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GLOBAL EXISTENCE ON NONLINEAR SCHRODINGER-IMBQ
EQUATIONS

YONGGEUN CHO AND TOHRU OZAWA

ABSTRACT. In this paper, we consider the Cauchy problem of Schréodinger-
IMBq equations in R, n > 1. We first show the global existence and blowup
criterion of solutions in the energy space for the 3 and 4 dimensional system
without power nonlinearity under suitable smallness assumption. Secondly
the global existence is established to the system with p-powered nonlinearity

in H*(R™),n = 1,2 for some § < s < min(2,p) and some p > 7. We also

provide a blowup criterion for n = 3 in Triebel-Lizorkin space containing BMO

space naturally.

1. INTRODUCTION

We consider the Cauchy problem to the following system of equations (nonlinear
Schrodinger-IMBq equations):
iu+ 3Au=vu in R" xR,
02v — Av — Ad?v = A(f(v) + [u[?) in R* xR, (1.1)
u(0) =ug, (v(0),0:v(0)) = (vg,v1) in R™,
where u is a complex-valued function of (z,t) € R™ x R, v is a real-valued function
of (x,t) € R" xR, and f(v) = A|v|P~1v for a fixed real number \. In this paper, we
restrict out attention to positive time for simplicity since the case of negative time
is treated analogously. The system is regarded as a substitute for the Zakharov
system:
10y + %Au = vu,
020 — Av = Alul®.
See [15, 16] for further details. Concerning the Zakharov system, see [8, 9, 20, 21, 22]

for instance.
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The local existence of system (1.1) was studied in [4] in H* k > 5 setting in
multidimensional space and recently the global existence has been studied in [28]
in H? setting in one space dimension.

The case A = 0 for 1 < n < 4 has been studied in [19], where the local well-
posedness is proved in L? setting in space dimension n < 4 and global well-posedness
is also proved in the energy class in space dimensions n < 2. Here the energy class
stands for H'® L2®wL? for (u,v,0;v), where v; € wL? meansw~lvy € L? and H® =
(1 — A)~2L? is the usual Sobolev space with the norm ||1|/zs = ||(1 — A)29| 2.
We use similar notation v € w*X to mean w™“v € X for a function space X and
a nonnegative number a.

In this paper, we study the global existence of solutions to the system (1.1),
extending results in [19, 28].

By Duhamel’s principle, (1.1) is rewritten as

u(t) = U(t)ug — z/o Ut —t')(vu)(t') dt’,
(1.2)

v(t) = (OK)(t)vo + K (t)v1 +/0 K(t —tYw?(f(v) + [u]®) (") dt’,
where U(t) = ¢/t/22 K(t) = wtsintw, 9,K(t) = coswt and w = (—A)z(1 —

A)~z. The second integral equation of (1.2) is also written as

(5 ) =ve ()
i 0
0

(1.3)
Ve (g e )

where

0 w costw sintw
V(t) = exp <t< —w 0 >) o < —sintw costw >

The local and global existence results for IMBq equation, namely, © = 0, can be
found in [5, 6, 14, 25, 26, 27] and the references therein.

In [19], the Strichartz estimates for Schrodinger evolution group U for (1.2) and
conservation laws were the basic tools for the local or global well-posedness in case

that A = 0.
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The Strichartz estimate on U can be stated as follows: For any admissible pairs

(¢,r) and (g, 7),
1UC)¢llrsrr < Cllollre,

‘ /Ot Ut —t)F(t')dt

where C' is independent of T' > 0 and ||G|| 2 - = [|Gl[Ls(0,r; 7). Here we say the

(1.4)

<C|F|

)
La.Lr L7 L™

pair (g,r) is admissible, if % + o = 4,2 < qr <ooand (¢,7,n) # (2,00,2).
The estimate (1.4) hold even when T = oo. We use the notation ||u||perr =
1/l L4 (0,00; ) When T = co. For the details of Strichartz estimate, see [12].

