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Abstract

A scaling limit for the generalized spin-boson (GSB) model is consid-
ered. We derive a scaling limit of the Hamiltonian of the GSB model
independently of whether or not the quantum scalar field has a mass.

Applying it to a model for the field of the nuclear force with isospin,
we obtain an effective potential of the interaction between nucleons. Also,
we get some applications to condensed matter physics.
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1 Introduction

We consider a scaling limit of the Hamiltonian of the GSB model introduced
in [2]. This is an abstract model of an interaction system consisting of particles
and a quantized scalar field ([2]). Although a scaling limit for the GSB model
has been considered in [2], some assumptions for the interaction part of the
Hamiltonian are made. Applying a method used in [3], one can easily derive a
scaling limit under assumptions different from those in [2]. These assumptions
are kinds of commutativity conditions for operators in the interaction part.
Indeed, in the case where the field quantum is spinless, these assumptions are
satisfied. However, in the case where the field quantum has a spin or an isospin,
these assumptions are not satisfied. In this paper, we investigate a scaling
limit of the Hamiltonian in such a general case. To take a scalig limit of the
Hamiltonian H of the GSB model, we introduce a parameter Λ > 0 in H so
that we have a family {H(Λ)}Λ of self-adjoint operators on a Hilbert space. We
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are interested in the limit of H(Λ) as Λ → ∞ in the sense of the unitary group
{e−itH(Λ)} (t ∈ R).

In concrete realizations of the abstract model, scaling limits yield effective
Hamiltonians in the vacuum of the Bose field. These Hamiltonians describe
quantum mechanical Hamiltonians with effective potentials caused by the inter-
action of particles with the Bose field.

We organize this paper as follows. In Section 2, we present abstract results
on a scaling limit of a family of self-adjoint operators. We state the main results
of the present paper in Section 3. Using the method of the abstract scaling limit
theory in Section 2, we prove the main results in Section 4. In Section 5, we
discuss some examples. Applying the main results, we derive effective potentials
in these examples.

2 An Abstract Scaling Limit

In this section, we prove a theorem of a scaling limit of self-adjoint operators
acting on the tensor product of two Hilbert spaces discussed in [1, 4] with a little
modification for later use. To begin with, we introduce preliminary notations.
The scalar product and the associated norm of a Hilbert space L are denoted by
⟨∗, ·⟩L and ∥ · ∥L, respectively; the scalar product is linear in ·, antilinear in ∗.
The uniform operator norm of bounded operators is donoted by ∥ · ∥. If there is
no danger of confusion, we omit the subscript L in ⟨∗, ·⟩L and ∥ · ∥L. Moreover,
the domain, the spectrum and the resolvent set of an operator T are denoted
by D(T ), σ(T ) and ρ(T ), respectively.

Let H and K be two Hilbert spaces and

X := H⊗K.

Let A (resp.B) be a non-negative self-adjoint operator in H(resp. K) with

kerB ̸= {0}.

Let PB be the orthogonal projection from K onto kerB. We suppose that a
family of symmetric operators {CΛ}Λ>0 in X admits the following conditions:

(i) For all ε > 0 there exists a constant Λ(ε) such that for all Λ > Λ(ε),
D(CΛ) ⊃ DAB := D(A⊗ I + I ⊗B) = D(A⊗ I) ∩D(I ⊗B) with

∥CΛΦ∥X ≤ ε∥(A⊗ I + ΛI ⊗B)Φ∥X + b(ε)∥Φ∥X , Φ ∈ DAB , (2.1)

where b(ε) > 0 is a constant independent of Λ > Λ(ε).

(ii) There exists a symmetric operator C in X such that D(C) ⊃ D(A)⊗kerB,
with, for all z ∈ C \ [0,∞),

s- lim
Λ→∞

CΛ(A⊗ I + ΛI ⊗B − z)−1 = C(A− z)−1 ⊗ PB . (2.2)

The following theorem is fundamental in this paper.
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Theorem 2.1 ([4, Proposition 2.1]) Let operators A, B, CΛ and C be as above.
Then the following (a)-(c) hold.
(a) For all Λ > Λ0 with some Λ0, the operator

KΛ := A⊗ I + ΛI ⊗B + CΛ

is self-adjoint on DAB and bounded from below uniformly in Λ > Λ0. Moreover,
it is essentially self-adjoint on any core for A⊗ I + I ⊗B.
(b) The operator

K∞ := A⊗ I + (I ⊗ PB)C(I ⊗ PB)

is self-adjoint on D(A⊗ I) and bounded from below. Moreover, it is essentially
self-adjoint on any core for A⊗ I.
(c) For all z ∈ [

∩
Λ>Λ0

ρ(KΛ)] ∩ ρ(K∞),

s- lim
Λ→∞

(KΛ − z)
−1

= (K∞ − z)
−1

(I ⊗ PB). (2.3)

Moreover, for all t ∈ R,

s- lim
Λ→∞

eitKΛ = eitK∞(I ⊗ PB). (2.4)

Proof. Let
K0(Λ) = A⊗ I + ΛI ⊗B.

Then, by (2.1), for each ε > 0, there exists Λ0 = Λ(ε) such that, for all Λ > Λ0,

∥CΛΦ∥ ≤ ε∥K0(Λ)Φ∥+ b(ε)∥Φ∥, Φ ∈ DAB . (2.5)

Hence, by the Kato-Rellich theorem (see [7]), the operator

KΛ := K0(Λ) + CΛ

with Λ > Λ0 is self-adjoint on DAB and essentially self-adjoint on any core of
K0(Λ). Further, KΛ is bounded from below with

KΛ ≥ − b(ε)

1− ε
, (2.6)

where 0 < ε < 1, and Λ > Λ0. Therefore, the ground state energy EΛ of KΛ

defined by EΛ := inf σ(KΛ) is bounded from below uniformly in Λ > Λ0:

ϵ0 := inf
Λ>Λ0

EΛ > −∞. (2.7)

Thus, (a) follows.
By (2.5) and (2.6), we obtain

∥CΛ(K0(Λ)− z)−1Ψ∥ ≤ (ε|z|+ b(ε))∥(K0(Λ)− z)−1Ψ∥+ ε∥Ψ∥, (2.8)

for all z ∈ [
∩

Λ>Λ0
ρ(KΛ)] ∩ ρ(K∞). It is easy to show that

s- lim
Λ→∞

(K0(Λ)− z)−1 = (A− z)−1 ⊗ PB . (2.9)
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By this fact and (2.2), taking Λ → ∞, we have

∥C(A− z)−1 ⊗ PBΨ∥ ≤ (ε|z|+ b(ε))∥(A⊗ I − z)−1Ψ∥+ ε∥Ψ∥. (2.10)

Hence, we have

∥C(I ⊗ PB)Φ∥ ≤ ε∥A⊗ IΦ∥+ (2|z|ε+ b(ε))∥Φ∥, Φ ∈ D(A⊗ I). (2.11)

This implies (I ⊗ PB)C(I ⊗ PB) is infinitesimally small with respect to A⊗ I.
Thus, by the Kato-Rellich theorem again, (b) holds.

