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THE NAVIER-STOKES EQUATIONS WITH INITIAL
DATA IN UNIFORMLY LOCAL L? SPACES

YASUNORI MAEKAWA! AND YUTAKA TERASAWA?

1. INTRODUCTION

In this paper, we consider the Cauchy problem for the incompressible
homogeneous Navier-Stokes equations with viscosity 1 in R% where d > 2.
The system of the equations is of the form

us — Au+ (u, V)u+Vp = 0, t>0, x€RY
(NS) V-u = 0, r € RY,
u(0,2) = wup(z), r € RY,
where u = (u!,u?,--- ,u?) is the unknown velocity vector field, p is the
unknown pressure scalar field and vy = (u, u2, -+, ud) is the given initial

velocity satisfying V - ug = 0.

Our main purpose here is to solve (NS) for initial data which may not
decay at space infinity but not necessarily be locally bounded. There are
many works which construct mild solutions of the Navier-Stokes equa-
tions on various function spaces (e.g. [23], [5], [11], [22], [17], [18], [25],
8], [7], [9], [14], [24], [32], [6]). E. B. Fabes, B. F. Jones and N. M.
Riviere [11], T. Kato [22], Y. Giga and T. Miyakawa [17] constructed
mild solutions of (NS) with initial data in LP space where p is larger
than the space dimension d. Moreover in [22] and [17], the case p = d
is discussed. However, all functions in LP spaces decay at space infinity
when p is finite. When one considers nondecaying flows at space infinity
as we would like to do, the function space for initial data should be a
space of functions which may not decay at space infinity. The L space,
considered by J. R. Cannon and G. H. Knightly [5], M. Cannone [7],
Y. Giga, K. Inui and S. Matsui [14] is of course such a kind of function
spaces, and both the Besov spaces with negative regularity considered
by M. Cannone and Y. Meyer [8], M. Cannone [7], H. Kozono and M.
Yamazaki [25], etc. and the function space considered by H. Koch and
D. Tataru [24] are such kinds of function spaces too. However there is
no work constructing mild solutions with initial data in uniformly lo-
cal type spaces, which naturally contain functions which may not decay
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at space infinity. (For the definition of uniformly local Triebel-Lizorkin
spaces and Besov Spaces, see, e.g., [36]). In this paper, we shall construct
the mild solutions of (NS) with initial data in uniformly local L? spaces
where p is grater than or equal to the space dimension d. The method
is quite simlar to that of E. B. Fabes, B. F. Jones and N. M. Riviere
[11], T. Kato [22], Y. Giga and T. Miyakawa [17] except that we use the
convolution type estimate we newly obtain instead of Young’s inequality
for convolutions. Uniformly local L? spaces consist of functions which
are locally in LP and its L” norm in any Eucledian ball with radius 1
are uniformly bounded. When p is finite, they obviously contain func-
tions which do not decay at space infinity but are not necessarily locally
bounded. As an application, we shall prove that the initial data at time
zero of L4, -almost periodic functions become uniformly almost periodic
(=L*>-almost periodic) functions in any positive time (the notion of the
L?, -almost periodic function where p € [1, 00) was originally defined by
A. S. Besicovitch [3] in R. Ours is a generalization of that notion in R?).
This is an extention of a recent result of Y. Giga, A. Mahalov and B.
Nicolaenko [15] where they proved L*°-almost periodic initial data stay
L*°-almost periodic under the Navier-Stokes flow.

Uniformly local L? spaces were used by J. Ginibre and G. Velo [19] for
complex Ginzburg-Landau equations and used by P. G. Lemarié-Rieusset
26], [27] and Y. Taniuchi [34] for equations of the fluid mechanics. In
his work [26] and [27], Lemarié-Rieusset constructed in the three dimen-
sional Euclidean space a suitable weak solution which is local in time
with arbitrary initial data in uniformly local L? space. Furthermore he
constructed a suitable weak solution which is global in time with arbi-
trary initial data in the closure of compactly supported smooth functions
in uniformly local L? space. Y. Taniuchi [34] obtained uniformly local
LP estimates of vorticity equations. However he only considers L, -
LP, . type estimates of convolution type operators, while we also treat
Lt . — Ll . type estimates of convolution type operators in which the
indices p and ¢ may be different. Let us be more precise. We consider the

equations (NS) with initial data in LZZOC, , Space for any positive number

p and any p € [d,00]. When p is finite, the space L, . p(Rd) is defined
as follows.

(1)

LZloc,p(Rd) = {f € Llloc(Rd>; ||f||Lp

uloc,p

z€R4

=sw ([ i) <o)

For simplicity of notations we set L% (R?) := L*®°(RY). When p is

uloc,p
finite, the space L, p naturally contains both the space LP and the

space L. The space L? also contains all LP-periodic functions, i.e.,

uloc,p
periodic functions which are locally p-th integrable in RY. We include the

parameter p here, since the existence time estimate of the mild solutions
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can be different if p is different. Moreover varying p, we can reproduce
T. Kato’s global existence result for small initial data; more precisely,
one can construct a unique mild solution globally in time if L norm of
the initial data are sufficiently small.

To solve (NS) we convert the equations to the integral equation of the
form

¢
(2) u(t) = e uy — / IAPY - (u @ u)ds.
0

Here e'® is the heat semigroup, P is the Helmholtz projection, and f ®
g = (figj)1<ij<da 1s a tensor product of f = (fi, fa, -+, fa) and g =
(91,92, ,94). The solution of the integral equation (2) is called the
mild solution of (NS) with initial data u. The precise meaning and well-
definedness of each term follows from the L?, — LI, type estimates of

convolution type operators which we shall obtain. Now we would like to
state our main results.

Theorem 1.1. (Ezistence and uniqueness)
(i) Let p € (d,00] and p > 0. Then, for all ug € (L}, ,(R?))*
that V - uy = 0, there exist a positive T and a unique mild solution

u € L*((0,7); (Lp ) N C((0,T); (L2, . )% of (NS) with initial data

uloc,p uloc,p
ug on (0,T) x RL. The existence time T can be taken as it satisfies

f)/
= Tuallzz

uloc,p

T2+2pp p +T2 2p

where v is a positive constant depending onlyI on d and p.

(i1) Let p > 0. For alluy € (U p>dLulocp(Rd)'l.HLﬁzoc,p)d so that V-uy = 0,
there exist a positive T and a mild solution u € L>((0,T); (L%, ,)%) N
C((0,T); (Lype)?) of (NS) with initial data ug on (0,T) x R% This
solution may be chosen so that for all T" € (0,T) we have

sup t%Hu(t, Mo < 00, and limt%||u(t, NNz = 0.
0<t<T’ t—0
With this extra condition on the L* norm, such a solution is unique.

