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The no-response approach and its relation to non-iterative
methods for the inverse scattering.

Gen Nakamura!* Roland Potthast Tfand Mourad Sinif *

October 28, 2005

Abstract

The goal of this work is to investigate the relation of the no-response approach to some
other non-iterative reconstruction schemes. We will derive several equivalence statements and
dependency results. For simplicity we consider the obstacle reconstruction problem from far
field data.

In particular, we investigate two versions of the no-response test (NRT) for the inverse
scattering problem. The first version is the pure NRT, the second combines the NRT with
a rangetest element. We show convergence for these two versions without any eigenvalue
assumption about the scatterer.

Second, we state the natural formulation of the probe method for far field data and re-
formulate the singular sources method. We show that these statements of the two methods
coincide and they form one face of the first version of the no-response test. Third, we prove
that the convergence of the linear sampling method implies the convergence of the second
version of the no-response test. Precisely, we show that we can use the blowup sequence of
the linear sampling method to create the blowup sequence of the second version of the no
response test. Fourth, we show that the two versions of the no response method are equivalent
with respect to their convergence. Thus, the convergence of the linear sampling method also
implies the convergence of the pure no-response test.

1 Introduction

Let D be a bounded domain in R?® with C? boundary dD. We consider the acoustic inverse
scattering problem. The propagation of time-harmonic acoustic fields in a homogeneous media is
governed by the Helmholtz equation

(1.1) Au+r*u=0 in R3*\D

where £ is the real positive wave number. At the boundary of sound-soft scatterers the total field
u satisfies the Dirichlet boundary condition

(1.2) u=0 ondD.
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Given an incident field u’ which satisfies Au’ + %u’ = 0 we look for solutions u := u’ + u® of
(1.1) and (1.2) where the scattered field u® is assumed to satisfy the Sommerfeld radiation condition

S

(1.3) lim r(

—iku®) =0,
7—00 T

T

r = |z| and the limit is uniform with respect to all the directions 6 := -

It is well known (see
[P2]) that this reflected field satisfies the following asymptotic property,

KT
(1.4) u(x) = e—u‘x’(ﬁ) +0(r?), r— oo,

r
where the function u*°(-) defined on the unit sphere S is called the far-field associated to the
incident field u!. Taking particular incident fields given by the plane waves, u'(z,d) = e¥*?,
d € S, we define the far-field pattern u>(0,d) for (6,d) € S x S. Analogously, for an incident point

source ®(-, z), where
o 1 ein|x—y\ R
) =T , T,y € .
(z,y) = P TF#Y, T,y
is the fundamental solution of A + k? on R3, we denote the scattered field by ®°(-, z) and its far
field pattern by ®°°(-, z). The problem we are concerned with is the following

DEFINITION 1.1 (Shape reconstruction problem.) Given u™(-,-) on S x S for the scattering
problem (1.1) - (1.3) find the obstacle D.

This problem has been well studied, see [C-K] or [P2] for more details. Several methods have
been created to solve this problem. Often, the methods are classified into the categories of iterative
methods and non-iterative methods. We are concerned with the non-iterative methods as linear
sampling method [C-Ki], probe method [I1], singular sources method [P2], no-response test [L-P]
and range test [P-S-K]. All these methods make different use of the given data. The goal of this
paper is to clarify the relation between them.

In section 2, we give the first version of the no-response test which is the multiwave version
of the one-wave method given in [L-P]. We will justify its convergence by reducing it to the
convergence analysis of the singular sources method.

To deal with this inverse scattering problem via the probe method, in [I2] the author proceeds

in two steps. The first step is to compute the near field from the far field and the second step is to
detect the obstacle from this near field. The near field is given by the Dirichlet to Neumann map
of the boundary problem stated on some artificially introduced domain €2 containing the unknown
obstacle. In this paper, we state the natural far field version of the probe method. This version
uses directly the far field (in one step) to detect the obstacle. We show also that the indicator of
this far field version and the (original) one of near field version are equivalent regarding the blow
up property.
The singular sources method computes the scattered field ®*(-,z) of the incident point sources
®(-, z), where z is outside the obstacle D. We reformulate the singular sources method in a way
which enables us to compute its indicator function for any point z inside or outside D. For z
outside D, it coincides with the original one , i.e. ®%(z, z).

We find out that the indicator function of the far field version of probe method and the one of
the reformulated singular sources method coincide. The obstacle D is characterized by the set of
points z for which this indicator function blows-up. This behavior of the indicator function with
respect to the parameter z is similar to the one of the linear sampling method or the factorization
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Figure 1: The Diagramm shows the relation between the two versions of the no-response test and
several mon-iterative methods for the inverse scattering theory.

method [Ki]. But it has an opposite behavior in the sense that it is bounded outside the obstacle
D and becomes large when approaching D and stay unbounded inside D. This is the object of
section 3.

This first version of the no-response test provides a general framework for the probe and the
singular sources methods in the sense that these two last methods constitute one face of the first
version of the no response test. Similar results have been achieved in [N-P-S], where it is shown
that for the conductivity problem the no-response test unifies the singular sources method and
the probe method. It is easy to see that the equivalence of these methods is based only on the
application of Green’s theorem and, thus, is also valid for any boundary value problem. Further,
it is shown that the rate of blow-up of the indicator functions of these two methods has the order
of the singularity of the Green function.

In section 4, we introduce a second version of the no-response test for reconstructing the obstacle
D from the knowledge of the far-field pattern. We base this second version on a combination of
the superposition principle with the range test idea given in [P-S-K]. This second version of the
no-response test can also be seen as a multiwave version of the range test which is different from
the multiwave rangetest as described in [P-S]. We give the justification of its convergence.

In section 5, we recall the linear sampling method, see [C-Ki] and [C-C], and show how it is
related to the two proposed methods by explaining how the convergence of the linear sampling
method implies the convergence of the second version of the no-response test. We will show that
the singular sequence creating the blow-up for the linear sampling method can be used to create
the blow-up for the no-response test. For the linear sampling we need an eigenvalue assumption
on the unknown obstacle while for the no-response test we don’t need.

Finally, in section 5, we show that the two versions of the no-response test are equivalent
with respect to their convergence. Altogether, the relations between the different methods are
graphically displayed in Figure 1.



2 The first version of the no-response test for the scattering
problem

The goal of this section is to develop a multi-wave formulation for the no response test (NRT) for
the acoustic scattering problem. We will introduce the basic idea of the NRT and then prove its
convergence. We start with some preparations. We set S to be the unit sphere in R3.

It is well known (see [C-K] and [P2]) that the scattered field associated with the Herglotz
incident field ’U; = v,y defined by

(2.5) vg(x) == /Sei'“'dg(d) ds(d), =€ R3,
is given by
(2.6) vy () 1= /Sus(x,d)g(d) ds(d), x € R*\ D,

and its far field is given by

2.7) 0 (6) = /Suoo(G,d)g(d) ds(d), 6 ¢S,

We base the method on the representation

0o 7i aus(yvd) —ik0y 867iﬁ0.y s
2. e =g [ ol )} ds()

given by using the Green’s formula in R3\ D for u*(-,d) and ®(-,y) and their asymptotic behavior
at infinity (see [C-K], Theorem 2.5) where the normal is directed into inside D. The representation
of the scattered field ®*(x, 2) for 2,z € R3\ D is given by Green’s formula

(2.9) D4 (z,2) = /aD {agi(é’)z)i(z,y) - @S(y,z)%} ds(y), z,z € R3 \ D.
Using

B 00 (y, 2) o) — ; 00 (z,y) < - —
(2.10) 0= [ {00 - 00,95 DY ast), 2.2 R\D
this can be transformed into
(2.11) ®5(z,2) = /QDW@(W) ds(y), z,z€R3\D.

