as k — oco. It easily turns out that the pair {u, p} is a weak solution to (2.2)
with f = 0. Since ¢ < 3, Proposition 4.1 implies that {u,p} = {0,0}, which
contradicts

IVullg + llpllg + l[(wA2) - Vu —wAull g =1.

This completes the proof. [J

Proof of Theorem 2.2. The uniqueness part follows from Proposition 4.1. By
Lemma 3.1, given f € W19(D)3 we take Fy, € C§°(D)? so that |V - Fy —
fll=1.4 = 0 as k — oo. By Lemma 4.3 there is a solution {uy,ps} of class
(4.10) to the problem (2.2) with the force V - Fj. One can take r = ¢ in
(4.10) since g > 3/2. By Proposition 4.2 one can use (2.6) to show that there
exists {u,p} € /Wol "1(D)3 x LY(D) so that the same convergence properties as
in (4.11) hold. This pair {u,p} is a weak solution to (2.2) with the estimate
(2.6). We have completed the proof. [
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