HOKKAIDO UNIVERSITY

Title A scgling Limit for a general cla§s of quantum field models and its application to nuclear
physics and condensed matter physics
Author (s) Suzuki, Akito
Citation Hokkaido University Preprint Series in Mathematics, 746, 1-21
Issue Date 2005-10-03
DOI https://doi.org/10.14943/83896
Doc URL https://hdl. handle.net/2115/69554
Type departmental bulletin paper
File Information re746. pdf

kaido
\;\0\‘ U”/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




A Scaling Limit for a General Class
of Quantum Field Models and
its Application to Nuclear Physics
and Condensed Matter Physics

Akito Suzuki
Department of Mathematics,
Hokkaido University,
Sapporo 060-0810, Japan
e-mail: s043019@math.sci.hokudai.ac.jp

October 3, 2005

Abstract

A scaling limit for the generalized spin-boson (GSB) model is consid-
ered. We derive a scaling limit of the Hamiltonian of the GSB model
independently of whether or not the quantum scalar field has a mass.

Applying it to a model for the field of the nuclear force with isospin,
we obtain an effective potential of the interaction between nucleons. Also,
we get some applications to condensed matter physics.
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1 Introduction

We consider a scaling limit of the Hamiltonian of the GSB model introduced
in [2]. This is an abstract model of an interaction system consisting of particles
and a quantized scalar field ([2]). Although a scaling limit for the GSB model
has been considered in [2], some assumptions for the interaction part of the
Hamiltonian are made. Applying a method used in [3], one can easily derive a
scaling limit under assumptions different from those in [2]. These assumptions
are kinds of commutativity conditions for operators in the interaction part.
Indeed, in the case where the field quantum is spinless, these assumptions are
satisfied. However, in the case where the field quantum has a spin or an isospin,
these assumptions are not satisfied. In this paper, we investigate a scaling
limit of the Hamiltonian in such a general case. To take a scalig limit of the
Hamiltonian H of the GSB model, we introduce a parameter A > 0 in H so
that we have a family {H(A)}4 of self-adjoint operators on a Hilbert space. We



are interested in the limit of H(A) as A — oo in the sense of the unitary group
{em"HMY (¢t € R).

In concrete realizations of the abstract model, scaling limits yield effective
Hamiltonians in the vacuum of the Bose field. These Hamiltonians describe
quantum mechanical Hamiltonians with effective potentials caused by the inter-
action of particles with the Bose field.

We organize this paper as follows. In Section 2, we present abstract results
on a scaling limit of a family of self-adjoint operators. We state the main results
of the present paper in Section 3. Using the method of the abstract scaling limit
theory in Section 2, we prove the main results in Section 4. In Section 5, we
discuss some examples. Applying the main results, we derive effective potentials
in these examples.

2 An Abstract Scaling Limit

In this section, we prove a theorem of a scaling limit of self-adjoint operators
acting on the tensor product of two Hilbert spaces discussed in [1, 4] with a little
modification for later use. To begin with, we introduce preliminary notations.
The scalar product and the associated norm of a Hilbert space £ are denoted by

(*,-), and || - ||z, respectively; the scalar product is linear in -, antilinear in *.
The uniform operator norm of bounded operators is donoted by || - ||. If there is
no danger of confusion, we omit the subscript £ in (x,-). and || - || z. Moreover,

the domain, the spectrum and the resolvent set of an operator T are denoted
by D(T), o(T) and p(T), respectively.
Let ‘H and K be two Hilbert spaces and
X =HK.
Let A (resp.B) be a non-negative self-adjoint operator in H(resp. K) with
ker B # {0}.

Let Pp be the orthogonal projection from I onto ker B. We suppose that a
family of symmetric operators {Ca},., in X admits the following conditions:

(i) For all € > 0 there exists a constant A(e) such that for all A > A(e),
D(CA) D Dap:=D(A®I1+1®B)=D(A®I)ND(I ® B) with

ICA®|lx <ell(A® T+ Al ® B)®||x +b(e)||2]|x, ®€ Dasg, (2.1)
where b(g) > 0 is a constant independent of A > A(e).

(74) There exists a symmetric operator C in X such that D(C') D D(A) @ ker B,
with, for all z € C\ [0, c0),

s Jim CA\(ART+AI®@B—2)"'=C(A—-2)"'® Pg. (2.2)
—00

The following theorem is fundamental in this paper.



Theorem 2.1 ([4, Proposition 2.1]) Let operators A, B, Cp and C be as above.
Then the following (a)-(c) hold.
(a) For all A > Ao with some Ag, the operator

Ky =AR1+ A ®B+Cy

is self-adjoint on D 4 and bounded from below uniformly in A > Ay. Moreover,
it 1s essentially self-adjoint on any core for AQ I+ 1® B.
(b) The operator

is self-adjoint on D(A® I) and bounded from below. Moreover, it is essentially
self-adjoint on any core for AQ I.

