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DECAY OF CORRELATIONS IN SUSPENSION SEMI-FLOWS
OF ANGLE-MULTIPLYING MAPS

MASATO TSUJII

ABSTRACT. We consider suspension semi-flows of angle-multiplying maps on
the circle. Under a C"generic condition on the ceiling function, we show that
there exists an anisotropic Sobolev space[2] contained in the L? space such
that the Perron-Frobenius operator for the time-t-map act on it and that the
essential spectral radius of that action is bounded by the square root of the
inverse of the minimum expansion rate. This leads to a precise description on
decay of correlations, which extends the result of M. Pollicott[5].

1. INTRODUCTION

In this paper we study decay of correlations in suspension semi-flows of angle-
multiplying maps on the circle. We consider Perron-Frobenius operators for the
time-t-maps of the semi-flows and let them act on the anisotropic Sobolev spaces
introduced in [2]. We will show, under a C"generic condition on the ceiling function,
that the essential spectral radius of the action is bounded by the square root of the
inverse of the minimum expansion rate. This leads to a precise description on decay
of correlations, which extends the result of M. Pollicott[5] on exponential decay.

Actually a prototype of the argument in this paper has been appeared in [1],
where a class of volume-expanding hyperbolic endomorphisms were studied. In
this paper, we apply essentially the same idea to analyze the time-t-maps of the
suspension semi-flows.

We henceforth fix integers £ > 2 and » > 3. Let 7 : S' — S! be the angle-
multiplying map on the circle S* = R/Z defined by 7(z) = fz. Let C (S*) be the
space of positive-valued C"function on S*. For each f € Ci(Sl), the suspension
semi-flow Ty = {T} : Xy — Xs}i>o of 7 is defined by

X;={(z,8) € S* xR|0<s< f(z)}
and
T;(;&s) _ (Tn(w,s+t;f)(x)7s 41— f(n(z,s-i—t;f))(x))

where f("(z) = Z?;OI (7%(x)) and n(x,t; f) = max{n > 0| £ (x) < t}.

Let m be the normalization of the restriction of the standard Lebesgue measure
on S* x R to Xy. This is an ergodic invariant measure for Ty. For z = (z,s) € X
and t > 0, we put E(z,t; f) = (@5 +45F) wwhich is the expansion rate along the
orbit of z up to time ¢. The minimum expansion rate of T is defined by

1/t
Amin(Ty) = lim <minE(z,t;f)> .

t—oo \ z€X

Date: October 5, 2005.



2 MASATO TSUJII

For C'functions ¢ and ¢ supported on the interior X7 of Xy, we consider the
correlation Cory (¢, ) = [¢ - @ oTj dm for t > 0. If T is mixing, we have

Jlim Cory(1, ) ( / ¢dm) ( / cpdm) :

The question is the rate of convergence in this limit. For simplicity, let us assume
Jedm = [dm = 0. In [5], M. Pollicott showed, under a mild condition on f,
that the rate is exponential: |Cor. (¢, ¢)| < const.exp(—et) for some € > 0. Our
results give a more precise asymptotic expansion under a C"generic condition on f:
For any real number p > (Amin(Tf))~Y/2, there exists \; € C with p < |\;| < 1 and
integers m; > 0 for 1 < i < k such that

(1) Cor (1, ¢ ZHZ )t < Ho(y, 0)pt fort >0
=1

for any 1 € C§(Xy) and ¢ € L*(Xy), where C}(Xy) is the space of C'functions
supported on the interior X7 and H;(¢), ¢) are coefficients that depend on 1 and ¢.

In order to state the main results, we introduce a few more notations. The
differential (DT}). of T} at z € X is defined in the usual way if both z and T*(2)
belong to X§ and, otherwise, is defined by (DT}), = lime—10(DT}).1(0,)- Fix a
real number (=1 < 9 < 1. T Put 6 = (1/(70f — 1)) max,cg: | f'(z)| and

Cy=C(0y) == {(z,y) € R? | |y| < Oylal}.

Then Cjy is strictly invariant for Ty in the sense that (DT}).(Cy) C C(yoy) for
z=(z,8) € Xy and t > f(x) —s. We define, for ¢ > 0,

m(f,) = IZHE%?wE(T*) 1(z) Z E( Q t; f)

where 37y, is the sum over ( € (T}~ (2) s.t. (DT})¢c(Cy) N (DTF)w(Cy) # {0}
We define
m(f) = limsupm(f,¢)'/*.

t—o0

The Perron-Frobenius operator P} : L'(Xy) — L'(Xy) is defined by
t _ u(w)
PiwG) = > 4 (DT,
we(TH)~1(2) f
It holds Cor; (v, ¢) = fPJtcz/J - dm. We shall prove the following theorems:

Theorem 1.1. There exists a Hilbert space C} (X ) C W, (Xf) C L*(Xy) such that

Pf for large t > 0 is restricted to the bounded operator Pf W (Xy) — Wo(Xy)

whose essential spectral radius is bounded by m(f)t/Q.

Theorem 1.2. For each p > 1, there ezists an open and dense subset R in C" (S')
such that, if f € R, the corresponding semi-flow Ty = {T}i} s weakly mizing and

satisfies m(f) < p- A1 (Ty).

From these theorems, we obtain the following corollary.

1t is certainly better to choose vg close to 1 in the following.
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Corollary 1.3. For a C"generic f € C%.(S'), the semi-flow Ty = {T}} is mizing
and there exists a Hilbert space Cj(X) C W.(X) C L*(X) such that P} for large
t > 0 is restricted to the bounded operator P} : W.(X) — W.(X) whose essential

spectral radius is bounded by Amin(T )72

The estimate (1) for C" generic f is an immediate consequence of this corollary.

