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EXPONENTIAL DECAY OF SOLUTIONS TO NONLINEAR ELLIPTIC
EQUATIONS WITH POTENTIALS

REIKA FUKUIZUMI AND TOHRU OZAWA
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Hokkaido University, Sapporo 060-0810, Japan

Dedicated to Professor Jun Uchiyama on the occasion of his sixtieth birthday

ABSTRACT. Exponential decay estimates are obtained for complex-valued solutions to non-
linear elliptic equations in R™, where the linear term is given by Schrodinger operators
H = —A + V with nonnegative potentials V' and the nonlinear term is given by a single
power with subcritical Sobolev exponent in the attractive case. We descrive specific rates
of decay in terms of V', some of which are shown to be optimal. Moreover, our estimates
provide a unified understanding of two distinct cases in the available literature, namely, the

vanishing potential case V = 0 and the harmonic potential case V (z) = |z/|?.

1. INTRODUCTION

In this paper we study the asymptotic behavior at infinity of solutions to the elliptic

equations of the form
—Au+ Vu+ wu = [ulPu, (1.1)

where u is a complex-valued function on R", V is a given nonnegative function on R",
A is the Laplacian in R", w € R, p > 1, and n > 1. The purpose in this paper is to
present exponential decay of solutions to (1.1) with specific rate given in terms of the linear
potential V. We describe the exponential decay by means of L? and H'! estimates, local L?
estimates, and pointwise estimates. In the special case where V(z) = |x|® with § > 0, the
rate of exponential decay is shown to be optimal by lower bound estimates due to Uchiyama
[36, 37]. Moreover, the rate reduces to the two well-known results of the kind, namely, the
vanishing potential case V' = 0 [3] and the harmonic potential case V(z) = |z|* [11, 12, 15],
so that it gives a unified understanding how potentials come into play in the phenomena of
exponential decay of solutions. We note here that the method in [3] for V' = 0 is applicable to
complex-valued solutions, while the resulting exponential decay is of order O(e‘cm) which
is not always optimal. It has been known only by ODE methods and the maximal priciple
in [11, 12, 15] that Gaussian decay O(e~ ) is proved for positive, radial solutions to (1.1)
with V(z) = |z|*>. Equations of the form (1.1) with V' = 0 have been extensively studied (see
for instance [2, 19, 20, 21, 33]), while there arises a new interest in (1.1) with V(x) = |z|?



(11, 12, 14, 15, 26]. Equations of the form (1.1) are of special interest in connection with

standing waves for nonlinear Schrédinger equations in the attractive case
10w + Av — Vo = —|v[P~ 1y, (1.2)

where v is a complex-valued function in space-time R"*!. We call v a standing wave for
(1.2) if v(t,z) = e“'u(z) and u solves (1.1). We refer the reader to [3, 13, 22] for general
studies on the Cauchy problem for (1.2) and to [1, 4, 9, 30, 31, 38, 39] (when V = 0),
[5,6,7,8,9, 16, 23, 27, 40, 41] (when V # 0) for stability and instability results on standing
waves for (1.1).

To state our main results precisely, we introduce notation and conventions. We consider
solutions of (1.1) in the space ¥ = {u € H' ; V/2u € L?} equipped with scalar product

(u,v)g:/Vu-Vv—i—/uv—l—/Vuv.

We denote by 2* the Sobolev critical exponent defined as 2* = 2n/(n — 2) for n > 3 and
2* = oo for n < 2. For p with 1 < p < 2* — 1 solutions in ¥ make sense if both sides of (1.1)
are considered in the dual space ¥'. ¥ is a natural space where functionals such as

1 1
Blu) = 5 [(Val +VieP) = — [ luP™,

_ 1 2 oy 1 pt1 ﬂ/ 2
Sw = 5 Vel +VIaP) = = [+ 5 [1u

are well-defined. The above functionals play an important role in variational methods for
(1.1), especially for the existence of solutions of (1.1). We refer the reader to [2, 5, 15, 20,
21, 26, 34| for instance and do not go into details for the existence here.

We regard the elliptic differential operator —A + V in (1.1) as a Schrédinger operator
H = —A +V in L? and, more generally, in L? with 1 < ¢ < oo and as a bounded operator
from ¥ to ', etc. We use the same notation H = —A+V indiscriminately when this causes
no confusion. Here the Schrodinger operator H = —A + V' in L9 is understood to be the
operator sum with domain D(H) = {u € W? ; Vu € L7} and V to be the multuplication
operator by a nonnegative function V' € L} . We refer to [24, 25, 29] for L9 theories for the
Schrodinger operators.

We now introduce the main assumptions on V. Throughout the paper we fix € as an

arbitrarily small constant with 0 < e < 1.