Now, consider a couple of densities (f,g) € L?(S) x L?(S). We replace 6 by —6 in equation



(2.8), multiply the result by f(0)g(d) and integrate on S X S to calculate
/S /S W (—0,d) £(0)g(d) ds(0)ds(d)
1 ou?® 7d ik0-
- =/ { [ 2D gty astay- [ v sio) asto)

S
ein@-y
— [2 0 as0) [ w0 w.d) o) dsta) ¢ asty
’ Y S:—u"'(.%d)
ov? . o ,
(212) - = aD{ aj(y)v;<y>+alj‘<y>v;<y>} ds(y).

We call a domain B with C?-regular boundary such that 2 is not a Dirichlet eigenvalue of the
operator —A on B and R3\ B connected a non-vibrating domain.
Now, we state the definition of the first version of the no-response test.

DEFINITION 2.1 (The first version of the no response method.) Let B be any non-vibrating
domain. Hereafter, we call such B a test domain . We define the indicator function for the
multi-wave no-response test by

(2.13) 1(B) = limsup{11(£,9)  Ilogllzeom) < e Ivyllz2om) < ¢}

with

(214) nfog)=| [ [ (0.0 1)) asto)asa)|

For the set G of all the test domains B no response test calculates the indicator function I (B) and
builds the intersection

(215) Drec,l = ﬂ B7
BeB;

where

(2.16) B :={BeG: L(B)=0}.

After the above preparations we can prove the following characterization of D from the far
field pattern, which provides a convergence result for the no response test for reconstructing the
inclusion D.

THEOREM 2.2 (Convergence of the first NRT version.) Let G as in Definition 2.1. We have
1. if D C B then I;(B) =0 and
2. if D ¢ B then I;(B) = co.

Thus the unknown scatterer is given by the intersection of all test domains B for which I1(B) is
zero, i.e
D= Drec,l-



Proof. First, consider the case where D C B. For ||vg]|12(95) < € then from the regularity
theory of the very weak solutions of the elliptic problems, see [N], we have [|vy||r2(p) < ce. Hence
by interior estimates we have ||vg||c1(9p) < ¢’e and then

< Co€

(2.17) glown <aes |5 o

with some constants ¢, ¢’, ¢; and cp. Using (2.12) and the fact that |[vs[|c1 55y < Ce, we obtain

(2.18) |[I1.e(f,9)| < Ce

with some constant C' and thus
(2.19) ILi(B) = !%SUP{ILE(LQ) : ||Ug||L2(8B) <€, HUfHL?(aB) <e}=0.

Second, D ¢ B. Let z € D such that z is on the boundary of the unbounded component of
R3\ DU B. Then, there exists a sequence of points

(2.20) (zp)pen C R*\ (BUD)

such that z, tends to z. We consider the sequence of point sources ®(-,z,). We set B, as a
sequence of non-vibrating domains such that BUD C B, and 2z, € R™" \ B,,. In this case, due
to the denseness property of the Herglotz wave operator (see [P2], Lemma 3.1.3) we take g2 as a
sequence such that for every p fixed

€
(2.21) vaﬁ — §apr>(-,zp) - — 0, n— oo,
P
where
(2.22) ap = ||®( )| 72 o)

Hence, by a combination of (2.21) and (2.22) and the well-posedness of the interior Dirichlet
problem in B, we derive that for every p fixed we have

(2.23) lvgz |l2(aB) < €
for n large enough. In this case, from (2.12), replacing (f, g) by (¢%,g%), we deduce that

lim / / —6,d) g7 (6) g7 (d) ds(0)ds(d)

¢ a 9(®° + @)(y, zp)

2.24 = - P d

(2.24) = [ A (4, 2) ds(y)
e2a?

(2.25) = 167:<I>5(zp,zp).

Hence using the property

(2.26) |7 (2p, 2p)| = €1 [d(zmaD)]_l

as shown in Theorem 2.1.15 of [P2] and the fact that

(2.27) 02 i= 10, )l [73) > calln(d(zy, 0B))]

for some positive constants ¢y, co, we deduce that

(2.28) lim lim // —0,d)gr ()4~ (d)dfds(d) = .

pP—00 N—00

Then I (B) = . O



3 The probe and singular sources methods for far field data
coincide.

3.1 Singular sources method

The idea of the singular sources method is firstly to compute ®°(z,z) from the far field and
secondly to evaluate its behavior with respect to the parameter z. The observation is that when z
approaches 0D then ®°(z, z) blows-up. To compute ®*(z, z) from the far field pattern, in [P2], the
author uses the so-called back-projection operator, see ([P2], Definition 3.1.5 and Theorem 3.1.6).
Its derivation is based on a mixed reciprocity relation. However, the calculation of ®%(z,z) can
be justified directly by the use of the identity (2.8) and arguing as in (2.21)-(2.25). We obtain an
approximation

(3.20) 47D (2, 2) ~ /S /S u (=0, d) g(0) g(d) ds(6)ds(d)

with an appropriate function g € L?(S) such that v, approximates the point source on dD.
Note that here we obtain an approximation with the quadratic form, whereas in [P2], Theorem
3.1.6, one needs the full bilinear form

(3.30) /S /S w (=0, d) g(0) £(d) ds(6)ds(d)

with f,g € L?(S) chosen appropriately to obtain the approximation of ®*(z,z). Thus, the proof
via equation (2.8) yields better results than the application of the mixed reciprocity relation. But
the computation of ®*(z, z) is meaningful just if z € R3\ D. To state the singular sources method
for any point z € D, we reformulate it in the following way:

DEFINITION 3.1 Let Q be a large but bounded domain containing the unknown obstacle D. Let
z € Q. We take a curve from 9Q to reach z. We denote it c,. We define Q. to be a C?-regular
domain contained strictly in Q\ c,.

On 09, we approvimate ®(-,z) by a sequence of Herglotz waves vgn. Then we compute the
functional:

Issm(2) = lim //uoo(—H, d)gZ(0)gz (d)ds(8)ds(d).
We state the following claim.

CrLAamM 3.2 1) Let z € Q\ D. Then we can find a curve ¢, and a domain 2, such that D C 2, C

0, CQ\ c.. In this case we have:
Issm(2) = 4n®°(2, 2).

As a conclusion we have
lim Tgem(2) = 0.
z—0D
2) Let z € D. In this case for any curve c, we cannot find Q, such that D C Q, C Q, C Q\c,.
In this case:
Tsom(2) = o0.