2. PROOF OF THEOREM 1.1

In the argument below, we consider the semi-flow Ty = {T}}+>¢ for f € C7} (Sh).
For simplicity, we will write 7* and P* for T} and P} respectively.

2.1. Local charts on X;. First we set up a system of local charts on X;. Take
1n >0 and § > 0 and set

R=(-n,n) x (6,26) C Q = (—2n,2n) x (0,39).
For each a = (z, s0) € X such that [zg — 21,z + 2n] x {so} C X, we define
Ka:Q — X, Ka(z,s)=T%(x0+x,50)-

Take small n and § so that k, is injective on ) whenever it is defined. Next take a
finite subset A C X so that x, for a € A are defined and that x,(R) for a € A is
a covering of X whose intersection multiplicity is bounded by an absolute constant
(say 100). This is possible if we let the ratio §/n be small.

2.2. Anisotropic Sobolev spaces. We recall the anisotropic Sobolev spaces|2].
For a cone C C R?, we define C* = {v € R? | (v,u) = 0 for some u € C\ {0}}.
For two cones C,C’ C R?, we write C € C' if the closure of C is contained in the
interior of C’ except for the origin. Let C"(R) be the set of C"functions supported
on R. Fix a C*function x : R — [0, 1] satistying x(s) = 1 for s < 1 and x(s) =0
for s > 2. A polarization © is a combination © = (C,,C_, ¢4, ¢_) of closed
cones Cx and C*®functions ¢+ : ST — [0,1] on the unit circle S* C R? satisfying
C.NC_ ={0} and

]., lf§€SIHC+,

0 icsine  PO=1-0:0),

(2) P+ (&) = {

For two polarizations © = (C4,C_,¢4,p_) and ©' = (C/_,C_, ¢/, , "), we write
O < @ if R?\ C/. € C_. For a polarization © = (C;,C_, ¢4, p_), an integer
n >0 and o € {£}, we define the C*®function g, : R* — [0,1] by
0o (&) - (x(277[E]) — x (27" HED), ifn > 1
an ifn = 0.

For a function u € C"(R), we define

w@,n,o(g) = {

U6 .0 (T) = Yo n,0(D)u(r) := (27) 72 / TV o (E)uly)dydE

where 9g 1, « (D) is the pseudo-differential operator with symbol a(z, ) = e n,o(£).
Note that ¢g (D) is the composition F~! o Ug ,, , o F where F is the Fourier
transform and We 5, is the multiplication operator by ¥e n.o-



4 MASATO TSUJII

For a polarization © = (Cy,C_, ¢+, ¢_) and real numbers p and ¢, we define
the semi-norms || - ||g7p on C"(R) by

1/2 1/2

ulld, =D 27" vensli: | =D 2" [Yomne - Fuliz| , o=+-

n>0 n>0

1
and the norm || -||ep.q by |lullep.q = ((||qup)2 + (Hu||(5q)2> . The last norm is

called anisotropic Sobolev norm in [2]. Fix 0 < ¢ < 1 arbitrarily. Put

1S =115 -lle=1"lleo IIlle=1I"lexo
and
E=115e Tle=1l"llo-c |le=1"lle1-e-e
These norms || - ||e and | - | are associated to scalar products. The Hilbert spaces

W.(R;©) and W;(R;©) are the completion of C*°(R) with respect to the norms
|l - llo and | - |@ respectively.
We fix three polarizations

©0 = (Co1,P0,+) < Op = (Cox,p0+,) <Oy = (Co,i7<ﬁo,i)
such that

(C(ro8y))* € Co,— € (R*\ Co 1) € (C(6)))".
The product spaces (W, (R; ©¢))* and (W;(R; ©))# are Hilbert spaces respectively
with the norms

1/2 1/2
[al| := (Z ||ua||%0> and  |u|:= <Z Iua|%0> for u = (uq)aca-

acA acA
The operator 7, : L'(R) — L'(X) for a € A is defined by

u(w)/ det Drg(w), if z = Kk, (w) for some w € R;
0, otherwise.

ma(u)(2) = {

Take a family of functions h, € C*°(R), a € A, so that 3 ., 7(hq) =1 on X.
Let IT : (LY(R))* — L*(X) be the operator II((ua)aca) = > pca Ta(ua). We
define W,(X) = TI(W.(R;00))?) and W;(X) = II((W;(R;0))4), which are
equipped respectively with the norms
[ull = inf{[[ul| [ TT(w) = u} and [ju]| = inf{|u] | TI(w) = u}.

These are isomorphic to the orthgonal complement of the kernel of IT in (W, (R; ©¢))*
and (W3 (R; ©))* respectively and, hence, are Hilbert spaces.

2.3. Transfer operators on local charts. We start to consider the time-t-map T
for t > max,eg1 f(x). Fora,b € A, we put Q(a,b,t) = {2z € Q| Ttora(2) € rp(Q)}.
The mapping T viewed in the local charts k, and ; is the C™ map

T;b :Q(a,b,t) — Q, Ttb(z) = /-@b_l 0T 0 Ke(2)

provided that Q(a,b,t) # 0. The operator Py, : L*(R) — LY(R), for a,b € A, is
defined by
R A E )

t
we(Tt )~ 1(z) det(DTab)w
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The operator P* : L'(R)4 — L'(R)* is defined by

Pl(u) = (Z P;;b(ua)> for u = (ug)aca € LY(R)A.
beZ

a€”Z
Then the following diagram commutes:

L(RA —F LN(R)A

(3) ln ln
LX) —2 vx)

In the following sections, we will prove the following proposition.
Proposition 2.1. As restrictions of P, we have bounded operators
P': W.(R;00)" — W.(R;00)" and P': W;i(R;00)" — Wi(R;00)".
Further the following Lasota-Yorke type inequality holds:
IPY ) < G- m(f. )2 ul + Clu|  for u € W.(R)A
where the constant Cy does not depend on t while the constant C' may.

