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Decomposition of Green polynomials of type A
and DeConcini-Procesi-Tanisaki algebras
of certain types

Hideaki Morita
School of Science
Tokai University

Hiratsuka 259-1292, Japan

Abstract

A class of graded representations of the symmetric group, concerning with the co-
homology ring of the corresponding flag variety, are considered. We point out a certain
combinatorial property of the Poincaré polynomial of these graded representations, and
interpret it in the language of representation theory of the symmetric group.

1 Introduction

Let W be a finite reflection group, and R = €, R? a natural graded representation of W
such as the coinvariant algebra of WW. Our problem is to understand a certain combinatorial
property of the Hilbert polynomial of R in the language of representation theory. The
property of the Hilbert polynomial we consider is the following. Let [ be some positive integer.
If ¢(k;l) (k=0,1,...,1 — 1) denotes the sum of the coefficients of the Hilbert polynomial
whose degrees are congruent to £ modulo /, then it often occurs that these c(k;l)’s are all
equal to each other. In other words, if we consider for each £ = 0,1,...,] — 1 the direct
sum R(k;l) of homogeneous components of R of which degrees are congruent to k& modulo
[, then the dimension of these submodules do not depend on k, i.e., dim R(k;1) = (dim R)/I
for every k. The problem is to explain this phenomenon in the language of representation
theory of W in the following manner, i.e., find a subgroup H(l) of W, and find H (I)-modules
Z(k;1) for each k =0,1,...,1 — 1 of which dimensions are equal to each other, satisfying

R(k;1) =y Indjy Z(k;1), k=0,1,...1—1,

where Ind denotes the induced representation.

The problem in the present article refers to the case where W = S,, the symmetric group
of n letters, and R = R, a graded representation of S, corresponding to each partition
of n. The algebra R, is a natural generalization of the coinvariant algebra of S, a graded
version of the left regular representation C[S,]. In the case of the coinvariant algebra, we
have found those {’s and established the isomorphisms [MN]. Let R, denote the coinvariant
algebra of S,,. The problems in [MN] are the followings:



e Determine all the integers [ such that the dimensions of R, (k;l) do not depend on k,
ie.,

dim R,,
[

dim R, (k; 1) =
forall k=0,1,...,1—1.

e For each integer [ satisfying the condition above, find a subgroup H = H,(l) of S,, and
H-modules Z,(k;1) (k=0,1,...,0l — 1) of equal dimension, satisfying

R, (k;1) =g, Ind3y Z,(k; 1)
for each £k =0,1,...,1— 1.

The answer for the first problem is given in general for the coinvariant algebras of finite
reflection groups W. We can see that each fundamental degrees [H] of W is available. (Recall
that the set of fundamental degrees of S, is {2, 3,...,n}.) The answer for the second problem
is as follows. Let [ be a fundamental degree of the symmetric groups S,,. Then we can choose
the subgroup H,(l) as

H,(l) = C, xS,

where n = dl +r, 0 < r <1 —1, and the H,(I)-modules Z,(k;l) (k = 0,1,...,1 — 1),
defined by twisting each homogeneous component of the coinvariant algebra R, of S, by an
irreducible representation of ;. Remark that, since the irreducible representations of C; are
all one dimensional, each Z,(k;[) has dimension r! = dim R,. Thus these isomorphisms give
a representation theoretical interpretation of the phenomenon “coincidence of dimension” of
R,.

The problem is motivated by a result of Kraskiewicz and Weyman [KW]. They show
that each submodules R, (k;n), the case where | = n, is induced from the corresponding
irreducible representation of a cyclic subgroup generated by a Cozxeter element [H] of S,,.
Precisely, let ¢ = (1,2, ...,n) be a cyclic permutation of full length (this is a typical example
of Coxeter elements), and let wy(lk) : C, — C : ¢ — (" the irreducible representation of
the cyclic subgroup C, = (c) sending the generator ¢ to ¢* for each k = 0,1,...,n — 1,
where (,, = €2>™/" is the primitive n-th root of unity. Then they show that there exists an
Sp-module isomorphism

R, (k;n) =g, Indgr P,

for each k = 0,1,...,n — 1. It immediately follows from this fact that each submodules
R, (k;n) have the same dimension (n — 1)!. They also show similar results for the Weyl
groups of type B,, and D,,. Stembridge considers this problem for a wider setting. In [Stm],
he considers any finite complex reflection group W and its coinvariant algebra Ry,. In this
case, we can take ¢ to be a Springer’s reqular element [Sp|, and [ its order. (The number [ is
also called a regular number of W.) It can be shown that each submodules Ry (k;1) of equal

dimension is obtained by inducing up the corresponding irreducible representation wl(k) of
the cyclic subgroup (a) (hence all @/)l(k) are one dimensional).



We will consider a generalization of the result in [MN] for a class of graded representa-
tions of the symmetric groups, which we call DeConcini-Procesi- Tanisaki algebras [DP][T].
A DeConcini-Procesi-Tanisaki algebra R, is a graded S,-module defined for each partition
p. It is a natural generalization of the coinvariant algebra, which is isomorphic to the rep-
resentation obtained by inducing up the trivial representation of the corresponding Young
subgroup S,. It is well known that the coinvariant algebra R, is isomorphic to the coho-
mology ring H*(X,, C) of the corresponding flag variety X,, = GL,,/B, where B is a Borel
subgroup of GL,. On the other hand, the algebra R, is isomorphic to the cohomology ring
H*(X,,C) of the fized point subvariety X, [DP] of the flag variety X,,. The difference of
coinvariant algebras and DeConcini-Procesi-Tanisaki algebras we should note here is that the
corresponding varieties are smooth or not. Needless to say, the flag varieties are non-singular,
and its Poincaré polynomial

Px,(q) = Z ¢* dim H*(X,,, C)

d>0

has a nice property, the unimodal symmetry. This is a consequence of the hard Lefschetz
theorem [St] for non-singular varieties, or the strong Lefschetz property (W] for graded Ar-
tinian algebras. For example, if we consider the case where n = 4, the Poincaré polynomial
of X, is

Px,(q) = 1+ 3¢+ 5¢° + 6¢° + 5¢* +3¢° + ¢°.

It is obviously seen that the coefficients form a unimodal symmetric sequence. Contrary, fixed
point subvarieties are singular in general. Thus it seems difficult to expect that the Poincaré
polynomials have a nice combinatorial property, such as unimodal symmetry. Some examples
of Poincaré polynomials of fixed point subvarieties, corresponding to partitions p = (2,2),
(2,1,1) and (2,1,1,1), can be seen below:

PX(2,2)(Q) =1+3¢+ 2q2>
Px 0 (0) =14 3¢+ 5¢* + 3¢°,
Pxya0(@) = 1+ 4q+9¢° + 15¢° + 16" + 11¢° + 4¢°,
and the coefficients of these polynomials are not symmetric.
However, it is possible to find that the “coincidence of dimensions”can occur for coho-
mology rings H*(X, C) even if a variety X are singular. In fact, in the case of p = (2,1,1, 1),

we can see that the “mod 3 sums”of the coefficients of the Poincaré polynomial PX(2,1,1,1>(q)
coincide each other as follows:

1+154+4=4+16=9+ 11 = 20.
Similarly, the “mod 2 sums”are also all equal:

1+9+164+4=4+15+11 = 30.



It is easy to confirm that the same is true for other examples u = (2,2),(2,1,1) for the
mod 2 sums. In general, if we denote by M, the maximum value of the multiplicities of a
partition p = (1"12™2...n"™), it is possible to show that, for each fixed [ € {1,2,...,M,},
the partial sum modulo | (mod [ sum, for short)

;)= > e, k=01,...,1-1
d=k mod [

of the coefficients of the Poincaré polynomial Pg,(q) = >, caq® of R, do not depend on its
residue k. In other words, for each fixed integer [ € {1,2,...,M,}, the dimensions of the
submodules
R, (k)= € Ri, k=0,1,...,1-1
d=k mod [

coincide each other. Thus, as in the previous works [KW, Stem, MN], it is natural to
understand this phenomenon on the algebra R, in the language of the representation theory
of symmetric groups.