To prove (c), let |z| > 0 be sufficiently large so that z < ϵ0. Iterating the
second resolvent formula, we have

(KΛ − z)−1 =

N∑
n=0

(−1)n(K0(Λ)− z)−1TΛ
n +RN(Λ), (2.12)

where
TΛ := CΛ(K0(Λ)− z)−1,

and
RN (Λ) := (−1)N+1(KΛ − z)−1TΛ

N+1.

By (2.8),

∥TΛ∥ ≤ 2ε+
b(ε)

|z|
. (2.13)

Hence, taking ε < 1/2,
∥TΛ∥ < 1

uniformly in Λ > Λ0, if |z| is surfficiently large. Since we can easily prove

∥RN (Λ)∥ ≤ ∥TΛ∥N+1

|ϵ0 − z|
,

it follows that

(KΛ − z)−1 =

∞∑
n=0

(−1)n(K0(Λ)− z)−1TΛ
n (2.14)

is norm convergent uniformly in Λ > Λ0. Taking Λ → ∞ and using (2.2), we
get the desired result with z < 0, |z| being sufficiently large. (For the details,
see [1, Theorem 2.2].) The proof in the case where z is not real is similar to
that in [1]. Formula (2.4) follows from (2.3) (see [1]). □

3 Definition of a Model and the Main Results

We consider a model of a quantum system S coupled to an abstract Bose
field. We denote the Hilbert space of the system S by H which is taken to be
an arbitary separable complex Hilbert space. In concrete realizations, S may
be a system of quantum particles. We denote the one-boson Hilbert space by K
which is taken to be an arbitary separable complex Hilbert space.
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To describe the Bose field, one uses the Boson Fock space over K:

Fb(K) : =

∞⊕
n=0

n⊗
s

K

=

{
ψ = {ψ(n)}∞n=0

∣∣∣∣∣ n ≥ 0, ψ(n) ∈
n⊗
s

K,
∞∑

n=0

∥ψ(n)∥2 <∞

}
,

where
⊗n

s K denotes the n-fold symmetric tensor product of K with
⊗0

s K := C.
As is well known [7, §X.7], one of basic objects on Fb(K) is the annihilation
operator a(f)(f ∈ K) which is a densely defined closed linear operator on Fb(K)

such that, for all ψ = {ψ(n)}∞n=0 ∈ D(a(f)
∗
), (a(f)

∗
ψ)

(0)
= 0 and

(a(f)
∗
ψ)

(n)
=

√
nSn(f ⊗ ψ(n−1)), n ≥ 1,

where Sn is the symmetrization operator on
⊗n K (Sn

∗ = Sn, Sn
2 = Sn,⊗n

s K = Sn(
⊗n K)). The adjoint a(f)

∗
, called the creation operator, and the

annihilation operator a(g)(g ∈ K) obey the canonical commutation relations

[a(f), a(g)∗] = ⟨f, g⟩, [a(f), a(g)] = 0, [a(f)
∗
, a(g)

∗
] = 0 (3.1)

for all f, g ∈ K on the dense subspace

F0(K):={ψ∈Fb(K)| there exists a number n0 such that ψ(n)=0 for all n≥n0},

where [X,Y ] := XY − Y X.
Let

ϕ(f) :=
a(f) + a(f)

∗
√
2

, f ∈ K,

which is called the Segal field operator. It is shown that ϕ(f) is essentially
self-adjoint on F0(K) [7, §X.7]. We denote its closure by the same symbol ϕ(f).

It follows from (3.1) that, for all f, g ∈ K,

[ϕ(f), ϕ(g)] = iℑ⟨f, g⟩ (3.2)

on F0(K). Moreover we have

eiϕ(f)eiϕ(g) = e−iℑ⟨f,g⟩eiϕ(g)eiϕ(f), f, g ∈ K, (3.3)

which are called the Weyl relations of {ϕ(f)|f ∈ K} [7, §X.7].
For every self-adjoint operator T on K, one can define a self-adjoint operator

dΓ(T ), called the second quantization of T [6, p.302], by

dΓ(T ) :=

∞⊕
n=0

T (n),

with T (0) = 0 and T (n) is the closure of n∑
j=1

I ⊗ · · ·⊗
jth
⌣

T ⊗ · · · ⊗ I

∣∣∣∣∣
n⊗
alg

D(T ),
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where I denotes identity and
⊗

alg algebraic tensor product. If T is non-
negative, then so is dΓ(T ).

We assume that T is a non-negative, injective and self-adjoint operator on
K. Then, the free Hamiltonian of the Bose field is defined by

Hb := dΓ(T )

acting on Fb(K).
The Hilbert space of the coupled system of S and the Bose field is given by

the tensor product
F := H⊗Fb(K).

Suppose that A is a self-adjoint operator on H and bounded from below,
which denotes physically the Hamiltonian of the quantum system S. Let Bj (j =
1, . . . , J, J ∈ N) be a bounded self-adjoint operator on H and gj ∈ K (j =
1, . . . , J). As a total Hamiltonian of the coupled system, we take the following
operator:

H := A⊗ I + I ⊗Hb + g

J∑
j=1

Bj ⊗ ϕ(gj), (3.4)

where g ∈ R is a constant denoting the coupling constant of the system S and
the Bose field.

To state main results of this paper, we need some assumptions.

(A.1) The vectors gj(j = 1, . . . , J) satisfy the following conditions:

gj ∈ D(T−3/2), j = 1, . . . , J, (3.5)

and

⟨gj , gk⟩ , ⟨gj , T−1gk⟩ , ⟨T−1gj , T
−1gk⟩ ∈ R, j, k = 1, . . . , J. (3.6)

(A.2) There exists a dense subspace D ⊂ D(A) such that

BjD ⊂ D, j = 1, · · · , J. (3.7)

(A.3) [Bj , A]|D(j = 1, · · · , J) are bounded.

