HOKKAIDO UNIVERSITY

Title 1999 FEREES - HRIFEE7 T XM Z 2 b Colloquium Lectures JbiEE KB ERIBHE
Author (s) Ono, K.; Honda, N.
Citation Hokkaido University technical report series in mathematics, 63, 1
Issue Date 2000-01-01
DOI https://doi.org/10.14943/637
Doc URL https://hdl. handle.net/2115/695
Type departmental bulletin paper

File Information

1999da001. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




199 9 FEKES - FrlakiE
T7TAbS52 ME

Colloquium Lectures

ACHEE KPP R B B

Edited by K. Ono and N. Honda

Series #63. June, 2000



—

10.

11.

12.

13.

14.

15.

16.

17.

199 9FF HRFZ-BHFE7IXALZ7H BRX

Frie ek K (GEHRK)

R D A L e W K BT o e 1
i ERE K (WEX)

7747 =BT AR REN N 2« HVZITHR e, 3
AR E[ K ULBX)

On Periods for a family of the triple coverings of the complex projective line branching at 6 points

........................................................................................... 4
Péter Erdi & (Ao H ) =BT HF 1)

Hermeneutic Brain (BB 0000 ) 6
T IR (HEEK)

Formal Braver B & K 3, 7 —XUMIHDE L 2T A 2R oo iieiiieiaeens 7
FZH K (LK)

2ODBEHFHEIVICETHEREEITOVT vt isnsie s oies s s siis s s ssinnss s s sodsnnss 8
2001 E— K (fREK)

Painlevé Equations in Differential Geometry .. .......oiuiniiireir i iiieaieeieeennnn. 10
KBF vl I (£ /2 14K)

S NEABEEBIBER o ovvvvsnovmnninmo s cimeiieie s dwa inm s60m 560 s 6 668 o 608 5o 5 Haiine B45 s s 11
R e I (E LK)

T T— FHCBA BN 7 2 FEKICIHET A OGFEEN e, 12
AE BRI (BIRK)

HE Y L) ACHE % BV 72 Ginzburg-Landau % 4 7OREOEMM 22V T oo, 14
Daniel Delbourgo [ (/ v 7 1 ¥ # 4K, WHK)

P-adic T-PARCEIONS wuesioeumsamanami oy f d e wen s G o G e S s e e S s R e e 17
hiiig - Fo X (GREIK)

The conductor formula of Bloch .. ... et e s 17
B #1 K (Ki#EEKR)

gl b P P 8 el O U 18
Mg f— K (#FHEK)

Ehrenpreis DRI & Grothendieck BUSTE ... 20

Michael Reissig & (TU Bergakademie Freiberg)
L_p-L_q decay estimates for wave equations with time-dependent coefficients - the influence of the

TIHASE = | i vt o A i S 5 A A A S U B S Sl B S e g e B e 26
Hubert Kalf [ (3 2 A >»K)
Strong unique continuation for Dirac SyStems ...t 28

A BERE K (RAEK)

Limiting case of the Sobolev inequality in the Besov space with application to the non-linear
B 29



18.

19.

20.

21.

26.

AE A K R

L O BEEIRICH T 5 Quantum Double 122V T ..o ... SRR A E it 3 30
Frank Raymond X (3 %K)
Bieberbach Theorems for Solvable Lie Groups .......ccoviiiiiiiiiiiinioiieniriineninainn. 31

¥k £— K (ki k)
Mathematical Analysis toward Crystal Growth Problems (B R B 20603 2 3R A7) 34

Yong-Geun Oh X (7 1+ A3 » ¥ K, KIAS, ##K)

Recent Progress in the Lagrangian intersection Floer theory .................ooiiiiil. 35
Jean Taylor X (7 v b #H—AK)

Some recent results in the crystalline calculus of variations ............c.ciiiiiiiiiiiinnan. 36

Maurizio Paolini 1 (#1) 2 7 K)
Consistent approximation of crystalline evolution by interface diffusion and numerical simulations

.......................................................................................... 38
Jing Yu IX (Academia Sinica)

On Characteristic Polynomials of Frobenius Associated to Drinfeld Modules ................ 39
A E£H) K biEK)

BT B DI IR e 40

fik #FxR K (AeiEEk)

The future of mathematical communication:1999 O H i e 43



—

o2 @ oo o

i e - et =
W e W o

199 9FF MBS HHEE—FE

6A16H (K *4# # # X K GERK HBEEDHOMSTHERLTEWK BB

6AH16H (OK) *% i# IE ## K WER 774> )—RIMHHTLIERTMGRES VT2 HV=THR

6228 (K *# & £ B K (EBK)  On Periods for a family of the triple coverings of the complex projective line branching at 6 points
6A28H (A) *Péter Erdi & (N #) —B47#73—) Hermeneutic Brain (BRZH5)

6A30H (k) *# fl 47 K OR®K) Formal Braver # & K 3, 7—~XVHEDEY 27 1 M

TH 78 (0K)*# H # K (UK 22o008MPEVIIETHLIBEERIZOVT

7H 98 (&) *#/0 M@ — K (#@MKA)  Painlevé Equations in Differential Geometry

THR12B (A)*K B % W K (£) /24K (YW IABELHRR

7TH12H (B) *#E H £ % £ (BlUX) IrvT—FHRzBEL2AL s HBRRICETL2ROGETE

7TRH268 (B)*/A & E B K (8RKX) MEHODERLMHV Ginzburg-Landau ¥ 1 7OREDHAERTIZ OV T

8H 3H (K) * Daniel Delbourgo | (/ v 71 »# 4Kk, ®iEA)  p-adic L-functions

8H 3H (K *mn @ # W K (E¥K)  The conductor formula of Bloch

8A 3H (K *# # F# F K (Rigk) SHEEMEL7L7F-%E

8H 6H (& *H B i — K (BiBK) Ehrenpreis DIEARFEH L Grothendieck AUkt

9H 148 (K) * Michael Reissig X (TU Bergakademie Freiberg) L p-L_q decay estimates for wave equations with time-dependent coefficients

- the influence of the mass -

. 10H22H (&) * Hubert Kalf X (3 2¥~¥K)  Strong unique continuation for Dirac systems

.10A25H (B) */ M ¥ H K (LK) Limiting case of the Sobolev inequality in the Besov space with application to the non-linear P.D.E.
. 10R27H (K *E @ F # K @HKX) ®ETFHLOMERINT S Quantum Double 22V T

. 11H 8H (H) * Frank Raymond [ (3 ¥ %K)  Bieberbach Theorems for Solvable Lie Groups

. 11H248 OK) *# #F ¥ — K (ei##fiA)  Mathematical Analysis toward Crystal Growth Problems (¥ &m EREIZ 6T 2 22ERAT)

. 11H248 (K) * Yong-Geun Oh & (7 ¢ 23> 2K, KIAS, %#7X)  Recent Progress in the Lagrangian intersection Floer theory

. 12H 88 (K) * Jean Taylor f£ (7 v F# —AK)  Some recent results in the crystalline calculus of variations



23.
24,
25.
26.
27.