The solution (u,v) with sufficient regularity for the system (1.1) or (1.2) satisfies
the basic physical laws, L? and energy conservations. Let [0, 7] be a existence time

interval. Then for all ¢ € [0, T

lu(®)lL2 = lu(0)]|z2, (1.5)

DO | =

B(t) = S (IVu®)lz> + lv(®)Z> + o™ 0w (t)]| 22)

(), ) + 5 IO (1.6)
= E(0).
Using the standard regularizing argument for f(v), the conservation laws can be
shown with (ug,vo,v1) € H' @ L2 @ wL? for A\ =0 and H' @ H' @ H' for \ # 0.
See for instance [2, 9].
The first result is an extension of the global existence in [19] for the case of

n =1,2 to the case n = 3,4.

Theorem 1.1. Let n = 3. Assume that A = 0. Then

(i) There exists a constant g9 such that for any (ug,vo,v1) € H' © L? ® wL?
with
(IVuol 2 + llvoll 22 + [l ™| z2)[luoll 2 < €0
the system (1.1) has a unique global solution (u,v) such that for any ad-

missible pair (q,)
u € Cy([0,00); HY) N LY

loc

([0,00); L"),
(1.7)
ve CE0,00); L), Oy € Cy([0,00); wL?).
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(i) Let T* be the maximal existence time to the Cauchy problem (1.1) with

general initial data and it be finite. Then we have
.
/0 (T — t)l[u(t)|2 dt = oo (1.8)

Remark 1. CF([0,00)),k > 0 is the space of bounded C* functions on [0, c0).

Remark 2. The smallness condition in (¢) of Theorem 1.1 is satisfied for data for

the following forms:

(1) (UO,’Uo,Ul) = (E(b,Eﬂ}o,EdJl) with ((b,i[)oﬂ/}l) € ]{1 ©® L2 ®WL2 and € > 0
sufficiently small.

(2) (UOa/UOavl) = (¢€7¢05¢1)7 where QSE(‘I) = 67%(25(671‘17)7 (¢71/}17w1) € Hl D
L2 @ wL?, and ¢ > 0 sufficiently small.

Theorem 1.2. Let n =4. Assume that A =0. Then
(i) There exists a constant g > 0 such that for any (ug,vo,v1) € H*® L*®wL?
with
IVuollze + [lvoll 2 + lw™ v1llz2 < eo
the system (1.1) has a unique global solution (u,v) satisfying (1.7) replaced
by LIL".
(i4) There exist a pair of functions (ud,vd,v]) € L? x L? x wL? such that
lu(t) = U(t)ug |22 — 0,
lu(t) = QK (t)og — K (t)oy || 2 — 0, (1.9)
lw™ (D (t) + WK (t)vg — 0K (t)v] ) |2 — 0

as t — +o0.

Remark 3. The smallness condition in Theorem 1.2 is satisfied for data of the

following forms:

(1) (ug,vo,v1) = (e, evpo,ev1) with (¢,%0,91) € H @ L? ® wL? and £ > 0

sufficiently small.
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(2) (uo,v0,v1) = (¢e,e%0,€¢1), Where ¢.(x) = e°¢(ex), (¢,%0,¢1) € H" &

L? ®wL? and e > 0 sufficiently small. Note that ||¢.|| 7> = ||#||2 and that
the size of the L? norm may not be small.

(3) (uo,v0,v1) = (67,95, 917), where ¢°(x) = e~“d(e "), ¥§ (x) = e~ (e ),

j=0,1, (¢,%0,¢1) E HH & L’ wLl? 0<a<1,0<b<2 ande >0

sufficiently small.

Remark 4. There is no result on the global existence or on blowup criteria for

Zakharov system for n = 3,4, except special problem (see [8, 10, 20, 21, 22]).

Now we consider the case of nonzero nonlinearity. For the simplicity of presen-
tation, we assume that for some positive number s
(ug,vo,1) €E H*® H* dwH?®, 1<n<3, A>0, 1<p<oc. (1.10)

The second result is the following.

Theorem 1.3. () fn=1,1<p<ooand 1l <s < min(2,p), then there

exists a unique global solution (u,v) satisfying
u € C([0,00); H*), v e C*([0,00); H®), 0w € C([0,00);wH?). (1.11)

(i4) Ifn=2,1<p<3and 1< s <min(2,p), then there exists a unique global

solution (u,v) satisfying (1.11).

Remark 5. Part (i) is an extension of result in [28], where the global existence of

solutions in H? is studied for odd integer p > 3.