(¢c) For all z € [(xsn, P(KA)] N p(Koo),

s- lim (Kpy —2) ' = (Koo — 2) (I ® Pg). (2.3)

A—oo

Moreover, for all t € R,

s5- lim e'Fa = K= (T @ Pp). (2.4)

A— o0

Proof. Let
Ko(A)=A®1+AI®B.

Then, by (2.1), for each ¢ > 0, there exists Ag = A(e) such that, for all A > Ay,
1Ca®]| < | Ko(A)@[| +b(e)| @, @€ Dap- (2.5)
Hence, by the Kato-Rellich theorem (see [7]), the operator
Kp = Ko(A) + Cy

with A > Ay is self-adjoint on D4p and essentially self-adjoint on any core of
Ko(A). Further, K, is bounded from below with

b(e)
KAZ_l—e’ (2.6)

where 0 < € < 1, and A > Ag. Therefore, the ground state energy Ej of Ky
defined by E := inf o(K ) is bounded from below uniformly in A > Ag:

€ := Al;l/f;o Ep > —o0. (2.7

Thus, (a) follows.
By (2.5) and (2.6), we obtain

ICA(Ko(A) = 2) 710 < (ele] + b(e)) | (Ko(A) = )7 || +el| 2, (2.8)
for all z € [Mysa, P(KA)] N p(Koo). Tt is easy to show that

s- lim (Ko(A) —2)" ' = (A—2)"' ® Pg. (2.9)

A—oo



By this fact and (2.2), taking A — oo, we have
IC(A=2)"" @ P < (e|z| + b(e)I(A®T = 2) 7" W] +ell¥].  (2.10)
Hence, we have
|IC(I® Pg)®|| <el|[A®ID| + (2|z|le +b(e))||®||, PeDA®I). (2.11)

This implies (I ® Pp)C(I ® Pg) is infinitesimally small with respect to A ® I.
Thus, by the Kato-Rellich theorem again, (b) holds.

To prove (c), let |z| > 0 be sufficiently large so that z < ey. Iterating the
second resolvent formula, we have

N
(Ka—2)7" =Y (-1)"(Ko(A) — 2)"'Ta" + Rn(A), (2.12)
n=0
where
Ty = CA(KO(A) — Z)il,
and
Ry(A) := (—1)NTYKy — 2) 7t VL
By (2.8),
b
ITAll < 2e+ |(z€|) (2.13)
Hence, taking e < 1/2,
[Tl <1

uniformly in A > Ay, if |z]| is surfficiently large. Since we can easily prove

[ Ta N+
A< AL
[Rn(A)]| < 0 — 2]
it follows that
(Ka—2)7' = (=1)"(Ko(A) = 2) ' Tn" (2.14)
n=0

is norm convergent uniformly in A > Ag. Taking A — oo and using (2.2), we
get the desired result with z < 0, |z| being sufficiently large. (For the details,
see [1, Theorem 2.2].) The proof in the case where z is not real is similar to
that in [1]. Formula (2.4) follows from (2.3) (see [1]). O

3 Definition of a Model and the Main Results

We consider a model of a quantum system S coupled to an abstract Bose
field. We denote the Hilbert space of the system & by H which is taken to be
an arbitary separable complex Hilbert space. In concrete realizations, S may
be a system of quantum particles. We denote the one-boson Hilbert space by I
which is taken to be an arbitary separable complex Hilbert space.



To describe the Bose field, one uses the Boson Fock space over K:

FuK): =P Rk

n=0 s

= {w = {2, | n>0, M e @K, D IWM)? < oo} :
s n=0

where @ K denotes the n-fold symmetric tensor product of K with ®S K:=C.
As is well known [7, §X.7], one of basic objects on Fy,(K) is the annihilation
operator a(f)(f € K) which is a densely defined closed linear operator on Fy (K)

such that, for all ¥ = {1} € D(a(f)*), (a(f)*¥)” = 0 and

(alf) )™ = VS (f @™ ), n>1,

where S, is the symmetrization operator on ®" K (S,* = S, S,*> = S,
R K = 5,(Q"K)). The adjoint a(f)”, called the creation operator, and the
annihilation operator a(g)(g € ) obey the canonical commutation relations

[a(f),a(9)*] = (f,9), la(f).a(g)] =0, [a(f)",a(g)’]=0 (3.1)
for all f,g € KC on the dense subspace
Fo(K):={vp € F,(K) there exists a number ng such that ™) =0 for all n>ng},

where [X,Y]:= XY - Y X.
Let
a(f) + a(f)”
\/§ )
which is called the Segal field operator. It is shown that ¢(f) is essentially
self-adjoint on Fo(K) [7, §X.7]. We denote its closure by the same symbol ¢(f).
It follows from (3.1) that, for all f,g € K,

[6(f), ¢(9)] = i(f, 9) (3-2)

on Fu(K). Moreover we have

o(f) = fekx,

(10D gidl0) — o~i%(1.9)i0(9)id(F)  § e K| (3.3)

which are called the Weyl relations of {¢(f)|f € K} [7, §X.7].
For every self-adjoint operator T on ', one can define a self-adjoint operator
dl'(T), called the second quantization of T [6, p.302], by

dr(7) .= @1,
n=0

with 7 = 0 and T is the closure of
YIw--eT o -l |[QDT),

j=1 alg



where I denotes identity and ®alg algebraic tensor product. If T is non-
negative, then so is dI'(T).