1A19H (K) * Maurizio Paolini K (#") »#K)  Consistent approximation of crystalline evolution by interface diffusion and numerical simulations

1A21H (&) *Jing Yu X (Academia Sinica) ~ On Characteristic Polynomials of Frobenius Associated to Drinfeld Modules

2R
2R
2R

7H (A) John Roberts X (2 —<K) Multiplicative Unitaries and Duality
98 OK) *® X £ 7 K (iEfKX) SRBLAMBoOLaES
9H (K) *47 K # H* K (dkiE#HK)  The future of mathematical communication:1999 @ # 4







FrRBE O 2K & g4 WKB f#r
o e 1IN EE

1k7C (%) Schrodinger HFE
@2
(1) (—ﬁ@- + Q(:r)) v =0

(hid Planck E2) DX, h=0 & h# 0 TORMI S B2 2BHMBEE &I
[ REE) | 028, 20 YSRY Oo—o0kisE LT, MBHLRENTEREIZL->TEK
I 2458 (1) ovwbws WKB fi#

2) dr=iexp / “S(z,n)dz, 1BL S(z,8) = ¥ ¥S,(x)

iz—1
BRBOEBELXET 5. CORBONBEOD X2, fEk WKB i, EFNFEICHBT2HE
GHEEEEMOBICARREAHLEUM L DA R I, BHFEMCRIRNVFEEEZSI(Z L
X Zdof, L2L, [ WKB #i2 Borel #fliEZ@H32] £v9 A, Voros @ idea I
IhF 5564 WKB BiT0Ez HH, 29 LABEREMoOERIZS HEX (1) o E K
MLl 7s ((RE0) AT REE B TWwWA T L EWL NI L,

plzIE, Qz) =z LWIEF Iy EF-7 Aty OFBEKXOYE, WKB #o
Borel 254t (23U Laplace WiZ4t) (€13 Gauss OMEBTEEZ H W TAAMIZEKRS
N, COFRREFHTAHZLICELD, Airy OFER T2 WKB # 9 Borel Fl45,
{zrec; Imz* =0} &v) z =0 22 3IEROEMRLEZREVTIE well-defined &
% (BB (1) OBTEERZEDS) Jk, 0. ThEOEHREBSATHEE) 220
WEIC BT 2 WKB ##® Borel F1OBIZiE [#EHEAR] EMFEN 5 1 2 BRATHGL ¥
LT l, BiEPOLNS, ﬁii (1) EVIHIEO—EOHFERNICH LTS, Q) DHEEL
turning point, €L T Im / VQ(y)dy =0 ({HL a i3 turning point) TREH S 15 i
% Stokes M & 152 L 1S MUE, F5M R LIED T T, Stokes M k% BT
WKB f# (2) @ Borel flid well-defined & 7% 0. F7:% Stokes M#f % #t)2HFIZIE Airy
DR OYE L FHOER AL T S,

WKB f#® Borel f1A3F>Z 9 L2 %H X, MAMMEORMZBZ T, (1)
D% Lz i3 480 (BFEHEEICBIT2) KEMN2EnMEr BN O 2
L ETHEICT B, B, turning point & Stokes IO % (2 Y Ea— ¥ ELXHWT)
i< EIZk D, FIZIE2P Fuchs BIAFRXOE/ FOI—HE2BAEKMICHHTLI LN
T&bho sb L I3, WAES - ek [EREDHoORYMTY] (SiGEe BREF0
R, HlE, 1998) B IV,



ZD5e4 WKB B0 # 2 771d, 1KIC Schrodinger X DAL LT, L HIEWws T
ADFEREHO L EXITH L TOEDTH L. HIZIE, 2 BEBS RO Tl b IER
BE LWIERB SN TH 5 Painlevé HEXICOWTS, GEBIHAIT A—-5 ZHA
L T REBHO RO L7z ET) 1K5C Schrodinger HFERX O ;6 & RO HGH H3H
C& 5%, Blt, Schrodinger i 20 WKB f# 244§ 2 A 41, turning
point & Stokes HI# % L 222X (EFK T UT, & Stokes fi# L TIX—AMxD Painlevé 5#E
ROWRBOM I 1 B Painlevé HTER d>y/dz? = 6y* + z DA L RO A A
V¥ %o Painlevé HFENITH$ 5554 WKB @it O BRIV (IR 7ZAT5TH ) 45D
RELZBECH LD, P &b I0HEFRE XD 1T B Painlevé KK dy/d2® =
2y + zy IZIEH 3 4UE,  Ablowitz-Segur D¥EREANX [ 2 — +00 T
3) V() ~ aAi(@) ~ 5o=a exp(— 2

(ot a<l ZigdEH) Lv)inLREH%ZHF> 1 8o Painlevé HFEO % FEific
Ho THRITERTHIE, 2 - -0 IZBWVT

| 2 3
2\ A N 1/4 3 ] QR . | b SO .+ =
(4) y(z) ~ d{=2)"sin (3( 2)2 — Zd? log( x)+9),
L 1
& = - log(1 — a?),
(5) T 3 id?
— — — — 2 — — —
0 = 1 2d log2 —argT (1 5 ),

DALY 4] (ef. Stud. Appl. Math., 57(1977), 13-44, Physica D, 3(1981), 165-184) %7~
FTIEHNTED, BETIUL, 1B D Painlevé HREXDOEHARAH T B O Painlevé HER
DEHAROHMAEHLELE LTHLNEZDTHE (HAEDEHEHET L DA Stokes HlI
WD) o Painlevé HERIIHT 5584 WKB ORI X RT—2DKE LFFLET
5 ZOFKROFEMIZ OV TIE, EFITFEDEIEMATIIZERTaTesR U & 45 B 2
(WFzefiFEE AL W (dbk - #) ) D SN [ Painlevé 1T B RIS § 2
HDHERBEIZOWT] B Iz,




HBFEE (MAXE-8H)
774 )—BICAHET3ERAIBEARENAIT L - HILZITHR]

KoY HERE 2 BOEREEMSHABRAO—DDISATHY,
WEDHDELIVEHE DTS, TMBLELTT 74 - TAIVEED
ERTAZELBFDELOIEFED—DOTHY, —IRODT 74> - TA4IE
L TH, TNETRBICHOEREABIANFET S LPHEEN
3. COEETE, VAEEREOXEMRRICEDONVNT, 7742 - U—
EBICfETA2ERABEIRNLODHIED BT) OFHREICKLST, 7
T4 DANERTEEESD, EWISADEFEABANESNSC
EEHELEL.



On periods for a family of the triple coverings
of the complex projective line branching at 6
points

Keiji Matsumoto

June 22, 1999

Let C'(\) be the triple covering of the complex projective line P! branch-
ing at six points Ay,..., ¢ :

c(\): w= f[(z —~ 3
=1

The moduli space of the family of such curves of genus 4 can be regarded
as the configuration space A of ordered six distinct points on P'. Note that
the symmetric group Sg naturally acts on A. A projective embedding of the
space A is known by the name of Segre cubic. We can realize the Segre cubic
as an algebraic variety Y in P defined as linear and cubic equations by an
Sg-equivaliant manner. On the other hand, it is studied that A and A/Ss are
isomorphic to B*/I'(1 — w) and B?/T, respectively, where B* = {z € P* |
‘ZHz < 0}, H = diag(1,1,1,-1), w = L*;E and
I = {g€GL(Z[w))| ‘gHg = H},
'l-w) = {9g€I'| g=1; mod (1 —w)}.