In this paper, we find the representation theoretical interpretation for some special two
cases: one is for a hook, a partition of the form (n — h, 1%), and the other is for a rectangle,
a partition of the form (r¥). Let 4 = (n — h,1") be a hook. Suppose that n — h > 1
for excluding the case of the coinvariant algebra. Then we have M, = h. Let an integer
[, 1 <1 < h, be fixed. Then the submodules R,(k;[) have the same dimension for k£ =
0,1,...,1—1. The problem is to construct a subgroup H,(l) of S,, and its modules Z,(k;1)
(k=0,1,...,1 —1) of the equal dimension, satisfying R, (k;[) =g, Indi’;(l)Zu(k; [). In this
case, a similar construction of the subgroup and the modules is possible for each [ as in
the case of coinvariant algebras. We will show that the subgroup H,(l) can be constructed
isomorphic to the direct product

Hu(l) = Ol X Sn—dl7

where h =dl+r,0 <r <[—1, and the modules are defined by twisting each homogeneous
components of some “smaller”algebra 5 by the corresponding irreducible representation of
C;. In the rectangle case, it will be needed some restriction to prove the problem at present.
Let a partition u = (r?) be rectangle, whose multiplicity p is a prime. We consider the
problem in this situation only for the case [ = p. In this case, it is possible to prove that the
subgroup H,(p) can be taken isomorphic to the semidirect product

H,(p) = (S, x---x8,) xCp,

p

and the H,(p)-modules are one dimensional representations, deeply related to the irreducible
representations of C,. These one dimensional representations are, in fact, considered as a
smaller DeConcini-Procesi-Tanisaki algebra R; = Ry, where () denotes the empty partition.

In both cases, our problem is reformulated to show the following isomorphism of (S,, x C})-
modules between the algebra R, and a S,-module induced from a smaller algebra R;: in
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the case of the hook case for example, it is enough to show
R, =s,x¢, Indngﬂ.

(This is pointed out by T. Shoji, Nagoya University.) In this point of view, each isomorphism
R, (k;l) =g, Ind%’;(l)Zu(k;; [) is realized as correspondence of ([-eigenspaces of the action of
a generator of Cj in the (S, x C})-module isomorphism.

We briefly sketch the idea of the proof. We show that the character values of the S,, x
Cj-modules agree. The main tool in the proof is the Green polynomials Q% (q) [Gr, Mac]
(of type A). The Green polynomials are introduced by J. A. Green [Gr] in his argument
to determine the irreducible characters of the finite general linear groups GL(F,). They
also have formulation in terms of symmetric functions. The Green polynomials Qfo‘(q) are
defined to be the coefficients with some modification of the linear expansion of the power-
sum symmetric function p,(x) by the Hall-Littlewood symmetric functions P,(z;q) [Mc|. It is
known that the Green polynomial Q’;(q) gives the graded character of the DeConcini-Procesi-
Tanisaki algebra R,. Then we can see that the proof of the (S,, x Cj)-module isomorphism
amounts to describe a behavior of the Green polynomial at roots of unity Clj. We should
describe the following two points. First, we need a necessary condition for a partition p
satisfying '

Qu(G) #0.

Secondly, for such a partition p, we will see that the ratio

Q5(9)
Qg(Q) nglj

of the values of Green polynomials Q%(q) and Qg (q) at the roots of unity Clj is precisely the
number of permutations in S,, satisfying some conditions, where p is the partition of the
same size with f, obtained by deleting some cycles corresponding to p and j. This will be
done by using some recursive relations and a canonical decomposition form of the Green
polynomials. Results of Lascoux-Leclerc-Thibon [LLT] also plays an essential role in this
paper.
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2 DeConcini-Procesi-Tanisaki algebras

In this section, we recall the definition and fundamental facts about the algebras R,,.
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The symmetric group S, of n letters acts on the polynomial ring P, = Clxy, s, ..., z,]
by permuting the variables: For o € S,, and f(z1,x2,...,x,) € P,, define
(o) (@1, Ty x0) = f(Xoy, Togy ooy T, )

Let p be a partition of n. In the sequel, we use the symbol u - n for depicting that u is a
partition of n. We consider a homogeneous ideal I, of P, corresponding to the partition g,
generated by the set [T

R CRURP | K,
ity k12 m 20—k L= (g ) 1[0
where e, (2;,,..., 7, ,,,) denotes the m-th elementary symmetric polynomial in the vari-
ables z;,..., %, ,,,. For example, if we take y to be (2,1) 3, then I, is generated by
e3(21, T, 13), €2(21, Ta, T3), €1(71, T2, T3),

ea(x1, x2), e2(x1, 23), €2(x2, T3)

By definition, the DeConcini-Procesi- Tanisaki algebra R, is the quotient algebra
R, :=P,/1,.

Since the ideal I, is homogeneous and S,-invariant, the algebra R, affords a graded repre-

sentation of S,,:
tu
R, =D F.
d=0
where each homogeneous component R/‘f is also an S,-module. Its highest degree ¢, is known

to be
n(p) = Z(l — D

i>1
It is well known that R, is isomorphic as an S,,-module to the representation induced from
the trivial representation of the Young subgroup S,,:

R, =g, Indg"1. (2.1)

Our first problem is to determine which positive integers [ satisfy the condition that the
subspaces

Rukl):== € Rl k=01...1-1,

d=k mod I

have the same dimension. We call the subspace R, (k;[) the k-th partial sum modulo , or
k-th mod I sum of the graded algebra R, for each £ = 0,1,...,1 — 1. To find such I’s, it is
necessary to consider the Hilbert polynomial

Hilbg, (q) :== ) _ ¢*dim Ry}

d>0
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for the algebra Iz,,. In fact, we consider more generally the “graded character”of the algebra
R, since the Hilbert polynomial is a special case of it. Note that each homogeneous compo-
nent RZ is an .S,,-module. We denote its character by chaerL, and then the graded character
charyR,, of the graded S,-module R, is defined by

char R, := Z qdcharRZ.

d>0

If we evaluate the graded character at the identity element e, we obtain the Hilbert polyno-
mial

Hilbg, (¢) = charyR,(e),
since we have charR{(e) = dim R{.

The following lemma, due to T. Oshima (Tokyo University), is fundamental [MN, Lemma
3.

Lemma 1 Let ¢ be an indeterminate and consider a polynomial f(t) = ag + a;t + - - - with
coefficients in a field of characteristic zero. Let m > 2 be an integer, and ( a primitive m-th
root of unity. Then the following two conditions are equivalent:

1. For each k =1,...,m — 1, we have f(¢*) = 0.

2. The mod [ sums ¢,(f) = Z amjte of the coefficients of f(t) coincide each other.
j>1

O

By this lemma, it is sufficient to show which roots of unity are zeros of the Hilbert
polynomial of the algebra R,. For example, in the case of the coinvariant algebra R,, (the
case = (1™)), its Hilbert polynomial Hilbg, (¢) is given by

(1—61)(1—(]2)"'(1—(]")‘

Hilbg, (q) = i—gr
From this formula, it is easy to see that for every integer [ = 2, ..., n, we have
Hilbg, () =0
for each k = 0,...,1 — 1. Therefore, the preceding lemma shows that the dimensions of the

subspaces R, (k;l) (k=0,1,...,l — 1) do not depend on k for each fixed [ =1,2,...,n.

In the next section, we will consider for which positive integers [ the dimensions of the
mod [ sums of R, coincide. Our main tool is the graded character of R, which turns out to
be a “Green polynomial”of type A.



3 Green polynomials

In this section, we recall the definition of the Green polynomials, and see a canonical de-
composition form (Theorem 5) that we use essentially in the proof of the main result. Let
p be a partition of n and ¢ an indeterminate. Since the Hall-Littlewood functions P,(z;t)
form a Z[t]-basis of the ring of the symmetric functions Aft] = A ®z Z[t], we can express the
power-sum symmetric function p,(z) as a linear combination of P,(z;t)’s with coefficients

in Z[t] [Me, II1, (2.7)]:
pp(x) =Y XK(t)Py(x;t).

ukEn

Then the Green polynomial (of type A) Q%(q) [Gr] (see also [Mc, III, (7.8)]) is defined by
modifying the coefficient X7'(t) as follows:

Qu(q) = "M X1(q ™). (3.1)

It is known that the Green polynomials are described by the Kostka polynomials. See
[Me, III, Section 6] for the definition of the Kostka polynomials. Let A and p be partitions
of the same size n. We denote by K),(¢) the Kostka polynomial as usual, and define the
modified one as follows:

Kyu(a) = q"W Kxu(a7).
Then it is known [Mc, III, (7.11)] that
Q4(g) =D xpKou(9),

AFn

where X;‘ denotes the A\-th irreducible character evaluated at the conjugacy class of cycle type

p. Moreover, it is also known that the modified Kostka polynomial K Au(q) coincide with the
Poincaré polynomial of the A-th irreducible representation V* in R, (see e.g., [GP]):

Kyu(g) =Y _[RL: Vg
An

Thus we have
Q’;(q) = char,R,(p).
In the rest of this section, we consider an explicit form of Q% (q), together with its property
that we use later.