Theorem 1.1 follows from this proposition.

Proof of Theorem 1.1. Proposition 2.1 implies that the essential spectral radius of
the operator P* : W,.(R; ©0)4 — W.(R;0¢)" is bounded by Cy - m(f,t). (See [4].)
The commutative diagram (4) is restricted to

W, (R;00)4 —E— W.(R; 0

(4) ln ln
W.(X) —T W.(X).

The space W, (X) is identified with the orthogonal complement of the kernel of II in
W*(R)A. With this identification, P? is identified with the composition of P* with
the orthogonal projection along the kernel of II. Thus the essential spectral radius
of Pt : W*(X) — W*(X) is bounded by that of P* : W*(R;0¢)* — W*(R;©0¢)"
or Cym(f,t)'/2. Since this holds for any ¢ > max,cg: f(z), the essential spectral
radius of P* : W*(X) — W*(X) is actually bounded by m(f)*/2. The inclusion
C3(X) C Wi(X) C L*(X) follows from Lemma 2.2 in the next subsection. O

2.4. Some properties of anisotropic Sobolev norms. We give some properties
of the anisotropic Sobolev spaces. For s € R, let W*(R) = A~*/2(L?(R)) be the
Sobolev space. The following lemma is easy and proved in [2].

Lemma 2.2. For any polarizations ©' < ©, we have

(a) WH(R) C W.(R;0) C L*(R) and W*~¢(R) C W;(R;0) C W—(R).
(b) Wi(R;0) C W, (R;©") and W;(R;0) C Wi(R;0").

(c) The inclusion W, (R;©) C Wi(R; ©) is compact.

Proof. (a) and (b) follow immediately from Parceval’s identity. To prove (c), we
put U(E) = 3, 50(Yon (&) + 2" n+(€)). Then ¥(D) : W.(R) — L*(R) and
V(D) : Wi(R) — W~¢(R) are isomorphisms. Since the inclusion ¢ : L*(R) —
W~¢(R) is compact, we obtain (c). O
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The two lemmas below are slight modification of the results in [2]. We give the
proofs of these lemmas in the appendix. (See Remark 2.5.)

Lemma 2.3. Let g; : R? — [0,1], 1 < i < I, be a family of C" functions such that
Zle gi(x) <1 for x € R and that supp(g;) C Q. Let © and O’ be polarizations
such that © < ©. Then we have, u € W,.(R;©),

1/2
(5) > lgiulld, < Gollulle + Clule
1<i<I
and
1/2 ;
(6) luller <v | Y lguld| +C lgiule
1<i<] i=1

where v is the intersection multiplicity of the supports of the functions g;, 1 <i < T
and Cy is a constant that does not depend on ©, ©" nor {g;} while C may.

To state the next lemma, we consider the following situation. Let S : R? — R?
be a CTdiffeomorphism and consider a transfer operator L : C""1(R) — C""1(K)
defined by Lu(z) = h(x) - uo S(x) where h : R? — R is a C"~function supported
on a closed subset K C R. Let © = (C4,C_,p4,¢_) and ©' = (C'_,C"_, ¢/ ,¢" )
be polarizations. We suppose that (DS¢)"(R?\ C4) € C_ for all ( € K, where
(DS¢)' denotes the transpose of DS:. We put v(S) = mincek |det DS¢| and

(DS

A(S, 0, K) = sup{ @ ‘ ¢ € K, (DS)"(v) ¢ C’} .

o]

Lemma 2.4. The operator L extends boundedly to L : W,(R;0) — W.(R;0') and
to L : Wi(R;©) — W;(R;©’). Further we have, for u € W,(R),

(7) ILullg < ()2 ||hl| L lulle
and
(8) [Lull, < Cov(S)/2A(S, €', K)|[h]| L~ |ulle + Clule

where the constant Cy does not depend on S, h, © nor © while C may. In partic-
ular, we have, for u € W.(R),

(9) ILuller < Coy(S)™"/? max{1, A(S, O, K) | < |ulle + Clule.

Remark 2.5. The inequality (6) in Lemma 2.3 is contained in Lemma 7.1 in [2].
Lemma 2.4 and the inequality (5) of Lemma 2.3 correspond to Proposition 7.2
and 6.1 in [2] respectively. But, since the norms || - ||ep,q With ¢ < 0 < p are
considered in the corresponding statement in [2], we need to modify the statements
and proofs slightly to adapt them to the case ¢ = 0. This is one reason why we
give the proofs of these claims in the appendix. The other reason is that the proofs
become simpler according to our simple setting.
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2.5. Decomposition of transfer operators. In the next section, we prove the
following lemma, from which Proposition 2.1 follows immediately.

Lemma 2.6. Fora,b € A, we have
1Pas (@), < Cy-m(f,t)l[ulld, + Clulg,  forue CT(R)
where the constant Cy does not depend on t while C' may.

