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GLOBAL ESTIMATES OF MAXIMAL OPERATORS
GENERATED BY DISPERSIVE EQUATIONS

YONGGEUN CHO AND YONGSUN SHIM

ABSTRACT. Let Tf(z,t) = e*™ (D) f be the solution of of the general
dispersive equation with the phase function ¢ and initial data f in the
Schwartz class. In case that the phase ¢ has a suitable growth rate at the
infinity and the origin and f is a finite linear combination of radial and
spherical harmonic functions, we have global L? estimates of maximal
operator defined by taking the supremum w.r.t. t. In particular, we
obtain a global estimate at the end point left open.

1. INTRODUCTION

The general dispersive equation is defined by
iu(z) = —2m¢(D)u(z), on R"xR, u(z,0) = f(z) € SR")(n > 3),

where D = %V and ¢ is a smooth phase function . The solution of this

equation can be formulated formally by

o~

(1.1) u(@,t) = Tf(w.1) = / O F(g) de,

where f(f) = [e2™@< f(x) dz. From the formulation, we define maximal
operators defined by

T"f(x) := sup [Tf(x,t)], T f(x):=sup|Tf(z,1).
—1<t<1 teR

In this paper we are mainly concerned with a mapping property of 7™*

defined with the various phase function, whose typical model is [£|*(a # 0),
from Sobolev space to LP such that

(1.2) T fllze or NI fllze < Cll x5,
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2 YONGGEUN CHO AND YONGSUN SHIM

where X* is denoted by H® and H*. Here the Sobolev spaces are defined by
the norms:

i = ([ reP0r )" 1 = ( [0s iR e)

To control the global estimate of maximal operator T* or T™*, it seems
inevitable to assume the growth rate and regularity of the phase function.
Therefore we impose the following assumption on the phase ¢.

A. Let ¢ be a radial function such that for some a € R (# 0,1), ¢ €
C%(R™ \ {0}) and there exist positive constants c1, co such that

c1l€*™F < [oM(©)] < eol€]*™* (k=0,1,2), in R™\{0}.

The maximal inequality (1.2) is motivated from the well-known pointwise
convergence problem: lim; ,ou(x,t) = f(z) ae. =z, for f € Hi(R"),
during the three decades, the local and global LP estimate of the maximal
operators have been studied by many authors [2, 3,4, 5, 7,9, 16] and [17] etc.
P. Sjélin [13] and L. Vega[17] obtained the strong necessary condition (s > 1)
on the pointwise convergence problem. In particular, P. Sjélin showed that
the maximal operator T** cannot have the global L? boundedness (see[10]),
and that || f|| 2 < C||f||ms holds for s > ¢ and fails for s < § (a > 1) (see
[13]). But if the data f is a finite linear combination of radial and spherical
harmonic functions, then we prove that the inequality (1.2) holds for s = %
and § with suitable weight.

Now we state our main results.

Theorem 1.1. Let fo € C°(R) and Yy, be a spherical harmonic function of
order k > 0. If f(x) = |o[* fo(lz) Y ('),
s Yl o (sn— n
(1) then [|T* fl|t» < Crypa==2||f|l 5. holds fors € [,3), p = 72

HLQ(STL,l) n—2s
and 0 < a # 1, where Cj, = O((n + 2k)"*2) as k — oo.
(2) then ||[T* f||r2 < Cil|f||ms holds for any s > § and 0 < a # 1.
(3) then ||T" f[L2(ja|-< do) < C=,kllfl ;4 holds for any a > 1 and € > 0.

. Vil o (sm
(4) then [|T* Fll o1t a) - de) < CrTyrn— || f]| 7 holds for 0 < a <

||Yk||L2(Sn71)

1 . 4n(l—a)
1,%<5<1,p—2n(

Tll—ayFa—ts ¢ndb=sp—n(3—1).

We obtain optimal global estimates except for the end point (s,p) =
($,2) (0 < a < 1) which was studied by B. G. Walther [18]. These are
obtained by using a bound of one dimensional oscillatory integral of the
form [ e2mi(te(€)+28) |€|=5 d¢. Many authors referred in this paper have tried
to handle such an integral and obtained various bounds according to the
value of growth rate a of ¢ (i.e. a > 1 or a < 1). Here, we provide that
the integral is bounded by C|z|~(1=%) for any a # 1 and the constant C' is
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independent of ¢ (see Lemma 2.3). Thanks to the time independency of the
integral, the proof of main results are much more simplified.