Definition 2 For a partition A = (1™2™2...n) - n, we define

ex(q) == (1 -1 —g)m-(1—qg")™,
ba(q) = HiZI(l — )1 —¢q*) - (1 —q™).
Also, we define
zy = 1"™mq12™my! - - n™mm,,!

as usual.



For example, if A = (2,2,2,1,1) = (122%), then we define

ex(q) = (1 —q)*(1 — ¢*)?,
ba(q) = (1 =q)(1 —¢*)(1 = )1 —¢)(1 = ¢*).

Note that, if a partition A is a union of two partitions p and v, then it is readily seen that
ex = euéy.

Explicit formulas for the Green polynomials Q%(q) = char, R, are known for some special
cases. For example, in the case corresponding to the coinvariant algebra, i.e., the case
= (1"), we have the following formula (see e.g., [G, p. 376]).

Proposition 3 For each p = (122 ---n'*) F n, it holds that

_ bam(g) 1-—q)(1—¢?)-(1—¢"

an)
Qp (q) ep(q) (1 _ q)n(l _ q2)r2 . (1 — qn)Tn ’

g

On the other hand, if y is a hook of which the first component is 2, i.e., a partition of
the form p = (2,177?), then we also have an explicit description of Q%(¢) [Mr, Lemma 3].

Proposition 4 (Morris) For each partition p = (12" ---n") of n, we have

(1-q)---(1-q¢"?
ep(q)

QB (q) = {(ri — 1)¢" —rig" ' + 1}

4

Let g = (1™2™2...n) be a partition of n. Let M, be the maximum value of the
multiplicities of p:

M,, = max{my, ma,...,my}.
We can see from this formula that each integer [ € {(1,)2,...,n — 2} is available for coin-

cidence of the dimensions of the mod [ sums of R,. In these two examples, it can be seen
that there remains a polynomial when we factoring out the rational part

(1—gq)--(1—g¢")
ep(q)

from Q%(q). In fact, this turns out to be true in general.

Theorem 5 Let i1 and p be partitions of n. Then there exists a polynomial G’;(q) € Z[q|
satisfying
b(ll\/fu)(q)

QZL(Q) - ep(q)

Gh(q).



Proof. We will show that

" ep(q)
Gh(q) = b (@) (q)Qp(q)

is a Laurent polynomial. If this is correct, then the assertion follows from the identity
Q) (2)en(q) = by (9) G (q)

by comparing the coefficients of the lowest degree in each side. (Remark that @, e, b are
polynomials.) Actually, we will show that

b(lMu)(q)
bu(g™")

is a Laurent polynomial. If this is true, then G%(q) is a Laurent polynomial since

bu (q_l)
b(ll\/lu)(q)

Gh(q) = -5 Gh(a)

is also a Laurent polynomial.

Let i be a partition defined by @' = (uy,...,u,_1), where p/ = (uf, ..., u,) is the
conjugate of p. In other words, i is the partition whose Young diagram is obtained by
deleting the last column from that of p. Also, let r = p/, and v = (17). If we express the
product of the following two Hall-Littlewood functions P; = Py(x;t) and P, = P,(z;t) as a
linear combination of Hall-Littlewood functions again, then we have

P,P, = > > (t) P, (3.2)

AFn
A—[ : vertical r-strip

where 7 (t) € Z[t]. Recall that if = X — 1 is a vertical r-strip, then we have [Mc, III (3.2)]
N — A
f;‘i\(lr)(t) = H |: N — ——il_lj| )
i>1 i Hi 1y

where m . 1s a Gaussian polynomial.
If we rewrite (3.2) by

Qx = Qx(x3t) = ba(t) Pa(w;t),  [Me, 11T (2.11)]

then we have

ba(t)b,
Q2 =Y m)%m (3.3)
A
Also, it can be seen [Mc, III (7.5)] that

Qx(x;t) = Z 6p—(t)X;‘(t)pp(x). (3.4)

pEn



By (3.3), it follows from (3.4) that
e,(t)e,(t) o oo
Z ¥X§1>Xp(2>pp(l)up(2)(x)

e T Zp(1)Zp(2)
P(2>}—'r
pkn
Comparing the coefficient of p,(x), we have
i ba(?)
XH(t) = o o
p( ) p@;ﬂ . Zp(1)Zp(2) b= ( )by (t) P p(2)
ﬂ(2>}—7‘

(t)

N A
- ;L [w(t) b)\(t) Xp (t)>

since ff,(t) = 1. Rewriting this identity again by (3.1), we have

_ Zp bu(qil) (n
Qyla) = Z 22y ba(q Dban (g ) p<1)( )Qp<z>( q)

p(1>)—n7r,p(2)l—'r,
SV,

A -1 b# - n(p)— A
- X e e

AFn
A—ji:vertical r-strip

b(lMﬂ)(Q) Z 2 bulg™!) b(lMﬂ(Q) fi
02 by (q) ba(g™t) P

ep(Q) 2
p<1) @)
b M, ( -1 b M
(1 ) q ") n(w)—n\) ~AM#) (@) ~
"y —q G (q).
Z HM T a) inta) 7

Hence it holds that
2 bulg™") bamn(a) @ ban(g) )
eH (@)

Gu(‘]) - q
’ p<;z> 2 25 b (@) bp(a™) bary(g™") °
_ ( 71) () b(lMM)(q) A
— f>\ N —r =y G\q
2w L) ba(g) P\

From the definition of G, it follows that
Zp bﬂ(q_l) =1 ~(1r)
Q) Zp(1)2p(2) b(1Mu) (q) (q) p(2) (q)

p(1) p(2)
bu(@™Y)  auy—n0) A
a Gp(q)

) —C]
Z B(17) 1M )(q)

11
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In the following, we will show that G’p‘(q) is a Laurent polynomial by induction on a
partial order of the partitions. The partial order on the partitions are defined as follows: For
any two partitions A and p, define

(Al <|ul, or

Af“‘:*{ Al = |ul, and A < p.

where || denotes the size of the partition A\, and < denotes the dominance partial order
[Mc, p. 7] of the partitions, which is defined by the following condition:

)\1+)\2++)\Z§M1+M2++Mz

foreacht =1,2,...,n, where A\ = (A1, Ag, ..., A\n) and g = (uq, pia, - - -, fbn). Now it is obvious
that 1, (17) < p, since the sizes of i and (17) are smaller than . On the other hand, if A —
is a vertical r-strip, then the size of these partitions A, p coincide, but A is smaller than pu
in the dominance order if A\ # . Thus we may assume that the G’s in the right hand side
of (3.5) are all Laurent polynomials by the induction hypothesis. Finally, if we remark that,
for \ such that A\ — pu is a vertical r-strip, fﬁ\(lr)(qfl) is also a Laurent polynomials, then it

follows that ég(q) is a Laurent polynomial. The initial condition of the induction is satisfied,

since G,()ln)(q) = (=1)"¢™ for all n and p F n. This follows from the fact that G,()ln)(q) =1
for all n and p F n (Proposition 3). O

Example 6 According to the table of Green polynomials due to Green [Gr], the polynomial
JEicaR) )
5 7(q) can be computed for each p as follows:

Gé‘ﬂ) =1—4q¢> + 3¢*,

Gl = 1- 26 + ¢,

G?QQ) =1- q4a
G}(L:Sl) =1-¢’,
G, =1-¢*

O

Remark 7 In Example 6, all the polynomials still have the factor 1 — ¢. In fact, we can
expect more precise statement for the decomposition of Green polynomials. Let p be a
partition of n. Then for each partition p - n, we conjecture that there exists a polynomial
H!'(q) € Z[qg] such that

bu(q)
Qp(q) = —Hy(q).
g ep(q)
But in our present context, this is too much for our sake, since we only have to know what
roots of unity are zeros of Green polynomials. O

Corollary 8 Let p be a partition of n, and an integer | € {2,..., M, } arbitrarily fixed.
Then it holds that Q¥ )(Clk) =0foreach k=1,...,1—1.

(ar
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If we consider the case where p = (21%) for example, we can see from the table in [Gr]
that

(@) = (14 @) (1 + g+ ¢*) (1 +2q + 3¢° + 4¢%),

and it is clear that the assertion of the corollary holds.

Let p be a partition, and an integer [ such that 1 <1 < M, fixed. By Oshima’s lemma,
it immediately follows that the dimensions of the mod [ sums R, (k;l) of R, coincide each
other. In the next section, we will consider its representation theoretical interpretation for
the algebra R,,.

At the end of this section, we mention to an explicit formula for the Green polynomials
for arbitrary hook which generalizes Morris’ formula (Proposition 4), that can be proved by
similar argument to Theorem 5.