We assume that T is a non-negative, injective and self-adjoint operator on
K. Then, the free Hamiltonian of the Bose field is defined by

Hy, = dT(T)

acting on JF,(K).

The Hilbert space of the coupled system of S and the Bose field is given by

the tensor product
F =H® Fp(K).

Suppose that A is a self-adjoint operator on H and bounded from below,
which denotes physically the Hamiltonian of the quantum system S. Let B; (j =
1,...,J,J € N) be a bounded self-adjoint operator on H and g; € K (j =
1,...,J). As a total Hamiltonian of the coupled system, we take the following

operator:
J

H=A®I+I®H,+gY B;®d(g)), (3.4)
j=1
where g € R is a constant denoting the coupling constant of the system S and
the Bose field.
To state main results of this paper, we need some assumptions.

(A.1) The vectors g;(j = 1,...,J) satisfy the following conditions:
g; €D(T™3?),  j=1,...,J (3.5)
and

<gjagk> ) <gj7Tilgk> ; <Tilgj’Tilgk> € Rv jv k= la B J. (36)

(A.2) There exists a dense subspace D C D(A) such that
B,DCD, j=1,---,J. (3.7)

(A.3) [B;,AllD(j =1,---,J) are bounded.

It follows from (3.3) and (3.6) that {¢(g;)}7/_; and {¢(iT'g;)}7_; are the

j=1 j=1
families of strongly commuting self-adjoint operators, respectively.
We introduce a scaled Hamiltonian by

H(A):=A® I+ A*T® Hy,+ gAH;, A >0, (3.8)
where
J
Hy = ZBj ® ¢(g5)-
j=1

Let Py be the orthogonal projection onto ker Hy, which is the one-dimensional
subspace generated by the Fock vacuum 2 := {1,0,0,---} € F,(K):

ker Hy, = {af? | a € C}.

Then, we obtain the following result which is one of the main theorems in
this paper.



Theorem 3.1 Assume (A.1)-(A.3). Let z € C\R or z < 0 with |z| surfficiently
large. Then,

s- lim (HA) —2) ' =(A+E -2t P, (3.9)
— 00
where )
g _
E=-= zk:(f '95, 9x) B Bj. (3.10)
Js

Moreover, for allt € R,

S_AIEII eitH(A) — eit(A+E) ® PO- (311)

If A is a bounded self-adjoint operator on H, (A.2) and (A.3) hold. There-
fore, Theorem 3.1 implies the following corollary:

Corollary 3.2 Suppose that (A.1) holds and that A is bounded. Then, (3.9)
holds for all z € C\ R or z < 0 with |z| surfficiently large. Moreover, (3.11)
holds for all t € R.

We can state a result of another type without the condition (A.3). To do this,
we introduce some objects. We denote by [B;, A] the closure of [B;, A]|D(j =
1,--+,J). Put po :=info(A) and

Ai:A—Mm

which is a non-negative self-adjoint operator on H. We need the following
assumption.

(A.4) D is a core for A and [B;,A] (j = 1,---,J) are A'/?-bounded, i.c.
D(AY2) ¢ D([B;, A]) and there exist constants aj,b; > 0 such that, for all
u € D(AY?),

185, Alull < a; | A/2u] + b . (3.12)

Moreover, [B;, A]|D (j =1,---,J) are commuting with By(k =1,---,J) on D.
Then, we obtain the following theorem:

Theorem 3.3 Assume (A.1), (A.2) and (A.4). Then, (3.9) holds for all z €
C\R or z < 0 with |z| surfficiently large. Moreover, (3.11) holds for all t € R.