3.2 Probe method

Consider some bounded domain ) containing the obstacle D. As we said in the introduction, in
[I2] the author proceeds in two steps to detect the obstacle from the far field. The first one is to
go from the far field to the near field on 0f i.e the boundary of Q. In the second one from this
computed near field he detects the obstacle.

The near field is given by the Dirichlet-Neumann map:

Ap : H2(09) = H™7(09),
where Apf := %Luf log and v/ € HY(Q\ D) satisfies

Aul +k2uf =0 in Q\D,
(3.31) uw =f on 09,
u/ =0 on OD.

From this data, the indicator function of the probe method is related to the following quadratic
form:

(3.32) /8 (Ao~ K0)f (@) f()ds(z)

where Ay is the Dirichlet-Neumann map for (3.31) when D = 0.

Let us now z € Q\ D, then we take 2, as in the subsection concerning the singular sources
method. We approximate ®(-,z) on dQ, by a sequence of Herglotz waves vgn (which is a recon-
structive version of the Runge approximation used in the original probe method [I1]).

Evaluating the probe functional (3.32) for f = vgn |9, using the Alessandrini identity on Q\ D
(see, [Al] or [Is], Chap 3), we find:

- 81@;

Ovin
= i — n . n = 1 9z
Inp(2) := nlggo . (Ap — Ap)vgn () - vgn (z)ds(x) nlgr;o o ) 5

(@) - vgn ()ds(),
and taking the limit with respect to n, we find:

Iy(z) = /8D {36;1;9 (w,2) — Z;{j(a:,z)} - ®(x,2)ds(z)

where we denoted by v;. and ® the solutions of (3.31) replacing f by vgnlan and (-, 2)|aq
respectively. The function

) (x,2) = B(x,2) — B(z, 2)

is called the reflected solution for the problem (3.31). It satisfies the problem:

ADS, + k208 =0 in Q\D,
(3.33) o5(,2)=0 on 89,
®4(,2) = —®(-,2) on OD.
Using the Green’s formula on Q\ D for ®§,(+, 2) and ®(-, z) we deduce that

0

Inp(2) = G2, 2) — /69 géa(x,z)Q(x,z)ds(x).

8



We are interested with z near D. Since ®,(,2) + ®(-, ) satisfies

(A+I2)(@4(,2) +B(,2)) = —5(z) i O\ D,
(3.34) (®5,(-,2) + @(-,2)) = ®(-,2), on 0O9Q,
(®4(-,2) +®(-,2)) =0, on 0D

then the function ®%,(+, 2) +®(+, z) can be seen as a sum of the Dirichlet Green’s function of A + k?
on Q\ D and the solution of (3. .34) replacing § by zero. Since both of these two functions are
bounded with respect to z, near D, with values in C1(9Q), we deduce that

/ —@s (z,2)®(x, z)ds(x)

aﬂ

is bounded with respect to z. This means that

(3.35) |Ip(2) — @4 (2, 2)| = O(1) for z near D.

Let us now compare ®f,(z, z) with ®°(z, z). We set ¥(z, z) := ®f (z, z) + P*(x, z). Then U(-, z)
satisfies:

AV + k20 =0 in Q\D,
(3.36) U(,z)=®(-,2) on 09,
U(,z)=0 on ID.

For z near D, ®*(-, z) is bounded in C?(9£2). We can see it by remarking that ®*(z, z) + ®(z, 2) is
the Dirichlet Green’s function of our equation on R3\ D . Then the wellposedness of the problem
(3.31) implies that W(-, z) is bounded in C?(£2) hence ¥(z, z) is bounded. This means that

(3.37) |®%) (2, 2) + ®°(2,2)| = O(1) for z near D

CONCLUSION 3.3 The indicator function of the original probe method is constructed from the
Dirichlet-Neumann map by using a sequence of functions approximating the fundamental solu-
tion and the Alessandrini identity.

Now, in place of using the Dirichlet to Neumann map as a starting point, we use the far field
data u>=(0,d), (0,d) € S®. Using the same sequence of functions approzimating the fundamental
solution and the identity (2.12), which is the far field counter part of the Alessandrini identity, we
end up with:

Ip(2) + 47 lim // 0, d)g7(8)g™ (d)ds(8)ds(d)] = | Ln(2) + (=, )| = O(1),

n—oo

for z near D. The second equality is given by a combination of (3.35) and (3.37).

This conclusion suggests that the natural farfield version of the probe method is the one given in
Definition 3.1.

We state these two remarks on the singular sources and the probe methods as a theorem:

THEOREM 3.4 The natural farfield versions of the probe method and the singular sources method
are identical. This common version is given by Definition 3.1.



3.3 Some comments

1. In [N-P-S] we defined the near field version of the singular sources method and we showed that
it has the same convergence behavior as the probe method. Here, in this particular far field setting
the two methods in fact are the same.

2. The full convergence proof of this natural far field version is not achieved yet. The first
point of the claim is shown to be true, i.e ®°(z, z) — oo when z — 9D (see [P2]). The justification
of the second point of Definition 3.1 is not yet proven. A first result in this direction is the recent
work [I3], where the obstacle boundary value problem is considered.

3. For the this far field version, we need to take some domain 2 containing the unknown
obstacle. This is also the case for the linear sampling and the factorization methods. But such
domain 2 can always be find using the first version of the no response test. It is given by testing
if for any  we have I;(€2) = 0. This shows how the combination of these methods can be useful...

4. The way of defining the set €2, in Definition 3.1 is nothing but the needle approach introduced
in [I1].

4  The second version of the no-response test.

In this section, we develop the second version of the no-response test which combines the superpo-
sition technique and the range test idea [P-S-K].

Again, consider a bounded domain B C R? with boundary of class C2. The basic idea of the
range test is to test the solvability of the equation

1

4. —
(4.38) 17 Jos

e 0T (x)ds(z) = u>(,d), (0,d) €S xS.

Here, we will use this technique applied to the far field pattern vg® of the Herglotz wave functions
used in the definition of the no response test above.

For regularization of the ill-posed integral equation (4.38) we use the Tikhonov regularization
scheme

(4.39) Vo = (a+ Soo,*Soo)flsoo,*uoo

with regularization parameter o > 0 and the far field operator S : L?(0B) — L*(S) is given by

(4.40) (5°9)(8) = -

/ e "Ye(y) ds(y), 0 €S.
oB

DEFINITION 4.1 (The second version of the no-response method.) For a non-vibrating
domain B we define the indicator function

I,(B) := liH(l) sup{ linb l[Vgllz2am) + g is the reqularized solution (4.39)
€— a—
(4.41) of (4.38) with u™® = v2°, g € L*(S) and ||v,||12(0m) < e}

For the set G of non-vibrating domains B this second version of no response test calculates the
indicator function I3(B) and builds the intersection

(4.42) Drec2 = (] B,
BeBsy

where

(4.43) B,:={BeG: L(B)=0}

10



The convergence of the no response test is given by the following result.

THEOREM 4.2 (Convergence of the second NRT version.) Let G be as in Definition 4.1. We
have

1. if D C B then Is(B) =0 and
2. if D ¢ B then Iy(B) = co.
Thus, the obstacle D can be characterized by
D = Drec,2.
The following lemmas are the key tools to prove Theorem 4.2. The proof of the first one can
be found in [C-K] and [P-S-K].