It follows from (3.3) and (3.6) that {ϕ(gj)}Jj=1 and {ϕ(iT−1gj)}Jj=1 are the
families of strongly commuting self-adjoint operators, respectively.

We introduce a scaled Hamiltonian by

H(Λ) := A⊗ I + Λ2I ⊗Hb + gΛHI, Λ > 0, (3.8)

where

HI :=

J∑
j=1

Bj ⊗ ϕ(gj).

Let P0 be the orthogonal projection onto kerHb which is the one-dimensional
subspace generated by the Fock vacuum Ω := {1, 0, 0, · · · } ∈ Fb(K):

kerHb = {αΩ | α ∈ C}.

Then, we obtain the following result which is one of the main theorems in
this paper.
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Theorem 3.1 Assume (A.1)-(A.3). Let z ∈ C\R or z < 0 with |z| surfficiently
large. Then,

s- lim
Λ→∞

(H(Λ)− z)−1 = (A+ E − z)−1 ⊗ P0, (3.9)

where

E = −g
2

2

∑
j,k

⟨T−1gj , gk⟩BkBj . (3.10)

Moreover, for all t ∈ R,

s- lim
Λ→∞

eitH(Λ) = eit(A+E) ⊗ P0. (3.11)

If A is a bounded self-adjoint operator on H, (A.2) and (A.3) hold. There-
fore, Theorem 3.1 implies the following corollary:

Corollary 3.2 Suppose that (A.1) holds and that A is bounded. Then, (3.9)
holds for all z ∈ C \ R or z < 0 with |z| surfficiently large. Moreover, (3.11)
holds for all t ∈ R.

We can state a result of another type without the condition (A.3). To do this,
we introduce some objects. We denote by [Bj , A] the closure of [Bj , A]|D(j =
1, · · · , J). Put µ0 := inf σ(A) and

Ã := A− µ0,

which is a non-negative self-adjoint operator on H. We need the following
assumption.

(A.4) D is a core for A and [Bj , A] (j = 1, · · · , J) are Ã1/2-bounded, i.e.

D(Ã1/2) ⊂ D([Bj , A]) and there exist constants aj , bj ≥ 0 such that, for all

u ∈ D(Ã1/2),

∥[Bj , A]u∥ ≤ aj

∥∥∥Ã1/2u
∥∥∥+ bj∥u∥. (3.12)

Moreover, [Bj , A]|D (j = 1, · · · , J) are commuting with Bk(k = 1, · · · , J) on D.

Then, we obtain the following theorem:

Theorem 3.3 Assume (A.1), (A.2) and (A.4). Then, (3.9) holds for all z ∈
C \R or z < 0 with |z| surfficiently large. Moreover, (3.11) holds for all t ∈ R.

4 Proof of the Main Results

The basic idea for the proof of Theorem 3.1 is to apply Theorem 2.1 to a
unitary transformation of the scaled Hamiltonian H(Λ). We need some lemmas.

Let

Ffin(T ) = L{Ω, a(f1)∗ . . . a(fn)∗Ω | n ≥ 1, fj ∈ D(T ), j = 1, . . . , n}

and
FT = H⊗alg Ffin(T ),
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where L{· · · } denotes the subspace algebraically spanned by vectors in the set
{· · · }. We introduce a unitary operator as follows: It is well known or easy to
prove (e.g., [5, Theorem 4.30]) that the operator

S :=

J∑
j=1

Bj ⊗ ϕ(iT−1gj)

is essentially self-adjoint. We denote its closure by the same symbol S. Then,
we can define the unitary operator U(t) (t ∈ R) generated by S;

U(t) := eitS , t ∈ R. (4.1)

Let

EN (t) =
(it)N

N !
U(t)

[
adN (S)I ⊗Hb

]
U(t)

−1
, t ∈ R,

where, for each X in an algebra A, we inductively define

ad0(X)Y = Y, adn(X)Y = [X, adn−1(X)Y ], Y ∈ A, n ≥ 1. (4.2)

Lemma 4.1 For each Ψ ∈ FT , N ≥ 1, and t ∈ R, there exist ξN (t) and
ηN (t) ∈ [−|t|, |t|] such that

U(t)I ⊗HbU(t)
−1

Ψ =

[
N−1∑
n=0

(it)n

n!
adn(S)I ⊗Hb + EN (ξN (t))

]
Ψ, (4.3)

and

U(t)HIU(t)
−1

Ψ =

[
HI + i

N−1∑
n=1

(it)n

n!
adn+1(S)I ⊗Hb + iEN (ηN (t))

]
Ψ. (4.4)

Proof. It is easy to see that for all Ψ ∈ FT and t ∈ R,

∞∑
n=0

|t|n

n!
∥adn(S)I ⊗HbΨ∥ <∞ (4.5)

and

U(t)I ⊗HbU(t)
−1

Ψ =

∞∑
n=0

(it)n

n!
adn(S)I ⊗HbΨ. (4.6)

(See [3, 5].) By (4.2),

adN+n(S)I ⊗Hb = adN (S) (adn(S)I ⊗Hb) , n, N ≥ 0. (4.7)

Let
F (t) =

⟨
Φ, U(t)I ⊗HbU(t)

−1
Ψ
⟩
, t ∈ R, (4.8)

where Φ ∈ FT . By (4.5), (4.6),

F (t) =

∞∑
n=0

(it)n

n!
⟨Φ, adn(S)I ⊗HbΨ⟩ , (4.9)
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and

|F (t)| ≤ ∥Φ∥

( ∞∑
n=0

|t|n

n!
∥adn(S)I ⊗HbΨ∥

)
. (4.10)

Hence F (t) is infinitely differentiable, and

F (N)(t) =

∞∑
n=0

(it)n

n!