In this section and the next, we fix a,b € A. Let D(w), w € €, be a family
of small closed disks whose interiors cover the closure of R. We assume that the
intersection multiplicity is bounded by 4 (or some absolute constant). Note that
we can take such family of disks with arbitrarily small diameters. Let D(w,1),
1 <i < I(w), be the connected components of the preimage (77,)~!(D(w)) that
meet the closure of R. Then det T}, takes constant value on each component D(w, ),
which is denoted by e(w,4). Since }°, ¢ z1)-1(,) E(z,t; f)~t=1for any z € X and
t > 0, we have
(10) Z e(w,i)"' <1 for any w € Q.

1<i<I(w)

We write ¢ iy, j for 1 <i,j < I(w) if (DT},).(Cs) N (DT)w(Cyr) = {0} for any
z € D(w,4) and w € D(w, j). By letting the diameters of the disks D(w) be small,
we may assume that

D e(w, i)t <m(f,t) for1<i<I(w)andw e Q

jhei
where » . ; denote the sum over 1 < j < I(w) such that j y, i. Take polarizations
O(w,1) = (Cuit,Cuiimy Puit+s Pui,—) for w e Q and 1 < ¢ < I(w) such that
(DT4)2) ") (R*\ Co4) € Cuir— € (R*\ Cypiy) € Co—  for any z € D(w,i)
and that

(R2\ Cujiy) N (R*\ Cyjp) = {0} if i hy, J.
Also take a family of C*°functions h, : R? — [0,1] such that supp(h,) C D(w)
and that > . hu(z) = 1 for z € R. We define functions h,; : R? — [0,1],
1 <i<I(w), by hy,i(2) = ho(Tf(2)) if 2 € D(w,4) and hy, ;(z) = 0 otherwise.
2.6. The Lasota-Yorke type inequality in local charts. We are going to prove
Lemma 2.6. Below C} denotes constants that do not depend on t. We view the
operator P!, as the composition of the operations
(i) breaking a function v € C"(R) into ug ; := hyu, w € 2, 1 <i < I(w),

(ii) transforming each uy, ; t0 vy ; := PL, (U i),

(ili) summing up v, ; for 1 <i < I(w) to get v, := Z1§i§l(w) Vi = hoPhyu,

(iv) summing up v, for w € Q to get Plu =3 ve.
For the operation (i) and (iv), Lemma 2.3 gives

I(w)
DD luwill, < Cyllulid, + Clule,-
we i=1
and
IPLyulld, < Co > llvally, +C Y lvald,

weN weN
Letting S be an extension of the inverse of Ty, in Lemma 2.4, we obtain
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Lemma 2.7. We have

(11) [ve,illow. < Cy - e(w, )2 uwillg, + Cluwile,,
(12) [va,illo, < Ci - e(w, )™ 2 |luwille, + Cluw,ils,,
(13) [Vu,ilow,i) < C\uw’i|éo and

(14) lowlly, < Cp-elw, )™ uwille, + Cluw,ils,.

The following is the key lemma in the proof.

Lemma 2.8. If i M, j, we have

S (Y6 (D)o s Yo (D))

n>0

L2
< va,iHG(w,i)|Uw,j|@(u,j) + |Uw,i|@(w,i)va,j”@(w,j) + C|Uw,i|6(w,i)|Uw,i|®(w,j)‘

PT”OOf. Put Vin = w@m)_(D)Uw,iy ﬁz}n = w@(w,i),n,f(D)ija ’Dim = Vin _{}i,n- From
the assumption ¢ My, j, we have (0;,0;,)r2 = 0. Hence

(Vi,ns Vi) L2 = (Vins 0n) L2 + (D, Djn) 2 + (Digns Ujin) L2
Since |95, ||z2 < 2_(1_5)”|vw,i|@(w,i), we obtain the lemma. O

From Lemma 2.8, it holds

2
(loulig) <23 3 lwillownllvwsllow +C D v

i jhlei i

2
O (w,i)

for some constant C' > 0. Applying Lemma 2.7, we obtain
2 e(w, ) Huwill, +e(w, ) uw; 13
(Iells,) <> % 5 O fil?,
i jflwi i
<Cm(f,1) > uwilld, +C D luwild,-
i i

Lemma 2.7 tells also that

9 2 2
(Ileall,)” < (Ze<w7i>-3/2||uw,i||@0> +C<Z|uw,i|@0>

K2
<Cm(f,0) > fuwild, +C uwild,
7 7

where we used the Schwartz inequality, (10) and the fact e(w,i)™! < m(f,t). We
have obtained, for the operation (ii) and (iii),

2
(lwlle,)” < Com(£. 0D luwalld, +C D luwil?,
This together with the estimate on the operation (i) and (iv) gives Lemma 2.6.

3. PROOF OF THEOREM 1.2

The proof of theorem 1.2 below is a modification of the argument in [6].



DECAY OF CORRELATIONS 9

3.1. Notations. Let A ={1,2,...,¢} and let A™ be the space of words of length
n on A. For a word a = (a;)!_; € A™ and an integer 0 < p < n, let [a], = (a;)?_;.
For 0 < p < n, we define equivalence relation ~, on A" so that a ~, b if and only
if [a], = [b]p.