Remark 6. In the case n = 1, we use the conservation laws for the control of L™
through the Sobolev embedding. But when n = 2, we cannot use such embed-
ding any more. Instead, we use a version of Brezis-Gallouet-Wainger inequality in
Sobolev space (see [18]). In view of these Sobolev inequalities, we can obtain a
global existence in H*(R") even for all s > 1, if n = 1 and p is odd interger, and if

n=2and p=3.

The next result is on the local existence and blowup criterion for n = 3.
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Theorem 1.4. (1)) Ifn=3,1<p< oo and % < § < min(2,p), then there

exists a positive time Ty and unique solution (u,v) such that
ue C([0,T.]; H?), vecC%*([0,T.]; H*), 0w e C([0,T.);wH?). (1.12)

(i4) Let T™* be the the maximal existence time of solution (u,v) to Cauchy prob-

lem (1.1) and it be finite. Then

T p—1

| ey + 1y )" de= o

for % < p < 2. Furthermore, if

(IVuollzz + llvollzz + lw™ orl|z2)l|uoll 2
1s sufficiently small, then

™ 4(p-1)
1
/0 llu(?)] Fog:w dt = oo
for % <p< %
Here, F .. o 18 the Triebel-Lizorkin space defined as follows. Let ¢ be a Littlewood-
Paley function such that EjeZ ") (25—,) =1, if £€#0. Let A; be a frequency pro-

jection operator such that A/j\w(f) = o(&/29)(€), where ¥ is the Fourier transform

of 1.
< oo} .
LOC

It should be noted that BMO = Fgo’z — Fgo,oo (for the details, see [23, 24]).

FY o= {w €S |Wllp =

sup |A ;)|
JEZ

Remark 7. The blowup criterion in Theorem 1.4 can be extended to some value of
p such that 2 < p < 3 for large data and g < p <5 for small data. For the details,

see Remark 10 below.

Remark 8. For the local existence in Theorems 1.3 and 1.4, the H?-regularity on
data for s > % is used to control the L> norm of u and v for estimation of the
bilinear term vu and of the nonlinear term Alv|P~1v via Sobolev embedding. But
by deriving dispersive estimates on K and 9, K, we can control L*> without resort

to the Sobolev embedding. For one dimensional argument, see [6] for instance. In

the forthcoming paper, we will treat the multidimensional case.
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If not specified, throughout this paper, we denote C by a generic constant varying
line by line and depending only on the norms of initial data, s, A, p, admissible pair

(¢,7) and absolute constant.

2. CASE A = 0: PROOF OoF THEOREMS 1.1 AND 1.2

In this section, we consider the global existence of the system with n = 3,4 in
case that A = 0 based on the conservation laws (1.5) and (1.6). Since the local
existence was studied in [19], we have only to consider global a priori estimates of
solutions in the 3 and 4 dimensional energy space. That is to say, it suffices to show

that for all "> 0
ullse mrr + lo(®)||Loe 2 + ||W71”t||L39L2 <C. (2.1)
2.1. Proof of Theorem 1.1.

2.1.1. Global existence. By the Holder inequality, the standard Sobolev inequality
llullzs < Col|Vul|z2, and the L? conservation (1.5), we have
5 1 3 3 1 3
(v, [ul )] < MJollzllull 22 llull 7o < CF luollZ2 llvllz> IV ull7.- (2.2)

This implies upper and lower bounds on F(0) in terms of Cauchy data in the energy

space. Regarding lower bounds, we have

1 -
E(0) = 5 (IVuollzz + llvollZz + llw™ orll72) + (vo, |uol*)

v

1 -
5 (IVuollZz + IlvolIZ2 + flw™ oallZ2)

1 3
= Slloliza = =L o2l Vo I

1 1, _
> 5= Colluollz2 | Vuol| 22) | Vol 7 + Zllw torZ:

>0,
provided |Jug| 2 || Vuol 2 < Cy®.
Now we set
M(t) = % (IVullZs + o)z + lw™ dvlZ2) -
Then the RHS of the last inequality in (2.2) is bounded by

3 1 1 13 1 5
Co lluoll £ M@O)[[Vul[ 7. < 25CF |luoll 7. M (2)7.
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By the energy conservation (1.6), this implies

M(t) = E(t) = (v, [uf?)
= E(0) — (v, [ul*) (2.4)
< B(O) + 24C5 [luo 3 M ().
We see from (2.4) that