Proposition 9 Let u = (n — h,1") be a hook, and p = (171272 ...n") - n a partition of n.
Then we have .
1-9)---(1-q)

GO =T

G (a),

where
n

Glhlg) = (1—¢") - Zl > (;1)--(::)61”’“67(61)-

h
k=1 7=(1t1-k%)-k

Proof. We prove by the induction on n—h. For the case n—h = 1, it is clear from Proposition
3, from which we can see that G%(¢q) = 1. Suppose that n —h > 1. Let i = (1"*') and
v = (n— h —1). Consider the product of two Hall-Littlewood functions P; = Pj(x;t) and
P, = P,(x;t), and expand it into a linear combination of Py(z;t)’s again. Then we have [M,
1L, (2.7) and (3.7)]

(n—h—1,1"*1)

Pﬂpu = Jav (t)p(nfhfl,lh‘*‘l) + fgu(t)Pu
If A= (n—h—1,1"") or A\ = u, then \ — i is a horizontal strip [Mc, p. 5]. We have an
explicit formula for the polynomials f3,(t) [Mc, III, (3.10)] in this case, and it holds that

(hL gy 1 (1) = 1.

nv

Therefore we have
PﬁPV = P(n—h—1,1h+1) + PN‘

By this identity, the same argument as in the proof of Theorem 5 shows that

1 _
Qh(q) = W{QZ(Q) - > qhHQﬁu)(Q)},
q pMkh+1
pPn—h-1

p(DUp(2) =y

13



where n = (n — h — 1,1""1). By the induction hypothesis, it follows that

— “ .. —_— h 1
_ Zp hr(L—q) - (1 —¢")
Zpu)Zp(z)q i €p<1>(Q) }

p(Mh41
p(z)kn—h—l
p(Dup(2)=p

(1_q)...(1_qh){m(q)_ S ep<q>}

€p(q) g ey ZA0 2@ e,m(q)
(1—Q)---(1—qh){ Z C(n—h1
= Gh(q) — —L_gn=(=h e (g) ¢,
0 ECRD Vs
TCp

where 7 C p denotes that 7 is a subpartition of p. Therefore we have

Z n—(n—h—
Gh(q) = Glg) = > ﬁq (n=h=Ve_(q).

Remark that, for 7 = (11122 --.), we have
2

b (“) (7”2)
Zp(1) Z,(2) t1 to

Then, again by the induction hypothesis, the assertion follows. U

Example 10 Let us consider the case where u = (3,1,1,1). Let p = (221%) for example.
By Proposition 7, we have

(1-q(1-¢»)1-¢" .,

"(q) = G
Q5 (q) 0= 2= ) (),
and
2
G = -0 X (7)o ()t
k=1 r=(1t1...ktR)k ! k
2\ (2 2\ (2 2\ (2
= (1-4¢°) - (1) (0) ¢*(1-q) - (2) (0) ¢'(1—q)° - (0) (1) ¢'(1 - ¢*)
= 1—3¢"+2¢°
Thus
won o 1—g(1—-¢)(1—¢) 406
la) = (1—q)2(1 —¢?)? (=3¢ +20)
= (1+q)1+q+¢)(1—q+2¢° —2¢°),
which coincides with the result on the table due to Morris [Mr]. O

14



4 hook case

In this section, we will find a representation theoretical interpretation of ‘coincidence of
dimension’of the algebra R, in the case where p is a hook.

Let 1 = (n — h,1") = n be a hook. Suppose that n — h > 1, since we should exclude the
case of coinvariant algebras from our argument. In this case, we have M, = h. Then for
each fixed [ = 1,2,...h, it follows from Proposition 9 and Lemma 1 that the mod [ sums
R, (k;1) of the algebra R,, have the same dimension dim R,,/I. Since the case [ = 1 is trivial,
we consider the problem for [ = 2,3,... h in the sequel. Precisely:

For each fixed [ = 2,3,...,h,

e find a subgroup H,(l) of S,, and
e find H,(I)-modules Z,(k;l) (k=0,1,...,1 — 1) of equal dimension

such that
Ry, (k; 1) =g, Indjy. 7, (k; 1)

for each £ =0,1,...,1— 1.
Let h=dl+r (0 <r <1l—1), and let it denote the partition
fi=(n—nh1""Fn—dl.
Consider the following product a of d cyclic permutations of order I:
a=(L2,...,0(0+1L1+2,...;20)--- ((d= 1)+ 1,(d= 1)l +2,...,d]).
It is obvious that a' = 1. Consider the cyclic subgroup H; of S,, generated by a:
H, = (a) = (],

where C} denotes the cyclic group of order [. Consider also the isotropic subgroup Hs of .S,
for {1,2,...,dl}:

Hy={oe€ Sylo(i)=1i fori=12,...,dl}.
If we denote by S ;.k the symmetric group of the letters {i,7,...,k}, then we have

Hy = S{ii41,..ny, thus Hj is isomorphic to the symmetric group of n — dl letters. Let a
subgroup H,(l) of S, be the direct product of Hy and H:

H

H(l) = Hy x Hy = Cl X Sn—dl'

For each k =0,1,...,]l — 1, we define a representation Z,,(k;!) of H,(l) as follows:
n(7)

Zu(k; 1) = P ™ @ R,

d=0

15



where ©(®) is the irreducible representation a + ¢ of the cyclic group C; = (a), and RY
denotes the d-th homogeneous component of the DeConcini-Procesi-Tanisaki algebra R
corresponding to the partition fi. Remark that these { modules Z,(k;l) have the same
dimension which is equal to that of R, since the H,(l)-module Z,(k;l) is obtained by
twisting each homogeneous component Rg of the graded algebra R; by a one-dimensional
representation ¢@*~9.

Example 11 Let u = (21°) and [ = 2(< 5 = M,,). In this case, the element a is defined by
a=(1,2)(3,4), and the subgroup H,(2) is then defined by

HN(Z) = <CL> X 5{5,6,7} = 02 X S3.
The H,(2)-modules Z,(k;2) (k = 0,1) of equal dimension are defined by

Z,(0,2) = (¢ @ R%) @ (¢ @ RY)
Z,(1;2) = (¢W o RY) & (v ®R)),

where fi = (2,1) and ¢® is the irreducible representation of Cy sending the generator a to
G- O

Now our subject is to show
Ry, (k; 1) = Indjy 7, (k; 1)

for each K =0,1,...,l — 1. We will see in the following that these S,,-isomorphisms amount
to an S,, X Cj-isomorphism
R;.

S,
o~ n
RH =5, xC} Indsnfdl

Here the S,,-actions on both sides are natural ones. The Cj-actions in both sides are defined
as follows. In the left hand side, the cyclic group C; acts on R, as a scalar multiplication for
each homogeneous component:

ar=_(lr, w€ R/‘f.

On the other hand, remark that the induced representation Indﬁ:_leﬁ has the following
realization:

UGSn/Sn,dl

By the identification (4.1), the action of the cyclic group C; on Ind?:_dl Ry is defined by
alc®@z) =ca ' Qar = (loa ' @2 ifre Ry
We can show that these two S,, x Cj-module structures are actually isomorphic. It should

be remarked here that it can be easily seen from (2.1) that this isomorphism is trivially hold
as an S,-isomorphism.

16



Theorem 12 Let a partition g = (n —h,1") = n (n—h > 1) be a hook, [ a positive integer
belonging to {2,3,...,h}. Let n=dl+7r (0 <r <Il—1),and i = (n — h,1") a partition
obtained by deleting dl 1’s from p. Then, there exists an isomorphism of S,, x Cj;-modules

R, = Indd" Ry

l

This theorem is shown in the next section. In the rest of this section, we will verify that
the theorem is actually equivalent to our claim.

Proposition 13 Let 4 = (n — h,1") F n (n — h > 1) be a hook, and let an integer
1 €{2,3,...,h} be fixed. If the isomorphism of S5,, x C;-modules in Theorem 12 holds, then
there exists an S,,-module isomorphism

Ry (k;1) = Indg" | Z,(k;1)

n—dl

for each k =0,1,...,1 — 1.
Conversely, if these S,-module isomorphisms hold, then R, and Indgz_dl R, are isomorphic
as S, X C-modules.

