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Elliptic Bernoulli Functions And Their Identities

Tomoya Machide

Abstract. We introduce an elliptic analogue of the Bernoulli functions, which
we call elliptic Bernoulli functions. They are defined by using the modified
generating function of the elliptic polylogarithms. By degeneration of the

elliptic Bernoulli functions, we obtain standard properties and new identities
for the Bernoulli functions.

1. Introduction

As a generalization of the usual polylogarithms, A.Levin [1] studied elliptic
polylogarithms purely analytically, and introduced their generating function. In
this paper, we define elliptic Bernoulli functions by using the modified generat-
ing function of the elliptic polylogarithms, and show that they have symmetry,
periodicity, an additive formula, and transformation properties. In addition, We
get several identities for the generating function of the elliptic Bernoulli functions,
which gives identities for the elliptic Bernoulli functions. Standard properties and
new identities for the (classical) Bernoulli functions and polynomials are obtained
by degeneration of the elliptic Bernoulli functions. We note that Fourier expansions
of the elliptic Bernoulli functions are a sort of Eisenstein series.

The paper is organized as follows: In Section 2, we define the elliptic Bernoulli
functions, and give their symmetry, periodicity, an additive formula, and transfor-
mation properties. By degeneration of the elliptic Bernoulli functions, standard
properties of the Bernoulli functions and polynomials are induced. In Section 3, we
show various identities for the generating function of the elliptic Bernoulli functions,
which give birth to identities for the elliptic Bernoulli functions. By degeneration,
new identities for the Bernoulli functions are deduced.

We will use the following notations: e(x) := e2π
√
−1x, q := e(τ), and Jacobi’s

theta function

θ(x; τ) :=
∑
m∈Z

eπ
√
−1(m+ 1

2 )τ+2π
√
−1(m+ 1

2 )(x+ 1
2 ).

Here τ is a complex number with positive imaginary part, i.e., Im τ > 0.

2. Elliptic Bernoulli Functions

In this section, we give the definition and properties of elliptic Bernoulli func-
tions, and degeneration into the Bernoulli functions.
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Consider the following function

Fx(ξ; τ) = 2π
√
−1

[ ∞∑
j=1

qj

e(x) − qj
e(−jξ) −

∞∑
j=1

qj

e(−x) − qj
e(jξ)

+
1

e(x) − 1
+

1
e(ξ) − 1

+ 1
]
, (|Im x|, |Im ξ| < Im τ).

(1)

This function has another expression ([2] p.446 , [3] Sect.3):

Fx(ξ; τ) = Fξ(x; τ) =
θ′(0; τ)θ(x + ξ; τ)

θ(x; τ)θ(ξ; τ)
,

where θ′(x; τ) =
∂

∂x
θ(x; τ). Hence it has simple poles on Z + τZ and residue 1 at

the origin with respect to x. Periodic properties and transformation properties of
Fx(ξ; τ) are the following ([3] Sect.3):

Fx(ξ + 1; τ) = Fx(ξ; τ), Fx(ξ + τ ; τ) = e(−x)Fx(ξ; τ),

Fx(ξ; τ) =
1

cτ + d
e(− cxξ

cτ + d
)F x

cτ+d
(

ξ

cτ + d
;
aτ + b

cτ + d
),

(2)

where a, b, c, d ∈ Z such that ad − bc = 1.

DEFINITION 2.1. We define the generating function F (x, y; ξ; τ) of elliptic
Bernoulli functions and the m-th elliptic Bernoulli function Bm(x, y; τ) as

F (x, y; ξ; τ) := e(yξ)F−x+yτ (ξ; τ) =
∞∑

m=0

Bm(x, y; τ)
m!

(2π
√
−1)mξm−1.

Because of (1), we have B0(x, y; τ) = 1 and

Bm(x, y; τ) = m

( ∞∑
j=1

(y − j)m−1 qj

e(−x + yτ) − qj

−
∞∑

j=1

(y + j)m−1 qj

e(x − yτ) − qj
+ ym−1 e(−x + yτ)

e(−x + yτ) − 1

)
+ Bm(y)

(3)

for every positive integer m. Here Bm(y) is the m-th Bernoulli polynomial:

2π
√
−1

e(yξ)
e(ξ) − 1

=
∞∑

m=0

Bm(y)
m!

(2π
√
−1)mξm−1.