M(t) < 5E(0), (2.5)

provided

4

EO@ECHulE) <5 (3) - (26)

The required a priori estimate (2.1) follows from (2.5) under smallness condition
given by (2.3), (2.4) and (2.6).
An application of (2.5) is the Strichartz estimate of u. For any admissible pair

(g,7), using (1.4), we have
1
lullpgrr < CTalullge i < C(T),
where C(T) is a constant depending only on C and T. Therefore, we deduce that

we Ll L".

loc

2.1.2. Blow-up criterion. Assume that
.
/ (T* — t)|Ju(t)]|24 dt < cc. (2.7)
0
Then let us observe from the equation (1.2) that
t
Joro(®)lz2 < Cllelze + unll2) + € [ fule) B
0

and hence that the finiteness of (2.7) implies that of ||0;v]|z1(0,7+; £2)-

Now we assume that
-
/ 0wz dt = M < . (2.8)
0
Then taking L? norm of v(t) = v + fot Ov(t') dt', we have

sup |lo(t)|[z> < [lvollz2 + M. (2.9)
0<t<T*
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By conservation laws (1.5), (1.6), and the estimates (2.2) and (2.9),

1 _
=5 (lvlzz + llw™ 9rvl172) = (v, ful?)

< E(0) + [|vll 2 lullZs (2.10)

1
SIvul: = B(t)

1 3
< E(0) + ([lvollp2 + M)[[uol| 22 IVull 7=
This implies
s IVu(t)|2: < CE(0) + CE(|vollr2 + M)*|uol|7 (2.11)
0<t<T*

Moreover, we obtain
[vllZ> + llw™" evll7> = 2E(0) — [ Vullz> — 2(v, [ul?)
< 2B(0) — Va2 + %”UHQL? + 8]|ul| 74
< 2B(0) — || VuZ: + %Ilvlliz +8C¢ [[uo]| 2|V 7
This implies

sup (lo(®)]172 + llw™ Bvl|72)
0<t<T*

3 (2.12)
s4E(0>+1603|u0L2( sup IIVU(t)L2> |
0<t<T*

Estimates (2.11) and (2.12) contradict the maximality of T*.
2.2. Proof of Theorem 1.2.

2.2.1. Global existence. By the Holder inequality and the standard Sobolev inequal-

ity |lullLe < Col|Vul/z2, we have

|, [ul)] < llollz2llullZs < CEllvllal|VullZs.

Therefore,
B(0) = 5 (IVuoll3s + eoll3s + o~ wnll32) + (o )
< 5 (190l + ool + o oalE2) + CRlwollze Va3
and
B(0) > 5 (IVuoll3s + lloll32) — Cloollze V2
> L2209 2. + froll32).

provided ||Vugl|z> < e < G52
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Now we set

M(t) = 5 (IVu®)llZz + lo@)72 + lw™ d()[72) -

DN =

Then
M(t) = E(0) — (v, |ul?)
< E(0) + Cllvll 2| Vul 72
< E(0) + C2M(1)|| Vul| 2
3

< E(0)+27C2M(t)3,

from which the required a priori estimate on M follows, provided |Vugllzz +
llvollz2 + |lw™ w1 2 is sufficiently small.

By the endpoint estimate (¢,7) = (2,4) of (1.4), we have
lullz.ze < Clluollzz + Clloull , ;4

< Clluol|2 + Cllvll g 2 lull Lz 24

where C' is independent of T' > 0. Since M may be taken sufficiently small by the

smallness assumption on the data,
lull 2.2 < Clluol| 2,
where C is independent of T > 0. By Fatou’s lemma, u € L2L*. Since u € L*°L?,

for any admissible pair (q,r), ||u||Lirr < Cluo||zz-

2.2.2. Scattering. By the integral equation, we have
t
U(—t)u(t) — U(—s)u(s) = —i/ U(—t")(vu)(t') dt’.
By the endpoint Strichartz estimate, we have

/ U(—t")(vu)(t") dt’

< Clloull

U (=t)ult) = U(=s)u(s)| > = ‘

L2
Lz(s,t;L%)
< CllollpeepzllullL2(s,04)

—0

as t > s — +oo. This gives a unique asymptotic state ug' e L2
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Similarly, the existence of unique asymptotic sates (vi",v]) € L? @ wL? follows

by the integral equation (1.3).
3. CASE X\ # 0: PROOF OF THEOREMS 1.3 AND 1.4

3.1. Local existence. In this section, we discuss the local existence theory of the
system (1.1) with general nonlinear term f(v). To do this, let us first introduce a

lemma for the nonlinear estimates.