4 Proof of the Main Results

The basic idea for the proof of Theorem 3.1 is to apply Theorem 2.1 to a
unitary transformation of the scaled Hamiltonian H(A). We need some lemmas.
Let

Fin(T) = L{Qa(f1)" . ..a(fn) Q| n>1,f; € D(T),j=1,...,n}

and
]:T =H ®alg ]:ﬁn(T)v



where L£{---} denotes the subspace algebraically spanned by vectors in the set
{---}. We introduce a unitary operator as follows: It is well known or easy to
prove (e.g., [5, Theorem 4.30]) that the operator

J
S:=3 By o(T g

j=1

is essentially self-adjoint. We denote its closure by the same symbol S. Then,
we can define the unitary operator U(t) (¢t € R) generated by S;

Ut):=e"™ | teR. (4.1)

Let

Ext) = g [ad(s -1
N () =55 a ()I®Hb]U(t) , teR,

where, for each X in an algebra A, we inductively define

ad’(X)Y =Y, ad"(X)Y =[X,ad" 1 (X)Y], Ye A, n>1. (4.2)

Lemma 4.1 For each ¥ € Fr, N > 1, and t € R, there exist {n(t) and
nn(t) € [—t], |[t]] such that

_ it)"
UM U® ' v= Y (an ad™(S)I ® Hy, + Ex(Ex(t)| T,  (4.3)
n=0 ’
and
N—
U)HU(#) ™ Z d”+1 (S)I @ Hy, + iEx(nn(t) | ©. (4.4)
Proof. It is easy to see that for all ¥ € Fp and t € R,
o0 t n
> %Had”(S)I@Hb\I/H < o0 (4.5)
n=0 ’
and -
Ut @ HyU(t) ' = Z—:o n)' ad™(S)I ® H, V. (4.6)
(See [3, 5].) By (4.2),
ad¥ (ST @ Hy, = ad™ (S) (ad™(S)I ® Hy,), n, N >0. (4.7)
Let
o, U(t) © HyU(t)™" > teR, (4.8)
where ® € Fr. By (4.5), (4.6),
=> n)' (®,2d™(S) © H,W), (4.9)

n=0



and

LT
[F@)] < [|2] <Z —rlad"(S)I © Hywl| ) . (4.10)
n=0 :
Hence F(t) is infinitely differentiable, and
-~ (it)" n
FM () =3 = <<1>,adN+ (S)I ® be1:>, N >0, (4.11)
n=0

By (4.7) and the Taylor theorem, (4.3) holds.
It is easy to see that

ad*(S)I ® Hy, = —iHj. (4.12)

Hence, in the same way as above we can prove (4.4). O

Applying Lemma 4.1 with N = 2, we obtain the following proposition:
Proposition 4.2 Let
B(t)=U(t) [ad®*(S)I @ H,)U(t)", teR. (4.13)
Then, for each ¥ € Fp, there exist £(t) € [—|t|, |t]] such that
2

U @ HyU(t) "W = |I ® Hy + tHy — FEEm)| v, (4.14)
and n(t) € [—|t],|t|] such that
Ut)HU(t) "W = [Hy — tE(n(t))] ©. (4.15)

Let o, 8 € C. Then, by (4.14), (4.15), we get the following:

U(t) [l @ Hy + SH| U ()" '@
at? 4.16
= aI@Hb+(Oét+B)HI_%E(f(t))_BtE(n(t» v, 10

for each ¥ € Frp.
In what follows, we consider the unitary transformation of A ® I by U ().
Assume (A.2) and set
D7 := D Qalg Fan(T).

It is easy to see that if (A.3) or (A.4) holds,
Ut)Dr c D(A®I), teR.

Let
SA) =U)AIUt) ™ —A®I. (4.17)

Then, if (A.3) or (A.4) holds, for each ¥ € Dr,
Ut)[A® I +al @ H, + BH{ U)W

— |A@T+al ® Hy + (at + B)Hy + 5A(t) — %tzE(g(t)) — BtE(n(t))| ©.
(4.18)



Applying (4.18) with

a=A% B=g\, t=—2, A>0

=l

we obtain the following proposition:

Proposition 4.3 For all each ¥ € Dy, there exist £(t) and n(t) € [—|t], |t]]
such that

U(g/AN)"H(NU(g/AN)V = [A® T+ AT ® H, +Ca] ¥, (4.19)

where

Ca = 6A(=g/A) - %QE(E(—Q/A)) +9°E(n(—g/A)). (4.20)

Hence, we apply Theorem 2.1 to the right hand side of (4.19). To do this, we
prove the following proposition. We denote the closure of a closable operator L
by L.

Proposition 4.4 Assume (A.1), (A.2) and either (A.8) or (A.4). For all ¢ >
0, there exists Ag = Ao(g) > 0 such that, for all A > Ay,

[Cho| <« H(A ®I+AI® Hb)po 1 b(e)|[ ¥, eDA®I)ND(I® Hy),

where b(e) > 0 is a constant independent of A > Ag. 2y
To prove proposition 4.4, we need some lemmas.
Lemma 4.5 Assume (A.1) and that v(t) (t € R) satisfies
u(t) € [=[t], [¢]]. (4.22)
Then, for each € > 0, there exists to such that, for all |t| < to,
HW\DH < #HI ® HyU| +b(e)||¥], W e D@ Hy), (4.23)

where b(e) > 0 is a constant independent of t such that [t| < to.