Remark 1 The origin of the definition of elliptic Bernoulli functions is the fol-
lowing. We can formally regard the function 2π

√
−1

∫
e(yξ)/(e(ξ) − 1)dξ as the

generating function of the Debye polylogarithms Λm(ξ) in the following sense (the
definition of the Debye polylogarithms is in [1] Sect.1):
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2π
√
−1

∫
e(yξ)

1
e(ξ) − 1

dξ

= 2π
√
−1

∫
e(yξ)Li0(e(−ξ))dξ

= −e(yξ)Li1(e(−ξ)) + 2π
√
−1y

∫
e(yξ)Li1(e(−ξ))dξ

= · · · · · ·

= −e(yξ)
( ∞∑

m=0

Lim+1(e(−ξ))ym

)

= −
∞∑

m=0

( m∑
k=0

Lik+1(e(−ξ))
(2π

√
−1)−kξm−k

(m − k)!

)
(2π

√
−1y)m

=
∞∑

m=0

Λm+1(−ξ)(2π
√
−1)m+1(−y)m

Here Lim(z) =
∞∑

n=1

zm

nm
is the Euler polylogarithm, and assume that the series is

formal. A.Levin introduced the modified generating function Λ(ξ, τ ;x, y) of the
elliptic polylogarithms ([1] Sect.2):

Λ(ξ, τ ;x, y) =
∑

m≥0,n≥1

Λm,n(ξ; τ)(−Y )n−1Xm +
e−Y ξ

Y (Y τ − X)
+

1
(eY − 1)X

,

where Λm,n(ξ; τ) is the (Debye) elliptic polylogarithm with index (m,n). He also
give the equation ([1] Prop.3.1)

F (x, y; ξ; τ) =
∂

∂ξ
Λ(ξ, τ ;−2π

√
−1x,−2π

√
−1y).

Integrating both sides of the equation above with respect to ξ, we get the formula∫
F (x, y; ξ; τ)dξ = Λ(ξ, τ ;−2π

√
−1x,−2π

√
−1y)

as a matter of form. Two facts that
∫

e(yξ)/(e(ξ) − 1)dξ is formally regarded
as the generating function of the Debye polylogarithms and that e(yξ)/(e(ξ) − 1)
is the generating function of the Bernoulli functions (polynomials) suggest that
F (x, y; ξ; τ) is the generating function of elliptic Bernoulli functions (polynomials).

Remark 2 The Fourier expansion of the elliptic Bernoulli function of degree m ≥ 3
with respect to x, y is (cf. [4], [5])

Bm(x, y; τ) = − m!
(2π

√
−1)m

∞∑
i,j=−∞

(i,j) ̸=(0,0)

e(ix + jy)
(iτ + j)m

, (0 ≤ x, y < 1).

We introduce properties of the elliptic Bernoulli functions.

PROPOSITION 2.1. Let a, b, c, d be integers such that ad− bc = 1, and m be
a non negative integer. Then we have the following equations:
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(i) (transformation property)

Bm(x, y; τ) =
1

(cτ + d)m
Bm(ax + by, cx + dy;

aτ + b

cτ + d
).

(ii) (symmetry) Bm(x, y; τ) = (−1)mBm(−x,−y; τ).

(iii) (periodicity) Bm(x + 1, y; τ) = Bm(x, y + 1; τ) = Bm(x, y; τ).

(iv) (additive formula) Bm(x, y + z; τ) =
m∑

i=0

(
m

i

)
Bi(x − zτ, y; τ)zm−i.

Proof. By transformation properties of Fx(ξ; τ), we can get

F (x, y; ξ; τ) =
1

cτ + d
F (ax + by, cx + dy;

ξ

cτ + d
;
aτ + b

cτ + d
).

It follows (i) from comparing the coefficient of ξm of the above equation. One can
prove the other cases in a similar way. ¤

We will show that the elliptic Bernoulli functions degenerate into the Bernoulli
functions. Let {y} denotes the fractional part of a real number y, i.e., 0 ≤ {y} < 1.

THEOREM 2.1. Let y be a real number and m, k positive integers. Then the
following equations hold:

(i) lim
τ→∞

√
−1

Bm(x, y; τ) =


Bm({y}) = (−1)m(Bm({−y}), (y /∈ Z),

B1 +
e(−x)

e(−x) − 1
, (y ∈ Z,m = 1),

Bm, (y ∈ Z,m > 1),
where Bm = Bm(0).