S. Wang [19] showed that if p > 2, then there exist fy and Y} such that
it f(2) = [al* folla)Yi (@), then limg e | fll10s)/IIf1], 3, = o0 for any
ball B. Thus it will be interesting to prove a local LP estimate of T f holds
uniformly on k for some p € [1, 2]. For the more general initial data f, by
using a bilinear estimate, T. Tao in [16] showed that the global estimate for

2(n+3)

T holds for p > = =5 and s > n(% — %), if the phase ¢ is an elliptic type.

As another global estimates, there are several results about the weighted

estimates for s > % For these results, one can refer [5, 17, 18]. But it

remains still open question whether even a local estimate of T holds for

1
s=7.

If not specified, throughout this paper, C' denotes by a generic constant
that depends on ¢, ¢z, a,s,n. We use the notation A < B and A ~ B to
denote |A| < CB and C~!'B < |A| < CB respectively.

2. PRELIMINARY LEMMAS
We begin with the weighted inequality for the Fourier transform.

Lemma 2.1 (see [8]). If1<¢<2 0<a<3, 0< o < % and aq =
o+ % — L then the following inequality holds

(f |£|—2“|f<£>|2d§)és (f |f<x>|q|x|a1qu>?

Now we introduce some estimates of oscillatory integrals. Let us first
state a stationary phase lemma which can be found in [7] etc..

Lemma 2.2. Let ¢ be a monotone function and I = ff e E)a)(€) de. Then
if |%§| >A>0in o, (] and i—? is monotone, |I| < CA~! sup [¢(€)|, and if

[a, ]

%| > AX>0, then |I| < CA™2 sup [(€)|. The constant C' doesn’t depend
[a,3]
on o, B, \, ¢ and .

Utilizing the lemma above, we get the following lemma.

Lemma 2.3. Suppose ¢ satisfies the assumption A for 0 < a # 1. Let
A, B, s be the real numbers such that A, B # 0, % < s < 1. Consider the
following integral:

I / (2Wi(AD(E)HBE) ¢~ g
¢cR

Then |I| < C(a,s,c1,c) |B|~0—9).
C(1_g)_ a(1=2s)
Fo<a<1,%<s<land|A <2, thenT S |B|-(=94 B9 200 .
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Proof of Lemma 2.3. (Case a > 1)  Without loss of generality, we may
assume that A > 0 and B > 0. Let D = A%' Then by the change of
variable, we have

I— A_1;S /627ri(A¢(Aé£)+D§)|§’—s dg :/ +/ =T +I_|_
£<0 £>0

We have only to consider I and we denote it I again.
Now we first consider the case when ¢’ > 0. Observe that

E = (Ap(A™a€) + D) > c16°' + D.

Let M be a large positive number depending only on a, s,c1,cs. If D < M,

then
1 00
[=A""% (/ +/ >:11+12
0 1

For I, by direct integration, we have |I1| < A < B~(=9) For Iy,
since E 2 1, by the first part of (2.2), we have |I5] < AT < B=(1=9),
If D > M, then since £ > D, by the first part of Lemma 2.2, we have
|5 < A D1 < AaB71 < B~(1=%) TFor I, using the change of variable,
we have

D
I :AJ;SD_Q_S)/ 627rz'(A¢(D—1A7%£)+£)§—sd§‘
0

Thus I; = fol —l—le = I11 + L1 2. By the integration, |I1 1| < B~(1=%) For
I, 2, since (A(Z)(D’lA_%f) + &)’ > 1, from the first part of Lemma 2.2, we
have |11 o] < B~(=%) and hence |I;| < B~(179).

Now we consider the case when ¢’ < 0. We observe that

" 4D < B = (AQ(A726) + DEY < —er" 4 D,

If D < M, then we split I into two parts as follows:

(M)ﬁ 00
1—s c9
I:Aa/ +/ | =L+
0 (BheT

—s

For I5, we have by direct integration |I3| < A" < B~(=%) For I,

since E < —¢1€% 1+ D < —1, by the first part of Lemma 2.2, we get
1—s

I;) S A== < B(=9) If D > M, then we split I into four parts as

follows:

[=A""% /1+/(232)ﬁ+/(z£);1+/00
(2.1) o N1 2yt JeEpya

=15+ Ig+ Iy + Ig.
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For I5, we use the change of variable so that