Proof. By (4.12) and (4.13), we obtain the following inequality: For all U € Fr,

IE@@] < Y (T g;,9) BiB; @ [U(t) "'
ok (4.24)

+ > 1I1B;, Billl HI ® ¢(iT‘1gj)¢(gk)U(t)‘1\yH .
7,k

By using the same way as in Lemma 4.1 and Propsition 4.2, one can easily show
that there exists d(t) € [—|t], |t]] (¢ € R) such that

U @ ¢(T g;)(gr)U ()W

={1.6 66T 9))¢(g1) +itU (B(®)]ad (S)(I © ST g;)8(g1)]U(3(1)) ' .
(4.25)

10



It follows from (3.6) that

ad' (S)(I ® ¢(iT " g;)d(g) = =i Y (T g1, 95) Bi @ 6(iT""g;)  (4.26)
l

on Fr. By putting (4.26) into (4.25), we obtain the following inequality:
|restrg)e(av@m) v
= [vwenr e ear-g)0gU ) v
< [T @ o(iT™ g;)d(91)¥||
ol <Z (T g1, 91)] ||Bl||> |1 @t gnu6wn) |
l (4.27)

Note that |v(t)| < |t| and that I@¢(iT~'g;) commutes with U(¢) on Fr. Hence,
we get, for all ¥ € Frp,

|re st g)o(vwm) |

< |7 @ ¢(T " g;)b(gx) V|| + I¢] (Z T g1, gr)| ||Bl||> |1 ®o(T " g;)9||
l (4.28)

The following fact is well known: for all f € D(T~/2) and g € D(T'/?) N
D(T_l/z),

-y it g i
IT@o(f)wll < Vas |7 ”fHIII®Hb\I/||+< S Ty ) 1l (429
I1@ 6(£)o(9) ¥l < ellI @ Hy¥|| +d|w], (4:30)

where € > 0 is an arbitary constant and ¢, d > 0 are some constants independent
of U. Hence, it follows that, for all |¢| < 1,

HI® ¢(iT—19j)¢(gk)U(“(t))_1\IIH

< \/§HT—3/2ng <Z|<T—1gl,gk>] ||Bl||> e+c||lI®H,Y|
l
T—3/2 i T-1/2 i
+ (;|<Tlgz,gk>} |Bl|) (” ! I, ] pe ”) vl ). (@31)
By (4.24) and (4.28), we get
[E(®)¥] < a(e)|l @ Hy¥| +b(e)[¥], ¥ e Dr, (4.32)

11



a(e) =Y B, Bill , (4.33)
ik

B

ﬁHT_g/Zng (Z T g1, gn)] ||Bl||> e+ec
T—3/2 T-1/2,.
<Z| (T~ g1.9)| | By ||> (H 2f9JH L ﬂggl\ﬂ

+d > By, Billl + || (T g5, 95) BrB; |- (4.34)
J.k g,k

ZH Bj, Bl

Let ¢y be a constant satisfying

a(e) 1

—_— = —. (4.35)
We may assume that 0 < ty < 1 without loss of generality, since € > 0 can be
taken to be sufficiently small. Then, for all |t| < tp and ¥ € Frp, (4.23) holds.

Because Fr is a core for I ® Hy,, we obtain the desired result. [

In what follows, we estimate §A(t) defined by (4.17). Let

Z 1B, AllllIT*g;l, s €R.
Lemma 4.6 Assume (A.1)-(A.83). Then, for all ¥ € D(I ® Hy,) and t € R,

HaA \IIH < |t (fc 3/2HI®Hb1/2\IfH+ —c_ 1||\I/||) (4.36)

Proof. In the same way as in Lemma 4.1, one can easily prove the following
fact : For each ¥ € Fr, there exists ((¢) € [—t,t](t € R) such that

UhAe U@ ={Ae1+auc®) [ad (S)Ae 1 UCEH) }w.

Hence,

I6A(E) || < |¢] Z (B, A] @ (iTg;)UC(1) P (4.37)

< [¢] Z I1B5, Al [T ® 6T g) (4.38)

where we have used the strong commutativity of /@ ¢(iT~'g;) and U(t)(t € R).
It is well-known that

||f|||

11 ® 6(f)0| <\fHT 1/2fH HI®H1/2\IIH+ ], (4.39)

for all f € D(T—'/?). Applying (4.39) to (4.38), we obtain (4.36) for all ¥ € Fr.
Since Fr is a core for I ® Hy, (4.36) extends to all ¥ € D(I ® Hp). O

12



Instead of (A.3) in Lemma 4.6, assume (A.4). We next estimate JA(t) in
this case. Let

J
ds(u) = Zuj ”ngjll ,  seR,
j=1

where u = (u1,--- ,uy) € R7. We set
a = (a17"' an)a b:= (bla"' 7bJ)a

where a; and b; are the constants in (A.4).

