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Singularities of smooth mappings with patterns

Dedicated to Professor Takao Matumoto on his sixtieth birthday

Kentaro Saji and Masatomo Takahashi

November 16, 2005

Abstract

We study smooth mappings with patterns which given by certain divergence diagrams
of smooth mappings. The divergent diagrams of smooth mappings can be regard as
smooth mappings from manifolds with singular foliations. Our concerns are generic differ-
ential topology and generic smooth mappings with patterns. We give a generic semi-local
classification of surfaces with singularities and patterns as an application of singularity

theory.

1 Introduction

Divergent diagrams of map germs appear in several geometrical contexts, for example, vision
theory, web geometry, differential equations, singularity theory (cf. [4]-[10, 13, 16, 17, 19, 20])
etc. In particular, Arnol’d [1] and Dufour [5, 6, 8] have investigated generic local classification of
divergent diagrams. In order to study a smooth mapping with patterns, we consider a divergent
diagram of smooth mappings. Let M be a m-dimensional smooth compact manifold, N and P
be n and p-dimensional smooth manifolds respectively. Throughout this paper we shall assume
that p < m < n. We consider the pair of smooth maps (u,g) : M — P x N, that is, a
divergent diagram

P+t M2 N

Then we call the map g and g|,-1(, for each c € P a smooth map with patterns and the union

of image of g and of g|,-1(¢) for each ¢ € P a manifold with singularities and patterns.

2000 Mathematics Subject classification: 58Kxx, 53A05, 53B25
Key Words and Phrases. smooth mapping with patterns, manifold with singularities and patterns, divergent

diagram, semi-local, singularity theory



If /1 is a submersion and ¢ is an embedding, then the image of g and of g|,-1(.) for each c € P
are smooth manifold and regular foliations. Also if ;4 is not a submersion, then the foliations
is singular Haefliger foliations. For definition of singular Haefliger foliations, refer, for instance
[15].

On the other hand, if ¢ is not an embedding, then there exists singularities, that is, self-
intersections and singular values on image of ¢g. In this paper, we consider that p and g might
have singular points.

We give an equivalent relation among smooth maps with patterns or manifolds with singu-

larities and patterns as a divergent diagram.

Definition 1.1. Let (g,9) : M — P x N and (¢/,¢') : M' — P’ x N’ be divergent di-
agrams. We say that (u,g) and (y/,¢") are equivalent as divergent diagrams if there exists
diffeomorphisms k : P — P',¢ : M — M' and ¥ : N — N’ such that the diagram

Pty 2 N

Y K
P e—M — N

H g

commutes.

If (1,9) and (4, ¢') are equivalent by above diffeomorphisms, then the diffeomorphism ¥
takes the image of g and of g[,-1(.) to image of g’ and of g’|u,_1(n(c)) for each ¢ € P respectively.

We want to classificate manifolds with singularities and patterns via this equivalence rela-
tion. In Section 2, we shall prepare the notions and concepts of the basic singularity theory. In
Section 3, we consider the surface cases and give a generic semi-local classification of surface
with singularities and patterns (Theorems 3.1 and 3.2). In Section 4 and Section 5, we shall
proof the Theorems 3.1 and 3.2 respectively.

All mappings, map germs and manifolds considered here are of class C'*°.

The first-named author would like to express his sincere gratitude to Professor Takao Ma-
tumoto for his fruitful advice and constant encouragement. This work was partially supported

by Research Fellowship of Japan Society for the Promotion of Science for Young Scientists.

2 Basic notions and concepts

In this section we review the basic notions and the concepts of viewpoint from the singularity
theory for differential mappings (cf. [2, 11, 12, 18, 21, 22, 23]).

Let M be a m-dimensional compact manifold and N be a n-dimensional manifold. We
denote that C°(M, N) as the set of maps from M to N and the topological set equipped with
Whitney C'*°-topology. Let g : M — N be a map and W be a submanifold of N. We say that



g is transverse to W if for any x € M, either
(dg)e(ToM) + TyyW = Ty N,

or g(z) ¢ W holds. We present a multi-jet transversality theorem in multi-jet spaces which is
useful for studying the generic property of smooth mappings. Define the map ¢ : M) — N7
by the restriction of g x --- x g (r-times) : M" — N” to M), where

MD = {(p1,...,pr) € M" | p; # pj for 1 <i < j <r}.