Proof. Suppose that there exists an S,, x Cj-module isomorphism

R, = Indd Ry (4.2)

l

We compare the eigenspaces of the generator a of the cyclic group C; in each side of (4.2).
For each k =0,1,...,l—1, it is clear from the action of Cj that the eigenspace of a with the
eigenvalue ¢ in the left hand side coincide with the k-th mod I sum R, (k;1). In the right
hand side, we have

Indg:_leﬂ = @ g ® Rﬂ
UGSn/Sn,dl

-1
-D D Duier
j=0

d>0 ’LUGSn/Cl X Sh_dl

- D O Puwen

d>0 weS,/CixSy_q $=0

where by = 14 (¢F)a + (¢Z)a2 + -+ (¢"")a' ! for each s = 0,1,...,1— 1. Since it holds
that bya™' = (b, for each s, it can readily be seen that the (f-eigenspace of a in the right

hand side is
D nen

d,s
d+s=k mod 1

Noting that Cb, =, 0 for each s = 0,1,...,1 — 1, the necessity part follows. Conversely,
the sufficiency part is proved by tracing back the proof of the necessity part. (l

17



5 Proof

In this section, we will verify Theorem 12:

~ Sn
Ru =S, xC} IndSn—d Rﬂ.

1

Since we work on a field of characteristics zero, it suffices to show that
charR,(w, a’) = char Indgz_dl Ry(w,a’) (5.1)

for every (w,a’) € S, xCjand j =0,1,...,l—1. Recall that the graded character char,R,,(p)
coincides with the Green polynomial @#(g) for each p = n. In this point of view, considering
the action of (7, it is not difficult to see that (5.1) is equivalent to the following identity:

Q};(w) (Q)‘qzclj = char Indgz_dl R;(w, aj). (5.2)

Note that the case j = 0 is already proved for any w € S,,. In this case, (5.1) reduces to the
identity

charR,(w) = char Indgz_leﬂ(w),
which is assured by the S,-module isomorphism (2.1). Therefore it is enough to show (5.1)
for (w,a?) € S, x C; with 1 < j < [—1. First, we will consider the support of char Ind‘;:i R

ar
i.e., the elements (w, a’) of S, x C; satisfying

char Indﬁ:_leﬂ(w, a’) #0.

Actually, we will see the necessary condition for such an element of .S,, x Cj.
Suppose that (w,a’) € S, x C} is a support of char Ind‘;:idl R;;. Since we have

char Ind?:_ (w,d )Ry = Z char(oc ® Rz)(w,a’),

dl
UGSn/Sn,dl

there exists an element o of S,,/S,,_4 and a basis element x of Rf-i such that

(w7 aj)(a ® x)’a@x 7& 07

where (w, /) (0®1)| 5. denotes the coefficient of c®z in the linear expansion of (w, a’)(c®z)
by the basis {o ® '} of char Ind:g:idl Rj. In this case, since we have

dj
l

(w,d’)(c ® z) =woa™ @ d’r = (Pwoa™ @z,

it holds that

(w,a”)(0 ® T)|pge # 0= woa™ =0 mod S,_g4.
This shows that there exists an element 7 of S,,_4 such that woa™ = o7, ie., w = ora’oc™'.
To summarize:

18



Lemma 14 If an element (w,a’) of S, x C) satisfies the condition

char Indgz_d Ru(w,d’) #0,

l
then w is conjugate to a’7 for some 7 € S,_g: w ~ a’T, T € Sp_a1. O

Our next subject is to compute the character value char Indﬁ:_dl Rz(w,a?) for a support
(w,a?) € S, x C). Let an element (w,a’) € S,, x C; satisfy

char Indgz_d Ry(w,ad’) # 0. (5.3)

!
By Lemma 14, we may assume that
w=aT, TES g
without loss of generality. It also follows from (5.3) that there exists o € S,,/S,,_a such that
woa™l = op for some p € Sy,_g.
For such an element o, we have
(w,d’)(c ®z) =woa™ @d’r =opRdr =0 adpx.

(Remark that a and p commute.) If we denote by Bj; a homogeneous basis of Rj, then it
follows that

char(oc ® Rp)(w, a) = Z (w,ad’)(0 @ )| ope

LEEBﬂ
= Z Z C[dja ®pax’0®x
dZO IEB[L
= chaquﬁ(p)|q:Clj.
Let . '
SY(w) :={o € Sp/Sn—a | woa™ = o mod Sp_g.},
and

SY(w) := {0 € Sp/Sn_alwoa™ = op}

1
for each p € S,,_g4. Note that

SY (w) = U Séj)(w). (disjoint union)

PESh_a1

Then it holds that
char Indﬁ:ﬂﬂRﬂ(w, al) = Z Z char(oc ® Ry)(w,a’)

PESn—dl UGSf,j) (w)

— Z jjS/gj)(w)charRﬂ(p)\q:d.

PESH_al

Remark that p € S,,_4 satistying Sﬁ(,j)(w) # ¢ are all conjugate in S,_g. It is easy to see
that:

19



Lemma 15 Let us consider an element w € S, of the form w = a’7 (1 € S,_4). Then, for
each p € S,,_g4, we have
woa ) =op =T~ p.

Proof. Suppose that woa™ = op for some p € S,_g. If w = a’7, then we have a’Toa™ = op,

hence a’To = opa’. Therefore, a/7 is conjugate to pa’. Thus 7 and p are conjugate since C;

and S,_g commute. O
By Lemma 15, we have

char Ind‘;:ileﬂ(w,aj) = Z ﬂSéj)(w)charRﬂ(T)\q:C{
PESh_al
= ﬁS(j)(w)charRﬁ(Tﬂq:glj.

The cardinality of SU)(w) is obtained as follows.

Proposition 16 For w = a’7 € C; x S,—q = H,(1), it holds that

150 (w) = pe! ( i ) ,

e
where A\(a?) = (p°) and \(7) = (1712%2...) are the cycle type of @/ and T respectively.

Proof. First we remark that - -
ﬁS(])(aJT) — JjS(J)(aJT/)

if 7 and 7’ are conjugate in S,,_g. This follows from the fact that, if 7/ = z727! (z € S,_a),
then we have a bijection

SY(al1) — SYN(aiT) : 0+ 2027
Hence it is enough to confirm the assertion for the following special 7:

)@
T = (dl+1,...,dl +p)-(dl + (z, — D)p+ 1,dl + 2,p),

where 7(?) is a permutation of remaining letters {dl + z,p + 1,...,n}.
Our subject here is enumeration of the elements o € S,,/S,_4 satisfying the condition

aroa? =op (5.4)

for some p € S,,_g4. Note that, by (5.4), 7 and p should be conjugate in S,_4. Hence it is
enough to count the number of elements o € S,,/S,,_4 satisfying

ato = odp (5.5)

for 7,p € S,—a with A(7) = A(p).
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Let the cycle type A(a?) of a/ be (p®). Note that pe = dl. Let p decompose into the
product of z, cycles of length p and the remainder as follows:

p=p"p® ApW) = (), Ap®) = Av) — (p7).

Since the effect of the action of 72 should be coincide with that of the action of p(® on the
positions of the components of o, it should hold that

{dl+zp+1,....,n} C{ows1,-.., 00}

Since o is an element of S,,/S,,_4, we may assume that o441 < --- < 0,. Therefore the last
n—(e+ z,)p(=n— (dl + z,p + 1) + 1) components of ¢ are uniquely determined as follows:

Jdl+zpp+1 =dl -+ Zpp -+ 1, ey Op = N.

Now, it suffice to enumerate the elements

/
o = [0-17 02y ... 70-dl+pr] € Sdl-l—zpp

satisfying
(1 i (2
CLJT( )J,:O',&]p( )7 O—dl+1 < oo <Jdl+zpp'

At the beginning, it is necessary to determine which e cycles of length p come to the first
zZpte
e
choice. Once we fix such a choice, the number of arranging these components with respect
to the condition a’[o1,...,0,] = [01,...,0p]a’ is just the cardinality of the centralizer of
a’, which is equal to p°!. The remaining parts are uniquely determined, since they should

obey the condition opeq1 <+ < Ogiyz,p-
Thus the number of elements o € S,,/S,,_4 satisfying (5.5) is

zp e\ .
el.
()

Example 17 Let us consider the case where p = (3,1%) F 11 and [ = 3. In this case, we
have h = 8 and our permutation a is

pe positions in o’ corresponding to the permutation a’. There are ways of such a

4

123456789 10 11
@_<2 31564789 10 11)_(1’2’3>(4’5’6>7

since 8 = 2x3+2 (d = 2). Suppose that the cycle type A(7) of an element 7 € Si789.1011} =
Sp—a = S5 is AM(1) = (3,2). We can take 7 = (7,8,9)(10, 11) without loss of generality. We
consider the case j = 1 in this example. Then the elements o € S,,/S,_4 that we are going
to enumerate satisfy the condition aroca™ = op for some p € S{7.8,9,10,113 of which cycle type
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is A(p) = (3,2). We may also assume that o; < g3 < -+ < oy;. Therefore, they should
satisfy

(1, 2, 3)(4, 5,6)(7, 8, 9)(107 11)[0’1,0’2, cee ,0'11]