1—s D . 1 _1
5 (1) / (2TAGD AR =5 g
0

We split I5 into two part: < D™ <f0 +f1 ) = I51 + I5p.
For I5; and I52, using the direct integration and the first part of Lemma
2.2 respectively, we have |I5 1| + |[I5 2| < D019 — B=(1-9)_ For [,
since E > D > D'~* using the first part of Lemma 2.2, we have |Ig| <
L= p—(1-s) — g—(1-s)
To estimate I7, we use the second derivative |E'| ~ £972 ~ D4=1. Then

from the second part of Lemma 2.2, we obtain

a—242s

|I7|<A_TD 2(“ 1)D T — a D 2(a—1) |

Since @ > 1 and s > 1, we have |I7| < ' p~(1-9) = p—(1-9), Finally,
we estimate Ig. Since E > D > D75 by the first part of Lemma 2.2, we
have |Is| < A=« D~(=9)p~a1 < p=(1=9),

(Case a < 1) We first consider the case % < s < 1. We may assume
A,B>0. Let D = %. Then by the change of variable, we write

0o 0
Bl-s1— /62wi(A¢(§)+£)|§,Sd§ = / +/ =1 +1.
0 —00

As in the previous case (a > 1), we only consider I, and denote it by I
again.

In case that ¢’ > 0, we have £ = (Aqﬁ(%) +€) > c1DE 41> 1 for all
€ > 0. We divide I into two parts: I = fol + J°. For the first integral, we
just integrate and for the second one, we use the first part of Lemma 2.2.

Then we can see |I| < 1.
Now we consider the case when ¢’ < 0. Then we can observe that

—DE 1< E < —eDE 41,

1
If coD < 2, then we divide I into two parts: I = fo - —|—f =1 +1s.

By the integration, we get |I;] < 1. And since ¢;D < 2 and hence E =1,
by the first part of Lemma 2.2, we have |I5| < 1.
If c1D > 2, then we divide [ into four parts:
1

() (55,5)" " >
I= 2)$ + (1 )L:I3+I4+I5+I6'
—)a—1 _)a—1
,1D

2co D

~ ~ a—2 ~ 1
For I3, by the integration, |I3| < 1. For |I5|, since |E'| ~ DD a-1 = Da-1
~ 2s5—1
and s > 3, by the second part of Lemma 2.2, we have |I5| < D21 < 1.
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And since E < —1 on [1,(62ﬁ)ﬁ] and £ > 1 on [(= )all o0), we also
1

2¢aD

have |I4‘ |[6‘ < 1

If 2 <D < =, choose a large number M depending only on ¢, ¢z, and
d1V1de I as follows. I = fo —i—fM. Then as the estimate of I1 and I, we
can obtain |I| < 1.

If0<a<land$ <s < 3,
treat every integral by the same method as above. For I, since |E'| ~
DD = Dﬁ |A] <2 and s < %, by the second part of Lemma 2.2, we

175

a(1=2s)
have |I5| < B 2(-4) . This completes the proof of lemma. O

then except for the integral I5, we can

Lemma 2.4. Let § be a positive number and o, B be the real number with
0<|al <1,8#0. Let ¢ be a C(R) function with the support away from
the orgin. Consider the oscillatory integral

Is(a, B) = 6 / 2B HIBE) () e

where ¢ satisfies the assumption A. If6 > 1 and 0 < a # 1, then [ |Is(c, 8)|dB <
C’aé%. The constant C, doesn’t depend on «.

Proof of Lemma 2.4. If §|5] > C,0%« and 6|(| > 1, then by the integration
by part, we have

(2.2) 1I5] < C(a, p)o(1+4]8))~"
for any positive number p. By the seconde part of Lemma 2.2, we have
(2.3) I5] < C.6(8]a])"2 and |Is] < C.