The existence time T' can be taken as it satisfies

T > min{p®, a},

where a 18 a positive number satisfying

sup t4||e u0||L3doc <~
0<t<a o’

where v is a positive constant depending only on d.
(iii) Let p > 0. There ewists € > 0 such that for all uy € (LY, )
with ||uo||pa, < '€, there exist a positive T and a unique mild solution
uloc,p

u € L®((0,T); (L. ,)D) N C((0,T); (L. ,)?) of (NS) with initial data
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ug on (0,T) x R so that u(0,-) = ug. The existence time T can be taken

as it satisfies
2

|luo | ¢

uloc,p

Ti p_% +1>
where v is a positive constant depending only on d.

H. Koch and D. Tataru [24] showed that for any given 7" > 0, one can
construct a local mild solution of (NS) which exists at least until time
T if the bmo~! norm of the initial data is sufficiently small. Especially,
they constructed local mild solutions for any initial data in vmo~!. They
also showed that one can construct global mild solutions for small initial
data in BMO™!. The definitions of bmo=!, vmo=! and BMO~" are the
following.

For f € §'(R") (i.e., f is a tempered distribution), we set

2 1

1 R 2

Fllpaot == sup (— [ ] |emf<y>|2dtdy>,
BMOr= g gereer \|B(@, R)| Jp@.nr) Jo

where B(z, R) is a ball centered at x with radius R and |B(z, R)| is the
Lebesgue measure of the ball B(z, R). Then

BMO™ = {f € S®R"):[Ifllzmo— = Ifllparozr < o0}
bmo™! = {f € S'R");[|fllomo—r = Ifllparo;r < o0},
—1 o _1' . L =
vmo™! = {f €bmo aII,ILI%)HfHBMO; 0}.

The inclusion relations of LP

-1 -1 -1
wlocps Mo, vmo™" and BMO™ are as
follows.

LP

uloc,p

Lo, C bmo ' if p > d,

LY ¢ BMO™'.

C vmo Yif p>d,

These relations can be proved using the result of M. E. Taylor [35],
but we will reproduce them in a different way in Section 2. Related to
mild solutions constructed by H. Koch and D. Tataru [24], H. Miura [30]
showed some uniqueness theorems of mild solutions of (NS).

Although our function spaces Lﬁloc’ ) when d < p < 400 are contained
in bmo~!, our results are useful since the definition of LZloc, , Is very simple
and it obviously contains some functions which may have singularities
and may not decay at space infinity. Moreover, the convergences of mild
solutions to initial data when time goes to zero are relatively simple in our

case. For describing the convergences of mild solutions to initial data,
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we define the subspace £P

uloc,p S the closure of the space of bounded

p

uniformly continuous functions BUC(R?) in the space Lioe.p» 1€,
(3) LZloc,p = BUC(Rd)M'LleC’p

Remark that the subspace £, . (R9) is the space BUC(R?). The space

uloc,p
Lioe,, 13 useful since we can show that the solutions converge to the

initial data in L}, , norm if the initial data belong to £}, . In fact, we

shall prove the following theorem.

Theorem 1.2. (Convergence to initial data)
(i) Let p € (d,00] and p > 0. Let uw € L*>((0,T); (L”

uloc,p)d) be a unique
mild solution with initial data ug € Ly, . Then, for any compact set
K C R?, we have

(4) lim | u() — | o1y = 0

holds. Moreover,

(5) lim [Ju(t) — uollzr, =0
0 uloc,p

holds if and only if ug € L3, ,-

(i) Let p > 0. Let u be a unique mild solution in L>((0,T); (LY. ,)%)
which satisfies tzu(t) € L=((0,T); (L®)%), limy_o t2||u(t)||z = 0. Then,

(6) lim [[u(t) = uo|| Ly = 0
holds. Moreover, under the above condition,

") fim u(®) ~ woll1s,,, =0

uloc,p

holds if and only if ug € L%

uloc,p*

One of the keys to our results is L}, . -L%,.
obtain, which are the followings.
Let 1 < ¢ < p<oo. Then for any f € L we have

estimates we newly

uloc,p?
C C
tA < 1 2
(8) He fHLiloc,p —_ (pd(}]—;) + t%(%,%))“'fHLﬁloc,p’
C C
tA 3 4
@ W, = Cap * e Ve
For I € (Lﬁloqp)dXd,
C C
tA ) < 5 6
A0 WPV Flle,.,, < G + gmpes) 1 i,



6 YASUNORI MAEKAWA! AND YUTAKA TERASAWA?

holds. Here e'® is the heat semigroup, P is the Helmholtz projection, and
C1, Cs ,Cj5 are positive constants depending only on d, and Csy, Cy, Cy
are positive constants depending only on d, p and q.

Let us state the outline of the proof. By rescaling, we may assume
that p = 1. To obtain this estimate, we decompose R? into countable
cubes whose centers are lattice points, i.e.,

1

R? = UjezaS(k, 3

),

where S(z,0) := {y ; maxj<i<q|y; — x;| < 0}. We can decompose any
measurable function f in R? into

f(x) = Z XS(k,%)(x)f(x)a a.e. v € R%,

kezd

where x4() is the characteristic function of a subset A in RY. We de-
compose both a convolution kernel and a convoluted function in this way.
Using Young’s inequality for convolutions and the relation supp fi* fo C
supp fi + suppfe when f; % fo is well-defined, we can obtain the desired
estimates. In the proof, we also use the technique of estimating certain
sums by certain integrals. After our work was completed, we were in-
formed the existence of the paper by J. M. Arriera, A. Rodriguez-Bernal,
J. W. Cholewa and T. Dlotko [1]. They treated linear parabolic equa-
tions in uniformly local LP spaces. In particular, they also established
Lr, .— LI estimates for the heat semigroup and their proof is similar
to ours. However, we shall obtain L?, — L?  estimates for more general
convolution kernels including e*®, Ve!® and e'*PV-. For details, see
section 3.2.

This paper is organized as follows. In section 2, we will state some
properties of L?,  spaces and £F,  spaces. In section 3, we will prove

uloc,p uloc,p
our key L’;loc’ . LZZOC’ , estimates of convolution operators with integrable
functions satisfying some conditions. By using these estimates, we will
construct mild solutions of (NS) which are smooth in time and space.
We also discuss the convergence of mild solutions to the initial data as
time goes to zero. We will also obtain the existence time estimates of
mild solutions which may depend on the parameter p. In section 4, we
will define L?, -almost periodic functions in all dimensions and we will
show that the initial data at time zero of L”, -almost periodic functions
become uniformly almost periodic (=L*-almost periodic) functions in

uloc
any positive time.
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SPACE AND [P

uloc,p

2. LY

uloc,p

SPACE

In this section, we state several properties of the function spaces L
and L? When p = 1, we write L?,  LP instead of L? L

uloc,p* uloc,1’ ~uloc,1?
spectively. We will often use the estimates for the operator €' in section

3.2 (Remark that the estimates obtained in section 3.2 are independent
of the results in this section). The inclusion relations for L?, , are as
follows.