(ii) lim
k→∞

Bm(x,
y

τ
;

k

|y|
τ) = Bm(

y

τ
) + m

(y

τ

)m−1 e(−x)
e(−x) − 1

, (y ̸= 0).

Proof. If τ approaches ∞
√
−1, then e(yτ)qj and e(−yτ)qj (j ≥ 1) approach

0. Therefore one can prove the equation (i) for 0 ≤ y < 1 because of the formula
(3), which give the complete proof of (i) by virtue of periodicity and symmetry of
the elliptic Bernoulli functions. The formula (ii) is derived from the equation

Bm(x,
y

τ
;

k

|y|
τ) = m

( ∞∑
j=1

(
y

τ
− j)m−1 q′jk

e(−x) − q′jk

−
∞∑

j=1

(
y

τ
+ j)m−1 q′jk

e(x) − q′jk
+

(y

τ

)m−1 e(−x)
e(−x) − 1

)
+ Bm(

y

τ
),

where q′ = e( τ
|y| ). ¤

We can deduce some properties of the Bernoulli functions and polynomials from
the above proposition and theorem (i).

COROLLARY 2.1.
(i) (symmetry) Bm({y}) = (−1)mBm({−y}), (y ∈ R).

(ii) (quasi periodicity) Bm(y + 1) = Bm(y) + mym−1.
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(iii) (additive formula) Bm(x + y) =
m∑

i=0

(
m

i

)
Bi(y)xm−i.

Proof. The formula (i) is already proved in the above theorem. When 0 <
y < 1, the equation (ii) is deduced from

lim
τ→∞

√
−1

Bm(x, y + 1; τ) = −mym−1 + Bm(y + 1).

One get (ii) by analyticity. As the proof of (ii), (iii) is derived from the additive
formula of the elliptic Bernoulli functions. ¤

3. Identities

We will give identities for the generating function of the elliptic Bernoulli func-
tions, which imply identities for the elliptic Bernoulli functions and the (classical)
Bernoulli functions. Throughout this section, we suppose that l, k, ei, . . . , are pos-
itive integers, that m, mi are non negative integers, and that empty product is
regarded as one. we prepare the lemma bellow:

LEMMA 3.1. If e0 = e′0 = 1, then we have

k∑
a=0

1
ea

[e′
a−1∑
j=0

(ea−1∑
i=0

Fe′
0ξ0+···+e′

kξk
(l(xa − i

ea
+

jτ

e′a
);

l

l′
τ)

×
k∏

b=0
(b̸=a)

Fl′ξb
(eb(xb − xa +

i

ea
− jτ

e′a
);

eb

e′b
τ)

)
e(jl′ξa)

]

=
1
l

l′−1∑
j=0

( l−1∑
i=0

k∏
b=0

Fl′ξb
(eb(xb −

i

l
+

jτ

l′
);

eb

e′b
τ)

)
e(j(e′0ξ0 + · · · + e′kξk)).

Proof. Let f(x0) be (the left hand side) - (the right hand side). It has quasi
periodicity 1 and e(−l′ξ0) as x0 goes to x0 + 1 and x0 + τ respectively. The left
hand side has possible poles on the following lattices:

1
l
Z +

τ

l′
Z; xa +

1
ea

Z +
τ

e′a
Z, (a = 1, . . . , k);

xa − i

ea
+

jτ

e′a
+ Z + τZ, (a = 1, . . . , k, i = 0, . . . , ea − 1, j = 0, . . . , e′a − 1).

The right hand side has those on the following lattices:

i

l
− jτ

l′
+ Z + τZ, (i = 0, . . . , l − 1, j = 0, . . . , l′ − 1).

For generic x1, . . . , xk, the order of the possible poles of f(x0) is 1 or less. By direct
calculation, the function f(x0) is an entire function with quasi periodicity 1 and
e(−l′ξ0) as x0 goes to x0 + 1 and x0 + τ respectively. Therefore it must vanish for
generic ξ0, x1, . . . , xk. It also vanish for all ξ0, x1, . . . , xk by analyticity. ¤

Recall the generating function F (x, y; ξ) of the elliptic Bernoulli functions. Cal-
culating the residue of the formula in the above lemma at ξ0 = 0, and replacing xa
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with −xa + yaτ, we obtain the following identity for F (x, y; ξ):

k∑
a=1

1
ea

[e′
a−1∑
j=0

ea−1∑
i=0

F (l(xa +
i

ea
), l′(ya +

j

e′a
); e′1ξ1 + · · · + e′kξk;

l

l′
τ)

×
k∏

b=1
(b ̸=a)

F (eb(xb − xa − i

ea
), e′b(yb − ya − j

e′a
); l′ξb;

eb

e′b
τ)

]

=
1
l

l′−1∑
j=0

l−1∑
i=0

k∏
b=1

F (eb(xb +
i

l
), e′b(yb +

j

l′
); l′ξb;

eb

e′b
τ).