We divide the integral [ |Is5|dJ into four part as follows.

s = [+ . / sf o=
/ sipl<t JLSOIBI<Cad 3B = 1, 58|>Cabe

5181 < Cad®la] ¥ Cad®|al < |B] < Cas®

"M%

=1

Now we estimate each term. At first, by the second part of (2.3), II} <
C66~' = C. For II, using the first part of (2.3),

I < Cod (5°lal) a5 < Cuot [ 1B 3dB < Cuot.
1B1<Cada=1al |B1<Casat

Using (2.2) with p=1— for II3, we have

2+2a

I3 < C 8" 18]7HdB < Cp6t—m0+a) — ¢ 6%

48| > 1,
Cad®|al <|B| < Cad®
Finally, for II4, using (2.2) with large p, we have

I, < C’(a,,u)él_“/ |8|71dB < C(a, )64 < C,6%.
|B|>Cq621
This completes the proof of lemma. O
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3. PROOF oF THEOREM 1.1

3.1. Proof of (1). Using Fourier transform of the radial function and spher-
ical harmonic function (see [15]),

)

F(6) = canlel " ®le V(e /‘h oo 2l

where v(k) = "+2k_2 and ’an\ < C. Let Go(p) = p* nT_lgo( ) and go(p) =

p (k) Io folr (k) (2mrp)r 2 * dr. We define an auxiliary operator Tr by
i(x- Y d
Trf(z,t) = /e%( £+t¢(§))f(€)|£fs'

Then using Fourier transform of the spherical harmonic function again, it
can be written as:

TRf(m,t) _ Cn7k/€27ri(:v-£+t¢(§))§|kYk( )90(|€|) |€|S

= Cnjk /0 R ) ( /S Y dg’) dp
oo ) . -
= Cok /0 2T iep) phtn=1=5 g0 () (rp) =T I,y (27rp) dp Y (—2')

:%w"f/ 20 375Gy (p) T, 1y (277 p) dp Yio(—a')
0
= cn 1 ToxGo(r, 1) Yi(—2").

n—1
Then we have [[TE"f[|z < Cl[T;7.Go()r 7 || Lo l[Yl| Lo (sn-1)-
Suppose we prove that

T n-l n=1
3.1 NT3iGo()r 7 llre < AxllGolle,  [1Gollee < Billr® fo()r= || 2,

where |Ag|, |Bx| < C(n + 2kr) . Then we have

Y]l r(sn-1)

% n—1
T3 flle < Crllr® fo()r ™= || 2| Yl Lo (sn-1) = Ci Y.
Ykl L2(sn-1)

2|1 £11-

This proves the theorem.
Now we first prove that HGoHLz < By |r* fo(- )r%\|L2. If we recall the
definition of Go, then since Go(p) = [;° Fo(r Jy(k)(Qﬂrp)(rp)% dr, where

Fy(r) = r¥*t52 fo('r). Thus we have only to show that ||Go||r2 < Bgl|Foll L2
1
Dividing the integral region into two parts: Go = [ + ffo = G + Gs. For

G1, we have % ‘Gl (%)‘ <cl fo |Fo(r)] dr < CM(Fy) (5 ) where M is the
Hardy-Littlewood maximal functlon. Therefore ||G1||r2 < C||Fol| 2.
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Using the asymptotic behavior (3.2) of Bessel function (see Lemma 2.3 in
[19)):
|, (r)| < Cr¥ for r<1,
(3.2) Ju(r) = rfé(b_ke" +b_e) + \Iil,(r)rfg for r>1,
bi| <C and |U,(r)] < C2v))"* for v> 3,

we have
oo

Galp) = [ Flr) 02277 b ) dr v [ Ra(r) W)

1

For G3, we have % ‘Gg (%)‘ <C(n+ Qk)”g% [ 50 g and

oo Bl
‘/prﬁ”dr /Ooo/poo‘f’”)drg(pmp‘
= sup >

1 T
[ Ry [ aordpar
llgll2<11/0 " Jo

<C sup ||Follr2|IM(g)ll L2 < Cl[Fol[
llgllp2<1

= sup
2 lgll2<1

i

We write G+ as Ga,+(p) = b+ [;° eI Ry (r) dr — by [ eE2 PRy (r) dr.
By the Plancheral theorem and the similar estimate of G1, we get ||Ga +|| 72 <
[1Foll 2

n—1
Next we prove the first part of (3.1). Let SoxG =7 » Ty G and S¢, be
the dual operator of Sp;. Then for any F' € Cj°(R4 x R), we may write
Sg oI as follows:

54, F(p) = pi~* / / e=2O0) 1 (Qmrp)rb TV (r, t) drd

1
_ p%_s //p e—?ﬂitqb(p)o((?,,p)u(k))r%_'VF(T', t) drdt
0

+ p—s // e—?ﬂitqb(p) (b+e2m'rp + b_e—2WiTp)r—’YF(r’ t) drdt

>
4l /[OO e—2wit¢(p)\py(k) (rp)r Y "VF (r,t) drdt
=A+B.+B_-+C,
where v = (n — 1)(1 — 1),