uloc,p

re-

uloc) ~uloc

Proposition 2.1.
(i) For any p1,ps > 0, we have

p _ TP
uloc,p1 — uloc,pa

with equivalent norms.
(i1) For 1 < p; < py < oo and p > 0, we have
LPQ LP1

uloc p uloc,p*

(11i) For any p >0 and 1 < p < oo, we have
Lr c Lulocp’

L>*clrL?

uloc,p*

(iv) Let p >0 and p > d. Then, we have
P

—1
uloc,p :

C vmo~ ! C bmo

(v) Let p > 0. Then, we have
Ld

1
uloc,p :

C bmo~
Proof. The proofs of (i), (ii) and (iii) are easy, so we omit them. We

P q . tA . . .
use L. » — Loyjoe » estimates for e’ in section 3.2 to prove the assertions

(iv) and (v). By Holder’s inequality,

_2
/ " f2dz < (/ dz)" e £
lz—z0|<V/5 |lz—z0|<V/3 uloc,\/s

diq_2
< 5(1-2) 2
s .

where C'is a positive constant depending only on d and p. So we have

o < sup sup - / / K\/\eSAflzda:ds
T—x0

0<t<R zo€Rd t2

< O swp sup — / DA,
0

0<t<R gocR?

< C sup prHLp sCRl"IIfHLp

0<t<R oe,R

uloc, R
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This implies that Lulocp Cbmotlifp>dand L c vmo~tif p>d.

So (iv) and (v) hold.

uloc,p

hence not in L

Remark 2.1. The space L™ is not dense in LV, uloc,p-
is not dense in L

More strongly, we have that the subset Uy~,L?, . wloc:
For ezample, let ¢ € C°(R?) be a function such that supp ¢ C B(0,1),
[P =1 and ¢ > 0 where B(0,1) is a unit ball whose center is the ori-
gin. Choose any countable points {x, }n>1 such that B(z,, 1)NB(zy, 1) =

0. Set dn(x) = n%gb(n@ — x,)). Then supp ¢, C B(zy,, +). So if we set

&(:U) _ { on(z), for x € B(x,,1)

0, otherwise

then we have

[19]122

uloc

= sup ||@n||Lr(B(n1)) = 1.

Let g > p. For any g € LY, (RY), we have ||§ — 9llr, > 1. Indeed,

16 —gller, > llén — gllLrBea)
> {|én — gll o xn,n))
> |[16ullo(Bn, 1y — HgHLP (B(an, 1))
>1- \B(&?n, n)l”(1 gl
> 1— Gl

uloc

—1 asn—>oo

This implies that ¢ does not belong to Ugsp Ll Iz,

uloc

We have the following characterizations of L7, .

Proposition 2.2.
For any p > 0, the following three statements are equivalent.

(7’) f € ‘Culoc
(id) Yy o (1 +9) = FO)llen, =0

uloc,p

(i) limy o, || f — fllp» =0

uloc,p

Proof. Without loss of generality, we may assume that p = 1. For
p = oo, the above assertion is well-known so we omit it.

Let p € [1,00). From the estimates (28) and (29) in section 3.2, e!® f
is well-defined and belongs to BUC when ¢ > 0 for any f € L?, . This
implies (zii) = (7).

uloc®
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If fecl?

p
in Luloc

1FC+y) = O, < IC+y) = Fl+9)lle,,
H ) = FOez,,

< 2FC) = fO)lley

uloc

P oer there exists a sequence { f, },>1 C BUC such that f, — f
So we have

W fal+9) = fal)llae,
+ B ||l +9) = ()|,

where |B| is a Lebesgue measure of the unit ball in RY. The above
inequality shows that (i) = (i7) holds. Let us show (ii) = (i4i). Since

tAf f / |z4‘ (x — \/EZ) — f(:(:))dz,

M&

we have

1 2|2
||€tAf f||Lul05 - /Rd (47T)36_4||f(' - \/Ez) - f(‘)”LZloch'

So (iii) follows from (ii) and Lebesgue’s convergence theorem.

Remark 2.2. This characterization was also obtained in [1].

Remark 2.3. The characterization (ii) in the above proposition is con-
venient to check whether a function f belongs to Lulocp or not. We will
know that the characterization (iii) is important and useful when we con-
sider the convergence of a mild solution to the initial data.

AND LP

uloc,p

3. MILD SOLUTIONS IN L”

uloc,p

We will state main results of this paper in this section. In section 3.1,
we will define mild solutions, i.e., solutions of the integral equations for
the Navier-Stokes equations.

3.1. Definition of mild solutions.

First, we difine the convolution operator e*PV- which appears in the
nonlinear term of the integral equations of the Navier-Stokes equations.
Notice that we regard e!*PV- as one operator. So we do not treat the
operators ¢'2V- and P separately.

Definition 3.1. We define the operator e/*PV- (where P is the Helmholtz
projection) as follows.
For any F € (L?, (R%))%4 1 < p < oo, we define

d
(11) (" PV )F =) (e"“P— 0 )Fe;,

i=1 Oz
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where {e;}¢_, is the standard bases in R? and the matriz-valued convolu-
tion kernel of the operator (emPa%i) is defined as

(t_%a (KJ k(\/-» + 0,Gi(x )5j=k)1§j,k§d’

where Gi(x) is the Gauss kernel

o 22
Gi(z) = (47rt)% exp(—z)
and
K ——Fl(%exp( €P))

Here F~1 is the inverse Fourier transform

Flg(a) = (2m)4 / g(€)e <.

The following lemma is the pointwise estimate of the function K ().
This pointwise estimate was originally obtained by C. W. Oseen [31] (see
also P. G. Lemarié-Rieusset [27], and Y. Shibata and S. Shimizu [33]).
But we shall give the proof of this estimate for the sake of completeness.

Lemma 3.1. Let K (x) be the function defined as above. Then, for any
non-negative multi-index o € N?, there exists C, > 0 such that

Chy
12 ‘K —_
where C,, depends only on d and o.

Proof. By definition of Kj;(z), we have

13 k) = @b [ S e

re €]
where £* = £ ... &%, Let r € (0,1) and let a1(€) be a smooth radial
symmetric function such that al(f) = 1for [¢| <, a1(§) = 0 for [£] > 2r,
0 <ai(§) < Tand|0far(§)] < Let as(§) = 1—ay1(§). Then we have

T
K Kjp(w) = (2m) 2 () 5@5 0y (€)e- P e e
Rd
+on e [ S (et et
Rt [€[?