Multiplying (e′1ξ1 + · · · + e′kξk)
k∏

b=1

(l′ξb) both sides of the equation above, one can

compare the coefficient of ξm1
1 · · · ξmk

k (m1, . . . ,mk ≥ 0). Since

(e′1ξ1 + · · · + e′kξk)F (l(xa +
i

ea
), l′(ya +

j

e′a
); e′1ξ0 + · · · + e′kξk;

l

l′
τ)

=
∞∑

m1,...,mk=0

BM(l(xa +
i

ea
), l′(ya +

j

e′a
);

l

l′
τ)(2π

√
−1)M

(e′1ξ1)m1 · · · (e′kξk)mk

m1! · · ·mk!

where M = m1 + · · · + mk, we reach identities for the elliptic Bernoulli functions.

THEOREM 3.1. If k ≥ 2, then the following identities hold:

(i)
l′m−1

l

l′−1∑
j=0

l−1∑
i=0

Bm(e(x +
i

l
), e′(y +

j

l′
);

e

e′
τ)

=
e′m−1

e

e′−1∑
j=0

e−1∑
i=0

Bm(l(x +
i

e
), l′(y +

j

e′
);

l

l′
τ).

(ii)

k∑
a=1

e′ma−1
a

ea
ma

e′
a−1∑
j=0

ea−1∑
i=0

[ k∑
c=1

(c̸=a)

mc∑
nc=0

B(N,a)+ma−1(l(xa +
i

ea
), l′(ya +

j

e′a
);

l

l′
τ)

×
k∏

b=1
(b ̸=a)

(
mb

nb

)
Bmb−nb

(eb(xb − xa − i

ea
), e′b(yb − ya − j

e′a
);

eb

e′b
τ)e′nb

b l′mb−nb

]

=
k∑

a=1

e′al′m1+···+mk−2

l
ma

l′−1∑
j=0

l−1∑
i=0

[
Bma−1(ea(xa +

i

l
), e′a(ya +

j

l′
);

ea

e′a
τ)

×
k∏

b=1
(b̸=a)

Bmb
(eb(xb +

i

l
), e′b(yb +

j

l′
);

eb

e′b
τ)

]
,

where (N, a) =
∑k

d=1(d̸=a) nd and B−1(x, y; τ) = 0.

we obtain new identities for the Bernoulli functions due to degeneration.
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COROLLARY 3.1. Let k ≥ 2 and y ∈ R. Then we have

(i) l′m−1

l′−1∑
j=0

Bm({e′(y +
j

l′
)}) = e′m−1

e′−1∑
j=0

Bm({l′(y +
j

e′
)}), (m ≥ 2).

(ii)

k∑
a=1

e′ma−1
a ma

e′
a−1∑
j=0

[ k∑
c=1

(c ̸=a)

mc∑
nc=0

B(n,a)+ma−1({l′(ya +
j

e′a
)})

×
k∏

b=1
(b̸=a)

(
mb

nb

)
Bmb−nb

({e′b(yb − ya − j

e′a
)})e′nb

b l′mb−nb

]

=
k∑

a=1

e′al′m1+···+mk−2ma

l′−1∑
j=0

[
Bma−1({e′a(ya +

j

l′
)})

k∏
b=1

(b̸=a)

Bmb
({e′b(yb +

j

l′
)})

]
,

where (n, a) =
∑k

d=1(d ̸=a) nd, B−1(y) = 0, and
l′(ya + j

e′
a
), e′b(yb − ya − j

e′
a
), e′a(ya + j

l′ ), e′b(yb + j
l′ ) /∈ Z, (a, b = 1, . . . , k, a ̸= b).

Note. After this work was done, the author came to know of the preprint, ”Lamé
Equation, Quantum Top and Elliptic Bernoulli Polynomials” by M-P. Grosset and
A.P. Veselov(arXiv:math-ph/0508068), which gives another elliptic analogue of the
Bernoulli polynomials.
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