The space B? is naturally embedded in the Siegel upper half space S* of
degree 4 by considering the period matrix 2 of C'(}).
In this talk, we show the inverse of the period map

v:A— B/I(1-w)




in terms of fifteen theta constants. More precisely, for the two isomorphisms
Y and t: A — Y C P, we present the isomorphism © : B¥/I'(1 —w) =+ Y
such that the following diagram commutes:

A 2y BYI(1-w)
:.,L Gl/ (1)
Y Cc P,

The map © is given by the ratio of the cubes of the fifteen theta constants
on S* which are characterized by the invariant property under the action of
I'(1—w). In particular, linear and cubic relations among the cubes of 15 theta
constants coincide with the defining equations of ¥ € P'. By considering
the action of I'/I'(1 — w) ~ Ss on the fifteen theta characteristics, we can
label 15 theta constants as (ij; kl; mn), where {i,j,k,l,m,n} = {1,...,6}.
Then it turns out that the diagram (1) is Sg-equivaliant.



The Brain as Hermeneutic Device
P. Erdi (Hungarian Academy of Science)

There seems to be convergence between the “device approach” and the

“ohi losophical approach” to the brain. Systems exhibiting "high”
structural complexity and ”high” dynamic complexity (e.g. but not
exlusively chaos) may be candidates for hermeneutic devices, since they
are both object or subject of interpretation and interpreting agents. (It
should be recal led, however, that even structurally simple systems may
lead to complex dynamics (May, 1976). So, the ocurrence of chaos is not a
sufficient condition for being a hermeneutic device.

Based partially on Freeman‘s finding and concepts, Tsuda (1984, 1991)

suggested that (i) a particular chaotic phenomenon, namely chaotic

itinerancy, may be identified with what he calls a hermeneutic process; (ii) in
opposition to the idea that "the brain is a computer, the mind is a
programmer”, “the brain can create even a programmer through the

interpretation process expressed by chaotic itinerancy...”

The brain is a physical structure which is controlled and also contols,
learns and teaches, processes and creates information, recognizes and
generates patterns, organizes its environment and is organized by it.

Both natural science as “obective analyzer” and (post)modern art

reiterate the old philosophical question: What is reality? The human brain
is not only capable of perceiving what is called objective reality, but
can also create new reality. It is a hermeneutic device.
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(1849), 69-83.
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Painlevé Equations in Differential Geometry
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NUMERICAL CALCULATIONS FOR THE EIKONAL
EQUATION VIA THE DISCRETE MORSE
SEMIFLOW WITH GINZBURG-LANDAU ENERGY

|]\{-E ﬂ:.jﬂ
HirosHl IWASAKI & KenN-icHl KAWAGOE & Seiro OMATA

Department of Computational Science, Faculty of Science
Kanazawa University, Kanazawa, 920-1192 Japan

1. Introduction

We treated numerical calculations for the eikonal equation: |[V@®| =1 in 2 € R™ with
® = 0 on J9 by use of the Ginzburg-Landau type energy functional which is predicted to
get the good solution as a I' limit of it(e — 0) (See [AG1-2]). The problem is to find a
minimizer of

J(®) := [n(e(v-mb)2 + %(]thﬁ —1)%)dz, (1.1)

in the admissible function space W?%2(Q2) with the boundary date ® = 0 with ‘;’,—3’ =0 or
% = —1. In order to use our recent research for the numerical method on second order
PDE’s, we reform the mathematical problems (put u := V@) in the following minimizing
problem: Find a minimizer of the functional

I (u) := /n (e(div 3)2 + %(Iu|2 —- 1)2)d:r, (1.2)

in K, := {ue Wh2(Q)n L} (Q);curl u = 0, < u,» >=0o0n 80} or K, := {u € WH(Q) N
LA(Q);curl w = 0, < u,7 >= 0 on 90} where v is the outer normal of 2 and 7 is a unit
tangential vector. Our aim is to establish a existence for both elliptic and parabolic equations
and treat also the property of (local) minimizers of above functional numerically.

We mainly used the discrete Morse semiflow which can be determined on general elliptic
functional. Let h be a positive number which tends to zero, later. Consider the following
energy functionals:

Jm(u)=/nh‘——t;:“-i~|idm+1(u), (m=1,2,---) (1.3)

determine a sequence {u,,} as a minimizer of J,, in K(admissble space) inductively from
given initial data wg. Since minimizers {u,,} depend on a positive constant h, we should
write {ul,} and also J,, = J&. However we use the notation {um} and Ji, unless any
confusions occur. This aproach was introduced by N.Kikuchi(see [K]). (See also [O].)

Typeset by ApgS-TEX



2. Results

We construced heat solutions and time limit solutions.
DEFINITION 2.1. We define functions " and u™ on Q x (0,00) by
@z, £) = (2),
t—(m—1)h

mh —t
A uf;‘(m) 4 Tu’,:‘_l(x),

ul(z,t) =
for (z,t) € Q x ((m — 1)h, mh].
THEOREM 2.2. The limit function u belongs to ‘;2((0, T) x Q) and satisfies
/nugn(a:, 0)dz = /OT /n(DgﬂT} + ediv udiv n + —3-(|‘u.|2 — 1)un)dzdt (2.1)
for all n € W ((0,T) x Q) with n(z,T) = 0 with curl n = 0.

We also investigate an asymptotic behavior of the discrete Morse semiflow {u,,} as
m — oo. For numerical calculation, property mentioned here plays an important role.

THEOREM 2.3. For any subsequence {um,} C {un}, there exists a subsequence
{tm;, } C {um;} and a function u, on Q such that

Um;, —HUoo  weakly in wh2(Q), (2.2)
Um, —MUs strongly in  L*(9), (2.3)
Upm,, U weakly in LP(Q), Vp>1, (2.4)

as v — 00. Moreover, we have
Jues] €1 a.e. in 9, (2.5)

By virtue of this theorem, we can say that u., is a weak solution of the free boundary
problem
{ eV(div ue) + (1 — [uoo|*)ttos = 0 in Q.
B.C.
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p-adic L-functions
Daniel Delbourgo (Univ. Nottingham)

Abstract: Perrin-Riou conjectures the existence of a total p-adie L-
function attached to the symmetrie square of a modular elliptic enrve. We
prove the existence of (most) of this funetion, and then try and caleulate
the leading term. Creeping into our formula is an “L-invariant” which
can be deseribed via the exponential maps of Bloch-Kato.