Lemma 4.7 Assume that (A.1), (A.2) and (A.4). Then, for all ¥ € D(A®
I+1® Hy),

[FA@|| <1t (ater,20) (Ao T+ 1@ H)¥| + b 22)wll),  (4.40)
where
a(er,€2) :=d_3/2(a) + e1d_1(a) + \/5{52d_3/2(b)7

1 1
b(€1,€2) = ) + 7(1_3/2(1)) +

d*l(a 2\/562

with 1,9 > 0 being arbitary constants.

1
—5d-10)

Proof. In the same way as in Lemma 4.6, we can prove the inequality (4.37)
under the assumption (A.1) and (A.2). By (A.1) and (A.4), we get

[Bj, Al @ ¢(iT " g;)U(t)¥ = U(t)[Bj, Al @ ¢(iT " g;)®
for all ¥ € Dp. Thus, we obtain

J
IBA@ ]| < |t D I[B;, A © ¢(iT " g;) V|| (4.41)

j=1
for all ¥ € Dy. By (A.4) and (4.39), we can prove
I[B;, A} 6T~ g;) ¥
4 -3/2, || || 11/2 1/2 17~ g4 i1/2
<a; (V2| T%2g,|| || A2 @ m,' | + & A e

o (o e+ o)
J J \/i

It is easy to prove the following inequalities:

HA1/2 ®Hb1/2q,H < % H(A®I+I® Hy,) W

) ] 1
HA1/2®I\IIH <e H(A®I+I®Hb)‘IJH + EH‘I’Ha
1

" 1
|rem 2o <e|der+remyw|+ v,
2

13



for all ¥ € Dp. Thus, we obtain the desired result in the same way as in Lemma
4.5. O

Proof of Propotiton 4.4. In Lemma 4.5, we put for each € > 0, Ay = |g|/to-
Then, for all A > Ag,

HE(U(—g/)\))\PH <e||A%1 @ HyW|| + c(e)|[ W], ¥ e DI H,),

where ¢(g) > 0 is a constant independent of A > Ag. It is easy to see that
A2 ® Hy and I ® Hb1/2 are A® I + A?I @ Hy-bounded. Thus, Lemma, 4.5-4.7
imply the desired result. [

Propsition 4.4 and the Kaot-Rellich theorem imply the following theorem:

Theorem 4.8 Assume (A.1), (A.2) and either (A.3) or (A.4). Then, AQ I+
A?I® Hy+Cy is self-adjoint on D(A®I)ND(I® Hy,) and the following operater
equality holds:

U(g/N)"H(MU(g/A) = AR I+ AT @ Hy, + Cy. (4.42)

In what follows, we consider the limit of C'x (A I +ANIT® Hb) as A — oo.

Let
9° 9 o

Proposition 4.9 Assume (A.1), (A.2) and either (A.3) or (A.4). Then, for
all z € C\ [MO?OO)7

s- lim Crh(AT+ N T@H,—2) ' =C(A-2)"" @R, (4.43)
—00

Proof. We can write
Cr(A T+ N T@H,—2)
—Ch(A—2)'@ P +Ch (A T+ NT® Hy—2) 1o (I - Py).
By Lemma 4.6 and Lemma 4.7,
s tlgr(lJ JA) T =0, VeDr,
and it is easy to see that

s-lim E(H)¥ =C¥, U e Fr.

t—0
Since CA(A — 2)~! ® Py is uniformly bounded in A, we obtain

s lim CrA(A—2)'@ P =CA-2)"'®P,.
— 00

Hence we need only to prove the following fact:

s lim Oy (A®T+NT@H,—2) 1@ (I-P)=0.  (444)
—00
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By (4.21), we have

[CA(A@ T+ AT @ Hy, —2) ' T @ (I - Py)V||
<elle (- FR)Y|
+ (elz| +b(e)) [(AR T+ A’ T @ Hy, — 2) ' T & (I — Py)¥||.
Thus, for all £ > 0,

limsup |[CA(A® I+ A’ I @ Hy, — 2) "1 & (I — P)¥|| < ¢V,
A—oo
which implies (4.44). O

We are now ready to prove the main results: By Proposition 4.4 and Propoti-
tion 4.9, we can apply Theorem 2.1 to the right hand side of (4.42). Thus, we
obtain

s lim (AR T+ A T@H,+Ch—2) = (A®I+Co —2) ' T® Py, (4.45)
A— oo
where

It is easy to see that
s-limU(t) = 1.
t—=0

Hence, it follows from (4.42) and (4.45) that

s lim (H(A) —2) ' = (AR T+ Cyp —2) T ® B. (4.46)

A—oo

By [1, Theorem 2.12], we need only to the prove that partial expectation of
C with respect to € is equal to E defined by (3.10). For all u, v € H,

2
W Q,CuoQ) = ﬂ% Y (0w Q[B; © (T g;), Bi ® lgi)]u® Q)
3k

and
(v@Q[B; @ (T "), By ® $lg1)] u @ Q)
o, 1

= —i(T""g;, 1) <vv (Q[ijBk] + BkBa'> “>
Since, by [Bj, Bx] = —[Bx, Bj,

> AT g5, 9) [Bj, Bx] = 0,

3.k
we get

v Q,Cu®N) = (v, Bu).
Hence, it follows that

(I ®Py)C(I® Py) =E®DP,.