LEMMA 4.3 Let B be a domain with boundary of class C%. We consider an injective integral
operator with continuous kernel and dense range

(4.44) (Ay)(0) := - k(0,y)¢(y)ds(y),0 € S

from L?(0B) to L*(S). Then the Tikhonov regularized solution of the equation A = f given by
(4.45) Vo 1= (al + A*A) 1A f
where « is the reqularized parameter and A* is the adjoint of A satisfies

o, if f isnotin A(L*(0B)),
V| 20m),  if A* = f.

From Rellich’s Lemma we immediately obtain the following result.

(4.46) Ji [ 220 = {

LEMMA 4.4 If the equation (4.38) is solvable, i.e. there exists 1) € L?(OB) such that

then the scattered field u® of u® is given by

w [ aCuuisy) inB\ (BUD).
B
Also, we collect basic mapping properties of the single-layer operator.

LEMMA 4.5 The operator S : L?(0B) — H(OB) defined by:

(4.47) (s0)@) = | @@ y)uly)isty), =< 0B

oB

is an isomorphism if B is a non-vibrating domain and 0B has C3-regularity.

Proof of Lemma 4.5. In [ML], Theorem 7.17, it is proved that for such regular domains B
the operator S : L?(0B) — H!'(9B) is Fredholm with index zero. The injectivity and hence the
surjectivity of S is given by the assumption that B is a non-vibrating domain.

11



REMARK 4.6 Since we are free to choose B, then C3-reqularity of OB is enough. In [A-K], The-
orem 1.8 the lemma is proved for Lipschitz reqularity of OB where the proof is given for the case
k=0.

LEMMA 4.7 The operator S : L?(0B) — L*(S) has a dense range if B is a non-vibrating domain.

Proof of Lemma 4.7. We define Fp : Hz (0B) — L2(S) to be the far field map for the artificial

obstacle B, i.e for u € Hz(8B), Fpu is the far field of the solution u® of the (A + x2)u® = 0
satisfying the Sommerfeld radiation condition and u® = u on 0B.
We write §° = FpS. We consider the operator S : H~2(dB) — H?(dB), which is an isomorphism
[ML], and we set also the Herglotz wave operator H : L2(S) — H?z(dB), Hg := v,|ap where v,
is the Herglotz wave function (2.5). We denote by H* its dual operator from H~ 2 (9B) — L%(S).
For ¢ € L?(0B), we have

H¢= [ ¢(x)e *ds(x) = 4nS%¢.
0B

which means that
1
(4.48) S¥¢:=FgSp=—H"®
47

for every ¢ € L2(OB) and hence for every ¢ € H—2(B) by the continuity of Fg, S, H* and the
denseness of L2(8B) in H™ 2 (0B).

Now since B is a non-vibrating domain then H is injective, hence H* has a dense range. From
(4.48), we see that the operator S stated on H~ 2 (8B) has a dense range. Finally, S stated on
L2(8B) has a dense range since L2(9B) is dense in H~ 2 (8B) and S is continuous on H~z (B)
(since Fg : H2(8B) — L2(S) and S : H~2(OB) — H?2(8B) are continuous). O

Proof of Theorem 4.2. We will investigate the two cases D C B and D ¢ B in two steps.

I. Case One. Consider the case where D C B. We take any g € L?(S) satisfying ||vg||12(a5) < €.
As for the case one of the first version, using the regularity of very week solution for elliptic problems
and interior estimates, this implies that

(4.49) llvgllcrapy < ce

with some positive constant c. Since D C B the scattered field v, has a trace on B which is in
C'(0B) and lvgllcrapy < Ce with some appropriate constant C' depending on the scatterer and
on 0B. In this case, by lemma 4.5 the single-layer equation

(4.50) Sy = v, on OB
has a solution ¢ € L?(9B) which satisfies

(4.51) ]| L2 am) < Ce

with a further constant ¢. Hence, also the equation (4.38) with 4> = v7° is solvable with ¢ as the
solution and we obtain I5(B) = 0.

II. Case Two. Assume that D ¢ B. ILA) We first assume that D ¢ B. Then, there is a
point z € D \ B. We choose some arbitrary € > 0. As in section 2, we take a sequence of points
zp, € R3\ (DU B) such that z, — z and construct Herglotz wave functions which approximate
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€/2 - v, times the point source ®(-, 2,) in L?(0B,) where D U B C B, and z, ¢ B,,. We recall that

ap = (||®(, 2p)l|L2(98)) " Also, using the well-posedness of the scattering problem we obtain
that

(4.52) v — gapq)‘x’(-,zp), n — 0o,

in L2(S).

Next, we need to consider the solvability of the equation (4.38) with right-hand side u®> = vy
Here, we will distinguish two possibilities: ‘
IT.A.«a) There exists a couple (pg,ng) such that vaﬁ?) llL2(am) < € and (4.38) is not solvable. In

this case by the Tikhonov regularization, we find a regularized sequence of solutions w;‘pg of (4.38)
no
such that ||z/J;“p0 lL2(am) tends to oo as « tends to zero, where a is the regularization parameter.
4

Hence we obtain the desired statement.
I1.A.3) For every couple (p,n) such that |lv, | r29) < € the equation (4.38) is solvable. By
Lemma 4.4 for every such couple (p,n), vy, is extendable up to B such that its trace is in H L(B).

Now solving the equation (4.50) with right-hand side vs, we get a sequence of solutions thgr of
(4.38), with right-hand side given by vy ie.

(4.53) Soun = u3%.

We distinguish two cases. The first one is that there exists po such that the sequence ||t »o [ 22(a)
is unbounded. In this case we obtain the desired statement. The second case is that for every p the
sequence ||1hyr ||12(ap) is bounded. In this case for every p fixed we can find a function v, € L?*(9B)
such that 1,» tends weakly to v, in L?(0B). For every p fixed, we take the limit in (4.53) with
respect to n. We obtain,

(4.54) Sy = 508 (-, 7))

on S. This means that (4.38) is solvable for u™ being the far field pattern of ®*(-,z,). Hence
using again Lemma 4.4, we deduce that ®°(-, z,) is extendable up to 9B with boundary values in
H'(OB). The solution of (4.54) is then given by the solution of

(4.55) Sty = gapqﬁ(., z,) on dB.

In this case the sequence « is bounded from below by a positive constant since (zp)pen is in
dD \ B. We show that ®*(-,z,) is unbounded in H'(0B). Indeed suppose that ||®°(-, z,)|| w1 (o)
is bounded. Since ®*(z, z,) satisfies —A®*(z, 2,) + £2P*(z, 2,) = 0 in R? \ B then ®°(-, z,) is
bounded in H?2(R3\ B) hence also in H*(dD N (R3\ B)). But ®°(,2p) = ®(, 2,) on 0D and
®(-, z,) in unbounded in H'(D N (R?\ B)). This gives a contradiction.

I1.B) We now assume that D C B. From D ¢ B we obtain that there is a point z € 9B NdD.