The conductor formula of Bloch
Tk Fnt (RAREGE)

Abstract:  Spencer Bloch formulated a conjecture concerning the
relation between the following two things (1)(2). Let X be a variety over
a local field. (1) How the ramification of the Galois action on the etale
coliomology of X is big. (2) How the reduetion of X is bad. He proved his
conjecture in the ease N is a enrve. Takeshi Saito and T proved his con-
jeetnre for Xowith arbitrary dimeusion under a certain mild assuption
on X. I will talk about this.
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ey TME L, 5A5NEAC 2™ be Z™, c€ R ML, min{ x| Az =b}
BT, ze 2t RO BEETH S, BEAHERELMRL LHOT VT XL, 3

sk, REEE. BROMESSHASN TN, i, BEGHEREO—HIE. 2]
ROMEITBRT B s> T, VLV T F—EEEAVWTRERZRD S Z EAFHRET

B5.
T ol FLTF—REE AW TRG S MK ENEEE A 5. TTSEAOMEICE

B Hniz, HOR Az =b OifTICHL, B84 2EBALT.
a1 &1t tlinTn Zb

i
zl'. 1

ER T LT D, THE, HFIRE,

a1 T4 +anTn |, L@m1T1dHamatn — b1 Lbm

EVWHRTHERES. RKUTOLIAZHEAEREEZ D,

klwy, ..., W] 2 k[21; - s Zm]

T. DOIEEDOLEER g € klwy, ..., wn] XL,
e(g(wy, ..., wy)) = gle(wr),. .., p(wa))

LT 5, EHLD, @ BERARERELDOT, FKRE,

e zbl’l'l

Q- uit) = 22

s, £, SERBE[21, .0 2m Wiye oo, Wa] DT T T




I=(zf"ozpm —awy,..., 20" 20mn —qp,)

BEALD, TITUVTF—HEEZRDBZ L, 2020 OF VTS —HRIEIC L BEGED
2 Dtk BHRESZ, 5X 5N EKEREOHGR B TRERARE
Do I21ZL, U7 r—HEEZRDZ L ZIZ, BB o 2ZRLUEUTOMHE 21
THEFZRV2BENRD S, ZOFEEFES X SN BREHEREEIC T 5 adapted order
&L,

EFE 1 adapted order

1. ¥4, 3, 2 vty

2. @ =(z1,...,20)",2%= (z},...,2,)T 1L, p(wf - uwir) = gp(wf‘ cewIn) T, x>
¢ 2072 5 1, wf‘---wf,“%wfi---w,f:l.

3. zp > -0 uy.

BEGTERIEIL, adapted order Z AWTHZ 7 L7 F—RETEOL 2T AL, BER
W5 ENHkRS,

Theorem(Conti and Traverso) adapted order Z#AWVWTRO =S L TFH—HEE G &7
Bo THEE, 200 gm She klwy, ... w,] THBREE, h OEEBIZIBERTH S,

Open problem 5 % 5N 7= BEHETE SEOBEREN—ETRWES, VL 7+ —HEEH
WT, TXNTOREREFIETZ I,

SE 3k
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Ehrenpreis OEAFHE & Grothendieck BON1E
HE fE— HEXKFIFIERIFH

X—1—K: B ER. REBWEFFaRE0Y—, SEBER. Fourier-Borel Z#2, Grothendieck
duality. Hermite-Jacobi 2 ¥HMEMS (SEM Bezoutian), 70/ I v D-i0E

B u(z) WX T 2 BEFREBOBABFIRE R
M: Pi(D)u(z) = Py Du(z)=---= P(D)u(z) =0

EEZ DL MARHRERTH D L bMTBHBZHEA L 2D, ARBORTREEA
BBWTDORY MIVERELRE. ZORKTIERFROBRBHREROETIERTD
3. L L. TEEMICREZEBE LR LED 32 L) ZEFOBEBEITEOERD
PO RIS L ZRETH S. 22T TR BKBRRERDOHEOHRICH LT
THBN, (ERLIZERRDE LD S FHFEBRMATRARZIMDES CL2RBT 5.

| $EMSER L ABMBRIAED S —
BIMAMERTE P,(D) I LZD total symbol Z p;(¢) £8BL URBAMERSE P,(D) i
BOTRBMARS L % ( CESBITEOAESER) . 356K

V={¢eC;|plC)=paA¢) =+ =ps(C) = 0}

LESDD. RMAHERR M EBXBFHRERROT. V BERBORD» 55,
COEE V IKEERFBOLI RRBNBRIRED Y8 Hj(Oc:) 252 5. T
Ocp FIFRIEBORTETH . FER v e Hfi(Ocz) Ioxt L, #® Fourier-Borel Z#

FB(y) %
FB(v)(z) = Resv(v(Q)el“?d¢); = Y Resa(w(¢)e'“dC),

AeV
'EE@Z) TCEL (l,'.:) = §1:1 = (,-3-:2 S R (.:,;:.'” -65 D J‘fﬁ&_.q(‘] ‘i}ﬁ .-‘1 = V i:ﬁij%
Grothendieck B¥TH 2. Fourier-Borel transform FB(v) RIEHZHEA L2 2. WX . R
WAERR P(D) € C[ﬁsa_;,,'] @ total symbol Z p(¢) &BL &

P(D)FB(v)(z) = Resy(w(¢)p(¢)e“d¢) = FB(py)(z)
BERDID. cOZEIEELT, BEEH L 20Z0LS ICEHET .

Definition ¥ = {v € H}(Ocp) | m(Q)w = p2(Q)yr = -+ = ps(C)y = 0}.
ROFEFEHBD ILD.

Theorem  ‘EXFHFEOBIBIPER P(Du= Py(Du=---=P(Du=0IKHL

ZORWRBORTEEE 5 = {ulz) | AlD)uz) == P(Dju(z) =0} &BL. 5

Y ={v € Hy(Oc?) | m(C)e = pa(QJer = -+ = ps(Q)u = 0} £B<L. DK Fourier-Borel

tarnsformation F B Iz~ MVZERE & <7 MVER S OORIE 252 5.



ERRBORMAMEABRLEEDORTRICBWT, RMASEHRE P(D), Py(D)..... P(D)
DERT B4 T 7IVZE Ip C C[%. 5‘-::] EBL. Fi=, ZHRARICBWT, total symbols
pi(C)y palC)s s 25(C) DERT B4 FTFINE Ip C Cl(1,(2, ] EBL. AT PN Ip,Ip
K LEFhZhORAREEEZ Mp = C[%,..., gf;—n]/fp._ Mp = C[(1,(2;, -, (a)/Ip EBK.
Grothendieck ¥ ZRHWTER

R: C[Cl,(:z,..... f:“] X ¥ — C

2 R(f.v)= Resy(f(QOw(Q)d) WX bEDB L felp CHLT R(f.¢)=0 B ILD.
WoT, B R ITEARZE Mp & ¥ ORICHRR pairing Mp x ¥ — C 2FHTS. %
EREREGHD SFHEI NI O pairing IZIEBEROT, X7 MVERM © EXT b2
B Mp ORNZREEART I EPHES (KDIEREICE, £ OBEROED HEHEBORT
HED Mp ORI NVEEERS) .

Corollary dimS5 =dimE = dim Mp

2 Cauchy B & Residual duality

EREBREORMAMERR B(D),By(D),....B(D) € C[a‘%,..., 52:] BEZOhzLT 5.
ABEICABZEZIC, MOEDE®D Cauchy BB CP WD well-posed &5 LW
BEEZ, ZTOHELHEZ5ATHL.

CP Py(D)u(z) = Po(D)u(z) = --- = Ps(D)u(z) =0,
Bj(D)u(z)|s=0 = w;, w, € Cforj=1,2,..t

= ZC. Cauchy problem CP 5 well-posed &, fERIZ w, € C (j =1,2,....,t,) BEZ SN
7=l Cauchy 9% CP O —BNICHFET AL L T2, RMAERAR B;(D) ORFKRM
Bi(D)+Ip % [B;| € Mp TERTZLIZTD. iz, WBAMEMR B;(D) @ total symbol
2b(() LBE ZORRB () +1p & [bj]e Mp TRIZ LT S.