Lemma 3.1. (See Lemma 3.4 in [7], Lemma 3.1 in [6] and appendices in [11])

(i) Let f € CY(R,R) with f(0) = f'(0) =0 and assume that
[ty —taP 71 if 1<p <2

[f'(t1) = f(t2)| < C (3.1)
(|t1|p_2 + |t2|p_2)|t1 — tgl, Zf p>2

for all t1,to € R. Let 0 < s < min(2,p). Then f satisfies the estimate
1F @)l < CllollE= o]l o (3.2)
for any v e L N H*.
(ii) Let f € C*(R,R)(k > 2) with
[FP®1 < Clep (3.3)
forall0 < j<k<pandteR. Then f satisfies the estimate
1F @)l < CllollE= o]l g (3.4)
for any s with 0 < s <k and any v € L>® N H>.
(791) For any s >0, we have
[uv]| g < ClJullzes vl o + vllzee lull ) (3.5)

for any v e L™ N H*
Using the lemma above, we obtain the following.

Proposition 3.2. Let f € C*(R,R) satisfy (3.1) for k = 1 and (3.3) for k > 2.
Suppose that (ug,vp,v1) € H* ® H®* ® wH® for s < p, if k = 1 and s < k, if
k > 2. Then there exists a positive time T, and unique solution (u,v) satisfying the

regularity (1.12).
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Proof of Proposition 3.2. Let us define nonlinear functionals N; and Ny by
Ni(u,v)(z,t) = U(t)ug — i/ot Ut —t')(vu)(t") at’,
No(u,v)(z,t) = (0, K)(t)vo + K (t)vy + /Ot Kt —tYw?(f(v) + [u*) () dt'.
We also define a complete metric space Xg(T) with metric dr by
Xr(T) =A{(u,v) : [l(w, v)x(1) = llull L e + vl Lge s < R},
dr((u,v), (4,0)) = [|(u,v) = (@, V)| g L>-

Then from Sobolev embedding H* — L for s > 5 and Lemma 3.1, we have for

any (u,v) € Xg(T)

t
INL ()l zzs < [uollzrs + C/ [o@) s [lu(®) | - dt’ < C + CRPT,
0

IN2(®) 72+ < llvolls + llw™ w124 +C/Ot (ol + llullz.) at’
<C+C(M(R)R+ RH)T.
If R > 3C and T < T} for some small T} such that
CR*Ty + C(M(R)R+ R)Ty < C,

then (N1(u,v), Na(u,v)) € Xg(T).
On the other hand, if (u,v), (¥,v) € Xg(T') and T < T5 for some small Ty, then

from Lemma 3.1
dT((Nl(U,U),NQ('I.L,’U)), (Nl(ﬂa :J)vNQ(av sz)))

T
SCA(M%MMM+M&WMMMMWWME®MW

T
[ (Il 4 1915+ Wl ) o (o), @)
< (2CRT 4+ 2M (R)T)dr((u,v), (u,v))
< gdr((w0), (3,9))
Therefore by contraction mapping theorem, there exists a solution (u,v) € Xg(T%)
of (1.2), where T, = min(71,T3). The uniqueness follows immediately from the

above argument. Using the original equation, the time regularity is readily obtain-

able. So we leave them to the readers. This completes the proof of proposition. O
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Remark 9. (1) Since s can be chosen to be greater than equal to 1, as stated in the
introduction, the L? norm of the solution u and the energy of (u,v) are conserved
up to the existence time of solution.

(2) If f(v) = Mv[P~1v with p > 1, then f satisfies the condition (3.1).

(3) If f(v) = A" for some fixed A € R and integer k£ > 2, then we do not need the

restriction on n, s and p for the local existence of solutions.