Let z, be a sequence of points in R* \ (BU D) tending to z. Applying the Green’s Theorem on
R3\ B for ®%(-,z,) and ®(-,2,), we get

R o oP*° s
@56)  ay [ B G adsle) —ay [ Bln) G )ds() = a0 ().
oB ov oB ov
Hence if o, ®*(, 2,) is bounded in H'(9B) then ay, %2~ (-, z,) is also bounded in L?(0B). Using the

estimate

0P
(4.57) 15, G 2)lla-108) < 112C, 2p)llz2(0m)
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the second member of (4.56) behaves like ||®(-,2,)|[z208) ~ (ln(d(zp,aB)))%. This fact, the

estimate ]

D% (2p, 2p) & 05(3783)’
D

(see Theorem 2.1.15 of [P2]) and 4.56 imply

N

4 o (n(d(z,,08)))
which is impossible. Thus, we have
(4.58) lap®® (-, 2p) || 1 9By — 00, P — o0.

Then, also 1, = $a;,S7'®*(-, z,) cannot be bounded in L*(9B).

Finally in all these cases, we constructed sequences g¥, such that [|v,z || 29p) < € and lim, .o ||¢;"p I 20
is unbounded. This means that I(B) = oo. O

REMARK 4.8 In the definition of the two versions of the no-response test, we can replace in (2.13)
and (4.41) the L*(0B) norm by the C1(0B) norm. For these changes, the convergence of these
two methods is as follows:

') If D C B then I,(B) = Iy(B) = 0.

2 IfD ¢ B then I(B) = I,(B) = cc.

The difference with the original versions is that D C B implies that I;(B) = Is(B) = 0. This
means that if 0D ¢ B then I,(B) = Is(B) = 0 which is not the case for original versions we
gave. This is due to (2.12) and (4.50) respectively and the fact that the C1(dB)-norm estimate of
vy implies the C'(OB)-norm estimate of v.

5 Convergence of the linear sampling method implies the
convergence of the no response method

In this section we recall the linear sampling method and show how its convergence implies the
convergence of the second version of the no response test.

The linear sampling method. The fundamental object of the linear sampling method is the
following linear integral operator F : L?(S) — L2(S), given by

Fg(0) := /u‘x’(@,d)g(d)ds(d), 0eS.
s

This operator is called the far-field operator. Let g € L2(S) and vy := [e™**g(0)ds(),z € R®.

From the asymptotic behavior of this fundamental solution we know that the far-field of ®(, z),

z € R3, is given by

1
d,(0,2) = Eeﬂ"a'z, 6 eSs.

When z € D, then O (&, 2) = P°°(Z, z), where we used ®°°(Z, z) to be the far field pattern of the
scattered field ®°(z, z) created by the obstacle D using ®(x, z) as the incident wave.

The idea of the linear sampling method is to approximately solve the following integral equation,
called the far field equation:

(5.59) Fg. = ®(-,2)
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for a grid of points z and to look at the behavior of the norms of g,. It is observed that these
norms blow up near and outside 0D. The behavior of the norms of g, given for a grid of points z
is used to localize D.

A detailed version is given in the following theorem, see [C-C].

THEOREM 5.1 Assume that k2 is not a Dirichlet eigenvalue of —A in D. We have
1) If z € D, then for every € > 0 there exists a solution g(-, z) in L?(S) of the inequality

HF96(72) - (Poo(wz)HLz(S) <e€

such that

i llg°(s 2)llL2(s) = [vge (-, 2)|l 21 (D) = 0.

lim
z—0D
2) If z € R3\ D, then for every e > 0 and § > 0 there exists a solution g>°(-,z) in L*(S) of the
inequality
||F9€’6('a 2) = ®(, 2)|| L2 < €49

such that
: €,0 IRT .
;12% 19°° (2 )l z2s) = égr%) |vge.s (- 2) | 1 (D) = o0.

Using the density g of the linear sampling method (LSM) for the second NRT version.
To prove the convergence of the linear sampling method one has to assume that k2 is not a Dirichlet
eigenvalue for —A on D, i.e D is a non-vibrating domain. With this assumption, from Theorem
5.1 we have a sequence g¢ which creates the blow-up. Using this sequence ¢g¢ we will now justify
the blow-up in the case two of the second version of the no-response test. This means that in any
case where the linear sampling method converges then the no-response converges too. In addition,
the no-response converges even if the obstacle D is vibrating. This has been shown in section 3.

Let us now explain how we can use the singular sequence g¢ of the linear sampling method to
create the blow-up for the no-response test. To this end we will go into the explicit construction
of the sequence as carried out in [C-C] and use its properties. Note that for some general solution
g¢ of (5.59) it is not yet proven that it will coincide with this particular solution whose existence
is stated by the above theorem. However, our assumption will be that the linear sampling method
is convergent in the sense that it picks this particular solution plus some additive function g, for
which the Herglotz wave function is bounded on D.

THEOREM 5.2 Consider a test domain B such that D ¢ B. Given the densities g(-, z) provided by
Theorem 5.1 as the basic ingredient for the indicator function of the linear sampling method, there
is a density §(-, z) such that the Herglotz wave function vg. ) is bounded in a neighbourhood of z
and the density grr(-,2) := g°(-,2) + §(-, z) leads to a blow-up of the functional Is of the second
NRT version.

Remark. The modification by g is necessary only to tailor the Herglotz wave function of the
linear sampling method to the normalization assumptions on B demanded by the no-response test.
Alternatively, we could just neglect the normalization assumption of the no response test and feed
the density g¢(-, z) into the functional I . defined in (2.14). We consider this to be an interesting
question for the further analysis of the linear sampling method in its connection to the no response
test.

_ Proof. By assumption we have a non-vibrating domain B such that D ¢ B. The situation
D ¢ B means that either 9D \ B # ) or D C B.
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I. We consider first the case where D\ B # (). For this case, we may choose a point a € 0D\ B
and a sequence z, — a for p — oo with z, € D. From the part 1) of Theorem 5.1, there is a
sequence g(+, zp) such that we have

||Fg€(-,2p) - cI)OO(aZI))HLI"(S) <e€
and

(5.60) Jim g (, 2p) || 1 () = o0

In [C-C], page 416, the sequence VUge(.,z,) 18 constructed such that it tends to some single layer
potential

(5.61) S, (z) == /6 ()6, ()ds(y). @ € 0D,

in Hz(8D) where ¢, is the solution of the integral equation S¢. (v) = —®(x,z2,).
Let us now consider the sequence (v5?(,2,))pen. With this sequence taken as the right-hand
side of (4.38) either the equation (4.38) is not solvable for some py and hence its regularized solution
bo,q Satisfies ' )
gyli% ||wpo,oz||L2(3B) =0

or (4.38) with right-side vg¢ (-, z,) is solvable for every p and then via Lemma 4.4 the scattered fields

5 (-, zp) will be extendable up to OB such that its trace is in H'(9B). Now the corresponding
sequence of solutions 95, of (4.38) satisfies the equation

(5.62) /BB (z, )¢y, (y)ds(y) = vye (x, 2,) on IB.

Next, we will prove that the sequence v;. (-, 2,) is not bounded in Hz(0B) (and hence in H*(0B)).