= Li(x)+ L(x).
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For I, we have the estimate

L) < (2m) % /g g

(14) S AlT’d—Ha',

where A; is a positive constant depending only on a and d.
Let us estimate I,. For any # € R? and multi-index 3, we have by
integration by parts,

:L‘BIQ(J:) = % 0‘|/ gjéfﬂif —If\Qxﬁeiwfdg
= (27T *% \al IB/ §Jék|§ "5|28fe“'5d§
— (2m) 4 ()18 ) 8/3(%275 as(€)e €Y e
From the inequality
|aga2<€)| — ‘5“9| for ‘9|
and .
gl <c,

we easily see that

SRGEECE

Cs i
/a» GEECA
h2

_d [ 1 _n?
= (271') 205|Sd 1|/rv W@ 2 dh

/

C
= ‘ﬁ| |a\ —d if ‘ﬁ|#|0{|+d

where (7 is a positive constant depending only on 3, a and d.
We also have the estimate

Hence

ol

2P 1, (z)| < (27)”

[ I2(z)| < C.
Thus, we have for || > |a| + d,

Ay
1B(2) < A

(15)

where A, is a positive constant depending only on 3, a and d.
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If we take r = (1 + |z|)~!, then we have from (14) and (15),
[L(z)| <

and
()] <

The proof is now completed.

Next we define the mild solutions of (NS) as the solutions of the integral
equations associated with (NS).
Definition 3.2. Let p > d. The function u € L>((0,T); (Ly,,,)?) is
called a mild solution of the Navier-Stokes equations on (0,T) x R? if

there exists ug € Liloc’ p with div ug = 0 such that
t
(16) u(t) = e uy — / TIAPY - (u @ u)ds
0
holds.
Remark 3.1. By the Ly,,., — L}, estimates in the following section,

the term e'®ug and e'"92PV - (u® u) can be defined pointwise if ug €

(LZloc,p>d and u € (Lﬁloc,p)df p > 1.
3.2. P - L estimates.

uloc,p uloc,p

In this section, we shall prove the key estimates for the convolution
operators, e, Ve!2, and e"*PV.. In fact, we shall give the proof for a
certain class of convolution operators, which includes these three opera-
tors. We say that a function is radial decreasing if it is radial symmetric
and nonincreasing.

Theorem 3.1.
Let 1 < g <p<oo. Let F(x), H(x) be two real-valued functions in R?
and let |F(x)| < H(zx) hold. Furthermore, assume that H is a bounded,
integrable and radial decreasing function in RY.

We set Fy p(x) = t8tmE(z/t2) fort >0, m > 0.

Then, for any function g € L, (R?), we can define pointwise

uloc,p

Fun*9(0) = [ Funlo = 9)g(0)dy
R
Furthermore we have the estimate

Cil[Hller | Cof|H]ler
(17) HFt,m * gHLﬁloc,p S ( d(l_%) tm+g(%7%))Hg||LZloc,p7

t"pa
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where r is the number satisfying i = % + % — 1, and Cy, Cy are positive
constants depending only on d.

Proof. It suffices to prove that

CillHllpr | CollH]|or
1 H
19 Wi, < Cay S ol
Moreover, by rescaling we may assume that p = 1. Indeed, if we set
fo(x) = pf(pz), then we easily see the relations

_é
(19) folle = P77 f]lee,
(20) follze, = 1_7||J"1\|L5Wp
@D gl = o Dl = o R % gl

uloc,p uloc uloc

So if we have the estimate (18) for p = 1, then

4,4
1 Heox gllz, = po " |[(Hio)p * gpollir,,.
a Col | Hp||Lr
< prti (Ch|[Hpl| 1 +ﬁ)H 9ollzs,
t2'q »p
‘ . Ol H||ir . 1
= PO H 40 )0 gl
t2'a p
_ (ClHFIHL1 C2HHHLT)|| ||
- d(%*%) g(; = Lulocp

P

First we decompose R? into countable cubes whose centers are lattice
points, sides are of length one and parallel to the axies, i.e.,

1
75)7

where S(z,0) := {y ; maxi<j<q|y; — ;] < 6}. Remark that [S(k, ) N
S(1,3)] = 0if k # I, where |A] is a Lebesgue measure of any Euclidean
subset A.

One can easily check that there exist positive constants C' and C’
depending only on d such that

Rd - UkezdS(k

(22)  Csup || fllzr By < sup AN Lo sy < € sup (| fl| oy,
zERd rcRd

where B(x,0) == {y ; |y — SL’| < 6}. We now decompose the function
Hio(x) as

Hyo(x ZXS x)Hyo(x), ae. z,

kezd

x) = Z Xs(ké)(x)g(x), a.e. x.

kezd

and
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+ q

1 =1 1.

Let the number r satisfy >
Note that supp f * g C supp f+supp g when f * g is well-defined. For

ZXSk”l HLP S(k, 1))

any k € Z4, we have
Z XSk, HtO
k'’ezd

14

k'ezd
1 N
(k,3))

|[Heo * gHLP(S(
1 Z (XS(k’,%)Ht,O) * (XS(k” L )||LP(S

k/7kll€Zd

(23)
Since (Xs(k/,;)Ht 0) * (Xs(k//’%)g) is well-defined and
Supp(XS(k/é)Ht,O) * (Xs(k//’%)g) C S(k, + k”, 1)

holds, we have, by Young’s inequality,
||XS(k’,%)Ht,0||LT||XS(k”,é)g||Lq

3) < >

(R.H.S.) of (2
K k! ezd
max\k(+k{/—k~|<l
(24) < Z 3dHXs K’ 1)Ht0| Lr SUP ||9HL4 S(k", 1))
k' €74
So we have to estimate the quantity >, cza ||X s 2y Heol|or
1 T 1 T 1
s g B e = 3 ([ (G(yda)’
,;W )4 Vit ,gzjd S(k,i) t2 Vit
1 1
= ([, Gpaw)ra)’
kezd ' 35) &
2\[) In

We set y; € R? as the closest point to the origin in S (
the right-hand side of (25), since H(y) is radial decreasing, 1f k satisfies

)" H (yy,0)-

maxi<;<q |ki| > 2, we can estimate as

1
H(y) dy)" < (

S(, L) Vit

The sum of the other terms (that is, &k satisfies maxj<;<q |k;] < 1) can

||tL%H(%)||LT So the right-hand side of (25)

be bounded from above 3%

can be estimated as
(RHS)of (235) < —— 3 () Hy) + 31~ H(—)|
- tgi% kezd \/7_5 yk’t t% \/7_f v
max |k;[>2
1 3¢
= Z (7) (ykt)+ d(1 ) HHHU
kezd

(26)
max |k;[>2
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We now consider the estimate of the term

3 %wmyk,t»

max |k;|>2
We draw a line from the origin to the point y . This line intersects

several cubes of the form (S (\/Lp ﬁ))l (inside of the cube) where [ € Z.
We order these cubes as follows. The first cube is the cube S(0, ﬁ) The
second cube is the cube which the line meets when it goes out of the first

cube, and so on. We correspond the cube S (\%7 ﬁ) to the second last
cube in this order. We denote this correspondence Iy, i.e., I;(S (%, ﬁ))
is the second last cube in this order.