Lemma ROFHFIZIEHETH 5.
(i) Cauchy FRE CP X well-posed TH 5.

(i) {[B1]. [Ba)s - [Bi} &2 MIVERE Mp OBETH 3.

(iii) {[b1], [b2]. .-y [be]} ERZ PIVEER Mp ORETH 5.

#HFEPFEALOT. KBICEWS. BERBORHMERAF Bi(D), By(D),....B,(D) €
Clim s BEZBNIEET S, EL p=dimMp T, {[Bi].[B], ... [B,]} BT b

VSR Mp ORELR2Z2HDETE. ROLSEDOME Fp & Fp 25X 5%.

F { PI(D)uklz) = PZ(D)uk(:) == Ps(D)uk(::) = U‘
BJ(D)'uk(Z)I.-,:u = 0, ks 1 <k <p,

FP{ prlO)wr(C) = palQ)wn(€) = - -+ = pa(Q)un(C) = 0,
Resv(b;(C)wr(C)dC) = 6,6 1< jik <op



WD EEH D ILD.

Theorem [IE Fp ORF vy, ¥,y € S IERL wp = FB(Yy) (k=1,2,...,u) EBL.
Z DFF uy,ug, ..., u, (XRE Fp OELRRS.

Remark (Remainder formula & residual duality) %R f 04 T 7N Ip IC L HFR
B f+1p 2 [f]TRTEICTHL, [bi],[b), ... [b] DRT DV Mp OEETH ST
Lirs, COEKRE (/) TROBIC—BHICKREATHZ EHHKS.

[f] = a1[bi] + co[ba] + -+ - + ¢u[by], e € C.
Z O—WESDFRBUL, BIE Fp O v1(0), ¥2(0), . Yu(() BANBLRD LS ICHKES.
e = R(f.vx) = Resv (F(Qwil(())-

3 Grothendieck duality & D-modules

P ER L RESABRROBEEDPE L TH 3 L5 RERRBBAAFRERICENT 2
Cauchy FIE%ES . ZHAD regular sequence pi((),p2((), s Pa(() EH L, ZDOIHEE
BEAV={CeC|pi(¢)=0, j=12..,n} CEZRORD L 5 RABHEHIHE

oDY—JoBEZLD. ]

PiP2 P
BEEAV ZHERRZ (HORPORB LTS, V = {A, A,..., A} REWBATIHRE
0y —HOBEMME Hfy,(0) = Hiy, (0) & Hy(0) B ... & [, (0) KR LEIFER
Mo DARE o =01 +0y+ -+ o EBL.

o=|

| € Hiy(0).

Lemma X; = {¥ € H[11(O0) | p1(Q)¢ = p2(Q) = --- = pu(()¥ = 0} 2BE, R A DE
BEE 4, THLHDT. COLERDPEDILD.

HE=5, 4% - @ X,

(ii) dimg £ [,1 = fis

(iii) X; = Og;

Lemma ZHEX pi,p2,....pn D Jacobi {THIRZ J, = Ig((%—'f—ﬂl LBLL.COLER
1y I
A = (01, iy ey @) IKBOWTROEADKILT B.

1

[(:1 — Qy )(C‘J - 91.2] patiE (Cu - Gt'ﬂ)]

Jyoi = pil
FRIES AR C! EOBBRRAMEARSKOBTROM@E D £5<.

Theorem JIAREDY—H o @ annihilating ideal 2 J = {Q € D | Qo = 0} &BX.
TOLEFRR A CBNT {v e H,,(0) | Qu=10,Q € T} = Co; B’RRILT 5.



Example A&E2DFEA pi(E.n) = pa(En) =n* + 26> + 36 € Clé,n]) DERT BA
TTIE Ip = (p1,p2) EBE, TOFRZEEE Mp = Cl¢,n]/Ip £ T 5. ZIHR p1,p, DL
BERIFEROAPERD dimec Mp =6 THB. ZD {p1,p2} I &4 T 7NV Ip @ Grébner
HETHAIDTRYZ PNVEE Mp iX, by = 1,by =&, ba=E by =n,bs =En,bs =Ep & B
&, span{by, by, ....0} LEI—RTED. ~T MVER I = {¢ € Hjoqy(O0) | pi(& )y =
pé )y =0} X O L

1
(0 + 2% + 3¢)

TERINE = span{o, o, E%0,n0,Eno.E2no} DR D ILD.
JREDY—H8 o @ annihilating ideal 2 J CD &BLE, TDAT7N T & Q, =
E.Q:=1*+28+3 LRO—PBEORBAEHRTERINDZZ LD 5.

o= ] € H[z(o.u)](o)

d 7]
F= 66 5 + (261 +3n) 5 + 46 +24.
M Jpo = 6[5] ICER U TRMAHRAR Qo = Qo = Fo=0 2BFE

2622 — 32 + 962, 9 3 2 1

_ 1= LR T AL R S
7= s I= [EUS] [fzn“] [Evz”‘]ﬂf%r'*]
2%%. 2R p(6.n) ICH LT, Grothendieck ¥ Resg)(po) 2EHR T2 &
I Y I P ONPRIT R
Reswo(#0) = 57 5(0.0) = 555(0,0) = 55-5(0,0) + 5555-(0,0)

3. Fhz, AREOY—H ¢ @ Fourier-Borel Z#iZ

. _35_1._3__1_3 12
FB(UJ(x,y%I-Oy 5% —3¥ + 37y
LixBh, COBEBER A BER 2T,

_ d L0 . 0* 0
P1(.DJU. = Pg(D)‘U = (—6(,.)3.1-' = Jayy + 24 — anayy -+ ‘1—5)
& T, Grothendieck duality Z8H5H 3 541 Hermite-Jacobi #8454 ( multivariate Be-
zoutian ) ZRAET 3. £9°, ZIHK p1,p2 O Hefer 4R

u=0.

pulén)—m(E') = (E+EE+E*)E-E),
pa&n) —palEn') = (26428 +2)E=E)+(n+9) -7

L O ITFIXDEHRE LT

h(Em, & n') =%+ En'E+ 90 + n+Eén+ €%y



EBL. ROWAEH

h(E. ff-'E’J."') £ N gt '
M&wmwwN”“““““)
HAERD ¢ € Cl6,n KHLT [K¢] = [p] in Mp ZWETZEHMOIATNWS. fEo
THESOME%Z A WT Grothendiek duality Mp x ¥ — C HEHHEHRS. WEDHE
i = Eo, iy = Eno, s = o,y = E2o, s = Eo, v = 0 EBITIE Resy (b;(E.n) (€, n)dEA
dn) =&k, (1 < j,k <6) BEED ILD.

IHREQD Y- v D Fourier-Borel B#E vy = FB(y) XRMA HERXR

Kp(&,n) = Resy ( [

ﬁu(.l',y) - (f)yg “0ct 0z

DORZEEOREEL R D, S SITHHARM B;(D)ul(2y)=00) = 6k BWT.

—fBoHad. D-MMEOEEH L Hermite-Jacobi OZEHGHEM A AR (FEHD Be-
zoutian ) ZHWAZ 2IZ& b Grothendieck duality 2 BAERICEHETAZ &K S.
DORAREZBVNE, NS T 2R AEARO Cauchy BMEORZ BAEKICHRT S
ZLDAREERD.