Indeed, suppose that the sequence (vj.(-,2,))pen is bounded in H%(GB). The wellposedness of
the forward scattering problem on R*\ B implies that (v (-, 2,))pen is bounded in H}, (R*\ B)
hence vge (-, 2) [apnv(a) (= =V (-, 2p) lapnv(a)), Where V(a) is a neighborhood of a such that
V(a) N B = 0, is bounded in L*(dD N V(a)). We recall that vge(-,z,) approximates S¢. in
Hz(dD), hence also in L2(0DNV(a)). Since S¢., = —®(-,2,) on D we deduce that the sequence
(®(-, 2p))pen is bounded in L*(dD NV(a)), which is not true. Then the sequence (v5. (-, zp))pen is
unbounded in Hz(dB).

From (5.62), the sequence of solutions, vy, satisfies
(5.63) lim [[¢}]|r20m) = .
p—00
Normalization of the sequence vge (-, zp). To finish the proof for this case, we need to normalize the

sequence vge (-, 2p), i.e. to have [|vge(-, 2p)|[12(9m) < €. It is enough to prove that this sequence is
bounded. Hence, since every step in the argument is linear, multiplying it by € we get the desired
property.

We start by proving that vge (-, z,) is bounded in H'(DN K), for any C?-regular domain K not
containing a neighborhood of the point a.
Indeed, The function W := S¢., + ®(-,2,) satisfies

(5.64)

AW, + k*W, = —-6(z) in D,
W,=0 ondD,
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i.e W, is the Green’s function on D. From the estimates of this Green’s function we deduce that
the sequence ||W., ||m1(pnk), p € N, is bounded, hence S¢., also has the same property since the
sequence ®(-, z,) does. This implies that for e fixed the sequence ||vge(.. |1 (DK is bounded.

Let us now consider its L?(0B)-norm. The only information we know is that [[vge(-,2,) —
S¢. |l (py < € and we have no information on the behavior of the sequence (¢°(+, z))p in B\ D.
Thus we cannot affirm its boundedness in L?(0B). For this reason, we modify it by another
sequence which has this property and which behaves as vy« (-, z,) near the point a.

Let E be any C?-regular domain containing D U B such that V(a) C OE N (0D \ B). We
also assume that F is a non-vibrating domain. We take any C'°°(R3) function y equal to 1 in a
domain containing V(a) and zero in a domain containing some neighborhood V(B) of B. We set
Og(+, 2p) 1= XVge (-, 2p). For p fixed, let (v2),en be a sequence of Herglotz functions approximating
04(+, 2p) in L2(OE).

The sequence (Uge (-, zp) — V5 (p.n)en2 satisfies

(5.65) Alvge (-, 2p) — vh] + kQ[ﬁge('v zp) —vh] = Axvg, (-, 2p) + VX - Vg, (-, 2,) in E.

Since Vx = 0 in a neighborhood of V(a) and in a neighborhood of B and vy« (-, 2p) is bounded
in HY(D N K), for every domain K such that K N V(a) = 0, we deduce that the right hand side
of (5.65) is bounded in L?(E). Using the regularity of the week solution for elliptic problems with
L?— Dirichlet boundary condition the sequence (g« (-, z,) — vF),., is bounded in L?(E) (see [N]).
Again from (5.65) and using the interior estimates we conclude that the sequence (0ge (-, 2p) —VE )n p
is bounded in H?(B) and in H?(D).

Since 94 = 0 in V(B) then the sequence (v?),, ,, is bounded in H%(B), and in particular in L?(9B).
Also since vge (-, 2zp) = Uge (-, 2p) in a neighborhood of a, i.e. V(a), then [vE —vg4e (-, 2p)|n,p is bounded
in H2(V(a)). We set grr := gP.

Now repeating the arguments applied for v;’?(~, zp) before replacing it by Vgrps We deduce that
_[2 (B) = .

This gives a justification of the second case of Theorem 4.2.

II. Counsider now the case where D C B and assume that a € 8D N dB. We have
g - 2) + 20, 513 oy <
The wellposedness of the forward scattering problem gives
(5.66) 1652 20) + 20, 23 ) < C
with some positive constant C. From this estimate we deduce that
[vge (- 2p) 1 (0B) — 00 (2p — a).

This property gives the justification of the convergence of the second version of the no-response
test. But as for the case I, we need to normalize it in the L?(9B)-norm. In this case the argument
given in I. doesn’t work. We give another way to justify it which uses the information 0D C B.
For this, we argue as follows. We take a particular sequence z, := a + %V(a), where a € 0D N OB

and v(a) is the exterior unit normal at a of B. We set z; 1= a — %I/((L). We need the following
lemma.

LEMMA 5.3 There exists a constant C > 0 such that

<C,VpeN

(5.67) 126 20) = D023 oy <
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Proof. We set W,(-,2p) 1= Pu(-,2p) — ®x(-, 235). The index k is used to distinguish between the
fundamental solution of the Helmholtz equation and the one of the Laplace equation, i.e k = 0.
The distribution ¥(-, zp) := ¥, (-, 2p) — Vo (-, 2p) satisfies

(5.68) (A+ ) U(, 2p) = K2 [®o(-, ) — Po(-, 2)] in R?

where ®¢(z, 2p) 1= ﬁ We take a large domain K containing the sequences (2p)pen and (2,)pen-
Hence from (5.68), we get that ¥(-, z,) is bounded in H'(K) since the second member of (5.68) is
bounded in L?(K) and the boundary conditions on K are bounded in C™(9K), for any m in N,
which is due to the fact that the sequence z, is a way from 0K.

This implies that ¥ |55 is bounded Hz(9B). Then it is enough to prove (5.67) for ¥y (-, z,).

We consider ||Wo (-, z,)||22(aB)-

|1 L _feslmleesl el

|z —zp| |z — 2] |z — zpllz — 2| T |z — zpllr — 25
Hence 1 1 1

| - Pas(e) < [ - 5 [
/BB 2 —2p| |z — 2 SR PN \x—zp|2|x—z;|2
1
< Clzp — 2| — = Clzp — 2|
| P p|

Then
(5.69) 1o (-, 2p)[1720m) < Clzp — 2

with some constant C' > 0.
We consider now ||\Il0(~,zp)||%{1(63). It is enough to consider the estimate of the tangential

derivative ||VrWo(-, zp)||r2(am). We have

_@-z) @-z) (@-z) (Boz) (@-z)
V¥o(s2p) = 3 3= 3+ 3 3=
|z — 2 |x—z; |z — 2] |z — 2| |Q7_Z;
. (ZP*Z;) |~T*Z;‘3*‘x*2p|3

+ (z =2l

]

T o2 v = zPle — 7P

hence the tangential derivative satisfies

2y — 2F Cilz, — z*
[Vr@o(-, 2p)| < ||ppg!+|x—z; 112p p\
I’*Zp

|z =z Ple = 2°

where ¢; > 0 is a constant. Then the square integrals of the first and the second terms of the left
hand side of the last inequality give

/|V‘I’o(~7zp)|2d5(x)< =
OB

I _Z;‘

which means that

Cs

2
(5.70) 1o (-, 2p)ll7 (08) < =25l
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with some positive constants Cy, C5. From (5.69) and (5.70) and the interpolation theorem between
L?(0B) := H°(0B) and H'(0B), we get

190 2)l13 o < Cs
with some positive constant Cy. This ends the proof of Lemma 5.67.
From (5.67) and (5.66), we deduce that

(5.71) [vge (-5 zp) + @(, 2| <Cs

H?(0B) =
for some positive constant Cj.
1
For every p fixed, let vg» be a Herglotz sequence of functions tending to vy (-, 2,) in H2(9B),
ie.