2 p
We first estimate A. Since rp < 1, we have

1 1
—1_ p n—1__ _ L
AW S [* 2 E el < 07 [T E G g
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Using the identity ||A(p)||r2 = ||%A(%)||L2, we estimate %A(%) and hence
we have

1 1 Py —
— A= S/ T E ()l pardr S Zs(r [ F (e, ) 20) (0)-
pl \p 0P

From Lemma 2.1 with oy = s + % — z% and p =

2n
n—2s’

we get

A1 < [ 167216 F el ©Fds < ([0 IFe ) rear)

Since 01 =, we get [|All2 < 1l for p= ;2%
For C, from (3.2), we have |C| < p~ 754 [T°r— 77| F(r, lpadr, where
P
A = (n+2k) 5 Similarly to the estimate of A with p = nz’;g, we obtain

e (N <p [Trr < [T F d
S| =e [ mire e s [ I iEe
S Zs(r M (ry )l L) (p)-
Therefore by using Lemma 2.1, we also have |[C||z2 S Ag[|F[, ;-
r Ly
Now we estimate By. To do this, we use the extended operator B such
that

BF(p)=p*° //|| ) e~ 2O TT0) 1| =Y B (1, t) drdt
rI>=
P

_ / / =210 || =T F (. ) drdlt
R2
P // 1 e~ 2O FTO) 11| =Y F (1 t)drdt = By (p) + Ba(p).
Ir|<-

For B, we have formally

|Bi][7. = C / / / / K (o' t,t)yr =V F(r, )" YF (! ') drdr' dtdt’,

where
Koo' t,1) = / e~ 2Ri((E=)0(p)+(r=1")p) =25,

Since i <s < %, by Lemma 2.3, we have |K(r,7',t,t")| < |r — 7«/‘—(1—28)_
Thus we have

1Bl S ] =102 Bl N F G, gy

2

Invoking Lemma 2.1, we can get [|B1[[2, < (f(r_7||FHL% s dr) g , pro-

vided o = s + § — 1. Since a = v, we finally have ||By||;2 < ||F||

! .
p LY L

'E\‘ ]
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1
For By, we have |By| < p~° [ 77| F(r,-)|| 2 dr. Thus we also have

1 1 1 P _
A (p) S [ IEC g S TG )

Using Lemma 2.1, we finally have ||Bz||z2 < || F]|
proof of (1) of the theorem.

o This completes the

3.2. Proof of (2). Let us first define an auxiliary operator Tz by
. . d¢
Tpf(x,t) = /62”’(t¢(§)”'5)f(€)~
(L+1eh?

Using Fourier transform of the spherical harmonic function again, the orig-
inal operator Ts can be written as:

_n1 [ i 1 d
Tf(x,t)=cppr 2 /0 e2 td)(p)pQGO(P)Ju(k)(?Wp)ﬁ

= o1 ToxGo(r, 1) Yi(—2),

Yi(—2')

where Gy is the same function as in the proof of (1). From the the proof of
(1), we have only to prove that ]\T;ng(-)TnT_l‘|Lg < Ail|Gol|g2-

Let S’O,kGo = T%T07kG0. Now we divide the integral region of S’O,kGo
into two parts: p < % and p > % Then we have

1

SokGol(r,t) = r /T e2m¢(p)o((rp)y(k))ﬂ%GO(P) ap
0

(1+p)s

o Lo o ominpy L dp
+TQA e2mit(0) (1) =% (b €2 4 b_e ot Golo)
[ 2mitp(p) 1 dp
+rz v, 2(G
r /1 e (k) (TP)p o(ﬂ)(1+p)s

=A+By+B_+C.
Let us define the maximal functions

A*(r) = sup |A(r,t)] and C*(r) = sup |C(r,t)|.
o<t<1 o<t<1

For these maximal function, we want to show that |[A*[|;2 + [|[C*||2 <
Ag||Gol|r2, where Ay = (n + 2]<:)n+ :

. To prove this, let us first observe

from the asymptotic behavior (3.2) that
1., /1 " 1. /1 e

A <> S 7"1/ Go(p)dp < 2M <5> , |=C” ()‘ S Ak/ p~ Golp) dp.
r r 0 2 T r r

Thus using the Hardy-Littlewood maximal function, we have

()
T r

| A*|| 2 = < Gol| 2.