(V1) For any ¢ with 1 < g < oo, H forms a maximal accretive operator in L.
(V1) There exists ¢ with n < ¢ < oo such that distributional derivatives 0;V, 1 < j < n,
satisfy the estimate
10;V)ullg < Cllullwz + Cl[Vull,

for all u € I/Vq2 with Vu € L9,



(V2) There exists a nonnegative function ¢ € C'(R™ \ {0}, R) such that
41— )’V > |[V¢|* on R™\ {0}.

(V3)
eliminf V(z) +w > 0.

|x|—o00

A Dbasic regularity result is given by:

Theorem 1. Let V satisfy (V1). Let uw € ¥ solve (1.1) with 1 < p < 2* —1. Then :
Hue () W2nc.

2<g<o0
(2) For any multi-index o with |« <1,

u(x) -0 as |z| — oo.
(3) If in addition V satisfies (V1) then u € C? and for any multi-index o with |o| = 2,
0%u(x) -0 as |z| = oo.
Remark 1.1. Assumption (V1) ensures the existence of bounded inverse (H +1)~! in L¢
for any ¢ with 1 < ¢ < oo. By the definition of H in L9, D(H) = D(—A) N D(V), where
D(=A) = W} and D(V) = {u € L7 ; Vu € L?}. Since H and —A are closed in L? with

D(H) C D(—A), it follows from the closed graph theorem that there exists a constant C
such that

[Aully < ClI(H + Lull,
for all w € D(H). Here C' may depend on ¢. A sufficient condition for (V1) is given by

IVV| <aV +b

with a,b > 0 [24]. For V(z) = |#|° with § > 0, the condition holds if § > 1. Another
sufficient condition for (V1) is given by V' € B, for n > 3 [17, 32], namely, V' € L satisfies

loc
the estimate

C
Vlges) £ 7= V
Wlimo < 7 [ IV
for every ball B C R™. Therefore V(z) = |z|? with § > 0 satisfies (V1) for n > 3.

Remark 1.2. (V1) is satisfied for V(x) = |z|? with § > 0. Indeed, if § > 1, we use the
inequality

el ully < [l el llully”®

and if 6 < 1, we use the inequality

2" ully < ClI(=2)T2ully < CllAull{ = |Jull{
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where n < ¢ < n/(1— @), see [10]. The condition ¢ > n in (V1) is required for the control
of L*° norm by means of first derivatives in the Sobolev embedding.

Exponential decay estimates on the basis of L?, LP*!, H'! spaces are given by:

Theorem 2. Let V' satisfy (V'1),(V2),(V3) and let w and p as in Theorem 1. Then,
e?(|Vul® + V|ul® + |ul* + [u|P™) € L' and u satifies the inequalities

a/emvuﬁ V) +w/ev|uy2

< /ew|u’p+1

<(2—¢) /69”(\Vu|2 + Vul?) + w/e‘”|u\2.
As a corollary, we have local exponential decay estimates:

Corollary 1.1. Under the same assumptions as in Theorem 2,

lim e?+(®) lul* =0,
R—o0
R<|z|<R+1

where p.(R) = inf o(z).
|z|>R

Remark 1.3. labelrem3 In the case where V is radial and continuous, ¢ is given by

= _

ﬂ@=2ﬂ—@/‘V@WW@

0
where V is a continuous, nonnegative function on [0, 00) satisfying V(|z|) = V() for all
r € R". With this choice the inequality is realized as the equality |V¢|? = 4(1 — ¢)?V. In
particular, for V(z) = |z|? with § > 0, ¢ is given by o(z) = (4(1 —¢)/(2 + 0))|z|* /2.
Remark 1.4. (V3) is redundant if liminf V(z) = oo or w > 0. In the case V = 0, (V3)

|z|—o00
reduces to the same assumption w > 0 as (8.1.5) in [3] that excludes the nonexistence of

nontrivial solutions.

Remark 1.5. For V(z) = |z|? with § > 1 or with § > 0 for n > 3, the corollary above

implies that
- 4(1—¢) 146/2 2 _
fﬁaﬁpfziﬁ*{ /‘ ul? =0,

R<|z|<R+1
which is optimal for # > 0 in the sense that for any ¢ > 0

4(1
im exp <MR1+9/2) / |u? = .

1
R—o0 240
R<|z|<R+1



See Example 5.1 of Uchiyama [37], where we apply ¢1(x) = |2]° + w, q(x) = —|u|P~!, B =
(24 6)/2, p* =2/(2+ 0) in the notation of [37]. We note that go(z) = o(1) as |z| — oo by

Theorem 1.

For pointwise exponential decay estimates, we introduce an assumption on the potential
in terms of ¢ in (V2).

(V4) For any d,a > 0 there exists Cs > 0 such that

p(x) < (1+0)p(y) + Cs

for any x € R" and all y € B(x;a) ={y ; |z —y| < a}.