By this fact and (4.46), we obtain the desired result. O
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5 Examples

In this section we apply the abstract theory in the last section, to some
concrete models.

5.1 Interaction between Nucleons and Pions with Isospin

We consider a model of N nucleons interacting with a pion field. But, for
simplicity, we assume that each nucleon has only two energy levels.
Let 0;,7;(j = 1,2,3) be the Pauli matrices:

0 1 0 —1 1 0
01:T1:(1 0>7 0-2:7—2:(2- 0>7 03:T3:<0 _1)7

ith
0](2)212®®E;®®127 j:132737

, ith
Ta(l):12®"'®7—a®"'®127 a=1,23,

and

where 15 is the 2 x 2 identity matrix. Physically, 0(® = (01®, 05, o3(9)
and 7 = (1, 7 7)) denote the spin and the isospin of the ith particle,

respectively. Set
N N
ne- @ @ ||

If there is no danger of confusion, we denote the operators o;(V) ® (®N 15) and
(®N 1) ® 74 acting on Hy by the same symbol aj(i) and 7, respectively.
We denote by & the Planck constant divided by 27. Put

S
B;,Z! = 505‘(1)7-&(1)7 i = 1a aNa jaa: 172a37

which act on Hy. It is straightforward to see that

[B;f;,B,g{g] =0, i£1l, jkaB=123 (5.1)
By the anticommutativity of the Pauli matrices, it follows that, fori =1,--- , N,
j7k7a’ﬂ:172737
i) h?
{BO. B} = T dindas, (5.2)

where {X,Y} = XY + Y X and ¢;; is Kronecker’s delta. Let
3

K= L*R?
and
¢a(f) = d)(fa)v fGLZ(R3),

where

fa = (5a1f7 5042f’ 5a3f)'

16



We denote by m and ¢ the mass of a pion and the speed of light, respectively.

Let
w(k) = VRE2k2c2 + m2ct (k € R3),

where w denotes a dispersion relation of one free pion. The function w defines
a multiplication operator on K. We denote it by the same symbol w:

wf = (wfi,wfo,wfs), f=(f1,ff3)eK

with f; € D(w). Let Hy = dT'(w). Then, Hy represents the free Hamiltonian of
the pion field. We denote by p the density of a nucleon, which is a real distri-
bution satisfying 9;p/v/w € L*(R?), where 0,p denotes the Fourier transform of

Ojp. Let
() — _ Vh =

i ————h0; p;, 5.3
gj 2n)Pw ' Pi (5.3)

where p; = p(- — ;) and z; € R3 indicates the coordinate of the jth nucleon. A
Hamiltonian of spin-nucleons interacting with a pion field is defined by

Zog(“®1+1®Hb+gZ Yo B ®6alg, V), (54)
=1 1<j,a<3

acting on Hy ® F(K), where g € R is a coupling constant. Here we define the
scaled Hamiltonian by

H(A) = FH(A2h A%c).

Then, we can write
H(A) = A® T+ A*T® Hy, + gAHj,

where

203 Z ST B @ alg; D).

i=11<j5,a<3

Now we can prove the following theorem:
Theorem 5.1 Suppose that

w32, e LAR3), i=1,---,N, j=1,2,3.
Then, for all z € C\ R or z < 0 with |z| surfficiently large,

s- im (H(A) — 2)7" = (Heg — 2)7' @ P,

A—oo

where

20'3()+NE0+ > Vi

1<i<I<N
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and

3 ¢°h (K’ L |p(k)?
Fy=—— — hk dk
" () oo T Sy O

2 A 2
- gh (i) m/ ha . B ) PR ikai—an)
Vii= Ok Ta Y7o - 20 hk 20 hk ()2 e dk.

Moreover, for allt € R,

5- lim M) = gitHerr @ p
— 00

Proof. Applying Corollary 3.2, we have

2 () g, D)
_ 9 9j 9k (1) (4)
E=-23"% N Br.VB;
2a—1jkiz<\@’ \/5> e e
7 <
:——E L L
2a:1( 1+ 2)7

where

7.k,
RO
— 9i " 9k . @
Ly= ) < ,>B,m Bj.o".
4k, il V' Vw

By (5.2), we obtain

(i) |2 @) g0
_ 9j ()2 9" 9k @ . ()
Ll JZZ \/(; Bj,a +j<zki \F \F {B 7B]7a }
N2
_ (I 22 g;
2 e Vw

By (5.1), it follows that

From (5.3) we get

5% g®\ & (k) (k) |D(R) ik o)
(%% )~ @ L " "

(B2 3R
>/ w2 "

Thus, we obtain the desired result. O

7

and

Hg()

Remark 5.1 Physically, Ey and V;,; above are considered respectively as the
self-energy of each nucleon and an effective potential of the force between two
nucleons caused by the exchange of pions.