Let mp : J*(M, N) — M be the source map and 7%, : J*(M,N)" — M" be the obvious
projection. We call ,J*(M,N) = (x%,)""(M®) the r-fold k-jet space. The set M) is a
manifold, since it is an open subset of M". Thus ,.J¥(M, N) is an open subset of J*(M, N)"
and is also a manifold. We define multi k-jet extension of g by ,j*g : M) — _J*(M, N),

dFg(n, . ap) = (GRg(an), . g (@)
Then by the multi-jet transversality theorem due to Mather [18], we have

Theorem 2.1. Let M and N be smooth manifolds with W a submanifold of ,J*(M, N). Let
Ow = {g € C®°(M,N) | .j*g is transverse to W}.
Then Ow is a residual subset of C*°(M, N). Moreover if W is closed, then Oy is open.

Let AN" = {(y,...,y) € N" | y € N} denotes the diagonal set. Then ¢ is a mapping with
normal crossings if for every r > 1, ¢ is transversal to AN". As well-known result, we have

the following proposition and lemma:

Proposition 2.2. (cf. [12, Proposition 3.2]) The set of mappings of M into N with normal

crossings is a residual subset in C*°(M, N).
We need to the process of the proof of the proposition.

Proof. Let 3" :,.J°(M,N) — N" be the multi-jet target mapping. Since " is a submersion,
W™ = (") '(AN") is a submanifold of ,J°(M, N). It is easy to check that g is a mapping
with normal crossings if and only if ,j%¢ is transversal to W7. Since codim W™ = codim AN" =
(r —1)-dim N, for the number r which satisfy the condition r > n/(n —m), ,j% is transversal
to W if and only if g™ (M™) N AN" = (). Therefore for fixed a number r, which satisfy the
above condition and ,,j%¢ is transversal to W7, then for all r > rg, ,j%¢ is transversal to W".
We also consider the subset of C*°(M, N),

Owr ={g € C®(M,N) | ,5"g is transverse to W"}

where 2 < r < ry. By the multi-jet transversal theorem, Oy is residual subset. Hence

O =N —Ow- is also residual subset. O



Let V' be a real vector space and let Hy, ..., H, be subspaces of V. Then Hy, ..., H, are said

to be in general position if for every sequence of integers 4, ...,1, with 1 <) < -+ < i3 <7,
codim(H;, N---N H;,) = codim(H;,) + - - - + codim(H;,).

Lemma 2.3. (cf. [12, Lemma 3.6]) Let g : M — N be a mapping with normal crossings.
For ¢ € N, let {pi,...,p,} be all distinct point of finite subset of g='(q). Then the spaces
dgy, (T, M), ..., dgy, (T, M) are in general position as subspaces of T,N.

If the spaces dgy, (1p, M), ..., dg,, (T, M) are in general position as subspaces of T, N, then
we say that image of ¢q,..., g, are general position in N, for short. Here we denote g; by the
map germ of g at p; (i =1,...,7).

Now we consider the divergent diagram (u,g) : M — P x N, where P is a p-dimensional
manifold. In order to describe the genericity of our situation, we shall also prepare a multi-jet
transversality theorem for divergent diagrams. Let ,.JY(M, P x N) denote the multi-jet space
from M to P x N of multiplicity r and order ¢. For a map (u,g) : M — P x N, we denote
by 5, g) : M — . J(M, P x N) the multi /-jet extension of (u,g).

Then by the multi-jet transversality theorem, we also have

Theorem 2.4. Let M, N and P be smooth manifolds. For any submanifold Q C,J(M,PxN),
the set
To = {(1t,9) € C°(M, P x N)| ,j*(i, g) is transverse to Q}

is a residual subset of C*°(M,P x N). If Q is closed, then Ty is an open set.

By definition of transversality, we have the following corollary:

Corollary 2.5. Let Q be a submanifold of .J*(M, P x N) and codim Q > r-dim M. Then the

set
To ={(19) € CX(M, P x N)| 1j" (1, 9)(MT) N Q = 0}
is residual subset of C*°(M, P x N).