% Xk
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L, — Lq decay estimates for wave equations
with time-dependent coefficients - the influence of the mass

(joint lecture with K. Yagdjian (Tsukuba))

Michael Reissig, Faculty of Mathematics and
Computer Science, TU Bergakademie Freiberg,
09596 Freiberg, Germany
e-mail: reissig@math.tu-freiberg.de

To prove global existence results for the solutions of the Cauchy problem with
small data for nonlinear wave equations, equations of elasticity, of thermoelasticity,
Maxwell equations and so on, L, — L, decay estimates for the solutions u = u(t, z)
of the linear wave equation play an essential role. These are the following estimates
due to Strichartz, where we choose the Cauchy data u(z,0) = 0, u:(z,0) = u(2):

FO e
1 WPM(R )

Haﬂ"(ts ')lqu(R“) * ||V:'a(t, ')lqu(R") < C(l + f‘)

where | < p <2, 1/p+1/g=1, C and M are non-negative constants depending
on p and n.

In the lecture we are interested to study on the one hand the influence of the time
variable in the coefficients and on the other hand the influence of the mass term.
For this reason let us restrict ourselves to the model equation

w — A2 ()b (1) (Au — mPu) = 0,

where m? is a constant. The time-dependent coefficient consists of an increasing
smooth function A = A(f) and an oscillating smooth function b = b(t), which is
1-periodic, non-constant and positive. We will show

e in the case of vanishing mass term:
if the oscillating part dominates, then the energy estimate from Gronwall’s
inequality is near to an optimal one, there exist solutions with an exploding
energy;

e in the case of an arbitrary mass term m2X\2(t)b*(t):
if the increasing part dominates, then Strichartz type inequalities hold.

The most interesting case is that one if both influences compete each to another,
have the same priority, respectively. In this case the main problem is to get a repre-
sentation of solutions by the aid of Fourier multipliers and to study their behaviour.



Let us give at the end of this summary some results. We prescribe Cg°-Cauchy data
U(tg,il?) = uﬂ(x)! ut(tﬂsx) = ‘[L](I) ont = tU'r tU 2 0.

1) vanishing mass:

o uy — (1 +8)20¥(t) Au=0 , 1>0,
no decay estimates;

o uy —exp(2t0)0?(t) Au=0 , a€R,
no decay estimates if @ < 1/2, decay estimates if @ > 1/2 or @ = 1/2 and
spatial dimension n is large enough.

2) non-vanishing mass:

o uy — (1 + )20 (t)(Au—mPu) =0, 1>0,
no decay estimates if [ = 0,
decay estimates if [ > 1 or [ = 1 and spatial dimension n is large enough;

o uy —exp(2t°)(t)(Au—m?u) =0, acR,
no decay estimates if a < 0, decay estimates if a > 0.



Strong Unique Continuation for Dirac Systems

HURERT KALF

Let Q be a connected open set in R™ with 0 € Q . In 1956 Heyn [4] showed that any
function u € C%(Q, C) which satisfies
C
EER
for some C' > 0 has the strong unique continuation property, i.e., u is identically zero in  if it

has a zero of infinite order at the origin. In 1997 Grammatico established the same for solutions
of the more general inequality

[(Au)(z)| < ju(z)]  (z€9)

C C
Aul < 2l + 2|9l (1)

where C; > 0 and 0 < C; < 1v/2. In 1994 Alinhac and Baouendi [1] proved for n = 2 that for
every C; > 1 there exists a nontrivial solution of (1) with C; = 0 which has a zero of infinite
order at the origin.

Let N := 2" and suppose that the components of & = (ai, ..., @,) are anti-commuting
Hermitian N x N matrices whose square is the N-dimensional unit matrix. The following
theorem is a very special case of a recent result by De Carli and Okaji [2].

Theorem 1. Any function u in the Sobolev space W'?(Q)" which satisfies

la-val < Sy
T

for some C' < 1 has the strong unique continuation property.
This theorem is a consequence of the following Carleman estimate.

Theorem 2 (De Carli-Okaji). There exists a sequence (m;) of positive numbers with
m; — 0o (j — oo) such that

|- # g | < 2 1™ Vo (peCER™N{ODY, i €N) )
(|| - || is the norm of L*(R™)V).

In the talk it will be shown that at the basis of (2) there lies an identity that is also
useful in establishing the essential self-adjointness of Dirac operators. This is joint work with

0.Yamada [5].
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Limiting case of the Sobolev inequality in the Besov space
with application to the nonlinear P.D.E.

AN YR
ALK KA B

Abstract

In R", it is well-known that W"/P? 1 < p < oo can be continuously embedded not into
L™ but into BMO. To bound the L*-norm of functions, we need the Sobolev space W*? for
s > n/p, and there holds the linear estimate || f||oc < C||f|lws». Brezis-Gallouet-Wainger-Ozawa
showed the following L*>°-estimate whose growth order in W*? for s > n/p is logarithmic:

(1) Iflloe < € {1+ (logle + I flw=2)' "7} s>n/p1<r<oo

for all f € W™™" N W*P with ||f||yn/r < 1. Such an estimate was applied to establish a
global solution of the nonlinear Schrodinger equation. A Similar logarithmic type of the Sobolev
inequality for the gradient of solenoidal vector fields was obtained by Beale-Kato-Majda-Ponce:

(2) Vullo < C{llrot ullp + lIrot ul| = log(e + [[ullwe+1.)}

for all u € W**1? s > n/p with div u = 0. It should be noted that there holds ||Vu| gpo <
C||rot u|[paro, but the corresponding estimate in L™ is a failure. The purpose of this talk is to
give a systematic view of these two estimates in the Besov space B} ,.

Theorem 1 For 1 < p < o0, 8 > n/p, 1 < q < oo, there is a constant C = C(n,p,s,q) such
that the estimate

) Il < {1+ 11y, (o8te +115115;,)) ™ }

holds for all f € B;'anth, with 1 < r < oo, where B"go',. denotes the homogeneous Besov space.

Theorem 1 covers both (1) and (2). As an application of Theorem 1, let us consider the Euler
equations:

du : ; 4
(E) { E+u-Vu+Vp—0, divu=0 inzeR", t>0,
'U.lg:() = a.

The following result may be regarded as generalization of extension criterion for the local smooth
solutions of (E) given by Beale-Kato-Majda and Kato-Ponce.

Theorem 2 Let 1 < p < o0, 8> n/p+ 1. Suppose that u is the solution of (E) in the class
(4) u € C([0,T); W*P) n C([0, T); W*~2P),
If
T
[ ot uly_dt < oo
0 20,00

holds, then u can be continued to the solution in the class (4) on the interval [0,T") for some
b
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BIEBERBACH THEOREMS FOR SOLVABLE LIE GROUPS

FRANK RAYMOND
(u.pw K1Y ﬂickiéﬁhj

This research is dedicated to the memory of professor Katsuo Kawakubo. The
research presented is joint with K. Dekimpe and K. B. Lee.

Let G be a Lie group and let Aut(G) be the group of continuous automorphisms
of G. The group Aff(G) is the semi-direct product Aff(G) = G x Aut(G) with
multiplication (a,«) - (b,3) = (a- a(b),af). It has a Lie group structure and acts
on G by (a,a) -z = a-a(z) for all z € G. With the linear connection on G
defined by the left invariant vector fields, it is known that Aff(G) is the group of
connection-preserving diffeomorphisms of G.