(5.72) Vp € N,3IN(p)/¥n > N(p) we have |lvge — v (-, ZP)HH%(aB) <e
From (5.67) and (5.72) we have
(5.73) Vp € N,dN(p)/¥n > N(p) we have |jvz — @(-,z;)HH%(aB) < Cg

hence, since D C B, by the wellposedness of the scattering problem we get

5 = 2.2l o < Cr

where Cg,C7 > 0 are constants. From (5.73), we have vaﬁHQL?(aB) < Cslnp for p large enough
and Cg > 0 is a constant. We set 3, := vaﬁ”;(aB) then

12°(-, 2)

2
||ﬂ USP(' Z )H2 1 ||H%(8B) - Cj
PYgn\ P

> Inp)~t.
H2(0B) — Cglnp Cy (Inp)

Since ||®*(- > Cod(z,,0B) = Cg%, we deduce that

’Z;)HH%(aB) =

||Bpvy,

g;']:](p) (.7 ZP)HH%(BB) — 00

We set vg,, == ﬂpvgiz@)' Then
l[vgrrllrzos)y = 1 and [|vg, . |[#1(a8) — 0.
Arguing as in the part I, taking v° = instead of v;‘j(v 2 We deduce that I(B) = oo.

Since the case one is always justified as the forward problem is well posed, we deduce the
convergence of the second version of the no-response test.

6 Equivalence of the two versions
We will show that with respect to the convergence properties the two versions are equivalent.

THEOREM 6.1 Consider the versions (2.13) and (4.41) of the no-response test. Then the conver-
gence of the first version implies the convergence of the second version.
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Proof. According to our assumption the first NRT version is convergent, i.e. we have D C B
implies I;(B) = 0 and D ¢ B implies I1(B) = co. We will show that the same implications hold
for the indicator function I.

For the case D C B we have I;(B) = I3(B) = 0 which is justified by the wellposedness of the
direct problem. We will show that for D ¢ B we obtain the logical implication

(Il(B) - oo) — (12(3) - oo),

which implies the above theorem.
We suppose that I;(B) = co. Let (fn, gn) be a sequence in L?(S)x L*(S) such that ||vy, || 298) <

12(0B) < L and

%7 ||’Ugn n

(6.74) lim u™(—0,d) fn(0)gn(d) ds(8)ds(d) = .

n— o0 S2

We will investigate the functions vq and its far field vy?. To this end consider the solvability of
the integral equation (4.38) with v2° on the right-hand side as described in (4.41). As in section
3, we distinguish two cases.

1) We have the case where for some v° the equation (4.38) is not solvable. In this case we

gn
deduce that I(B) = oo. ’
2) The second case is when for every vg?, (4.38) is solvable. In this case Lemma 4.4 gives

@sz/ Bz, y)n(y)ds(y), = € R\ (BUD),
0B

hence the far field patterns enjoy the property

1

vgn(0) = o~ . Pn(y)e™ " Vds(y).

Now multiplying the last equality by f, and integrating over S, we get

[z 08.00a50) = = [ vawos. st

If ¢, is bounded in L*(0B) then [, ¢n(y)vy, (y)ds(y) is also bounded. Hence

| [w=0.as 0 @is@)isa) = [ oz -01.0)is0)

is also bounded. This contradicts (6.74) and implies that the sequence |[,||z2(9p) is unbounded.
We have proven that I(B) = oc. O

6.1 The second version implies the first version.

To prove this implication we need to use an assumption on the testing domains. Precisely, for any
testing domain B we assume that we can find a homotopy of domains A — By, A > 1 such that
By, C By, for Ay < A\;, By has boundary of class C?, is simply connected and its open exterior is
connected, By = B. Also, for every r > 0 there is A € R such that {y ER3: |yl < 7“} C B,.

THEOREM 6.2 Consider the versions (2.13) and (4.41) of the no-response test. Then the conver-
gence of the second version implies the convergence of the first version.
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Proof. Suppose that the second NRT version is convergent, i.e. we have D C B implies
I(B) =0 and D ¢ B implies I3(B) = co. We will show that the same implications hold for the
indicator function I;.

The case D C B is treated as in the proof of Theorem 6.1. We suppose that D ¢ B, B
is a non-vibrating domain and I5(B) = oco. Our goal is to show that under these assumptions

Since I5(B) = oo, there exists a sequence (¢2) C L?(9B) of regularized solution of (4.38) with
right-side v2° such that [[v} ||z2(5m) < 1 and

lim sup lim |W§||L2(8B) = 0.
n—oo a—0

We split the proof into two parts which investigate the following cases.
1) For every n in N, the integral equation (4.38) with right-side vg° is solvable. In this case
according to Lemma 4.3 we pass to the limit « — 0 to obtain

(6.75) lim sup ||, || 208) = o0

where 1), is the sequence of the solutions of (4.38) with right-hand side v3°.
2) There exists ng such that lim, o [|[¢5, ||22(9B) = 00, i.e the integral equation (4.38) with
right-side 115:0 is not solvable.

First case. We multiply the equation

9n
by f € L*(S) and integrate over S to obtain

(6.76) /S 54 (—0) £(6)ds(9) = /S 02 (—0)(6)ds(0).

The left-hand side is transformed by
U (— s = 0wy (z)ds(z s
[s=vcor@ise) = [ [ e @as@ o))
/ / R0 £(0)ds(0)1py, (z)ds(x)
aB Js
(6.77) = /anf(z)z/}n(x)ds(x).

For every n fixed, by the denseness of the range of the Herglotz operator in L?(0B), we take
v¢r)peN such that
fnlp

v £ Y
2

(6.78)
FRICE:))

p— o0,

in L2(0B). For n fixed, there exists Ny(n), such that Vp > Ny(n),
(6.79) ||vf£||L2(aB) < €.

Then for every n fixed, we have

lim [ S, (0)f)(0) ds(f) = lim Vfn (2)¢n(2)ds(z)

p— 00 S p—00 OB

€ |nl?(x)
= - 7 d
/83 2 ||¥nllz208) s(@)

€
(680) = §Hwn||L2(8B)-
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Hence

(6.81) limsup lim [ v*(0)f, (0)ds(0) = oo.

n—oo p—o0 S b
The right-hand side of (6.76) with f chosen such that (6.79) is satisfied is a lower bound for I (B).
Now, from (6.81) we obtain I;(B) = cc.

;:0 is not in the range of S°°, then v;no cannot be analytically extended

up to R3\ B. Indeed, if it is analytically extendable up to R?\ B, then it satisfies Avj +k2v2n0 =0

in a neighborhood of R?\ B. In particular Vg, lop € H(OB). Then the equation St = Vo lop is
solvable in L?(9B) and then S = Vge» Which is a contradiction.