⟨
Φ, adN+n(S)I ⊗HbΨ

⟩
, N ≥ 0, (4.11)

By (4.7) and the Taylor theorem, (4.3) holds.
It is easy to see that

ad1(S)I ⊗Hb = −iHI. (4.12)

Hence, in the same way as above we can prove (4.4). □

Applying Lemma 4.1 with N = 2, we obtain the following proposition:

Proposition 4.2 Let

E(t) = U(t)
[
ad2(S)I ⊗Hb

]
U(t)

−1
, t ∈ R. (4.13)

Then, for each Ψ ∈ FT , there exist ξ(t) ∈ [−|t|, |t|] such that

U(t)I ⊗HbU(t)
−1

Ψ =

[
I ⊗Hb + tHI −

t2

2
E(ξ(t))

]
Ψ, (4.14)

and η(t) ∈ [−|t|, |t|] such that

U(t)HIU(t)
−1

Ψ = [HI − tE(η(t))]Ψ. (4.15)

Let α, β ∈ C. Then, by (4.14), (4.15), we get the following:

U(t) [αI ⊗Hb + βHI]U(t)
−1

Ψ

=

[
αI ⊗Hb + (αt+ β)HI −

αt2

2
E(ξ(t))− βtE(η(t))

]
Ψ,

(4.16)

for each Ψ ∈ FT .
In what follows, we consider the unitary transformation of A ⊗ I by U(t).

Assume (A.2) and set
DT := D ⊗alg Ffin(T ).

It is easy to see that if (A.3) or (A.4) holds,

U(t)DT ⊂ D(A⊗ I), t ∈ R.

Let
δA(t) = U(t)A⊗ IU(t)−1 −A⊗ I. (4.17)

Then, if (A.3) or (A.4) holds, for each Ψ ∈ DT ,

U(t) [A⊗ I + αI ⊗Hb + βHI]U(t)−1Ψ

=

[
A⊗ I + αI ⊗Hb + (αt+ β)HI + δA(t)− αt2

2
E(ξ(t))− βtE(η(t))

]
Ψ.

(4.18)
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Applying (4.18) with

α = Λ2, β = gΛ, t = − g

Λ
, Λ > 0

we obtain the following proposition:

Proposition 4.3 For all each Ψ ∈ DT , there exist ξ(t) and η(t) ∈ [−|t|, |t|]
such that

U(g/Λ)−1H(Λ)U(g/Λ)Ψ =
[
A⊗ I + Λ2I ⊗Hb + CΛ

]
Ψ, (4.19)

where

CΛ = δA(−g/Λ)− g2

2
E(ξ(−g/Λ)) + g2E(η(−g/Λ)). (4.20)

Hence, we apply Theorem 2.1 to the right hand side of (4.19). To do this, we
prove the following proposition. We denote the closure of a closable operator L
by L̄.

Proposition 4.4 Assume (A.1), (A.2) and either (A.3) or (A.4). For all ε >
0, there exists Λ0 = Λ0(ε) > 0 such that, for all Λ ≥ Λ0,∥∥CΛΨ

∥∥ ≤ ε
∥∥∥(Ã⊗ I + Λ2I ⊗Hb)Ψ

∥∥∥+ b(ε)∥Ψ∥, Ψ ∈ D(A⊗ I) ∩D(I ⊗Hb),

(4.21)
where b(ε) > 0 is a constant independent of Λ ≥ Λ0.

To prove proposition 4.4, we need some lemmas.

Lemma 4.5 Assume (A.1) and that v(t) (t ∈ R) satisfies

v(t) ∈ [−|t|, |t|]. (4.22)

Then, for each ε > 0, there exists t0 such that, for all |t| ≤ t0,∥∥∥E(v(t))Ψ
∥∥∥ ≤ ε

|t|2
∥I ⊗HbΨ∥+ b(ε)∥Ψ∥, Ψ ∈ D(I ⊗Hb), (4.23)

where b(ε) > 0 is a constant independent of t such that |t| ≤ t0.

Proof. By (4.12) and (4.13), we obtain the following inequality: For all Ψ ∈ FT ,

∥E(t)Ψ∥ ≤

∥∥∥∥∥∥
∑
j,k

⟨
T−1gj , gk

⟩
BkBj ⊗ IU(t)

−1
Ψ

∥∥∥∥∥∥
+
∑
j,k

∥[Bj , Bk]∥
∥∥∥I ⊗ ϕ(iT−1gj)ϕ(gk)U(t)

−1
Ψ
∥∥∥ . (4.24)

By using the same way as in Lemma 4.1 and Propsition 4.2, one can easily show
that there exists δ(t) ∈ [−|t|, |t|] (t ∈ R) such that

U(t)I ⊗ ϕ(iT−1gj)ϕ(gk)U(t)
−1

Ψ

=
{
I ⊗ ϕ(iT−1gj)ϕ(gk)+itU(δ(t))

[
ad1(S)(I ⊗ ϕ(iT−1gj)ϕ(gk))

]
U(δ(t))

−1
}
Ψ.

(4.25)
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It follows from (3.6) that

ad1(S)(I ⊗ ϕ(iT−1gj)ϕ(gk)) = −i
∑
l

⟨
T−1gl, gk

⟩
Bl ⊗ ϕ(iT−1gj) (4.26)

on FT . By putting (4.26) into (4.25), we obtain the following inequality:∥∥∥I ⊗ ϕ(iT−1gj)ϕ(gk)U(v(t))
−1

Ψ
∥∥∥

=
∥∥∥U(v(t))I ⊗ ϕ(iT−1gj)ϕ(gk)U(v(t))

−1
Ψ
∥∥∥

≤
∥∥I ⊗ ϕ(iT−1gj)ϕ(gk)Ψ

∥∥
+ |v(t)|

(∑
l

∣∣⟨T−1gl, gk
⟩∣∣ ∥Bl∥

)∥∥∥I ⊗ ϕ(iT−1gj)U(δ(v(t)))
−1

Ψ
∥∥∥
(4.27)

Note that |v(t)| ≤ |t| and that I⊗ϕ(iT−1gj) commutes with U(t) on FT . Hence,
we get, for all Ψ ∈ FT ,∥∥∥I ⊗ ϕ(iT−1gj)ϕ(gk)U(v(t))

−1
Ψ
∥∥∥

≤
∥∥I ⊗ ϕ(iT−1gj)ϕ(gk)Ψ

∥∥+ |t|

(∑
l

∣∣⟨T−1gl, gk
⟩∣∣ ∥Bl∥

)∥∥I ⊗ ϕ(iT−1gj)Ψ
∥∥

(4.28)

The following fact is well known: for all f ∈ D(T−1/2) and g ∈ D(T 1/2) ∩
D(T−1/2),

∥I ⊗ ϕ(f)Ψ∥ ≤
√
2ε
∥∥∥T−1/2f

∥∥∥ ∥I ⊗HbΨ∥+

(∥∥T−1/2f
∥∥

2
√
2ε

+
∥f∥√
2

)
∥Ψ∥, (4.29)