3.2. Proof of Theorem 1.3. Now we prove the first and second parts of main
theorem. Since A > 0, from the L? and energy conservation, we can get
ullser + [[v][pge i < C for n=1,
lull g + [Vl Lgoposr < C(T) for n=2.
These estimate follow from the observation that
2 L2 1 2 6 -
@ ul?)] < 003 + ZI9ulEs + Cllulls, i n=1,
(. Jul?)] < ZIVulZs + Cllull3a o]Zs it n =2
and the estimate ||v(¢)|| L2 < |Jvol| L2 —|—fg |0:v(t)|| L2 dt’. For the details, see Section

4 of [19].

As in [26], from the regularity of the local solution we can observe that

00 (10w + 0+ 2ol ) = (1= &) M0t £0) + P (uP) D (36)

Here we note that (1 — A)~! is bounded from L™ to L* for 1 < r < oo if n = 1,

for1<r§ooifn:2,andfor%<r§ooifn23andthatw2isboundedinL’“

for any r with 1 <r < oo. Thus if n = 1,2, then we have
1000(8) 2 + [[0(t) |30 + Allu()[22
t t
<c+cC / lulld o dt + C / 10— A F ()2 di
0 0
t
e / (9r0lme + [0l
0
t t t
<cicC / lulld o dt + C / ol dt' + C / (0r0l2 e + [[0]]3 )
0 0 0

t t
<C+C [ fullbe dt + CTII o +C [ (010l + 01~
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Hence Gronwall’s inequaltiy yields

T
sup (1000 + o~ + o) <O [ fultede. @)
0<t<T 0

To obtain the global existence, we have only to prove that
lu@®)llzzs + o)z + lw™ dv(t) | = < C(T) (3.8)

for all ¢t € [0,T] and any T > 0.
If n = 1, then by Sobolev embedding and energy conservation (1.6), we see that

llull o< (0,7 xr) < C and hence by (3.7), [|[v]| Lo (jo,71x®r) < C(T'). Therefore we have
@l <40 [ lollo e + ol )
<040 [ Ol + )
@l <C+0 [ ol ol + o ) d - (39)
<crom | ol + Nl

lw™ e (t)ll s < C + C(T) /Ot(Hvlle + llullge) dt’.
Combining above three inequalities and using Gronwall’s inequality, we get (3.8)
for all t € [0,T7.
Since the embedding H' < L° does not hold for n = 2, instead we use the
Brezis-Gallouet-Wainger inequality (for instance see [1] and [18]). More precisely,

we use the following inequality

1
t s B
fo0ll~ < Clutlm (1410 (14 9HE) ) @)
l[w(®)]] 1
Since [|u(t)|| g2 < C(T) for all t € [0,T], from (3.10) we have
lu(t)|| L < C(TY(1 +log(1 + [[u(t)]|m-))?. (3.11)
Now using (3.7), (3.9) and the fact that % <1 for p < 3, we have
lullzs + o]l

t
<0+ C(T)/ (1 +log(1 + flullzs + vl ae)) (vl + [lullm-) dt”
0

Thus by Growall’s inequality, we finally get the bound (3.8) for all ¢ € [0,7]. This

completes the proof of (i) and (é¢) of Theorem 1.3.
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3.3. Proof of Theorem 1.4. Since the local existence was already established in
the previous section, we consider only blowup criterion in this section.

Using (3.7), we first have for 1 < p < 2
lu(@) s + lv(@)] 2
¢ » / (3.12)
< C+/O (L + fJullzee + llvllze)? ™ (lullzs + l[olla:) dt'.
Let us invoke the Brezis-Gallouet-Wainger inequality in Triebel-Lizorkin space. For
any s > %,

[l < €O+ 9l (1-+108(1+ [[¢]12)))- (3.13)

For the proof, see [3] and Remark 8 below.

Now we set
M) = ()l o+ o0z _.
Then by (3.13), we obtain for all ¢ € [0,7™)
[u®lzs + [lo@))ze < C(TT)
* /Ot(l + M) (1 +log(1 + [lullms + lollz))P ™" (lullas + [[v] m=) dt'.
Hence by Gronwall’s inequality we have
ol + o) < O )exp [ exp (ci1) | My ).