We now consider the relationship between T and Oy Let 7 :,.J*(M, Px N) — . J*(M, N)
be a canonical projection and W be a submanifold of ,J*(M,N). Then 7 (W) is also a
submanifold of ,J*(M, P x N) and it is easy to check that ,j*g is transversal to W if and only
if 7% (11, g) is transversal to 7= (W). Hence g € Oy if and only if (1, g) € Tr-1 (). As a result
of multi-jet transversality theorem, we have the following lemma:

Lemma 2.6. Under the same notation of previous paragraph, we have Oy is a residual subset
of C*(M,N) if and only if Tr—1(wy is a residual subset of C®(M, P x N).

If we assume that ¢ is a mapping with normal crossings, then ¢ (M™)NAN" = () for any
number 7 such that » > n/(n —m) by Proposition 2.2. Therefore for any p € M, the number

of inverse image £g~'(g(p)) is less than or equal to n/(n —m).
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Let (p,9) : M — P x N be a divergent diagram. In this paper, we consider the generic
mappings with patterns. Hence we may assume that ¢ is a mapping with normal crossings.
By Lemma 2.6, for any point p € M, we denote all distinct point of the inverse image of p by

{p1,...,pr} where r < n/(n—m) is some natural number. Furthermore, by Lemma 2.3, image
of g1,...,¢g, are general position in (V, g(p)) where map germ g; is the map germ ¢ at p; for
i=1,...,7. Wealso denote map germ p; as the map germ p at p; fori = 1,...,r (see, Figure 1).

If (1, g) and (4, ¢') are equivalent, then g~ (g(p)) and tg' " (¢'(6(p))) are same for any p € M
and there exists diffeomorphism germs r; @ (P, pui(pi)) — (P, pip ) (Pi)))s @i 0 (M, pi) —
(M,7p:7(i)) and ¥ : (N, gi(pi)) — (N'agff(i) (p,a(i))) such that k; 0 p; = pig, ;) 0 di, Wog; = gy ;0
for i = 1,...,r where o is a permutation (i.e., 0 belong to the symmetry group S,). In this

case, we say that (p;, g;) and (), gi) are equivalent (see, Figure 2).

(P(pr)) ~2— (M,p1) —2~ (N, g(p))

92
(P, p12(p2)) A (M, p2) /

gr

(P, 11r(p,) ~2— (M. p,)

Figure 1: Multi-germs of divergent diagram

(P,ui(ps))  «—— (M,p;) —"—  (N,gi(p:))

| .| !

(P, oy Phiy)) —— (M 0) —— (N, 00y (Phiy)
/‘;(i) gir(i)

Figure 2: Equivalence of multi-germs of divergent diagrams

3 Surfaces with patterns

In this section we strict to surfaces cases. Let M be a 2-dimensional compact manifold, N be a
3-dimensional manifold and P be a 1-dimensional manifold. Denote by &, ,...5,) the ring of all
function germs on R" at 0 with coordinates (1, ...,z,) and denote by M, .., the unique
maximal ideal of £, 4.y

We shall state our theorems of a genericity, characterizations and their normal forms for

surfaces with singularities and patterns.



Theorem 3.1. There exists a residual subset O in C*°(M, P x N) such that for any (u,g) € O
and for any p € M, the number of inverse image r = g *(g(p)) < 3 and (u, g) is one of germ

of the following type:

In the case of r =1,

(D)

[y 18 a submersion germ and g S an YMmMersion germ.
1 18 @ Morse type and g, is an immersion germ.

[y 1S a submersion germ, gy is right-left equivalent to the Whitney umbrella, poc is
a submersion germ and the pair (p1,91) : (R?,0) — (R x R®,0) is an immersion

germ. Here ¢ is the double point curve of g;.

In the case of r = 2,

(LD,

(1, g1) and (po, g2) are both of type (1), g1 and g are mappings with normal cross-
ings and j1; o c1a and pip © co1 are submersion germs. Here c¢;; is the double point

curve of g; and g; through p;.

(i1, 1) and (po, g2) are both of type (1), g1 and g are mappings with normal cross-
ings, pu o c12 s a Morse function germ and iz © co1 is a submersion germ. Here c;;

is the double point curve of g; and g; through p;.