Second case. Since v

We now consider a homotopy of domains A\ — By, A > 1 such that K C By, for Ay < A1, By
has boundary of class C?, is simply connected and the open exterior is connected, B; = B and for
every r > 0 there is A € R such that {y ER3: |yl < r} C Bj.

Since vy~ is not extendable into R3 \ B, there must be some minimal X\g > 1 such that v} is
extensible into R3 \ By for all A > \g, but not into R? \ B,,. Hence there exist 2y € dB), and an
open neighborhood N(zg) of zy such that N(zp) N B = () and v;no is not analytically extendable

into any open subset of N(zp).

LEMMA 6.3 Let z, be a sequence of points in R3\ B, such that zp tends to zg. If for some positive
p € R the set

(R0 05, (2p)]
(6.82) {Sup|h1 Pl H E Z+}

is uniformly bounded by a constant ¢ > 0, then v can be analytically extended near the point z,.

Proof of Lemma 6.3. From the boundedness of (6.82) we derive that the series

(6.83) 3 l,((x —2) VP, (5 < Y o T

neZy HELy p

is absolutely converging for z € B(z,,p) and for all the points z,. Taking z, near enough to z,
we deduce that v is analytically extendable into some open neighborhood of z;. However, in this
case we would obtain an extension into R? \ By, with some A\; < Ao. O

As a consequence of the preceding lemma, for any sequence z,, of points in R?\ B, tending to
2o there exist a sequence hy, € S, i, € N such that

| (hyp - V)Hrog  (2p) |

(6.84) lim pH» Ino = 0.
p—00 p!
Let € > 0 be fixed. We set
€
Yy(x) ;= ———(h, - V)!?®(z, 2
) = gy (o V)0, %)

where

Blp) = Su%{\(hp V) ®(y, 2)[}
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is introduced for normalization.

Let p be fixed, we can find a sequence of densities g? € L?(S) such that vgr tends to ¢, in
L*(E.,) for some non-vibrating domain E.  such that By, C E. , z, ¢ E., and R*\ E, . Hence
also v,r tends to ¢, in C'(B),).

Since

€
Hd’p”c(ﬁ) < 9

taking n large enough we deduce that

Now from the identity (2.8) applied on R?\ B,, for Vg, and e~ 0T e have:

/ (=8, d)gn, (d)g2(6) ds(0)ds(d) = - / Wing o~ e L g
§2U y @)Gng In S S - A 9Bs, ov 'Ugfl v Ugno S\

Taking the limit with respect to n, we have:

lim [ u>(=0,d)gn, (d)g;,(0) ds(0)ds(d)

n—0o0 Jq2
1 avéTLO awlﬂ s
(6.55) - L aBko{ by - G, | dsto)

We take an open ball 2 with radius centered at the origin such that By, C Q2g. Applying the
Green’s formula in Qg \ D for v;nD and v, we deduce that

ovs o,
9ng _ D s _
o U= e

ov? b
€ . Hpo 8 . Ing ¢p s —
gyt Ve = [, (e = G,

v, ‘ a

(636) gyl V20g, () = [

€ —ikhy - (= 2p), ‘e“’”x | 1
T + O(—=) for |x| — oc.
wp( ) 871'/8p( |£C*Zp| ) ‘I*Zp| (|LE‘2) | ‘
By
d x - hy
d h’P : (JJ ZP) |IE|
and )
T
—|z—2,| =14+ 0(—), |z — 2,| = |z czp+ O
dT‘ P (|£L" I P | ‘.’E| P (| |)
where r := |z| — oo, we have
d . 1
(6.87) o p(@) —iryp(2) = O(W)’ (Jz| = o0).
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From its definition, vjno satisfies
s 1 d | s 1
(6.88) vy, = O(m) and 7 Vano (x) — iKkvy, = O(W)7 (|x] — o0).

From (6.87) and (6.88), the second term of the right hand side of (6.86) tends to zero as R tends
to co. Hence, we get

avs"o aw s s
(6.89) /0on { 891/ Yy — a—ypvgno } ds(zx) = #(m(hp . Vz)upvgno (2p)-

Next, in order to analyze the behavior of the right hand side of (6.89), we have to estimate 3(p).
To begin with, we use & = (1, 22,43) € C? for complexifying = (x1,z2,23) € R3 such that
the real part of &; is Re(Z;) = z;.
Since B C B,,, then the distance d(zo, B) is positive. Then for any = € B, there exist an open
neighborhood of U, C R? of z and complex open polydiscs V,, C C? centered 2 such that

(6.90) (—2)-(y—5) =33 (4, — 2)2#0 forany y € U and 5 € V,

j=i

{ U NV,, =0 and

By the compactness of B in R3, there exist z(*¥) € B (1 <k < K) such that B C Ui(:le(k). Let
VZ(Ok) be the polydisc centered at zp associated with U, x) satisfying (6.90).
Now, we define a complex open polydisc V' centered at zy by V := ﬂleVz(ok). Then, we have

(6.91)

Uwuc)ﬁV:(Z)(lgkgK) and
(x—2)-(x—2)#0forany z € Uy and £ € V;1 <k < K.

Moreover, by considering large p, we can assume that z, € V.
For each k (1 < k < K), ®(z, z) has a natural analytic extension ®(z, 2):

) in{(z—2)-(z—2)} 3
(6.92) O(x,2) = ¢ - forz € Uy and 2 €V,
dr{(z —2) - (x—2)}=2

where we take the branch of {(z — 2) - (z — 2)}2 such that it is equal to |z — z| when 2 = 2.
By the Cauchy integral formula, there exist Cx > 0 and pj > 0 such that

|

(6.93) (hy - V)2 ® (2, 2,)| < ck%, for z € Uy, p € N.
k
Hence by taking
p = érllélek and C := 1;1}%}(}( Ck,

we have

| —
(6.94) (hy - V)2 ® (2, 2,)| < c% for z € B and p € N.

By (6.94), the right hand side of (6.89) is estimated from below by

i pl"p
2C !

(6.95) |(hy - VZ)(%)U%O (2p)]-
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This last sequence is unbounded by (6.84).

Finally from (6.85), we deduce that there exists a subsequence v e such that:

g

lim lim u™ (=0, d)vg, (d)vge () ds(0)ds(d) = oo,
p—0oon—00 [z
ie. I1(B) = co.
To finish the proof, let us show how we get (6.93). Indeed, from the Cauchy formula, we
represent ®(z, 2) by

L (. ¢)
e, 2) = (27i)3 /F (G1—21) (G2 —22) - (G — 7:'3)dc

where I' := {¢ = (C1,€2,¢3);¢; — (20);| = r for 1 < j < 3} such that [I] := {2 : |2; — (20);] <
rfor1<j<3}CV.Weset D(p):={2:|% — (20);] <pforl<j<3} with p<r. Since

G = 21 2165 = (20)5] = 15 = (20)il 27— p

and R
|®(x,¢)| < M, forx € Uy, €V

with some positive constant M, then we have

- Ma!p3
o S kit N
|05 P (x, 2)| < R 13 for x € Uy, 2 € D(p)
Hence Mal
|09 (x, 2)| < th):‘, for z € Uy, 2 € D(g)
2
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