Since left had side of the above inequality tend to infinity as ¢ — T, we can obtain
the first part of blowup criterion.
On the other hand, if (||Vug|[zz + [[vollz2 + |lw ™ v1|lz2)|Jwol| L2 is small, then by

the same argument as in the proof of part (i) of Theorem 1.1, we can obtain that
lull g + vl pge Lo+ < C(T)
for all T' < T*. Hence using (3.6), we have
1001 + [0l + All0 75
<o [tedt o [ at o [Qoati + ol ar

For the third term, we use the estimate ||[(1 — A)~ f(v)|z~ < C|f(v)||r for

%< r < oo. If p < 2, then we take r = prl. If 2 < p <5, then we choose r such
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that pTH <r< % and hence

1
pr>p+1, p(l—p;><1. (3.14)

Since p+ 1 < pr < oo,

lollzer < ollZpe 02

p+1
pr

where 6 = . Thus by (3.14) and Young’s inequality, we get

1
0] 300 + [|V[[F 0 + AlJ0]|TE
t
< C(T) + CTful: . + c/o U10e0]2e + [[0]20) dit”.

By Gronwall’s inequality, we obtain the estimate (3.7) and substituting this into

4(p—1) 5
(3.12), we can deduce from the fact === <1 for p < 3 that

[u@)lzs + lo@)] s < C(T7)

4(p—1)

t
+/o (Ut flull g, )55 (1 log(1 + [lullz + ol )l + [ola) e

Hence the Gronwall’s inequality yields the second blowup criterion. For the case

that 2 < p <5, see Remark 10 below.

Remark 10. Concerning the Brezis-Gallouet-Wainger inequality in Triebel-Lizorkin

space, let us introduce a slightly modified version. We first define a homogeneous

Triebel-Lizorkin type space 320’,1(0 < g < 00) as follows.

3207(1 =YY= ZAjwj in S for some ¢; € S" with {A;1,};ez € L=
JEZ

\lelggo)q = w:Zi)ngﬂlzj {29 I oo ga - (3.15)
If ¢ = oo, then we define 320700 by FBO,OO. The usual Triebel-Lizorkin space

FY (0 < q < 00) is defined by
Fc?o,q ={Y: = ZAj’L/Jj for some {t;} € L>¢},
JEL

: = inf 1 0 fq .
Wlrg,, = ,_dnf I}~

One can easily see that Bgoﬁq — 3&)# — Fgo’q for ¢ < oo, while in general it is

likely that the converse inclusion FQO, ¢ Sgo ¢ 1s an open question.
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If € H*(R™) for s > 3, then

b= A+ Y A+ Y A

j<-N —N<j<N >N

=1 +ho + 4.

Revisiting the proof in [3], for the first and second terms, we obtain

[ (@)] + [ (2)] < C27 N9 - (3.16)
On the other hand, as for ¢, we can find ¢; € &’ such that ¢ = Zj Ajv; and
{Aj;9;} € L>¢?, and hence

[o@)l < [n(@)+ D 1A(),

—N+1<j<N-1

where

U= >0 Y AN Y A

—N<j<N keZ —N+1<j<N-1
Since the number of sum consisting of 1[ ~ is finite, independently of N, and hence

ol < C||¢H3gom, we deduce from the definition (3.15) that
o(@)| < Cllwllze, _ +N7[0l50. - (3.17)
Combining (3.16) and (3.17), we obtain
[0l < C2 VYl + N7 950 -
Thus choosing the optimal N, we can obtain
1

[Pllpe < CA+[[¥ll5o, (1 +log(L 4 [[][ms)) 7). (3.18)

Applying the estimate (3.18) to (3.7) and (3.12), we see that for 2 < p < 3 and

la(®) -+ o) -
t
<C(T7) +/0 1+ ||uH§gw + ”v‘lﬁgo,q)p_l
x (1 -+ log(1+ [[ull e + foll o)) ([l + ol =) de
and hence

.
| Gl + ol e = .
0 00,q c0,q
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Similarly, for 2 < p <5 and g = =2
Y7 3 p —_ q 3p_5

lw@®) s + [l s
¢ Ap-1)

<C(T7) +/ (I flullzo. )77 (1 +1og(L + [luflas + [[v]lz2))
0 »q

< (lullzs + vllee) dt’.

Hence Gronwall’s inequality yields the blowup criterion

™ 4(p—1)
[l dt =,
0 oc.q

provided the maximal existence time 7™ is finite and

(IVuollzz + flvollzz + llw™ v [l z2)lluoll 2

is sufficiently small.
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