∥I ⊗ ϕ(f)ϕ(g)Ψ∥ ≤ c∥I ⊗HbΨ∥+ d∥Ψ∥, (4.30)

where ε > 0 is an arbitary constant and c, d > 0 are some constants independent
of Ψ. Hence, it follows that, for all |t| ≤ 1,∥∥∥I ⊗ ϕ(iT−1gj)ϕ(gk)U(v(t))

−1
Ψ
∥∥∥

≤

[
√
2
∥∥∥T−3/2gj

∥∥∥(∑
l

∣∣⟨T−1gl, gk
⟩∣∣ ∥Bl∥

)
ε+ c

]
∥I ⊗HbΨ∥

+

[(∑
l

∣∣⟨T−1gl, gk
⟩∣∣ ∥Bl∥

)(∥∥T−3/2gj
∥∥

2
√
2ε

+

∥∥T−1/2gj
∥∥

√
2

)
+ d

]
∥Ψ∥. (4.31)

By (4.24) and (4.28), we get

∥E(v(t))Ψ∥ ≤ a(ε)∥I ⊗HbΨ∥+ b(ε)∥Ψ∥, Ψ ∈ DT , (4.32)
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where

a(ε) =
∑
j,k

∥[Bj , Bk]∥

[
√
2
∥∥∥T−3/2gj

∥∥∥(∑
l

∣∣⟨T−1gl, gk
⟩∣∣ ∥Bl∥

)
ε+ c

]
, (4.33)

b(ε) =
∑
j,k

∥[Bj , Bk]∥

[(∑
l

∣∣⟨T−1gl, gk
⟩∣∣ ∥Bl∥

)(∥∥T−3/2gj
∥∥

2
√
2ε

+

∥∥T−1/2gj
∥∥

√
2

)]

+ d
∑
j,k

∥[Bj , Bk]∥+

∥∥∥∥∥∥
∑
j,k

⟨
T−1gj , gk

⟩
BkBj

∥∥∥∥∥∥ . (4.34)

Let t0 be a constant satisfying

a(ε)

ε
=

1

t0
2 . (4.35)

We may assume that 0 < t0 ≤ 1 without loss of generality, since ε > 0 can be
taken to be sufficiently small. Then, for all |t| ≤ t0 and Ψ ∈ FT , (4.23) holds.
Because FT is a core for I ⊗Hb, we obtain the desired result. □

In what follows, we estimate δA(t) defined by (4.17). Let

cs =

J∑
j=1

∥[Bj , A]∥∥T sgj∥, s ∈ R.

Lemma 4.6 Assume (A.1)-(A.3). Then, for all Ψ ∈ D(I ⊗Hb) and t ∈ R,∥∥∥δA(t)Ψ∥∥∥ ≤ |t|
(√

2c−3/2

∥∥∥I ⊗Hb
1/2Ψ

∥∥∥+ 1√
2
c−1∥Ψ∥

)
. (4.36)

Proof. In the same way as in Lemma 4.1, one can easily prove the following
fact : For each Ψ ∈ FT , there exists ζ(t) ∈ [−t, t](t ∈ R) such that

U(t)A⊗ IU(t)
−1

Ψ =
{
A⊗ I + itU(ζ(t))

[
ad1(S)A⊗ I

]
U(ζ(t))

−1
}
Ψ.

Hence,

∥δA(t)Ψ∥ ≤ |t|
J∑

j=1

∥∥[Bj , A]⊗ ϕ(iT−1gj)U(ζ(t))Ψ
∥∥ (4.37)

≤ |t|
J∑

j=1

∥[Bj , A]∥
∥∥I ⊗ ϕ(iT−1gj)Ψ

∥∥ , (4.38)

where we have used the strong commutativity of I⊗ϕ(iT−1gj) and U(t)(t ∈ R).
It is well-known that

∥I ⊗ ϕ(f)Ψ∥ ≤
√
2
∥∥∥T−1/2f

∥∥∥∥∥∥I ⊗Hb
1/2Ψ

∥∥∥+ ∥f∥√
2
∥Ψ∥, (4.39)

for all f ∈ D(T−1/2). Applying (4.39) to (4.38), we obtain (4.36) for all Ψ ∈ FT .
Since FT is a core for I ⊗Hb, (4.36) extends to all Ψ ∈ D(I ⊗Hb). □
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Instead of (A.3) in Lemma 4.6, assume (A.4). We next estimate δA(t) in
this case. Let

ds(u) =

J∑
j=1

uj ∥T sgj∥ , s ∈ R,

where u = (u1, · · · , uJ) ∈ RJ . We set

a := (a1, · · · , aJ), b := (b1, · · · , bJ),

where aj and bj are the constants in (A.4).

Lemma 4.7 Assume that (A.1), (A.2) and (A.4). Then, for all Ψ ∈ D(Ã ⊗
I + I ⊗Hb),∥∥∥δA(t)Ψ∥∥∥ ≤ |t|

(
a(ε1, ε2)

∥∥∥(Ã⊗ I + I ⊗Hb)Ψ
∥∥∥+ b(ε1, ε2)∥Ψ∥

)
, (4.40)

where

a(ε1, ε2) := d−3/2(a) + ε1d−1(a) +
√
2ε2d−3/2(b),

b(ε1, ε2) :=
1

d−1(a)
+

1

2
√
2ε2

d−3/2(b) +
1√
2
d−1(b).

with ε1, ε2 > 0 being arbitary constants.

Proof. In the same way as in Lemma 4.6, we can prove the inequality (4.37)
under the assumption (A.1) and (A.2). By (A.1) and (A.4), we get

[Bj , A]⊗ ϕ(iT−1gj)U(t)Ψ = U(t)[Bj , A]⊗ ϕ(iT−1gj)Ψ

for all Ψ ∈ DT . Thus, we obtain

∥δA(t)Ψ∥ ≤ |t|
J∑

j=1

∥[Bj , A]⊗ ϕ(iT−1gj)Ψ∥ (4.41)

for all Ψ ∈ DT . By (A.4) and (4.39), we can prove∥∥[Bj , A]⊗ ϕ(iT−1gj)Ψ
∥∥

≤ aj

(
√
2
∥∥∥T−3/2gj

∥∥∥∥∥∥Ã1/2 ⊗Hb
1/2Ψ

∥∥∥+ ∥∥T−1gj
∥∥

√
2

∥∥∥Ã1/2 ⊗ IΨ
∥∥∥)

+ bj

(
√
2
∥∥∥T−3/2gj

∥∥∥∥∥∥I ⊗Hb
1/2Ψ

∥∥∥+ ∥∥T−1gj
∥∥

√
2

∥Ψ∥

)
.