Let P be the partition of S* into the intervals P(k) = [(k —1)/¢,k/¢) for k € A.
Then P = \/?;01 77%(P) is the partition into the intervals

P(a) = ﬁ T Plan_i)), a=(a;), € A"

For a point z € S' and a = (a;)"_; € A", we denote by a(z) the unique point
y € P(a) such that 7"(y) = x. We denote by x, the left end point of the interval
P(a). For a C"function f € C"(S'), » € St and b € A", we put

s(w, b f) = f (b(x)) = Z f([bli(2))-

Differentiating the both sides with respect to x, we obtain

ds, . I df
%(x,b,f)—gf %([b]i(l’))-

We will identify the unit circle S' with the subset S' x {0} C X;. Then, if
f™(b(x)) <t < f+D(b(z)), the image of the horizontal tangent vector (1,0) at
b(z) € St x {0} by the mapping T; has slope d%s(x,b; f) and so

ds

(DT})b()(Cr) = {(57?7) eER*| |n— 7y (@b f) '6’ < "0f|¢ }

For K > 1, let C7(S*; K) be the set f € C%(S*) such that K~! < f(z) < K for
x € St and ||f]|cr < K. In order to prove theorem 1.2, it is enough to show that,
for each p > 1 and K > 0, the condition "m(f) < p- Amin(Tf)~! and T is weakly
mixing” holds for functions f in an open and dense subset in C’ (S*; K). Thereby
we henceforth consider fixed p > 1 and K > 0. Note that 0y < 0 := K/(v¢—1)
and (/5 < \pin(Ty) < €5 for f € C7(SH K).

3.2. Reduction of the conditions. Fix v > 1 such that v% < p.

Proposition 3.1. If either m(f) > p - Amin(Tf)™' or T is not weakly mizing,
then, for any n > 1, there exist c € A” and B C A" with #B > ~" such that

d d

(e i f) = (e bi )| < 80k 7" forab € B,

Proof. First we assume m(f) > p - Amin(Tf)™" and derive the conclusion of the
proposition. Take v < 7 < 1 such that % < p and then take 1 < X < Amin (Ty)
such that pA > 75\, (T 7). From the assumption, we can take an arbitrarily large
t>0,z€ X, weT (z) and Z C T "(z) such that

(15) (DT")c(Co) N (DT (Co) # {0} for (€ Z

and )
S > (T
2 BCET)
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We may assume that z € ST x {0}. Let m = min {n(x,s +t; f) | (z,s) € Z}. Then
™ > At provided that ¢ is sufficiently large. For each point ¢ = (z,s) € Z, take
I(¢) € AM@s+66) 5o that ¢ € P(I(C)). We put A = {[I(y)]m |y € Z} C A™. Since
de(Tﬁ)—l(w) E(&, s f)~! =1 for any w € Xy and s > 0, we have

1
#A- LT > ———— > " A (Ty) ™"
2 BCo )
and hence #A > (™ p' A\pyin (Ty) =t > 45Kt > 5™ The definition of A and (15) imply

Z—z(z,b;f) — j;(z,b’;f)‘ <40 -£7™ for b,b’ € A.

Take an integer n > 1. For 0 < k < m, let Ay C A be an equivalence class
in A with respect to the equivalence relation ~; with maximum cardinality, and
let (k) = #Ag. Since ¢(0) > 5™ and q(k) < ™% for 0 < k < m, we can
choose 0 < m/ < m — n such that ¢(m’ 4+ n) < vy "q(m’), provided that we take
sufficiently large ¢ in the beginning. We define A’ ¢ A™ ™ as the set of words
that is obtained by removing the first common m’ letters (say c) from the words
in A,,,. Put © = c(z). Then we have

d d !’
é(:c,b;f) - i(x,b’;f) <40 -~ <40 07" for b b € A
Put B = {[a],, | a € A'}. From the choice of m/, we have #B > +™. Since
ds ds B o,
%(xJa]n;f)_%(m,a;f) <O - ™" forae Am ™,
we have p i
‘di(z,b;f) - d;(z,b’;f)‘ <60k -¢~™ for b,b’ € B.

For b,c € A" and f € C’ (S'; K), the variation of the function s(-, b; f) on the
interval P(c) is bounded by 0k ¢~ ™. Translating the point x to the point z. with
c € A" such that z € P(c), we obtain the conclusion of the theorem.

Next we assume that the semi-flow T is not weakly mixing. Then there exist a
Clfunction g : S' — R and a real number ¢ such that f = go71 — g+ c. (See [3].)
Thus, for n > 1, we have

ds ds 2 - maxgegst |g'(z)]
- b: _ = b’ < z€S
dx('?;? 7f) dm(27 7f) —_ En
for any b,b’ € A" and z € S'. This implies the conclusion of the theorem. O

We fix the constant « in proposition 3.1. Take real numbers 1 < g < a < v
and then take integers p and v such that 3772 < 1 and (v + 1)(p+ 1)a™" < 1.
Put 6 =1 —log(¢/v)/log(¢/a). We choose and fix a large integer N > v such that
ra™ <" forn > N and €77 (v/B)" (1 — (v + 1)(p+ 1)a~") > 1 for n' > 6N.

Proposition 3.2. If either m(f) > p - Amin(Tf)™' or T is not weakly mizing,
then, for n > N, there exist 6n <n' <n, d € A" and disjoint subsets B; C A"
for1 <i<(v+1)(p+1) such that
d d 4 v
(a) |7 (e b f) = - (e, /s )| < 1065 - £ for b, b€ UZFH " By,

(b) #B; > " for0<i<(v+1)(p+1), and
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(c) fora e B; and b € B;, we have [a], = [b], if and only if i = j.