7T 8 9 10 11
= |01,09,..., 1,2,3)(4,5,6
01,02 oull ) ) ( P Ps P9 Pro P11 )

= [o1,09,...,011(1,2,3)(4,5,6)(i, 7, k)(a,b)

= [{0—17 02, 03}7 {04a 05, 06}7 {Uia 034, Uk}7 {Jaa O—b}]a

where p = (i, 7, k)(a,b) denotes its cyclic decomposition, and [{o1, 092,03} - -] denotes that
we can ignore the order of these components o1, 09, 03 in the permutation. Then, since it
should for example coincide the effect of the left action of (1,2,3) on the letters of o with
the effect of the right action of one of the cyclic permutations (1,2,3), (4,5,6), (¢, , k) on
the position of letters of o, we can conclude that one of the following conditions holds:
{1,2,3} = {01, 02,03},{04, 05,06}, {0:, 0;, 0 }. From this observation, we can see that there
are (2;1) ways of assigning letters for {01, 09,03}, {04,05,06}. Once we choose letters for
these positions, the remaining parts are uniquely determined by the condition o; < 05 <
-+ < o11. Thus there are 322!(2;1) suitable elements in S, /S, _a. O

To summarize:

Proposition 18 Let j be an integer in {1,2,...,l — 1}. Suppose that the cycle type of a’
is given by (p°). For each (w,a’) € S,, x Cy, we have

char Indﬁ:ﬂ” Ru(w,d’)

zZpt+e . ;
pee!( P )Chaquﬁ(Tﬂqd, if w ~ a’v for some 7 € S, _g
e =6

0, otherwise.

O

Now, by Lemma 14 and Proposition 18, (5.2) is equivalent to the following two conditions:

o QU #£0=p=AdT) (T € Sn-a),
¢ Q) =1 (* V) wir e )

First we consider the sufficient condition for a partition p satisfying

Q4(¢)) # 0.

It is known that the Green polynomials can also defined as the scalar product value of power-
sum functions and “modified”Hall-Littlewood functions as follows. Let u be a partition.
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The modified Hall-Littlewood function @),(z;q) are defined by changing the variables of
Hall-Littlewood functions Q,(x; q) from = = (x, 29, ...) to

I/(]_ - q) = (Ihqxl?q?xl? R ;Ig,qxg,QQIQ, .- ‘)7

ie.,

Qu(z;9) = Q, ( & ;q> :

lL—gq
The modified Hall-Littlewood functions {Q},(z;¢)} form the dual basis of {P,(7;q)} with
respect to the ordinary inner product of A, i.e.,

(Px(2;9),Q,,(2;9)) = O,

where (-, -) is defined by (sx, s,) = dx,, and sy is the Schur function [Mc] corresponding to
the partition A. Therefore we have

X(q) = (Qu(;9),p,)-

Let A = (1™2™2...n™n) be a partition of n. Then, with respect to the inner product of A,
it is known that the adjoint transformation of

Xpr: A — A: fr—paf

is given by
— A A
Z/\ap,\ o
ie.,
0rf.0) = (. xmg), frg €A
PxJ,9) = ; )\ap)\g7 , g ’
where

9 _ <i)ml (i)m . <i)m
dpy  \Op Ipa opn)
Our object is a partition p satisfying Qﬁ(gj) # 0, which is equivalent to
Xp() #0,

since Q1 (q) = "X 5 (¢71). The following two propositions due to Lascoux-Leclerc-Thibon
[LLT] are fundamental for our argument.

Proposition 19 Let p = (1™2™ ...n) be a partition of n, [ a positive integer, (, a
primitive root of unity. For each i =1,2,...,n, let m; =kl +r;, 0 <r; <[l —1. Then we
have

Q.(7:G) = Qu(z; Gp) H Qi (5. Q).
=1
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Proposition 20 Let pg(h,(X)) denote the plethysm [Mec, I, Section 8] of a complete sym-
metric function h,.(X) by a power-sum pi(X). Then we have

Qi (5 G) = (=1)F D pe (B (X)),
O

Let pFn be a hook, h=»M,, 1 <l <hand h=dl+r (0<r <[—1). Recall that a
is the product of d cyclic permutations

(L2,..., 0+ 1L,0142,....21)--- ((d = 1)L+ 1,...,d])).
Theorem 21 For an element w of S,, and each j =1,2,...,[ — 1, it holds that

)\(w (Cl)#O:>w~a7 TESnfdl'

Proof. Let 7 =1,2,...,1—1, and suppose that Clj is a primitive p-th root of unity. The cycle
type of @’ is A(a’) = (p®), where e = dl/p, and it suffices to show that

X;\L(w)(Cl])%():}TpZe, p:(lr12r2__.nrn).

Let p' be the subpartition consisting of the non-zero components of p divisible by p, and
p" the remanning. If we let i = p — (17¢), then we have

K@ = bna)
= (pp, Qu(X:0) (Qum(X;0)%)
= Epypy, Qu(X;q) (pp(h1))%)
= Epopr GXia) )]

= (D5, (o), QX )]

(Proposition 19)

ol

(Proposition 20)

q:Cl

q=¢/

Therefore, if Xf\‘(w)(gj) # 0, then it should hold that Dy (pyp,~) # 0. Since D (pyp,) =
sz (py)py, it immediately follows that r, > e. U

The rest of this section is devoted to the proof of

Zp, + € i ;
i(aﬂT (Cl) p 6'( pe ) l;:(T)( 1])7

for w = a’T (1 € S,_4). We begin with the following simple lemma.
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Lemma 22 Let = (n — h,1") (n —h > 1) be a hook. Let an integer [ € {2,...,1— 1} be
fixed, and suppose that h =dl +r (0 <r <l —1). Let i = (n — h,1") and v = (1%). Then
it holds that

n

w0 = @)

Proof. Recall that

i — Hit1
o-T1[ %],
: g Mi — g |y

Since p is a hook, we have

h(t) = {(h Erh;;i)(;i 1)]t N [h ' T} .
On the other hand,

byu(t) -t -t Q-t"(1 -1
ba(t)by(t) (L=t)-- (=t =) 1 —tr)(1—1)
(1—td) ... (1 —1th)
(1=t)---(1—1)

-1},

and this completes the proof. U

As in the proof of Theorem 5, expanding the product of two Hall-Littlewood functions
PP, into a linear combination of P,’s again, we have the following recursive formula for
Green polynomials:

A ( -1 -1
av\d ) b (q ) A
Qhla) = — ; - ¢ NQN(q)
ﬂ b
A — p is vertical dl-strip
1 b.(qg) @) z .
n s () —n(@) —n(v) b i v
fgy(q_l) bﬁ(q_l)by(q_l)q Z Zp(l)Zp(Q) Qp(l) (q) p(2> (Q)

pWin—dl, pPrdi
S,

-1
e
+qrdl Z

S0 2 P

2 p(1>(Q) :(2>(Q)7

where the last identity follows from Lemma 22. We prepare the following auxiliary result to
proceed our computation.
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Lemma 23 Let u= (n—h,1") (n—h > 1) be ahook, l € {2,...,h—1} fixed and h = dl+r
(0<r<l-1). Let = (n—h,1") and v = (1%). Define

A ._ ;%V(Q) bu(‘])
Cul®) = 3 (@)

for a partition A - n such that A — i is a vertical dl-strip. Then, Cﬁ‘(q) is of the form
Coq) = (1= ¢ H,(q),

where H)(q) = ¢(q)/¢(q) € Z(q) is a rational function with no factor in ¢(¢) and t(q)
divisible by 1 — ¢'.

Proof. Let Dy(f) denote the number of the factor 1 — ¢! occurring in a polynomial f € Z|q].
For a rational function g(q) = ¢(q)/v(q) € Z(q), define Di(g) = D,(¢) — D;(v). We will
show that D;(C)(q)) = 1.

Recall that ) ) ) ) ) )

A
_Vq — _ _ _ e
w4) {A’l—u’lLLé—uéL[Aé—uéL

Suppose that n — h > 2 or r < — 1. In this case, since \; — X} | <[ for all i > 2, we have

No—= M\
D, [ 2_“]):0.
( A=l

Dmsza(mjg>.

A similar argument shows that

Dy(fi(q)) = Dy <[Z:1 B g:j ) .