It is easy to prove the following inequalities:∥∥∥Ã1/2 ⊗Hb
1/2Ψ

∥∥∥ ≤ 1√
2

∥∥∥(Ã⊗ I + I ⊗Hb)Ψ
∥∥∥ ,∥∥∥Ã1/2 ⊗ IΨ

∥∥∥ ≤ ε1

∥∥∥(Ã⊗ I + I ⊗Hb)Ψ
∥∥∥+ 1

4ε1
∥Ψ∥,∥∥∥I ⊗Hb

1/2Ψ
∥∥∥ ≤ ε2

∥∥∥(Ã⊗ I + I ⊗Hb)Ψ
∥∥∥+ 1

4ε2
∥Ψ∥,
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for all Ψ ∈ DT . Thus, we obtain the desired result in the same way as in Lemma
4.5. □

Proof of Propotiton 4.4. In Lemma 4.5, we put for each ε > 0, Λ0 = |g|/t0.
Then, for all Λ > Λ0,∥∥∥E(v(−g/λ))Ψ

∥∥∥ ≤ ε
∥∥Λ2I ⊗HbΨ

∥∥+ c(ε)∥Ψ∥, Ψ ∈ D(I ⊗Hb),

where c(ε) > 0 is a constant independent of Λ ≥ Λ0. It is easy to see that

Λ2I ⊗Hb and I ⊗Hb
1/2 are Ã⊗ I +Λ2I ⊗Hb-bounded. Thus, Lemma 4.5-4.7

imply the desired result. □

Propsition 4.4 and the Kaot-Rellich theorem imply the following theorem:

Theorem 4.8 Assume (A.1), (A.2) and either (A.3) or (A.4). Then, A⊗ I +
Λ2I⊗Hb+CΛ is self-adjoint on D(A⊗I)∩D(I⊗Hb) and the following operater
equality holds:

U(g/Λ)−1H(Λ)U(g/Λ) = A⊗ I + Λ2I ⊗Hb + CΛ. (4.42)

In what follows, we consider the limit of CΛ

(
A⊗ I + Λ2I ⊗Hb

)
as Λ → ∞.

Let

C =
g2

2
E(0) =

g2

2
ad2(S)I ⊗Hb.

Proposition 4.9 Assume (A.1), (A.2) and either (A.3) or (A.4). Then, for
all z ∈ C \ [µ0,∞),

s- lim
Λ→∞

CΛ

(
A⊗ I + Λ2I ⊗Hb − z

)−1
= C(A− z)−1 ⊗ P0. (4.43)

Proof. We can write

CΛ

(
A⊗ I + Λ2I ⊗Hb − z

)−1

= CΛ(A− z)−1 ⊗ P0 + CΛ

(
A⊗ I + Λ2I ⊗Hb − z

)−1
I ⊗ (I − P0).

By Lemma 4.6 and Lemma 4.7,

s- lim
t→0

δA(t)Ψ = 0, Ψ ∈ DT ,

and it is easy to see that

s- lim
t→0

E(t)Ψ = CΨ, Ψ ∈ FT .

Since CΛ(A− z)−1 ⊗ P0 is uniformly bounded in Λ, we obtain

s- lim
Λ→∞

CΛ(A− z)−1 ⊗ P0 = C(A− z)−1 ⊗ P0.

Hence we need only to prove the following fact:

s- lim
Λ→∞

CΛ

(
A⊗ I + Λ2I ⊗Hb − z

)−1
I ⊗ (I − P0) = 0. (4.44)
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By (4.21), we have∥∥CΛ(A⊗ I + Λ2I ⊗Hb − z)−1I ⊗ (I − P0)Ψ
∥∥

≤ ε∥I ⊗ (I − P0)Ψ∥
+ (ε|z|+ b(ε))

∥∥(A⊗ I + Λ2I ⊗Hb − z)−1I ⊗ (I − P0)Ψ
∥∥ .

Thus, for all ε > 0,

lim sup
Λ→∞

∥∥CΛ(A⊗ I + Λ2I ⊗Hb − z)−1I ⊗ (I − P0)Ψ
∥∥ ≤ ε∥Ψ∥,

which implies (4.44). □

We are now ready to prove the main results: By Proposition 4.4 and Propoti-
tion 4.9, we can apply Theorem 2.1 to the right hand side of (4.42). Thus, we
obtain

s- lim
Λ→∞

(
A⊗ I + Λ2I ⊗Hb + CΛ − z

)−1
= (A⊗ I + C∞ − z)−1I ⊗ P0, (4.45)

where
C∞ := (I ⊗ P0)C(I ⊗ P0).

It is easy to see that
s- lim

t→0
U(t) = I.

Hence, it follows from (4.42) and (4.45) that

s- lim
Λ→∞

(H(Λ)− z)−1 = (A⊗ I + C∞ − z)−1I ⊗ P0. (4.46)

By [1, Theorem 2.12], we need only to the prove that partial expectation of
C with respect to Ω is equal to E defined by (3.10). For all u, v ∈ H,

⟨v ⊗ Ω, Cu⊗ Ω⟩ = −ig
2

2

∑
j,k

⟨
v ⊗ Ω, [Bj ⊗ ϕ(iT−1gj), Bk ⊗ ϕ(gk)]u⊗ Ω

⟩
,

and ⟨
v ⊗ Ω,

[
Bj ⊗ ϕ(iT−1gj), Bk ⊗ ϕ(gk)

]
u⊗ Ω

⟩
= −i

⟨
T−1gj , gk

⟩⟨
v,

(
1

2
[Bj , Bk] +BkBj

)
u

⟩
Since, by [Bj , Bk] = −[Bk, Bj ],∑

j,k

⟨
T−1gj , gk

⟩
[Bj , Bk] = 0,

we get
⟨v ⊗ Ω, Cu⊗ Ω⟩ = ⟨v,Eu⟩ .

Hence, it follows that

(I ⊗ P0)C(I ⊗ P0) = E ⊗ P0.

By this fact and (4.46), we obtain the desired result. □
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5 Examples

In this section we apply the abstract theory in the last section, to some
concrete models.