The assumption (V4) regulates a local growth behavior by means of the uniform rate 149.
In the case V(x) = |z|? with § > 0, (V4) is satisfied.

Theorem 3. LetV satisfy (V1),(V2),(V3),(V4). Letu € ¥ solve (1.1) with 1 < p < 2*—1.
Then for any 6 >0
sup exp((z)/(1+06)(n + 2))|u(z)| < cc.

z€eR™

Remark 1.6. For V =0, Theorem 3 reduces to Theorem 8.1.1 in Cazenave [3]. As for the

pointwise decay in the case where V(z) = |x|?, we refer the reader to [11, 12].

We prove Theorems 1, 2, and 3 in Sections 2, 3, and 4, respectively. Although the method
of proof below is standard, several improvements are made to take the effect of potentials into
account (compare with [3]). For completeness, we repeat some of the standard arguments
besides new ingredients. We finally note that all the statements above and the arguments
below are still valid for more general nonlinearities of the form A|u[P~'u with A € C, and
that the method in this paper provides an improvement of the result by Kurth [18] which
showed the exponentially fast decay of nonlinear modes for a nonlocal nonlinear Schrodinger

equation related to dispersion-managed solutions.

2. PROOF OF THEOREM 1
Let u € ¥ solve (1.1). We write the equation in ¥’ as
(H+1u=(1—wu+ |ufftu. (2.1)
By the Sobolev embedding, u € LP*! and therefore |u|P~tu € LPTV/P. We rewrite (2.1) as
u=(1-w)(H+1) " u+(H+1) " ufu, (2.2)

where, by (V1) the first and second terms on the RHS make sense in LP*' N L? and in
L@+tD/P yespectively.



For j > 1, we define r;, ¢; as
1 1 27 1 - 2
- = - _ja - = _6p] + )
i p+tl nog n(p—1)
where
2 1
np—1) p+1
We note here that 6 >0, 1/r;41 = 1/r; —2/n, 1/q;+1 = p/q; —2/n, 1/q; > 1/r; and that
1/q; and 1/r; are decreasing and tend to —oo as j — oo.

(5:

We claim that w € L' 4+ L% for any j with 1/r;,1/¢; > 0. By the Sobolev embedding and
Remark 1.1, we have

(H+1) " ue Ll and (H4+1)|ufftuec L

for any 7 and ¢ with 1/(p+1) > 1/r > 1/(p+1)—=2/nand p/(p+1) > 1/q¢ > p/(p+1)—2/n.
The claim for j = 1 follows from (2.2). We assume that v € L™~ + L% for some j > 2
and prove that v € L' 4+ L%. By assumption, the Sobolev enbedding and Remark 1.1, we
have

(H+ 1) 'wel + L7

for any r and 7 with 1/r;,_y > 1/r > 1/r;_y —2/n and 1/¢;—1 > 1/7 > 1/q;—1 — 2/n. Then
we may choose r = r; and 7 = ¢; since 1/¢;_1 > 1/q; > 1/q;—1 — 2/n. Since |ulP™tu €
L7i-1/P 4 [%-1/P in the same way as above,

(H+ 1) Hufflue LT+ LT
for any ¢ and ¢ with p/r;_y > 1/q¢ > p/rj—1 —2/n and p/q;—1 > 1/G > p/qj—1 — 2/n. Then
we may choose ¢ and ¢ as 1/¢ = p/rj_1 —2/n and 1/§ = p/qj—1 — 2/n = 1/¢; so that
1/g; =1/G > 1/q > 1/r;. The claim for j follows from (2.2).

Repeating a similar argument, we see that

we L"+ L9

for any r and ¢ sufficiently large. This implies that
u € m LY.
2<g<oc0

Part (1) then follows from (2.2), Remark 1.1, and the Sobolev embedding W7 c C* for
q > n. Moreover, Vu € L*> and therefore u is globally Lipschitz continuous. Since v € H1,
Part (2) holds. For Part (3), we take the distributional derivatives of (1.1) to have

(H +1)0ju = —(0;V)u+ (1 — w)oju + 0;(|ulP~u). (2.3)

By Part (1), the terms on the RHS of (2.3) belong to L7, where ¢ > n is as in (V1)".
Therefore, by (2.3) and Remark 1.1, we have d;u € W2 C C*'"/4. This proves Part (3).
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3. PROOF OF THEOREM 2

Let ¢ = expy and let (,, = exp(my/(m + ¢)) for m > 1. Taking the real part of the

scalar product of (1.1) with (,,u, we obtain

/V Cmtt) - Vu+/CmV|u|2+w/(m|u|2 /g |u|Pt. (3.1)

The first term on the RHS of (3.1) is equal to

/Cm]Vu]2+Re/Cm ~uVa,

where the second term is estimated as
v
Re/Cmm—SO2 ~uVa| < /Cm\V<pHu||Vu|
(m+¢)
<(1-¢) /Cm]Vu|2 +
Combining these estimates with (3.1) and applying (V2), we obtain

¢ / GV + V]ul?) + / Gl

< /Cm|u|p+1

<(2- 5)/{,71(|Vu|2 + V|ul?) +w/(m|u|2. (3.2)

Veol*ful”.