Then all points in the cube [;(.S (\/%, #)) are closer to the origin than
the point y;,. Hence

()1 H () < / H(y)dy,

Vi (S 522)
since H is radial decreasing. It is easy to see that
K1 ko1
— —)=8(—,—=))} <5
T3 =g <

for any k € Z¢ with max;<;<q |ki| > 2. So

#{k' € 2" ; L(S(

3d
(RHS)of 26) < > / H(y)dy + —— || Hl| -
kezd It(s(%’%\/f)) 2=
max |k;[>2
d 3d
< 5 H(y)dy + ——=|[H||r
Rd tg( 7«)
3d
(27) < 5 Hls + |

This completes the proof.

Proposition 3.1. For Fy(x) := exp(—|z|*/4), F»(z) := |z| exp(—|z|?/4),
and F3(z) = W, there exist positive, bounded, integrable and radial
decreasing functions Hy, Hy, Hy satisfying F; < H; (1 =1,2,3).

Proof. Clearly, we can take H; = F; and Hy = F3. For F,, if we
compute the derivative of |z|exp(—|z|?/4), we can see that it suffices to

set. Ho(w) = /2 if [a] < V2, Ho(a) = o] exp(—[a/4) if [a] > V2.

From Theorem 3.1 and the proposition above, we can establish L?, =~ —

uloc,p
Ll . , estimates for the linear term and the nonlinear term in the integral

equations (16).
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Corollary 3.1.

Let 1 < q<p<oo. Then for any [ € Lulocp, we have
tA Ch
(28) He fHLulocp S ( d(l ) + )HfHLZlocp
p q p
C o

tA 3

e Ve, < Crmp e Ve
For F € (Ly,. )™,
C! Cs
tA 5

B0 WPV Pl < (o + ) W s

holds. Here, Cy, Cs ,C5 are positive constants depending only on d, and
Cy, Cy4, Cg are positive constants depending only on d, p and q.

Proof. Combining Theorem 3.1, Proposition 3.1, and Lemma 3.1, we
can easily get above estimates. We omit the details.

Remark 3.2. From Lemma 3.1 and pointwise estimates for derivatives
of the Gauss kernel, we also obtain Luloc — Luloc estimates for deriva-
tives of the convolution operators, that is, it follows that

C 1
aqf tA
(31) ||8 a f” LY oep = t|a|+@<pd(é_%) + t%% % )HfHLqulocp
c’ 1 1
2) ||0700e" PV - F F
2 1170 - Flly,,, < S s + eIl

where C', C" are positive constants depending only on d, p, q, a and 5.
Here a € N and € N is any multi-indez.

Remark 3.3. The L?,  — LI, = estimates for the heat semigroup (31)
are obtained in [1]. When p = q = 0o, the estimate (32) are obtained in

14].

3.3. Existence and uniqueness of mild solutions with initial data
in Lilocp and ‘Cﬁlocp

In this section we prove the main results in this paper. In order to
prove the existence and uniqueness of mild solutions, we use the following
Picard contraction theorem.
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Theorem 3.2. (The Picard contraction theorem)
Let E be a Banach space and let B be a bounded bilinear transform
from E x E to E satisfying

1B(e, flle < Csllel|ellf]]e-

Then, if 0 < 6 < ﬁ and if eg € E is such that ||eg||g < 9, the equation
e =ey— Ble,e) has a solution with ||e||p < 25. This solution is unique

in the ball B(0,20).
Proof. This result is well-known, so we omit it.

We define the Picard iteration sequence {e,}>°, C F as
ent1 = €9 — Blen, en),

where B is a bounded bilinear transform in the above theorem.

Proof of Theorem 1.1. (i) Let & be a Banach space defined as

Er = {f € L=((0,T); (L%, )% | t3 f(t,-) € L=((0,T); (L=)%)

uloc,p

. rl
with norm [|f|le, := sup |[f(t,)llzz, 4 sup t2[[f(t, )]z
0<t<T P 0<t<T

Let us estimate the bilinear form B(f, g) = fot APV - (f ® g)dr,
where f and g belong to &. By the estimate of the kernel of the
convolution operator ¢®""APV- and Holder’s inequality || f gHL% <

11z

uloc,p

uloc,p

lgl|l». , we have

uloc,p

IB(f, 9)lIer

uloc,p uloc,p

t
0 < [PV (g, dr
0

2p

t C C,

< [ iy dr
0 (t—T)2pP (t—7'>2 2p uloc,p
t C C,

< / v S ydrllfllesllller

t—7)pr  (t—7)3T
1 da
P

1 _d 1_d
= C(tzp 7 +t272)|[fllerlgller-

And we have
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1B o)l () < Uélkﬁ‘”APVﬁ(fééthwdT

t
Cs Cs
< [ o gl dr
0 (t—T)ipr  (t—r)iTE
t
Cs Cs 1
< [ Bl
0 (t—m)zpr (t—T)2" 2 T
t
Cs Ce 1
< [ fllslglen
o (t—7)zpr (t—T)2"2 T3
1_d _d 1_d
< O o5 +75) [ fllerll9ller-

Thus

1 _d 1_d
sup ¢5]|B(f,g)l|1=(t) < C(T2p77 + T2 5)]|fllegl9lles-

0<t<T

From above estimates we have
1 _d 14
(33) IB(f, 9)lle, < C(T2p" 7 +T272)||fller]]g]]er-

From the estimate (28) we easily see that ||e®ug|le, < C’(T%pfg +
D)|fuol|zr, " So we find that we have a mild solution in & for T' small

enough, by the Picard contraction principle. Moreover it is easy to see
that the existence time 7" can be taken as it satisfies

7
[luol |

uloc,p

(34) T2+@p—; +T2 2p >

where 7 is a positive constant depending only on d and p.
Next we show the uniqueness of the mild solution in L?”

Let
uloc,p”
uy, uy € L®((0,7); (LY, ,)") be two mild solutions with initial data
Ug € (Lp

uloc p(Rd))dv p> d. We set

2, {0}

uloc,p uloc,p

K = max{ Sup |wi]|ze, (%), SUP |z
O<t< 0<t<

Then

uloc,p

dr
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lur —wallre, (1)

< / e APV - ((ug — up) ® wy) + up ® (ug — ua))||pe,  dr
0

uloc,p

IN

N|—=

! Cs Cs
/0((15—7) +(t_7_>2+2p)||((m—UQ)®U1)+u2®(u1—u2))||Lul

M‘&

N[
w\»—-

LG C
G+ el el + el

t _ 7_) (t o 7_) uloc,p uloc,p uloc,p

< 2KC’(T2p P T %) sup ||up — ual|zp

o<t<T’ uloc,p

(t),

so we have

sup ([ —usl|zy,,_ (1) < 2KO(T2p754+737%) sup [l

0<t<T" 0<t<T" uloc,p

(t)-

Thus, for sufficiently small 7" > 0 it follows that u; = us in 0 <t < T".
Repeating this argument, we see that u; = us in 0 <t < T.