5.1 Interaction between Nucleons and Pions with Isospin

We consider a model of N nucleons interacting with a pion field. But, for
simplicity, we assume that each nucleon has only two energy levels.

Let σj , τj(j = 1, 2, 3) be the Pauli matrices:

σ1 = τ1 =

(
0 1
1 0

)
, σ2 = τ2 =

(
0 −i
i 0

)
, σ3 = τ3 =

(
1 0
0 −1

)
,

and

σj
(i) = 12 ⊗ · · ·⊗

ith
⌣
σj ⊗ · · · ⊗ 12, j = 1, 2, 3,

τα
(i) = 12 ⊗ · · ·⊗

ith
⌣
τα ⊗ · · · ⊗ 12, α = 1, 2, 3,

where 12 is the 2 × 2 identity matrix. Physically, σ(i) = (σ1
(i), σ2

(i), σ3
(i))

and τ (i) = (τ1
(i), τ2

(i), τ3
(i)) denote the spin and the isospin of the ith particle,

respectively. Set

HN :=

[
N⊗

C2

]⊗[
N⊗

C2

]
.

If there is no danger of confusion, we denote the operators σj
(i) ⊗ (

⊗N
12) and

(
⊗N

12)⊗ τα
(i) acting on HN by the same symbol σj

(i) and τα
(i), respectively.

We denote by ℏ the Planck constant divided by 2π. Put

B
(i)
j,α :=

ℏ
2
σj

(i)τα
(i), i = 1, · · · , N, j, α = 1, 2, 3,

which act on HN . It is straightforward to see that[
B

(i)
j,α, B

(l)
k,β

]
= 0, i ̸= l, j, k, α, β = 1, 2, 3. (5.1)

By the anticommutativity of the Pauli matrices, it follows that, for i = 1, · · · , N ,
j, k, α, β = 1, 2, 3, {

B
(i)
j,α, B

(i)
k,β

}
=

ℏ2

4
δjkδαβ , (5.2)

where {X,Y } = XY + Y X and δij is Kronecker’s delta. Let

K =

3⊕
L2(R3)

and
ϕα(f) := ϕ(fα), f ∈ L2(R3),

where
fα := (δα1f, δα2f, δα3f).
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We denote by m and c the mass of a pion and the speed of light, respectively.
Let

ω(k) =
√
ℏ2k2c2 +m2c4 (k ∈ R3),

where ω denotes a dispersion relation of one free pion. The function ω defines
a multiplication operator on K. We denote it by the same symbol ω:

ωf := (ωf1, ωf2, ωf3), f = (f1, f2, f3) ∈ K

with fi ∈ D(ω). Let Hb = dΓ(ω). Then, Hb represents the free Hamiltonian of
the pion field. We denote by ρ the density of a nucleon, which is a real distri-

bution satisfying ∂̂jρ/
√
ω ∈ L2(R3), where ∂̂jρ denotes the Fourier transform of

∂jρ. Let

gj
(i) = −

√
ℏ√

(2π)3ω
ℏ̂∂jρi, (5.3)

where ρi = ρ(· −xi) and xi ∈ R3 indicates the coordinate of the jth nucleon. A
Hamiltonian of spin-nucleons interacting with a pion field is defined by

H(ℏ, c) :=
ℏ
2

N∑
i=1

σ3
(i) ⊗ I + I ⊗Hb + g

N∑
i=1

∑
1≤j,α≤3

B
(i)
j,α ⊗ ϕα(gj

(i)), (5.4)

acting on HN ⊗Fb(K), where g ∈ R is a coupling constant. Here we define the
scaled Hamiltonian by

H(Λ) :=
1

Λ2
H(Λ2ℏ,Λ2c).

Then, we can write

H(Λ) = A⊗ I + Λ2I ⊗Hb + gΛHI,

where

A =
ℏ
2

N∑
i=1

σ3
(i), HI =

N∑
i=1

∑
1≤j,α≤3

B
(i)
j,α ⊗ ϕα(gj

(i)).

Now we can prove the following theorem:

Theorem 5.1 Suppose that

ω−3/2gj
(i) ∈ L2(R3), i = 1, · · · , N, j = 1, 2, 3.

Then, for all z ∈ C \ R or z < 0 with |z| surfficiently large,

s- lim
Λ→∞

(H(Λ)− z)−1 = (Heff − z)−1 ⊗ P0,

where

Heff =
ℏ
2

N∑
i=1

σ3
(i) +NE0 +

∑
1≤i<l≤N

Vi,l

17



and

E0 = −3

2

g2ℏ
(2π)3

(
ℏ
2

)2 ∫
R3

|ℏk|2 |ρ̂(k)|
2

ω(k)2
dk,

Vi,l = − g2ℏ
(2π)3

3∑
α=1

τα
(i)τα

(l)

∫
R3

(
ℏ
2
σ(i) · ℏk

)(
ℏ
2
σ(l) · ℏk

)
|ρ̂(k)|2

ω(k)2
eik·(xl−xi)dk.

Moreover, for all t ∈ R,

s- lim
Λ→∞

eitH(Λ) = eitHeff ⊗ P0.

Proof. Applying Corollary 3.2, we have

E = −g
2

2

3∑
α=1

∑
j,k,i,l

⟨
gj

(i)

√
ω
,
gk

(l)

√
ω

⟩
Bk,α

(l)Bj,α
(i)

= −g
2

2

3∑
α=1

(L1 + L2) ,

where

L1 :=
∑
j,k,i

⟨
gj

(i)

√
ω
,
gk

(i)

√
ω

⟩
Bk,α

(i)Bj,α
(i),

L2 :=
∑

j,k,i ̸=l

⟨
gj

(i)

√
ω
,
gk

(l)

√
ω

⟩
Bk,α

(l)Bj,α
(i).

By (5.2), we obtain

L1 =
∑
j,i

∥∥∥∥gj(i)√
ω

∥∥∥∥2Bj,α
(i)2 +

∑
j<k,i

⟨
gj

(i)

√
ω
,
gk

(i)

√
ω

⟩{
Bk,α

(i), Bj,α
(i)
}

=

(
ℏ
2

)2∑
j,i

∥∥∥∥gj(i)√
ω

∥∥∥∥2
By (5.1), it follows that

L2 = 2
∑

1≤i<l≤N

∑
j,k

⟨
gj

(i)

√
ω
,
gk

(l)

√
ω

⟩
Bk,α

(l)Bj,α
(i).