We now distinguish between two cases : (1) w > 0. (2) w <0.

(1) The case w > 0. By Theorem 1 (2), there exists R > 0 such that |u(z)[P™! < w/2
for all x with |x| > R. By (3.2) we obtain

e [ autval + Vi) + 5 [t < [ clupt, (3.3)

|z|<R

where we have used the inequality (,, < (. Since the RHS of (3.3) is finite and independent
of m, Fatou’s lemma implies that ((|Vu|* + V|ul? + |u|?) € L' and

e feavap+viepy+ 5 [aup< [ cupt,

|lz|<R

which together with (3.2) in turn implies that (|u[P™* € L!. By the monotone convergence
theorem, (3.2) holds with (,, replaced by (.

(2) The case w < 0. By (V3), there exist n, R’ > 0 such that eV (z) + w > 7 for all x
with |x| > R’. By Theorem 1 (2), there exists R > 0 such that |u(z)[P~! < /2 for all z with

7



|z| > R. We estimate the quadratic part with respect to u in (3.2) from below as

 [aviul s o [ Gl

= /+/ eV + w)Gmlul?

|t|<R'  |z|>R’

> /(5V+w)(m\u]2+7} / G |u?.

lz|<R! |z|>R!
The middle term in (3.2) is bounded as
Jotert< [ Gl a2 [ G
|z|<R |z|>R

By (3.2), (3.4) and (3.5) we obtain

[Vt +n [ Gl =7 [ GuluP

|z|>R’ |z|>R
< / Con P — /(SV—i-oJ)Cm]u\z.
|z|<R || <R/

If R > R, then (3.6) yields

c [aval+ 2 [ Gl

\x|>R’

< [ G [ alrt— [ v ewpa

R<|z|<R’ |z|<R |z| <R/
If R> R/, then (3.6) yields

 [alval+ 2 [ Gl

|;B|>R

R R C

R'<|e|<R le|<R jel<R/

Taking both (3.7) and (3.8) into account, we have

e[+ d [t < (B-w) [ cuPs [

o] <max(R,R) lo|<R

(3.4)

(3.5)

(3.6)

(3.8)

(3.9)



By Fatou’s lemma, ¢(|Vu|? + |u|?) € L'. By the first inequality in (3.2),

[ Vi

<o [ GaluP + [ Galup

<(f-0) feul+ [ curr.

jz|<R

Similarly, we have (V' |u|> € L'. By the second inequality in (3.2) we have (|u[P™ € L! since,
by the monotonone convergence theorem, the RHS of the second inequality in (3.2) holds
with (,, replaced by (. This proves Theorem 2.

4. PROOF OF THEOREM 3

By the Sobolev embedding qu — L for ¢ > n and Theorem 1, Vu € L*®. Let L =
|IVu||oo + 1 with n > 0. For any x € R™ we define

B(x) = Bz ; |u(x)|/2L) ={y € R"; |z —y[ < [u(z)|/2L}.
For any y € B(z), we obtain

() < (Ju(y)] + Ll - y])?
< 2fu(y)|* + 2L%|z — y|?

< 2u(w)? + Slu(a)]

and therefore
lu(z)” < 4lu(y)l*.

Integrating the above inequality with respect to y over B(x), we have

e (M) o <4 [ Ity

2L

This implies, with a = ||u||s /2L,

e (20 P < 22w (L) [ exptetulutnPay
Bl(z)

4(2L)" C; )
< Y
= T eXp(1+5>/€ [l

IN

as was to be shown.



5. DISCUSSION

As we mentioned in the end of Introduction, the method above provides the Gaussian

decay for the solutions of

—Upy +2?u+wu—Fu)=0, z€R, weR, (5.1)

/ 51 <ﬁ|5(z)u!25(z)u> d

with S(2) := U(R®(2)). Here, U(z) denotes the group generated by the harmonic oscillator,

T(z) is a characteristic pulse width and Rf(2) is the effective residual dispersion (for details,

where

see [18]). This problem is related to dispersion managed solitons (see, e.g., [18, 28, 35]). Our
method, particularly the way of proof of Theorem 2 is applicable to the equation (5.1) since
the effect of coefficient to the quadratic factor in the functional associated with the nonlocal
nonlinearity F'(u) is small far away from the origin as in the case of |u[P~'u. This improves

the result in [18] concerning the exponential decay of solutions of (5.1).
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