We shall show u € C((0,T); (L}, ,)%). Let 0 <t <t+h < T. Since
u(t) = e"®ug — B(u,u)(t), we have

[lu(t +h) —u(®)][z

uloc,p

< Het+hAu — gl r

uloc,p

+[B(u, u)(t + h) = Blu, w)(@)||

uloc p

From Corollary 3.1 we know e'®uy € LP

ulocp f0r any t > 0. So by
Proposition 2.2,

et By — e Bugllr = || e Pug — ePugl|r — 0, as h — 0.

uloc,p uloc,p

Next,
1B (u, w)(t + h) — B(u, u)(t)||1z

t
< / He(h“*s)APV UR U — c=9APY . ¢ R uHLﬁz
0

oc,p

t+h
+/ ||et+h DAPY . u®u||Lp
¢

uocp

- [1 +[2

Again, from Corollary 3.1 and Remark 3.2, we know e 2PV - u®@u
belongs to LV, . » for 0 < s < t, so we have from Proposition 2.2,

PPV .y @ u — APV - u ® “HLﬁzocp —0as h—0,

for 0 < s < t.
On the other hand,

dr

oc,p

YdT
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|e"HIAPY  u@u— e TIAPY  u @ | 1p,

P

05 06
< oo amt T g Ml Ml
— S5)2p? — 8 p
C C
+((t 3 i (t )65+;)Hu| e, 11l
— S Qpp — S D
CY5 Cﬁ
=2 (t — s)%p% * (t _ S)é—i_ﬁg)||U||LZZDC!P||U||LZlOC,p.

So by Lebesgue’s convergence theorem, we have I; — 0 as h — 0.

D=

t—i—h—s)%pg (t+h—2s) T35 utocr

d 1 d
< C(h2p™> +h275) sup |Ju(®)l|pr,
o<t<T ’

t+h C C
L g/ ¢ 5. S luoully  ds
t

— 0as h—0.
This implies that u € C((0,7T); (Lﬁloc,p)d)'

(ii) Let &, Fr be Banach spaces defined as

Er = {f € L=((0,7); (Lioe,)") |
£ f(t,) € L2((0,7); (L)), lim 2] £(t,)]|z = 0},

Fr = {f | t1f<t7 ) < LOO((OvT)v (L?jac,p)d)’ 1ii%t1||f(tv ')”Liflloc,p - 0}7

. 1
with norm || f[le; = supgeier [|f (¢, .)||Lgloc,p +supgcper t2|[f(E,)|| L and
| fll7r = SuPgecier t%|\f(t,~)|]L2? , respectively. We can easily check

uloc,p
that & C Fr. Indeed, for any f € Er we have

ti t, 2dd>2d

() ey

oo</ If(t,y)lddy> :
ly—z|<p

1 1
< (sup 2| f(t =) ( sup [[FE ) ]ee, )7,
0<t<T 0<t<T ”

Sl

£ ()|

IN

ST
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hence f € Fr. For f and g in Fr, applying the estimate of the kernel of
the convolution operator e*~"2PV., we obtain

1B )l (1) < /Ww“TmPv<f®gmyd
C Cs
< / (——+ I @l d
o (t—7)2pz  (t—17)1 utoe,
t
Cs Cs
< + 274 i d
S e R e [ PR [
(35) < C(p %+ 0)|Ifllz gl
thus B(f, g) € Fr.
For f and g in & we have
1B, 9z, +11B(g, Dlles,,
t C Cs
< [ ) ol +llge flly )ar
0 (t - T)2p2 (t - T) uloc,p uloc,p
< [ S Ol Nl
- 0 (t _ T)%p% (t _ )% L12Lllioc g Lgloc
t
C5 CG _1
< + T 4dr
| G+ G il gl
= C+tip )| fllzlglle
and

IB(f; Oz + [|B(g, fl|z=

! Cs Cs
< [ Gamr o el 9@ fllg, )i

loc,p

t
Cs Cs ER
< 2 171 3 wod
= /0 (( T)iph (t—7)4)T Mz, T 9lleedr

< C<t72+t i 7§)Hf’|]'—THgH£T7
so B(f,g) € & and

(36)  B(f, 9ller + [1B(g, H)ller < CQL+THp72)||fll52l19]lers

The estimate (35) proves that the Picard contraction scheme will pro-
vide a solution to the Navier-Stokes equations u € F7 provided that the
norm of (e"®ug)o<icr in Fr is small enough.

I : : e
For ug € (UpsaLiyo, » L““’”’)d, (e"®ug)o<i<r satisfies this condition if

we take T sufficiently small, since it follows that

(37) lim sup ¢3]|e®ugl[2e = 0.

T=00<t<T uloe,p
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Indeed, for ug € (L?

uloc,p

)4 with p > d, we have

Cl 02
ez, , < s + o
) pipT2d t2'p 2d

)[wol| 2z

'u,loc,p7

SO

, 1A _
lim Oilth“ e uollr2g = 0.

1
. . = tA . . .
Since the family of operators (t1€")(za 12 Is equicontinuous, any
———— 'l a : o
ug € (Upsally,,, oer)? also satisfies the above condition.

Especially, the existence time T can be taken as it satisfies

~y

Lyta
AR AR

Tip*% +1>

Here 7 is a positive constant depending only on d. From this estimate,
one can deduce the following existence time estimate

(38) T > min{p?, o},
where « is a positive number such that

1
sup ¢7]|e" | |20
0<t<a i

<7
-2

holds. Next we show that a solution u € JFp with initial value uy €
(L. )" also belongs to Er. For the Picard iteration sequence {u(™ },>;

in Fr, we obtain from the property (37)

- (). _
lim sup [[u |7 =0.

Furthermore by the estimate (36), we have that the sequence {u(™},>;
is bounded in &7 if T' is sufficiently small. Then, again by the estimate
(36)

n+l) _ ||B(u(”),u(")) _ B(u(n—1)7u(n—1))||5T

< B™ = u™ D u™)le, + [[Bu"Y, u™ —u" D),
< COllu®™ = u® V| (™ lep + [ ley)-

[Jul u™e,

This implies that {u(™},>; is a Cauchy sequence in &-. Hence the
limit function u belongs to Er. This proves the theorem (ii).
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It remains to prove that u € C((0,T); (L. ,)?). Let 0 <t <t+h <T.

[u(t + h) = u()]] g

uloc,p

< ||€(t+h)Au0 . emu0|

e

uloc,p

t+h
+ / e EH=92PY . (@ )|l ds
t

uloc,p

t
+ / |eTHh=)APY . (u@u) — e D2PV - (u@u)||«  ds
0

uloc,p

=: J1+J2+J3.

Since e'®uy € L2 for any t > 0, by Proposition 2.2, the term J;

uloc,p
converges to zero as h goes to zero. From Corollary 3.1 we have

t+h 1
Jy < C —ul|sa u||peds
»= o[ i
h2 1
< C— sup |[u(®)||ga, ~ sup t2[|u(t)||re
t2 o<t<T woer 0<t<T

— Qash—0.