For G = R", the following three theorems have been proven by Bieberbach.

Theorem 1. Let # C R™ x O(n) be a lattice. Then T = 7 NR™ is a lattice of R™,
and I’ has finite indez in .

Theorem 2. Let m, ' C R™ x O(n) be lattices. Then every isomorphism = — =’
18 a conjugation by an element of R™ x GL(n,R).

Theorem 3. Under each torus Z"\R", there are only finitely many flat manifolds
which are covered by the torus.

These three Bieberbach theorems have been generalized to the situation where
G is a simply connected, nilpotent Lie group by Auslander, Lee-Raymond,
Kamishima-Lee-Raymond, Jilinspe-mesiing@il. Completely solvable Lie
groups, which contain the class of nilpotent Lie groups, enjoy many of the proper-
ties of nilpotent Lie groups including an analogue of Malcev rigidity. Theorem 2
and 3 have been extended to simply connected completely solvable Lie groups by
K. B. Lee. [Furthermore, the uniqueness and rigidity theorems for Seifert construc-
tions holds for simply connected, completely solvable Lie groups. This latter fact
also yields an immediate extension of Theorem 2 to completely solvable groups.]
Therefore it is reasonable to expect that Theorem 1 may hold for G completely
solvable.

Unfortunately, the extension of Theorem 1 to G simply connected and completely
solvable does not hold in general. We shall give a counter-example, and then
characterize those simply connected solvable Lie groups of exponential type (i,e.,
G for which exp : & — G is surjective) for which the analogue of Theorem 1 is
valid. The completely solvable Lie groups are of exponential type.
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Mathematical Analysis Toward Crystal Growth Problems
(& i AR RRE DO BEFAFT)

Yoshikazu Giga
Department of Mathematics
Hokkaido University
Sapporo 060-0810, Japan
(3 £— - bXE)

Various surface evolution equations are proposed to model motion of phase
boundaries in crystal growth problems, image processing and material sciences.
Among them curvature flow equations are considered as good models to describe
growth of crystals when interface effects dominates others provided that anisotropy
of curvatures and of growth law are taking into account in the equations.

In low temperature the equilibrium shape of crystal may have a flat surface
called a facet, so that the interfacial energy has a corner. In this situation the
curvature flow equation has a nonlocal effect so the conventional PDE approach does
not work. Mi-Ho Giga and the author successfully extended the notion of viscosity
solutions so that it handles the case even when the curvature effect is nonlocal. In
particular we are able to extend the level set method when the interfacial energy has
corners for evolving curves in the plane. Since the problem has nonlocal nature in
the top order terms, unfortunately it seems to be difficult to extend the theory for
surface evolutions directly. As an application our theory yields the convergence of
crystalline algorithm (proposed by J. Taylor and S. Angenent-M. E. Gurtin) for a
wide class of curvature flow equation with anisotropy. Such results were previously
known only for special shape of curves or just for curve shorting equations. Also
our theory guarantees that the crystalline flow is obtained as a limit of smoother

problems.
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SOME RECENT RESULTS IN THE CRYSTALLINE CALCULUS OF VARIATIONS
Jean E. Taylor

Mathematics Department, Rutgers University

Crystalline problems involve a surface free energy function v : §4-1 Rt (§4-1
denoting unit vectors in R? and Rt the positive real numbers) for which the Wulff shape

Wy={zeR*:z-n=9(n) ¥ nes )

is a polyhedron. The surface energy of a rectifiable (d — 1) dimensional oriented surface S

is

1(8) = [ y(ns(z))dHi "z,
JrES

where ng(x) is the normal direction of S at x and H*1 is Hausdorff d — 1 dimensional
measure. All of the questions that one considers for the area functional (which is the case
where y(n) = 1 for all unit vectors ) can be considered for crystalline surface free energies,
and they are interesting for both mathematical and physical reasons. Methods from the
geometric calculus of variations are useful for studying a number of such questions.

A variety of results were earlier obtained concerning equilibrium shapes, including a
catalog of embedded minimizing crystalline cones [T1] and an a priori bonnd on the number
of facets in a 111111i111'1;¢inﬁ surface with a given boundary. under certain hypotheses [T2].
Although many questions remain open for such surfaces, attention for the last ten years
has focused on motion problems such as motion by crystalline weighted mean curvature
t~, where the normal velocity v at z is M (ng(z))(—#~(x)) for a given mobility function
M : 81 — Rt and crystalline surface diffusion, where v = DV, for some D. Since
crystalline functions 7 are not differentiable at the normal directions of W,, one needs a
nonlocal definition of x..

The paper [ATW] introduced a definition of motion by weighted mean curvature for
any surface free energy function 7. as a limit of approximating motions; the approximating
motions are obtained by solving variational problems. [ATW] proved that a limit exists
and that it is the same as the motion given by solving the appropriate partial differential
equation when that PDE is classically defined and has smooth solutions. A later paper [AT]
proved that for crystalline curves in the plane (polygonal curves with normal directions
those of W, and having the property that adjacent segments have adjacent normals in
W.), the motion of [ATW] agreed with that obtained by defining a non-local crystalline
curvature and then using it to set up and solve a system of ordinary differential equations
[T3, AG].



Recent results include a determination of the appropriate “stepping” of plane segments
under motion by crystalline weighted mean curvature of a surface S in R® [Y], and an
extension of the method of [ATW] to determine the motion of triple junctions for crystalline
curves in R? with normal velocity v = M (w + K~ ), Where w is a possible driving force due
to differences in bulk energy (assumed constant on each interface between two regions of
the same type) [T5]. If the surface free energy functions v are identically zero, this latter
motion is that based on characteristics first described by F. C. Frank and further explored
in [T4]. If the surface free energy functions are positive and crystalline, then the motion
is that of [T3]. Finally, if the surface free energy functions are written as v = ey, then
the limiting motion as € | 0 is in general different from the motion for € = 0; the limiting
motion is presumably that explored recently by Reitich and Soner [RS]. Here it emerges

naturally and computably from the variational description.
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Consistent approximation of crystalline evolution by
interface diffusion and numerical simulations

Maurizio Paolini
Catholic University, Brescia, Italy

January 19, 2000

We present a brief review of mean curvature flow, starting with the simple two
dimensional, isotropic model and generalizing it to arrive at the definition of the three-
dimensional crystalline evolution and some of the corresponding properties.

Anisotropy is introduced by endowing the ambient space with a so called Finsler
metric ¢ : R® — R which we chose homogeneous in space. The dual norm @ R™ —
R+ is well suited to be used as a surface energy density. Also the Wulff shape W, and the
Frank diagram F,, are introduced, together with the duality mapping 7° : F, — W,,.
We are then in a position to comstruct the “Cahn-Hoffman” vector field n, whose
divergence gives rise to the “relative” curvature K.

Problems arise when the underlying anisotropy degenerates to crystalline, in that
n,, is nolonger uniquely defined and becomes itself an unknown in the evolution law.
Many features of the problem are now different: parabolicity of mean curvature flow
now degenerates to a mixed parabolic/hyperbolic character with clear resemblence to
the Stefan problem, also we have new nonlocal effects. One important issue is now
the determination of the velocity field on an “admissible” face of the evolving surface
OE(t) (face breaking). We propose the “diffused interface” approximation given by the
Allen-Cahn reaction-diffusion equation with anisotropy as a means to obtain numerical
simulations which are consistent with the “face breaking” phenomenon.