Proof. Let n > N and let B C A™ be the subset in the conclusion of proposition 3.1.
For 0 < k < [n/v], let By, C B be an equivalence class in B with respect to the
equivalence relation ~j with maximum cardinality, and let ¢(k) = #Bj. We have
q(0) > 4™ and ¢([n/v]) < £”. From the first condition in the choice of N, there exists
an integer 1 < k < [n/v] such that ¢(k) < y"a~*". Let ko be the smallest of such k,
so that q(ko) < aVq(ko —1) and q(ko —1) > y"*a~*o=D¥ Put n/ =n — (kg — 1)v.
Since g(k) < £"~V'F obviously, we have én < n’ < n. Let B, C By,—1, 1 < i < g,
be the equivalence classes in By,_1 w.r.t. ~,. We suppose that they are arranged
in decreasing order of cardinality. Then we have

min #B! > qlko — 1) — (v + 1)(p + 1)q(ko)
1<i<(v+1)(p+1) v

> 1~k (1 — (4 D(p+1)a~") > 57

where the last inequality follows from the second condition in the choice of N. For
1<i<(v+1)(p+1),let Bi € A" be the subset of words that are obtained by
removing the first common (kg — 1)v letters (say ¢’) from the words in B]. Then
the conditions (b) and (c¢) hold obviously. From the condition on the subset B in
Proposition 3.1, we have

d d /

—S(J:cc/,b;f) - —S(xcc/,b’;f) <80k -¢™™ for b,b' € U(-Zgl)(pﬂ) B;.

dx dx ¢

The condition (a) holds for d € A" such that zce € P(d), because the variation

of the functions s(-,a; f) for a € A" on P(d) is bounded by 0 ¢~ O

3.3. Generic perturbations. We next consider about perturbations of the ceiling
function. For f € C" (S K) and ¢; € C*°(S'), 1 <i < m, we consider the family

(16) fe() :f($)+zti'80i(x)

with parameter t = (¢;)7, € R™. For z € S! and 0 = {b;}o<i<qs € (A")PT!, we
define the affine map G, : R — R? by

o) = (b f - Tlabuif))

Note that G (t) is independent of f in (16). For an affine map A : R™ — RP, let
Jac(A) be the Jacobian of D Alyer(payt, the restriction of the linear part DA of A to
the orthogonal complement of its kernel when A is surjective, and put Jac(A) =0
otherwise. In other words, Jac(A) is the maximum among the Jacobians of the
restrictions of DA to p-dimensional subspaces in R™. The following is a variant of
[6, Proposition 16].

P

Proposition 3.3. There exist functions p; € C*(S'), 1 < i < m, such that, for
any point x € S* and any subsets A = {ai}1§i§(u+1)(p+1) of A”, we can choose
a subset A" = {a]}o<i<p of A so that Jac(G,,) > 1 holds whenever a subset
o = {bi}o<i<p € (A")PTL with n > v satisfies [b;], = al for 0 <i < p.

The proof of proposition 3.3 is similar to that of [6, Proposition 16]. For com-
pleteness, we give a proof in the last subsection.
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3.4. The end of the proof. Fix the family of functions p; € C*°(S'), 1 <i < m,
in proposition 3.3. For n > v, ¢ € A" and o = (b;)?_, € (A")P™! such that
Jac(Gy,0) > 1, let Y (n,c, o) be the set of functions f € C7 (S'; K) such that

%(wc,bi;f) — %(mc,bo;f) <100k - 7™ forall 1 <i<p.

Note that Y (n,c, o) is a closed subset in C' (S*; K). For n > v, let Y (n) be the set
of f € C7(S'; K) that belongs to Y (n,c, o) for more than [3"(P*1)] combinations
of (c,0) C A" x (A™)PH! satisfying Jac(Gy, o) > 1. Let Yi(n) = UZ,:[M] Y (n).
Then Y (n) and Y, (n) are also closed subsets in C (S'; K). Proposition 3.2 tells
that, if either m(f) > p-Amin(Ty) ! or Ty is not weakly mixing for f € C7% (S*; K),
then f belongs to [),~ Yx(n). To finish the proof of the theorem, we show that
the complement of ﬂn;N Y. (n) is dense in C7 (S%; K).

Take a function f € C% (S'; K) arbitrarily and consider the family (16). Take
€ > 0 so small that f; € C7(S1;K) for all t € [—€,€]™. Let X(n,c,0), X(n)
and X, (n) be the set of parameters t € [—¢, €)™ such that fi € Y(n,c,0), that
ft € Y(n) and that fy € Y.(n), respectively. From the definition of Jacobian, we
have Leb(X (n,c,0)) < C¢~"P for some constant C' > 0 that depends only on m
and e. Counting the number of combinations of (c, o), we can see
CL™mP x " x ((PTDn

Blp+n

Recalling that 37P¢% < 1, we obtain Leb(,,>n X«(n)) = 0. This implies that the
complements of 1,5 v Ya(n) in C7(S'; K) is dense.

Leb(X (n)) < < C(preHm,

Remark 3.4. The proof above shows also that m(f) < p - Apin(Ty)™! and T is
weakly mixing for a prevalent subset of f € C7 (S 1) in a measure-theoretical sense.

3.5. The proof of proposition 3.3. It is enough to show

Proposition 3.5. For each y € S', there exist Py, € C>(SY), 1 < i < v,
and a neighborhood U, of y such that, for any point x € U, and any subsets
A = {aii<i<w+1)(p+1) of A, there erists a subset A" = {aj}o<i<p of A so that
Jac(Gys) > 1 holds whenever o = {b;}o<i<p € (A")PT! with n > v satisfies
[b;], = a] for 0 <i<p.