From (5.3) we get⟨
gj

(i)

√
ω
,
gk

(l)

√
ω

⟩
=

ℏ
(2π)3

∫
R3

(ℏkj)(ℏkk) |ρ̂(k)|2

ω(k)2
eik·(xl−xi)dk,

and ∥∥∥∥gj(i)√
ω

∥∥∥∥2 =
ℏ

(2π)3

∫
R3

(ℏkj)2 |ρ̂(k)|2

ω(k)2
dk.

Thus, we obtain the desired result. □
Remark 5.1 Physically, E0 and Vi,l above are considered respectively as the
self-energy of each nucleon and an effective potential of the force between two
nucleons caused by the exchange of pions.
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5.2 A Lattice Spin System Interacting with a Bose Field

Let Λ be a finite set of the ν-dimentional lattice Zν and consider the case
where an N component spin S = (S(1), S(2), · · ·S(N)) sits on each site i ∈ Λ
and each component S(n) acts on Cs with s ∈ N. The Hilbert space of this spin
system is given by HΛ =

⊗
i∈ΛHi with Hi = Cs, i ∈ Λ. The spin at site i is

defined by Si = (S
(1)
i , S

(2)
i , · · ·S(N)

i ), Si
(n) = I ⊗ · · · ⊗ S(n) ⊗ · · · ⊗ I with S(n)

acting on Hi. A Hamiltonian of the spin system interacting with a Bose field is
given by

HΛ :=

−
∑

(i,j)⊂Λ

JijSi · Sj

⊗ I + I ⊗Hb + α
∑
i∈Λ

N∑
n=1

Si
(n) ⊗ ϕ(gi

(n)),

acting in HΛ ⊗ Fb(L
2(Rν)), where Jij ∈ R, i, j ∈ Λ, are constants and gi

(n) ∈
L2(Rν), i ∈ Λ, n = 1, · · · , N . Here, α ∈ R is a coupling constant. This model
is a general type of a lattice spin system interacting with a Bose field (see
[2, 5]), which is a concrete realization of the abstract model H in (3.4) with the
following choice:

H = HΛ, K = L2(Rν), g = α

A = −
∑

(i,j)⊂Λ

JijSi · Sj , T = ω, Bj = Si
(n), gj = gi

(n),

where ω : Rν → [0,∞) is a Borel measurable function, almost everywhere finite
with respect to the Lebesgue measure on Rν , physically denoting the dispersion
relation of a free boson in momentum representation. Let

H(λ) :=

−
∑

(i,j)⊂Λ

JijSi · Sj

⊗ I + λ2I ⊗Hb + αλ
∑
i∈Λ

N∑
n=1

Si
(n) ⊗ ϕ(gi

(n)).

By applying Corollary 3.2, we obtain the following theorem:

Theorem 5.2 Suppose that

ω−3/2gi
(n) ∈ L2(Rν), i ∈ Λ, n = 1, · · · , N.

Then, for all z ∈ C \ R or z < 0 with |z| surfficiently large,

s- lim
λ→∞

(H(λ)− z)−1 = (Heff − z)−1 ⊗ P0,

where

Heff = −
∑

(i,j)⊂Λ

JijSi · Sj +
∑
i∈Λ

Ei +
∑
i ̸=j

Vi,j

and

Ei = −α
2

2

N∑
n=1

∥∥∥∥ gi
(n)

√
ω

∥∥∥∥2 , Vi,j = −α
2

2

∑
n,m

⟨
gi

(n)

√
ω
,
gj

(m)

√
ω

⟩
Si

(n)Sj
(m).
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Proof. Similar to the proof of Theorem 5.1. Note that the following anticom-
mutation relations:

{Si
(n), Si

(m)} = 2δnm, i = 1, · · · , N.

□

Remark 5.2 Physically, Ei and Vi,j above are considered respectively as the
self-energy of each spin and an effective interaction between two spins. In par-
ticular, the case where

ν = 3, N = 3, s = 2, ω(k) = |k|, gi
(n) = ̂ρ(· − xi)/

√
|k|

is interesting. Here, xi is the coordinate of a lattic point and ρ is a real distri-
bution sutisfying ρ̂/|k|1/2, ρ̂/|k|2 ∈ L2(R3). This case is considered as a lattice
spin system interacting with phonons.

5.3 A Model of a Fermi Field Interacting with a Bose
Field

Let Ff(L) be the fermion Fock space over the Hilbert space L and ψ(f), f ∈ L,
the fermion annihilation operators on Ff (L), which are bounded. We denote
by Hf the second quantization operator of a self-adjoint operator T ′ acting on
L. Then, a Hamiltonian of a quantum system of a Fermi field interacting with
a Bose field is given by

H := Hf ⊗ I + I ⊗Hb + α

J∑
j=1

ψ(fj)
∗ψ(fj)⊗ ϕ(gj),

acting in Ff(L) ⊗ Fb(K), where fj ∈ L, j = 1, · · · , J and α ∈ R is a coupling
constant. In the case L = L2(R3;C2) and K = L2(R3), this model may serve as
a model of electrons interacting with phonons in a metal. (See [2].)

Let

H(Λ) = Hf ⊗ I + Λ2I ⊗Hb + αΛ

J∑
j=1

ψ(fj)
∗ψ(fj)⊗ ϕ(gj).

Applying Theorem 3.1, we can prove the following theorem:

Theorem 5.3 Suppose that (3.5),(3.6) and

fj ∈ D(T ′), j = 1, · · · , J.

Then, for all z ∈ C \ R or z < 0 with |z| surfficiently large,

s- lim
Λ→∞

(H(Λ)− z)−1 = (Heff − z)−1 ⊗ P0,

where

Heff = Hf −
α2

2

∑
j,k

⟨
gj , T

−1gk
⟩
ψ(fj)

∗ψ(fj)ψ(fk)
∗ψ(fk).
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Proof. It is well known or easy to see that, for f ∈ D(T ′),

ψ(f)D(Hf ) ⊂ D(Hf ), ψ(f)∗D(Hf ) ⊂ D(Hf ),

and
[Hf , ψ(f)

∗] = ψ(T ′f)∗, [Hf , ψ(f)] = −ψ(T ′f).

This implies (3.7) and [ψ(fj)
∗ψ(fj),Hf ] are bounded. Thus, we obtain the

desired result. □
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