Again from Corollary 3.1 and Remark 3.2, we know the function e*=*2PV-
(u ® u) belongs to L, . for 0 < s < t, so we have

uloc,p

e FTEIAPY - (u @ u) — VAPV - (u ® U)HLﬁlOCP — 0ash—0,

for 0 < s < t. On the other hand, we have

|eM APV - (u® ) — TTIAPVY - (u @ u)l| L
C ¢’

+ Ul|rd U|| 00
et e o PN
c+c 1
11 (sup J[u(®)[ga, )(sup t[[u(t)][r=).
(t —s)2s2 o<t<T uloer” 0<t<T

By Lebesgue’s convergence theorem, we have J; — 0 as h — 0.

(iii) The proof is similar to the proof of (ii). In this case, let & and
Fr as

Er = {f e L®((0,7);(Ld,.,)") | t2£(t.) € L=((0,T); (L))},
Fr o= {f|tif(t.) € L®((0,T); (L%, )N}
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The norms of & and Fr are as same as in (ii). Then we have & C Fr
and by arguing similarly as in (ii),

(39) 1B(f, )z < CQ+Tip72)||fl5lgll7
(40) IB(f,9)ller + 1B(g, lley < CL+T5p72)]|fllz.]|glles
(41) le*uollr < COL+Tip 2l uollzg,,

(42) leAuolle, < C(1+T2p™")|fuol|

uloc,p

So as in the case as (ii), it suffices to show that if € > 0 is sufficiently
small and [[uo|[a <€, then there exists a unique mild solution in Fr
c,p

for small 7. By con31der1ng the Picard iteration scheme, we can easily
prove this assertion. The existence time 7™ can be taken as it satisfies

(43) Tip™s+1> 7
ol |4

uloc,p

Y

where v is a positive constant depending only on d. Also arguing as the
same way as in (i), we obtain u € C((0,T); (LY,.,)?). We omit the
details. The proof of the theorem is now complete.

Remark 3.4. The existence time estimate for arbitrary p > 0 can also
be deduced directly from that estimate for p =1 if we consider an appro-
priate scaling of the solution of (NS) and use the relation (17).

Remark 3.5. We do not know the local existence of solutions for general
initial data in LY, . One of the main difficulties is that the space L™

or LP (p > d) is not dense in LZ

uloc,p uloc,p*

Remark 3.6. The existence of local mild solutions with initial data in L
space is proved in Y. Giga, S. Matsui and K. Inui [14]. They also proved
that the mild solutions are smooth with respect to the space vartables and
the time variable when the time s positive. We see that any mild solution
u(t) constructed in the proof of Theorem 1.1 belongs to (L=(R%))? for
each t > 0. So we know from the results of [14] that this mild solution is
also smooth with respect to x and t fort > 0.

Remark 3.7. If ug € (£%,.(RY))?, we know from the result of H. Miura
[30] that the associated mild solution u(t) € L>((0,T); (L%, ,)%) satisfying
t%u(t) € L>=((0,7); (L*®)?) is unique. So this mild solution have to satisfy
that limp_o sup0<t<Tt%||u(t)||Loo = 0. This fact will be used in Theorem

41
Remark 3.8. When ug € (L?

uloc,p

)4, p > d, the inequality ||uol|r, <

uloc,p

||uo||L» holds for any p > 0. So if we let p > 0 go to oo in (34), we have
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the estimate
~

o[ zr

Sl

1
T2"2 >
Hence we can reproduce T. Kato’s results [22].

Next we discuss the critical case p = d. From the existence time esti-

mate (43), for sufficiently small data ug € (LY(RY))? we have

v
[luol | e

Thus we can find that there exists € > 0 such that (NS) can be solved
globally in time for any initial data ug € (L) such that ||uo||Le < € (we
can take € as 3). Hence we can reproduce T. Kato’s result [22] in this
case too. So in a certain sense, our results may be regarded as a gener-
alisation of T. Kato’s results about mild solutions of (NS) to uniformly
local settings.

3.4. Convergence to initial data.

In this section we consider the convergence of mild solutions to initial
data as t goes to zero. The characterization of 'CZzoc, , in Proposition 2.2
is essentially used. We shall show that if ug belongs to L7, , then u(t)
converges to ug in Lﬁloc’ ,-norm as ¢ goes to zero. Moreover, from the
estimates of the nonlinear term, we shall show that the converse also

holds if p > d.

Proof of Theorem 1.2.
(i) It is easy to check that

(44) (1B, w) @)z

uloc,p

< Ot (sup |ult)]z, )? — 0, as t 0.
0<t<T uee

Moreover, for any compact subset K in R¢, we have

tA |
||e"Zug — uol|Lr(r) < —e 4

ré (47)2

By Lebesgue’s convergence theorem, we have

o (- — Vtz) — uo(-)| oy dz.

A
Ilfl_r)% e uo — uo||Lr(x) = 0.

Thus,

lin [[u(t) = uo|| r(x) = 0

holds.
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For any ug € Ly, ,, we have from (44) and Proposition 2.2,
fim (1) — wollz,,, =0
: N _
< lim{le"ug —uolz, =0
< Ug € ’Ciloc,p‘
(ii) Since
1
1B, @) ®lls, < CCsup [[u®)llzg, ) sup ¢H{Ju(®)]l)
’ 0<t<T *o<t<T
we have
i (1B, 0) (1), = 0

from the assumption for u. Therefore, arguing as same as in (i), we know
that the assertions hold.

4. P

uloc

-ALMOST PERIODIC INITIAL DATA

In this section we define the class of L?, -almost periodic functions
in R?. We shall show that for any L?, -almost periodic initial data,
the associated mild solutions becomes uniformly almost periodic (=L-
almost periodic) for any positive time. This result is an extension of the
result of Y. Giga, A. Mahalov and B. Nicolaenko [15] which is concerned

with L*°-almost periodic initial data.
4.1. L?, -almost periodic functions.

A. S. Besicovitch [3] defined the class of L?, = -almost periodic functions
in R. In this section we shall extend that notion to multi-dimensional
cases. A set £ C R is said to be relatively dense if there exists a number
r > 0 such that any Fucledian ball with radius r has some intersection
with E. Let f be in L?, (R?) and € > 0. A point 7 € R? is called a
translation point of f belonging to € if [[f(-+7) — f(*)[|zr, < € holds.

Let E,{¢, f} denote the set of all translation points of f belonging to e.

Definition 4.1. Let p € [1,00] and let f be in LP, (RY). Then f is

uloc
called L?, -almost periodic if | € BUC’(]Rd)L“l” (= £ (R%) and for
any € > 0, E{¢, f} is relatively dense.

uloc

Next characterization of the L?

s oc-almost periodicity is useful.