18



5.2 A Lattice Spin System Interacting with a Bose Field

Let A be a finite set of the v-dimentional lattice Z” and consider the case
where an N component spin S = (S, 5 ... S()) sits on each site i € A
and each component S acts on C* with s € N. The Hilbert space of this spin
system is given by Ha = &),caHi with H; = C®, i € A. The spin at site i is
defined by S; = (S, 8% ...gMMy 5, — [ @...@ 5™ ©... I with S™
acting on ‘H;. A Hamiltonian of the spin system interacting with a Bose field is
given by

N
Hy = | - Z JijSi'Sj ®I+I®Hb+azzsi(n)®¢(gz’(n)),
(4,5)CA i€A n=1

acting in Ha ® Fp(L*(RY)), where J;; € R, i, j € A, are constants and g™ e
L*(R¥), i€ A, n=1,---,N. Here, a € R is a coupling constant. This model
is a general type of a lattice spin system interacting with a Bose field (see
[2, 5]), which is a concrete realization of the abstract model H in (3.4) with the
following choice:

H=Hr, K=L*R"), g=a

A=— 3" J;Si-S;, T=w, B;=8", gj=g",
(4,5)CA

where w : RY — [0, 00) is a Borel measurable function, almost everywhere finite
with respect to the Lebesgue measure on R, physically denoting the dispersion
relation of a free boson in momentum representation. Let

HN) == > JiSiS; | @ I+ NI @ Hy+aX) i S @ ¢(g; (™).
(i,/)CA €A n=1
By applying Corollary 3.2, we obtain the following theorem:
Theorem 5.2 Suppose that
w32g;(") ¢ L*(R"), i€ A, n=1,---,N.
Then, for all z € C\ R or z < 0 with |z| surfficiently large,

s- lim (H(\) — 2) 7' = (Heg — 2) ' @ Py,

A—r00
where
Hep=— > JiySi-Sj+) Ei+y Vi
(4,5)CA i€A i#j
and
2 N n) (|2 2 n m
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Proof. Similar to the proof of Theorem 5.1. Note that the following anticom-
mutation relations:

{5, 8;(my =26, i=1,--- N.

O

Remark 5.2 Physically, E; and V;; above are considered respectively as the
self-energy of each spin and an effective interaction between two spins. In par-
ticular, the case where

v=3, N=3, s=2, wk) =k, 6" =p(—z)/VIkl

is interesting. Here, x; is the coordinate of a lattic point and p is a real distri-
bution sutisfying p/|k|'/?, p/|k|> € L?(R3). This case is considered as a lattice
spin system interacting with phonons.

5.3 A Model of a Fermi Field Interacting with a Bose
Field

Let F;(£) be the fermion Fock space over the Hilbert space £ and ¢(f), f € L,
the fermion annihilation operators on F¢(L£), which are bounded. We denote
by H; the second quantization operator of a self-adjoint operator 7’ acting on
L. Then, a Hamiltonian of a quantum system of a Fermi field interacting with
a Bose field is given by

J
H:=H@I+I1®H,+aY p(f)¢(f;) @ dg),

j=1

acting in F¢(£) @ Fp(K), where f; € £,j =1,---,J and a € R is a coupling
constant. In the case £ = L?(R?;C?) and K = L?(R?), this model may serve as
a model of electrons interacting with phonons in a metal. (See [2].)

Let

J
H(A) = He @ I+ AT @ Hy +ah > () P(f;) ® 6(g;)-

j=1
Applying Theorem 3.1, we can prove the following theorem:
Theorem 5.3 Suppose that (3.5),(5.6) and

ijD(T/)7 jg=1---,J
Then, for all z € C\ R or z < 0 with |z| surfficiently large,

s- lim (H(A) —2)™' = (Heg — 2) 7' @ Py,

A—o0

where
2

Hox = Hi = 5>~ (95,7 ) 0(£) 0 () () 0(f):

gk
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Proof. It is well known or easy to see that, for f € D(T”),

V(f)D(Hy) C D(Hy), o(f)"D(Hy) C D(Hy),

and

[Hy, 0 (f) ] = (T )", [Hy, ()] = =0 (T'f).

This implies (3.7) and [¢(f;)*¢(f;), Hf] are bounded. Thus, we obtain the
desired result. [J
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