Moreover, by the assumption, we have

No— N 1
o[ ) -o([22] ) <o
M= B, =,

since, in the definition of the Gaussian polynomials [itgé] and [Z tgﬂ , the number of the
1 1-q 1 17 q

factor 1 — ¢! in the denominator and the numerator coincide. Again by the assumption, it is
easy to see that

Therefore, we have

Dy(b,/by) = 1.
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Thus we have D;(C(q)) =1ifn—h>2o0rr <l—1.
Let us consider the case where n —h =2 and r = [ — 1. If X # (2!, 1"2), then the same
argument shows that D;(C)(q)) = 1. If A = (2/,1""*), then we have

)\/_)\/ )\/_)\/
DI Ma)) = D <[A;_ﬂ§] >+Dl <[A2_ﬁﬂ ) —0t1-1
q q
D, {u’l—u’z} o
py =,

It is also easy to see that D;(b,/by) = 0. Hence we have D;(C})(¢)) = 1. O

and

Remark that C)(¢™") is obtained, up to a signature, by multiplying C(q) by a g-power.
Therefore, for p = A(a’v), it follows from Lemma 23 that

QU = =D Clg Hg"WTVQ)(q)
A

q=¢]

+q "y e Qﬁm(Q)QZ(z)(Q)’

SO ) 2P Zp a=¢
Zp .
= Q) ()Qhe (g ‘ -
(@ P @) p(1>( ) p(2)( )q:Czj
By Theorem 5, this equals
b/ ary (q) _
? arm)
baan(q 2 G" q) .
t )( )p(%;m Zp(1) Zp(2) e)\(ajv)(Q) ”(U( )q:d
_ baa(q) Zp b(Wﬂ)(Q)Gﬂ (q)
e)\(aj)(Q) o) p(2) Zp(1)Zp2) EX(v) (Q) Pt QZClj

oy Y g )

1)
p(1) 5(2) ZpmZp@ P 1 exw)(q) g=¢/
We remark here that:
e
Lemma 24 17 ) # A(v), then it holds that 9 0.
exw) (@)=

Proof. Note that p™M I |A(v)] and p C A(a?) U A(v). Since p™ # A(v), the multiplicity of
p in the partition p(!) is larger than that of A(v). O
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By Lemma 24, we have

e z

pe!

e “A(aiv) fi j
= pe!z - oy (&)
q:({ A(a]) )\(’U)

e %0+ € 7 ;

£ Qﬁ(l) (q) .

2 p(1) Z5(2)
p(1) p2) PP

Thus, for w ~ a’7 (1 € S,,_a), it holds that

. o z + e .
char, R, (0)] = (@) =t (7))
q:Cl €
which completes the proof of Theorem 12.

Example 25 Let p = (21?) and [ = 3(< M, = 4). By Theorem 21, if Q%(C3) # 0 for p - 6,
then p should be of the form (3) Uv or (1%) U v for some v - 3. Let us consider the case
where p = (3,2,1) (v = (2,1)). We have shown that

1 + 0 2,1
?&2,1)((3) = 311!( 1 )ng,lg(@)-

By Morris’ table, we can see that Qé 271)((’3) = 3. Also, we know that Qgg(q) is identically

1. Then the above identity holds.

If p = (3,3), then we can see that Q{5 () = (1-¢)(1=¢*)(1—¢") (1+¢%)|4=¢, = 6(1—C3)
from the table. On the other hand, we have Qgsl)(@g) = 1 — (3 by Green’s table, and the
scalar factor is 311!(1?) = 6. Thus the identity holds. 0

6 Kraskiewicz-Weyman type theorem for rectangles

In this section, we will consider the DeConcini-Procesi-Tanisaki algebra corresponding to a

rectangle, a partition of the form g = (r"). In this case, since M, = h, the dimensions

of the mod ! sums R, (k;l), k = 0,1,...,0 — 1, of the algebra R, coincide for each | =

1,2,...,h. We will consider the Kraskiewicz-Weyman type theorem for the algebra R,

that is, a representation theoretical interpretation of coincidence of dimension for the case

I = M,(= h). We consider this problem only for the case where the multiplicity & is a prime.
Let a be the following element of S,,:

B 1 - r r+1 - 2r -+« (h=1r+1 --- rh
“ = r+1 - 2r 2r+1 .-+ 3r --- 1 e

= (Lr+1,...;(h=Dr+1)2,r+2,....,(h=Dr+2)---(r,2r,... hr)

It is obvious that a” = 1. Let C} be the cyclic subgroup of S,, generated by a, and
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the Young subgroup corresponding to the partition p. Then, define a subgroup H,(h) of S,
by the semidirect product
H,(h) =S5, xC.

For each k = 0,1, ..., h—1, define a one-dimensional representation p*) of H . (h) as follows:

@(k) . H,(h) — C* : { @ C,

T+—1, fortes,
where (}, denotes a primitive h-th root of unity.

Example 26 Let us consider the case where p = (2,2,2). In this case, we have h = 3 and

our permutation a is
(1 2 3 456
““\345612)

Clearly, its cyclic decomposition is a = (1,3,5)(2,4,6) and its order 3. Let S, = Sf12) X
Ss4y X Sgs,6) be the Young subgroup corresponding to p. Then our subgroup H,(3) is by
definition the semidirect product H,(3) = S, x C3, where C3 = (a). The one-dimensional
representation p®) of H,(3) is defined by ¢®(a’) = ¢§7 for j = 0,1,2, and o™ (1) = 1 for
any 7 € Sy. O

In this section, we will prove the following theorem.
Theorem 27 For each k =0,1,...,h — 1, it holds that
~ Sn,
R, (k;h) =g, IndHM(h)go(k).
O

By the same argument as in the hook case, it can be seen that this is equivalent to show
that the following S, x Cj-isomorphism holds:

Ry, &g, x0, Indy ) 1. (6.1)

The isomorphisms in Theorem 27 are realized as correspondence of the eigenspaces with
respect to the action of a in the S,, X Cj-isomorphism.

The rest of this section is devoted to the proof of (6.1) for the case h is a prime. Let
h = p be a prime. The it can be seen that it is sufficient to show, as in the hook case, that:

1. For w € S, it holds that

Q’;(Cf)) £0=w~T - Ta, T T, €S,

2. If w € S, is conjugate to some element 71 - - - 7,0’ € H,(p), then we have

ﬁ(w)(g) =t{ocesS,/5, | woa™ =0 mod S.}.
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First, we will consider the necessary condition for w € S,, to be a support of Q’;(w)(gg).
On behavior of the Green polynomials X/(q) corresponding to a rectangle , the following
proposition due to Lascoux-Leclerc-Thibon [LLT, Theorem 3.2] is known. In this proposition,
h is not necessarily be prime.

Proposition 28 (Lascoux-Leclerc-Thibon) Let p = () be a rectangle, and ¢, a prim-
itive h-th root of unity. Then it holds that

(~)*RX 2" (G, for some i = jh,
0, otherwise.

XN () = {

It is clear from Proposition 28 that:

Corollary 29 Let u = (") be a rectangle, and ¢, a primitive h-th root of unity. Then, for
a partition p F rh, the condition X ﬁ(Ch) # 0 implies that all the non-zero components of p
are multiple of A. O

These partitions in Corollary 29 are realized as cycle types of permutations belonging to
the subgroup H,(h).

Lemma 30 For a partition p of the form p = (h*»(2h)2r - - - (rh)®rt), there exists an element
7 of Sy satisfying p = \(7a).

Proof. We can choose 7 as, for example, 7 € Si 41, (p—1)r+1} such that

.....

A7) = (19292 ... k),

Since it holds that
Qh(Cn) # 0 = X7 (Cn) # 0,

together with Corollary 29 and Lemma 30, we have an answer for our present problem.

Corollary 31 Let u = (") be a rectangle, and ¢, a primitive h-th root of unity. Then, for
p F rh, we have
Q5(CGh) # 0= p=ANw), we H,h).
O

Next we will determine the value QY (Cn) for w € H,(h). Let p = (r") be a rectangle.
If all the non-zero components of p are multiples of h, then the explicit values of the Green

polynomial X*#(q) at ¢ = (i are given as follows:
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Lemma 32 Let a partition u = (r") be rectangle. Then, for a partition
p = (h*"(2h)*" - - (rh)* ™)
whose non-zero components are all divisible by h, it holds that

X9 (G) = (=1 IR,

where [(p) denotes the length of p. In particular, the value X S‘h)(gh) does not depend upon
a particular choice of a primitive h-th root of unity.

Proof. Applying Lascoux-Leclerc-Thibon’s theorem repeatedly, we have

X/()Th)(Ch) = (_1)(hfl)(ah+2a2h+---+mrh)hah+azh+---+athg(Ch)
— (_1)T(h*1)hl(p)’

where () denotes the empty partition, and Xg (q) = 1. O

The following proposition is easily follows from (2.1).