Lemma 4.1. Let p € [1,00]. A function f € LF, (R?) is LF

uloc uloc_almOSt
pericdic if and only if

A= {f(+7) T ERY

is precompact in L, (R?).
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In order to prove this lemma, we need the following proposition which
is a consequence of Proposition 2.2.

Proposition 4.1. Let p € [1,00]. Let f € LF, (R?). Assume that Ay
defined above is precompact in LE, (R?). Then f belongs to LY

uloc*

Proof. From Proposition 2.2, it suffices to show that

(45) lim [[f(-+y) = fO)lle,,, = 0.

| ‘ uloc

Let {y,}n>1 be an arbitrary sequence such that y, — 0 as n — oo.
Since Ay is relatively compact, there exists a subsequence {y,q)}i>1 and
a function g € L?, . such that f(- + ynq) — g(-) in LY, as | — oo.
On the other hand, for any compact set K C RY, we easily see that
fC 4 ynw) = f() in LY(K) as | — oo. Thus f = g. This implies that
(45) holds.

Proof of Lemma 4.1.

Assume that f is an L?, -almost periodic function. Let € be a given
positive number. From the definition of almost periodicity, there exists
r(€/3) > 0 such that for any y € R? there exist z € B(0,r(e/3))(a ball
with radius r(e/3) centered at the origin) and 7 € E{e/3, f} satifying
y =71+ Let {h;}32, C R? be a given sequence. Then for each i, there
exist x; € B(0,7(¢/3)) and 7; € E{e/3, f} such that h; = 7, + x;. Since
{z;} is bounded, there exists a subsequence {x;;)} which converges to

some zg € R% Since f € £F, | from Proposition 2.2 there exists § > 0
such that [|f(-+z) — f()l|zr, < €/3 for z with [2] < §. We have [y € N
such that {z;i)}72;,, C B(wo,0/2). Collecting these facts, we obtain

1+ higy) — f( A+ hig)ze,
= |[f(- + 7@ + i) — FC+ Ty + i) |zr,
< G+ 7 + @) — fO+ miw + o),
FC A+ Tige) + i) — FC+ Ty + i) )HLﬁloc
= |[f(-+7w) = FC+maller, + 1) = FC+ zig)l e
< NfCH+7w) = O

uloc

Ff G+ Tiwy) — O]

uloc
uloc uloc

HIfC) = FC+ i — zi)ller,, -
< €

This implies that Ay is precompact in L, .

Next we assume that f € LF, (RY) is not L?, -almost periodic. If
[ ¢ L, . then from Proposition 4.1 we have that Ay is not be relatively
compact. So we may assume that there exists ¢ > 0 such that E{e, f}
is not relatively dense. Then for any h; € R? there exist 7, > 2|hy| and
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hs € R? such that

B(ha,r1) N E{e, f} = 0.
Then hy — hy ¢ E{e¢, f} since hy — hy € B(hg,71). Next we have ry >
2(|h1| + |ho|) and hs € R? such that

B(h3’r2) N E{E, f} = @

Then hs — hi, hs — ho ¢ E{E, f} since hs — hi, hs — hy € B(hg,’f’g).
Repeating this, we obtain a sequence {h;} C R? such that h; — h; ¢
E{e, f} for i # j, or equivalently,

fC+ha) = fC+Rh)lee, =1 (+hi—hy) = f()]
This shows that A; is not precompact in LF, (R?).

uloc

LP > €.

uloc

4.2. P

uoc~almost periodic initial data.

We shall show that for any L?, -almost periodic initial data which are
divergence free, the associated mild solutions become uniformly almost
periodic (=L*-almost periodic) for any positive time. It suffices to con-
sider the case p = d, since any L?, -almost periodic function where p > d
is also L4, -almost periodic. Note that any L¢,  -almost periodic function

is by definition in £%,,.. Thus the associated mild solution u(t) satisfy-
ing u(t) € L((0,T); (L%,.)%) and t2u(t) € L=((0,T): (L®)%) uniquely

uloc
exists. In the proof of the theorem below, we essentially use Lemma
4.1. The key of the proof is to show the continuity of the mild solutions
with respect to initial data. We shall use the following notation. For
f e Ll (RY), we write

" [(z) = flx + 7).

Theorem 4.1. Assume that ug is L%

Cioc almost periodic and satisfies
div ug = 0. Let u(t) € L>°((0,T); (L%, )?) be the associated mild solution

of (NS) satisfying t2u(t) € L=((0,T); (L*)%). Then, for0 <t < T, u(t)
15 L>°-almost periodic.

Proof. Remark that by uniqueness the mild solution wu(t) satisfies

sup [[u(t)|]pe, <K
0<t<T

: 1
lim sup t2||u(t)||p~ =0,
T=00<t<T

where K is a positive constant depending only on [[u[[za , T and d (see

Remark 3.7). Interpolating these, we have

. 1
fmy s 4z =0
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From Lemma 4.1, it suffices to show that A,y := {u(t, -+ 7); 7 € R?}
is precompact in (L°(R?))%.  For this, we shall show the continuous
dependence of the mild solutions on initial data.

Let 7, 7/ be any points in R?. Since e/“PV- is a convolution operator,
we have

t
u™(t) = e uf — / APV - (0" @ u”)ds.
0
From Corollary 3.1, we have

[Ju” = uT [~ (2)

<[l (u — u )|
t / ! !
+/Hﬁ*MPv«mf;w>®m+wf®WT—m»mmm
0
< C(L+t73)||uf — uf ||

uloc

¢ 1 1 / ’ ’
40 [t Il = ) e+ @ (7 =)y, ds
o (t—s)z (t—s)1

uloc

IN

C(L+t77) Juf — uf |12,

t 1 1 1 1. T’
40 [ (e s s lullzg (6 sup el — 1)
0 (t - 5) 2 (t - 5)4 S4 o<t<T’ o<t<T’
1
2

IA

2
—

_|_
|

+C' (71 +172) sup full e (1) sup £2|[u” —u” ||z ().
o<t<T’ Y o<t

Thus

sup £ |[u” — " || oo (8)
0<t<T’

< O +t)Juf —uf ||a

+C'(L+t7) sup [[ullg2e (£) sup 2]Ju” —u” [|p=(t).
0<t<T’ T o<<t!

;20 = 0, for sufficiently small T, we

uloc

Since limy_,o SUpgesep t1]|u(t)]
have

1 / 1 /
sup 7 |[u" — u” || (t) < 2C(1 + T2)Jug — ug |[pa,
o<t<T’

This implies that u(t) is L>-almost periodic for 0 < ¢ < T'. As for
T < t < T, remark that u(t) coincide with v(t — Z-) which is the

/

mild solution of (NS) with initial data u(Z-). By the result of Y. Giga,
A. Mahalov and B. Nicolaenko [15], we see that the mild solution u(t) is
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L>-almost periodic because u(%) is L>°-almost periodic. This completes
the proof.
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