In fact, we can take a finite subset {y(j) 3—’:1 in S! so that the neighborhoods
Uy(j) in proposition 3.5 cover S' and, then, the union {¢;}7; of {@y )i}, for
1 < j < J in the corresponding conclusions of proposition 3.5 satisfies the condition
required in proposition 3.3.

Proof of proposition 3.5. Fix y € S! arbitrarily. For a,b € AY, we write a < b if
74(b(y)) = a(y) for some ¢ > 0. By simple combinatorial argument, we can show
that this is a partial order on A" and that, for each a € A", there exists at most
(v + 1) elements b € A” such that b < a. (See the proof of [6, Proposition 16].)

For 0 < e < 1/2, let U(€) be the e-neighborhood of y. For a € A", let Ua(€) be
the connected component of 77" (U(¢)) that contains a(y). Let 4 > v be an integer
that we will specify later. We choose €y > 0 so small that 7¢(Up(e9)) N Ua(€o) # 0
for some 1 < i < p only if a < b. We take C*®functions ¢, on S* for a € A so
that supp(¢a) C Ua(€o), = @a(y) = € on Ua(€o/3) and |-Lpa(y)| < 2¢” on S*. Let
©y.i, 1 <@ < 0¥ be a rearrangement of ., a € A” and let Uy, = U(eo/3).
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Consider the family (16) for ¢; = ¢,,; and m = ¢”. Suppose that a subset
A ={aj}1<i<@w+1)(p+1) of A” is given. From the property of the partial order <
on A” mentioned above, we can choose a subset A’ = {a}}o<i<p of A that consists
of maximal elements in A with respect to <. Let o = {b;}o<i<p be a subset of A"
with n > v such that [b;], = a] for 0 <i < p. For b € A" and z € U,, we define

min{n,u}

mlebit = Y 7 fu(bly ()

and
- _.d
ha(w,bit) = > L7 fi([bl;(),
j=min{n,u}+1
so that
Z—;(x,b; ft) = hi(z,b;t) + ha(z, b; t).

Accordingly we decompose the affine map G, , into
G (t) = (ha(z, b t) — hi(z,bost));_y o, R™ = R?

and
G(2) (t) = (hQ(ya b’L7 t) - hQ(ya b07 t))i:l,Q,...,p :R"™ — RP.

Y,o
Let € : {1,2,---,p} — {1,2,---,£”} be the correspondence such that aj(y) €
supp(@y,ei)) for 1 < < p, and let
E={t= (tﬁﬁ;l € RY | tj # 0 only if j = £(i) for some 1 < i < p} C RY".

We naturally identify £ with RP. Consider any point € U, and let LM and L®
be the matrices that represent the linear part of the affine mappings Gl(,lz, :E—RP
and G?(,Zt), : E — RP respectively. As a consequence of the choice of a}, we can see

that L(Y is the identity matrix of size p while all the entries L(®) are bounded by
201V (1 — ¢=1)=L1. Therefore, if we take sufficiently large yu, it holds

Jac(DGy o) > Jac(DGy »|g) > 1/2

for z € U,. Multiplying each ¢, ; by 2, we can replace 1/2 by 1 on the right hand
side. We finished the proof of proposition 3.5. ([

APPENDIX A. THE PROOF OF LEMMA 2.3 AND 2.4

We prove Lemma 2.4 first. Put T' = Z; x {+,—}, ¢(+) = 1 and ¢(—) = 0.
Below we use Cy for constants that does not depend on S, h, © nor ©’, and C for
constants that may depend on these. Take an integer u = p(S) such that

27O < (DS () < 2¢7C¢] for any € K and any £ € R?.

Take another integer v < y1— 6 such that 2= < A(S,0', K) < 2". So || DS (&)| <
27|€]| for z € K if (DS,)'"(€) ¢ C_. We write (m,7) < (n,o) if either

e (1,0)=(+,+) and m — p < n < max{0,m + v + 6}, or

d (7‘,0’) € {(77*)7(4’77)} andm7u§n§m+u.
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We write (m,T) ¥~ (n, o) otherwise.
Consider a function v € C"(R) and put v := Lu. For (n,o0),(m,7) € T', we

put vp'T = Yer o (D)L(ue,m,r) 50 that verne = 3, rer Vny - By Parceval’s

identity, it holds
m,T 2 _
(17) Yo londlze < IL(wen )7z < Cov(S) ™ IAllE~ lue m.rlIZs-
(n,0)€el’
Also we have the following estimate, whose proof is postponed for a while.
Lemma A.1. If (m,7) % (n,0), we have
(18) o llpe < G277 Dmaxtmnd ug e
We first show that |v|er < Clule for some constant C, which implies that L
extends boundedly to L : W;(R;©) — Wi (R; ©). We have
2 2
|U|é/ <2 Z 22(0(0)—s)n Z U:{Lg— + Z ,UZ@L_T
(n,0)€T (m,m)=(n,0) L2 |[mm)(n,0) L2
where }°, . (, ) denotes the sum over (m,7) € I' such that (m,7) — (n,0).
Since the relation (m,7) < (n,o) holds only if ¢(o) < ¢(7) and |m — n| < y,

2
Z Z 2(0(0)—6)nvmg <C Z Z 22(0(7’)—6)m||vzf;' ‘%2
(n,o)€r || (m,7)—(n,0) 2 (n,0)€r (m,7)—(n,o)
<C YT 2T ug |2 < Clul}
(m,r)el

where we used (17) in the second inequality. From (18) and Schwarz inequality,

2
o IO
(n,0)€T ||(m,7)#>(n,0) L2
< Z Z 92¢(o)n—2¢c(r)m—2(2—¢) max{n,m} Z 22(C(T)—e)m||u@ m -,—||%2
(n,o)el’ \ (m,ryer (m,r)erl
< Cluf,.