In the crystalline case the Allen-Cahn equation formally reads as e2qe _ 2 div
TO(Vu) +1p(u) = 0, where 1(u) = %\IJ’ (u) and ¥ : R — R* is a positive “double well”
potential vanishing at £1. Solutions of such equation typically show thin transition
layers of thickness O(¢) which represent the evolving front. Discretization can be readily
accomplished by using finite elements for the space variable and a difference scheme in
time. l'he resulting algorithm has been implemented in 3D over a tetrahedral mesh
based on a cubic grid.

Finally we present some pictures resulting from three different numerical simula-
tions. For all examples the anisotropy is described by the same Wulff shape: a regular
hexagonal prism with all sides places at distance 1 from the origin. In the first example
the initial surface is the boundary W,, of the Wulff shape itself, for which we know
the exact solution. The second simulation computes the evolution starting from a unit
sphere; “mushy” regions of two different kinds are produced as theoretically espected.
Finally we show the results starting from a shape (admissible and convex) for which
“bending” of faces is theoretically predicted; indeed the computed evolution appears to
agree quite well with such prediction. The presented pictures are available on the web
at the address “http://www.dmf.bs.unicatt.it/~ paolini/research/fbp99/”.
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On Characteristic Polynomials of

Frobenius Associated to
Drinfeld Modules

Jing Yu
(Academia Sinica)

Let K be a function field over finite field F, and let A be
the ring consisting of elements of K regular away from
a fixed place oco. Let ¢ be a Drinfeld A-module de-
fined over an A-field L. In case L is a finite A-field,
we study the characteristic polynomial Py(X) of the geo-
metric Frobenius. A formula for the sign of the constant
term of Py(X) in terms of “leading coefficient”of ¢ is
given. General formula to determine signs of other coeffi-
cients of Py(.X) is also derived. In case that L is a global
A-field of generic characteristic, we apply these formu-
lae to compute the Dirichlet density of places where the
Frobenius traces have the maximal possible degree per-

mitted by the “Riemann Hypothesis ”.



Intersection theory for confluent hypergeometric

functions

Keiji Matsumoto

The main objective of this talk is to provide a systematic method of deriv-
ing new quadratic relations for confluent hypergeometric functions, especially, in
several variables. Classical examples of the quadratic relations are the inversion
formula for the gamma function

I'(a)l(1-a)=

~ sin(wa)
and Lommel’s formula for Bessel functions

TN —as(2) + Jo () a(2) = 22070)

The essence of our method is to regard these quadratic relations as analogs of
Riemann’s period relations, which are quadratic relations for periods on a com-
pact Riemann surface. Periods are integrals of holomorphic 1-forms (1-cocycles)
over closed paths (1-cycles) on the Riemann surface. The naturality of the pair-
ings of the cohomology and homology groups of the Riemann surface yields period
relations. The coefficients of the period relation can be understood as intersection
numbers of the cycles and the cocycles.

We regard integral representations of confluent hypergeometric functions as
pairings of cocycles of certain cohomology group and cycles of certain homol-
ogy group. We will introduce the intersection pairing between the cohomology
group and its dual, which naturally induces the intersection pairing between the



homology group and its dual. The naturality of the pairings yields quadratic re-
lations for confluent hypergeometric functions, as in the case of Riemann’s period
relations.

Let us explain what the cohomology and homology groups are and where
the difficulty lies. Let w be a rational 1-form on the complex projective line
P with the polar set z = {i,...,2,} such that the residue at any simple
pole is not an integer. Let £, and £_, be the locally constant sheaves over
X = P\ z of analytic functions u(t) and u™*(t) satisfying V_,u(t) = 0 and
V.u~(t) = 0, respectively, where V, = d + wA and V_, = d — w A . Note
that such u(t) is expressed as cexp([*w) (¢ € C). We consider the twisted coho-
mology groups HY(2%(z), Vi,) = QYz)/Vi.(Q%2)), where Q*(z) denotes the
vector space of rational k-forms admitting poles in z, and the twisted homology
groups H;(X, L4,). When the 1-form w admits only simple poles, the intersection
pairing for H'(Q*(z), V..) and that for the twisted homology groups H, (X, L..,)
are studied. Following de Rham’s original work Kita and Yoshida gave evaluation
formulas for intersection numbers of homology. Subsequently, evaluation formu-
las for intersection numbers for cohomology were established and some quadratic
relations for Lauricella’s F)p’s were given. It is fundamental in these results that
H'(Q2*(z), V,,) is isomorphic to

_ ker(V, : E}(z) — E*(2))

HY(EX(z), V.) T

where E*(z) denotes the space of smooth k-forms on X with compact support,
and that both of H'(2*(z),V_,) and H,(X,L,) can be regarded as the dual
space of H'(E?(z),V.). For a rational 1-form w with higher order poles, the
groups H'(E2(z),V,) and H,(X, L,) are well-defined, but H*(Q*(z), V,,) is not
isomorphic to H'(E?(z), V.,) in general and H,(X,L,) is too small to form a
fundamental system of solutions for a confluent hypergeometric system of differ-
ential equations. In order to generalize results in above we need to find suitable
cohomology and homology groups to express confluent hypergeometric functions.

To this end, we modify the isomorphic theorem for an integrable connection



by replacing the asymptotic parts by C* object. The key role is played by the
isomorphism

L : HY(Q%(z), V.,) = HY(S*(z), V.),

where S*(z) is the complex of the space of rapidly decreasing k-forms on X.
This isomorphism induces the intersection pairing between H'(92*(z),V,) and
HY(Q*(z),V_,) by
I _
-/X (@) N
In order to evaluate intersection numbers, we give an explicit form for the image
@ € Q*(z) under the isomorphism ¢,.

We introduce a homology group H,(C¥(X),d.) so that the pairings between
an element ¢ of H'(Q*(z),V,) and a base of H;(C¥(X),0,) form a funda-
mental system of solutions for a confluent hypergeometric system of differential
equations. We show the perfectness of the pairing between H'(S*(z),V,) and
H,(C¥(X),8.,). This together with the perfect pairing between H'(Q*(z), Vi)
induce the perfect pairing between H,(C¥(X),d,) and H,(C;“(X),0-,). We
present a formula to evaluate intersection numbers between H,(Cy'(X),d,) and
H,\(C;¥(X),0-,) by comparison theorems given by Malgrange.

At the end of this talk, we give a non-trivial example. The function ®;(b, ¢; z)
is defined by the power series converging in C :

Do(byy .oy bry G 21,y 2) = Y = kfb-: 31)+ kS’;j") : kr!zf' e BN

k1, k=0

where (bi;k;) = b; - (b + 1)+« (bi +2)--- (b: + ki — 1). This function is one of
the confluent hypergeometric functions derived from Lauricella’s hypergeometric
function Fp(a,by,...,b,¢21,...,2%). We have

®y(b, c;z)P2(—b,—c+1;—2) — 1

-1 r
= Y buz,®a(b + ey, ¢+ 1;2)(~b+ ey, —c+2;-2) |,
cle—1) =t

where e, is the p-th unit vector.
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