L2
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For C*, we have
IC*[|z2 < Ak sup

¥ // “1Go(p)| dpep(r) dr
LPL2_

< Ap swp /0 Golp) o /O lo(r)| drdp

||‘PHL2§1

<24, sup /0 1Go(0) M(2)(p/2) dp < ||Gol 2.

llell 2<1

To estimate By, we use the extended operator B defining Gy by Go(—p)
for p < 0 such that

- , dp
BGo(r 1) = / e2milts(lel 7o)y ( ,
R O+ oy
We can rewrite this as BGO (r,t) fR + flp\<1 = BlG(ﬁ—BgGo Let Bl Go(r) =

sup |[B1Go| and BiGo(r) = sup |[BaGo|. Then we first have BiG(r) <
|t|<1 ltl<1

fo |Go(p)|dp and hence

B2Go(> » | Gotoidn £ MG ),

where M is the Hardy-Littlewood maximal function. Thus [|B5Gol||z2 <
IGollz> ~

Next, we consider global L? estimate of the local maximal operator Bj.
To do this, we employ the Kolmogorv-Seliverstov-Plessner method. Let us
defined an operator 7 as

_ | 2nitrptcr dp

TGo(r) = /e (o490 Gy ) T
where t(r) is any measurable function with [¢(r)| < 1 on R. Then we may
write the operator 7 by 7; as TGo(r) = > ;50 TjGo(r), where

dp
(1+1pl)®
where ¢; are Littlewood-Paley functions such that ¢q is supported in unit
ball B(0,1), ¢;(:) = ¢(57) is supported in B(0,2/71) \ B(0,2/7!) and
Y00 0; = L. We claim that [|T;Gollz2 S 2% ||A;Col| 2, where Ajg = ;3.
To show that, let 7;d be the dual operator of 7;. Then for any F(r) € C§°(R)
and j > 1,

TiGa(r) = [ i Gy(p), ) for jez,

HTdFHLQ / K;( (r, ") ( ") drdr’



12 YONGGEUN CHO AND YONGSUN SHIM

where

_ . o Y j i (el . dp
K N = ol 23)3/ 2mi((t(r)—t(r"))p(2? |p)+27 (r=r")p) 9285 2y =“F
J(Tvr) e ¥ (p>(1+2]|,0‘)25
. 2257 2 (p)
Since W i
2.4 replacing § by 27, we have

sup/]Kj(r,r’)\dr, Sup/]Kj(r,r’)\dx’§2(gZs)j.
r’'eR reR

It follows from the Schur’s lemma (see the lemma in p.284 of [14]) that
(3-3) 1T F |2 S 205 F)| 2
If j =0, then

and its derivatives are uniformly bounded on j, from Lemma

|1TEF |2 = / Ko(r,r') F(r)F () drdr’
where
dp
TEADES

Since |t — t/| < 2, using the integration by part several times, for any u, we

Ky(r, r/) = /€2ﬂi((t(r)t(r/))¢(|p|)+(TT/)p)qu(p)

have
sup  |Ko(r, )| S (1+|r—7'|)7*
(t,t")€l0,1]2
Thus choosing a large y and using Shur’s lemma again, we have ||T{'F|[2, <
||F'||12. Therefor combining this and (3.3), we prove the part (2) of theorem.

3.3. Proof of (3) and (4). Let us define an operator Sy by So xGo(r,t) =
rfiT(),kGo(r, t), where Tj 1, is the same operator with s = i as in the proof of
(1). Using the spherical coordinate and following exactly the same argument
as in the proof of Theorem 1.1 with s = % and p = 2, one can easily obtain
the following estimate

(3'4> HT fHLQ(m—?lzdx) < Ck’HfHHzlxf
Since from the result (2) we have

. a
(3.5) 177 fllzz < || fllms forany s> -,

by the complex interpolation [1] between (3.4) and (3.5) with s such that
(1—0)s+ & =2 for § = 2e, we can obtain the desired result.
For the proof of (4), replacing 7~ in the definition of Sy 1,Go with =7 (1+
b
r)" » and using the second part of Lemma 2.3, by the same method as the
one in the proof of (1).

Remark 3.1. For one dimensional global or higher dimensional local esti-
mate similar to (3.4), see [18] and [11].
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