Thus we obtain |v|e < Clule for u € Wi(R; ©).
We next prove (7) and (8). The inequality (7) is easy to prove:
(lvlleN? < llvllzs < Y(S) " AllZe lullZe < v(S)HIAlZ o ulld

Note that (||v|&,)? is bounded by the double of
2 2

2] D IRNELGES IS of D DR e
n20 || (m,7)—(n,+) L2 20 {[(mm)#(n,+) %

By Schwarz inequality,
2

Z QnUZfi' < Z 22(n—m) Z 22m||’l)::l’i:_‘|%2

(mv+)‘_>(n7+) L2 (m,+)t—>(n,+) (m7+)(_>(n7+)
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Since (m,7) < (n,+) implies 7 = + and n < max{0, m + v +4}, we have, by (17),
2

> S 2n|l < Co-22y(S) T )T llullE
n>0 || (m. )= (n,+) Lo

On the other hand, using Lemma A.1, we can see
2

S| T rar| <ous

n20 || (m,7)#(n,+) L2
These implies (8). Obviously (7) and (8) imply (9) and hence L extends boundedly
to L : Wi(R;0) — W,.(R;©). We complete the proof by proving Lemma A.1.

Poof of Lemma A.1. Take closed cones (~3+ € C; and C_ € C_ such that it holds
(DS¢)'"(RT\ C4) € C_ for ¢ € K. Let ¢4, p— : St — [0,1] be C*> functions
satisfying

. )1, if¢g StnC_; . )1, if ¢¢S'NCy;
P+8) = {o, feesine., -O= {0, ifeesing,.
Recall the function x and put v, (€) = x(27"71|¢]) — x(27"+2|¢]) for n > 1 and
7. _ 1[’11(5)950(5”&)’ if n Z ]-;
vomel§) = {x<2-1|s|>, itn=0

for (n,o) € T. Then we have 1g o (£) = 1 if £ € supp(ve n.o). From the definition
of the relation <, there exists a constant L > 1, which may depend on S, such
that, if (m,7) < (n,0) and max{m,n} > L, it holds

(19)  d(supp(ver n0), (D) (supp(Ye,m,r))) > L~1-2max{mmt - for 2 € K.

In the case max{m,n} < L, it is easy to see that the claim of the lamma holds. So
we assume max{m,n} > L below.

Define the operator S by S} = ter n.o (D)o Lo Yo.m.~(D). Then vy =
Syt ue, m,» because i@’m,T(D)(u@’m,T) = U@ m,r- We rewrite S as

(ST u)(z) = (2m) / VT (2,y) o S(y) - | det DS(y)|dy,
where
(20) V() = / iSO =S (1) ey 1 5 (€) 0, () duwrdl.

Since |Ju o S(y) - |det DS(y)||lr2 < C|lullLz, (18) follows if the operator norm of
the integral operator H,";" : L*(R?*) — L*(R?), H,"; v(x) = [ V75" (y)dy is
bounded by C' - 2~ (r—1) max{nm}

Applying the following formula of integration by parts for (r — 1) times in (20):

) e dw — i - | i) | 3 Qw, f(w) - g (w)>dw
f st g Z k(zj (O, f(w))?

where w = (wg)3_, € R?, we obtain the expression

VT (z,y) = / e RS =SWIN R (¢ . w)er .o (€)1 m.-(1)dwdEdn
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where F'(§,n,w) is continuous in w and C* in £ and 7). Note that F(&,n,w) = 0 if
w ¢ K. From (19), there is a constant C,g for multi-indices o and (3, such that

(21) |6585F(€, n, w)| < Caﬁ . 2—n|a\—m|6|—(r—1) max{n,m}
for w € R?, ¢ € supp(Yer n,s) and n € supp(q/;@mlﬁ). For n > 0 and m > 0, we put
Gnm(gv m, w) = F(2n€a 2m7]7 w)w@’,n,a(an)lz)@,m,r(an)-

Then we can rewrite Vo7 (x,y) as
@) [ G - ), 27 S(w) - S), wide

where fgnl is the inverse Fourier transform with respect to the variables £ and 7.
From (21), there exists a constant C,g for any multi-indices o and 8 such that

\3?85(?,””\“0 < C’a52’(”’1)ma"{"’m}.
Therefore there exists a constant C' such that
| Fey G (, y, w)| < 27 = maxtmmb(q 4 j22)72(1 4 [y[*) 2.
This, (22) and Young’s inequality give the required estimate on H™. O

n,o

Proof of lemma 2.3. We recall the argument in the proof of Lemma 2.4 above,
setting S = id. Notice the the assumptions of Lemma 2.4 holds since we are
assuming ©' < ©. Put v; = ¢; - u. Then we have

(23) D lville)® < D llvillze < llullfz < lluld.

In the proof of Lemma 2.4, we have proved that

> 2 > dermi(D)gitems)| < Clule
n>0 (m, 7)o (n,+) L
Since we can put g = 6 in our specific setting S = id, we have
2

Z Z 92n Z Yo n,+ (D) (give,m,r)

i n>0 (m,7)—=(n,+) L2

<1333 Y 2ot (D) (giuem )

i n>0|m—n|<6

<13-2°4- % 7N 22 giue,m+ 72 < Collulld.

m>0 1

Thus we obtain Y, (||lv;[| &) < Collul|% +Clule. This and (23) give the lemma. [J
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