Proposition 33 For each j =0,1,...,h — 1, we have

(") (=i :
ey ) Xp (G7), ifh>3
QP (Ch) { (_1)].71)(}92)((_1>7j)7 1fh:2
Proof.

rh i n rh —
QUIN(GkK) = WX (g .
“Sh

r - rh -
g O 1))Xﬁ(7 )(q D)

q=CZ
-Th(hfl) rh _

= (G XU
XG0, iEh>3

B { (—1)7 XS (=), ifh=2.

Especially for the case h is a prime p, we have:

Corollary 34
X(G), itp=3

(r?) = 2
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Proof. 1t holds that

QUI(G) = "MXM (g™ =X (g™

q=Cp (IZCP7

since n(p) is divisible by p. Because ¢ lis primitive and the value X (Cp) does not depend

on the choice of a primitive p-th root of unity (,, the assertion follows immediately from

Proposition 33. 0
In what follows, we assume that u = (r7) is a rectangle with prime multiplicity p.

Proposition 35 Let u = (r?) be a rectangle, whose multiplicity p is prime. Then, for each
w=m-70 € 5,0, and j =1,2,...,p—1, it holds that

QH(¢) = Qh(¢) = P17,
where p = A(w) is the cycle type of w, l(p) its length.

Proof. Since C}Z is primitive for each j = 1,2,...,p—1, it is enough to show only for the case
j=1 Letw=m---70a’ € 5,0, and p its cycle type. Note that each non-zero components
of p is divisible by p. Then it follows from Corollary 34 and Lemma 32 that

x5(¢,), if prodd
(-1 XS (-1), ifp=2
—1re Dpte) if p:odd

A
{ (1) (=1 Dpl) p=2
— pl(p).

QU(¢) = {

O

Example 36 Let u be (2%). By Corollary 31, the support p of Q%((2) is p = (2,2), (4 ) Wthh
can be seen directly from the table [Gr]. Also from the table, we see that Q{, 5 (¢) = 1— +q?

and Q/(l)(Q) =1—¢q. Thus Q’(Lm)(_ ) =4 = 2U(22), andQ4)( 1) =2 — i )) -
Our subject here is to show
Q&‘(w)(éé) ={oc Sn/Sp, | woa™¥ =0 mod Su}

for each w ~ 71 -+- 70! € S,Cp and j =1,2,...,p — 1. By Proposition 35, noting that p is
prime, it suffices to show

{0 €8,/S, | woa™' =0 mod S,} = p'*®)), (6.2)
Let S, denote the set in the left hand side of (6.2):
Sy={0c€8,/S,|woa™' =0 mod S,}.

The cyclic subgroup C), generated by a acts on the set S, from the right.
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Lemma 37 If ¢ is an element of S, then so is oa.

Proof. Let o be an element of S,,. Let 7;---1, be an element of the Young subgroup S,
satisfying woa™! = on; - - - 17,. Then we have

w(ca)a™t = wo

= gnl...npa

= oa(a”'ma)---(a" nya).
Thus we have ca € S, since a™'na € S, (1 =1,...,p). d
Let 0 = [0102 - - - 0,,] be an element of S,,. Since ¢ € 5,,/S,,, we may assume
o1 <09 < - <0,
Org1 < Opyg < -+ < Oy
Olp—1)r+1 < O(p—1)r+2 < *+* < Opp.

By Lemma 37, we may also assume that

g1 = 1.
By the condition
w[al, 09, ... >Jn]
(01,09, ..., 0n]mnz---mpa (mnz---np € Sy)
= [{0-7’—1—17 Opg2y vy 0-27‘}7 {02T+17 O 42y -+ U37‘}7 R {0-17 02y .- 70r}]7

it can be seen that the components
n
01,09,...,0, r=—-
( p)

completely determine the remaining parts of o.

Since w is assume to be an element of the form 7 - - 7,07 € S,C, (j > 1), its cycle type
is of the form

Aw) = (p™(2p)** -+ (rp)™*) = rp = n.

In this case, by Lemma 30, the element w is realized by w = na if we choose n € Sy1 2.} as
follows:
)\(77) — (1ap2a2p . rarp)‘
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Example 38 In the case of u = (5%), we have

(1 234 5 6 7 8 9 10 11 12 13 14 15
¢ = 6 78 9 10 11 12 13 14 15 1 2 3 4 5

= (1,6,11)(2,7,12)(3,8,13)(4,9,14)(5, 10, 15).
The partitions which satisfy the condition Q%((3) # 0 are
(3%),(6,3%), (6% 3), (9,3%),(9,6), (12, 3), (15).
The corresponding elements 1 € S5 for these partitions are
id, (12), (12)(34), (123), (123)(45), (1234), (12345)
respectively. O
If we choose n from these permutations, then the representatives
o=lo1,09,...,0,) € Sp/S,

satisfying the condition
woa”' =0 mod S, (6.3)

are constructed as follows. For this construction, we have seen that it is enough to determine
the first r letters oq,...,0, of 0. If we rewrite the cycle type of n as

)\(7]) — (10‘?20‘2;7 A To‘w)

= (V17V27“‘7VS)7 I/IZVQZ“‘ZVS>O7

then we have
A(U}) = (pyl,pVQ, s 7pys)'

Let
w= (v1,V9,..., V)
(Upyl-f—l? Upy+25 -+ + 5 Upu1+pug)
(vpl/1+'-'+pl/571+17 s 7Upl/1+~~~+pl/s)v

where v1 = 1,01 < Upp41 <+ * < Uppy4etprs_1 41, D€ the corresponding cyclic decomposition
of w. By the assumption oy = 1 and (6.3), it follows that

0'1:1,02:2,...,O'V1:V1.
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Therefore, it is enough to enumerate the remaining [(p) — 1 blocks

Ovi41,001425  + + 5 Ovgtun,
Ovi4va+1s Ovva+25 - - -5 Ovytuotuss
Ovitvatetvs_1+1y - - s Oviduptodus-
For example, in the case of 0, 11, 00,12, - - -, Oy 41y, (6.3) implies that there are p such possible
choices
(UV1+17 Opi+25 - -+ UV1+V2) = (U,,1+V2+1, Uyi+va+1+ps UV1+V2+1+2p,...)7

(UV1 +vo+2) Uvi+va+2+p) Uvi+va+2+2p,... ) )

(UV1 +vo+ps Vvi+va+pt+ps Vvy+va+p+2p, ... ) ’

and each of these are available. The same enumeration can be done for other blocks, and
there are exactly p ways for each. Since these choice of the blocks are mutually independent,
there are p'®)~! ways in total for assigning letters 1,2,..., |A(n)| to 01,02, ..., 0@

Now we have enumerated the representatives modulo the right action of the cyclic sub-

group C,. Thus there are

pl (p)

elements in S,,/S,, satisfying (6.3) in total, which completes the proof of Theorem 27.
Example 39 Let n =15 and p = (5%). If we consider the case
p=1(6,6,3),

then we can take
n=(12)(34)
for the element of Sy 2345 satisfying

A(na) = (6,6, 3).

Remark that
w=mna=(1,6,11,2,7,12)(3,8,13,4,9, 14)(5, 10, 15).

Now we are going to enumerate the representatives

o =101,00,...,015] € 515/5(53), oy =1,
satisfying
w[O'l,O'Q,...,(715] = [0'1,0'2,...,(715]’&& (UGS(53))
= [{067077"'7010},{01170—127-"7015},{0—17027'”70—5}]-
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For example, it is easy to see that o = [1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15] is an appro-
priate representative, since we have

{woi,wos, ..., wos} =46,7,8,9,10} = {0¢,07,...,010},
{11](76,/11]0'7, e ,walo} = {11, 12, 13, 14, 15} = {0'11, 012,y -+ ., 0'15},

{wo,wog, ..., wos} ={1,2,3,4,5} = {01,09,...,05}.
Thanks to the right action of C5, we only have to determine
01,09,03,04, T5.
The condition satisfied by ¢ allows us to choice

{Ula 02}7 {‘73’ 04}7 {05}

independently. By the assumption o1 = 1, 05 is uniquely determined by o, = 2, since the
pair (o1, 09) should have the order 3 as a set under the action of w, i.e, it should satisfy

’LU3{01,0'2} = {0'1, 02}, ’LUi{Ul,O'Q} 7é {01,0'2} (Z = 1,2)

Similarly, since (03, 04) has the order 3 as a set under the action of w, the pair (o3, 04) should
be chosen from the following three pairs

(03,04) = (3,4),(8,9), (13, 14),

and each of these are available. The same argument shows that there are three ways of
choice for o5. 05 should be chosen from 5, 10, 15, and each of these are available. Thus there

are 32 = 316631 ways of choice modulo the right action of C5. Hence there 3% = 316:63)
suitable elements in S,,/5,. O
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