In the case of r = 3,

(LLI)

(1, 91), (p2,92) and (ps, g3) are all of type (1), g1, 92 and g3 are mappings with
normal crossings and ji; o ¢;; (ij = 12,21,13,31,23 and 32) are all submersion

germs. Here c¢;; is the double point curve of g; and g; through p;.

Theorem 3.2. There exists a residual subset O in C*(M, P x N) such that for any (p,g) € O
and for any p € M, the number of inverse image r = g *(g(p)) < 3 and multi-germs of the

each type are equivalent to one of the following type:

In the case of m =1,

(1)
(I1)+

(I11)

H1 = Y1, g1 = (171,9170)-
H1 = JI% :f:y%, g1 = (xbylao)'

pr =1+ a(z?) +y1, g1 = (22,91, 11y1), where a € My,.

In the case of r =2,

(LI)I

(171)2

H1=1Y1, g1 = (5U1,y170);
H2 = X2, g2 = (0,$2,y2)-

H1 = X1 + y%7 g1 = (xlaylao):
Ho = T2, o = (07x27y2)'

In the case of r =3,



(IaLI) =21+ Y1, g1 = (xlaylao);
Ho = T2 + Y2, g2 = (0,[1)2, ?JZ):
M3 = T3 + Yz + 5($3,y3)7 g3 = (x?n 0,y3); where (3 € M(zs,ys)'

Here we denote by (z;,y;) the local coordinate in the source space of p; and g; for i = 1,2, 3.
We call v in (III) and 3 in (LLI) functional moduli.

In order to understand our classification of surfaces with singularities and patterns, let us

describe the image of g and of {g|,-1(¢) }eer,0) for each type (see, Figure 3).

[T (& &5

(IIT) where o =0 (L1)1 (LD)2

(LLI) where 5 =0
Figure 3: Generic local examples of surfaces with singularities and patterns

We remark that in [1, 5] it have been considered the generic classification of the divergent
diagram of type
(R,0) +2— (R?,0) —— (R?,0).
It is corresponding to the family of plane curves when p is a submersion germ. Also in [16]

Kurokawa has studied the generic semi-local classification of such divergent diagrams. In this



sense, Theorem 3.2 give a generic semi-local classification of family of space curves when p is a
submersion.

On the other hand, in [6, 7, 9, 13] they have considered the topological rigidity and char-
acterization of functional modulies. We are interested in a characterization and a geometric
meaning of the functional modulies. Furthermore, we would like to consider topological prop-
erties of manifolds with singularities and patterns like as Izumiya-Marar [14]. These are future

problems for us.

4 Proof of Theorem 3.1

First we consider the case of r = 1. If p € M be a point that g at p is a Whitney umbrella
germ, then we denote by ¢(t) = (¢1(t), c2(t)) a double point curve on M such that ¢(0) = p.
We now consider the following subsets of J?(2, 4),:

Y1 = {5%(u, 9)(p) |1 is singularity and not Morse type at p},

3 = {20 0)(p) | corank(dg(p) = 1}, 53 = {72(1,6)(p) | corank(dg(p)) = 2} ,

S5 = {721, 9)(p) |corankd(p, g)(p) = 1}, X5 = {j*(, 9)(p) | corank d(p, g)(p) = 2} and
Sy = {2(19)(p) | g at p is Whitney umbrella and (d/dt) (10 )i = 0} .

Then ¥ is a closed submanifold with codimension 3, 31 is a closed submanifold with codi-
mension 2, Y2 is a closed submanifold with codimension 6, ¥} is a closed submanifold with
codimension 3 and 3 is a closed submanifold with codimension 8 (cf. [3]). We now show that
¥4 is closed submanifold with codimension 3. Let (z,y) be a local coordinate of a neighborhood

U at p. Since
802

dioc
i)

dt

e
ot

)+ %)

0) = L) o

 Ox
and always ¢ is an immersion, ¥4 is a submanifold with codimension 3. We put i =R?>xRx
R? x ¥,. Since ¥, is an invariant set with respect to equivalence of divergent diagrams, we can
extend to submanifold 3, with codimension 3 in the jet space J*(M, P x N). We also extend
to the submanifolds &7, ©1, ¥2, ¥3 and Y3 in the jet space J2(M, P x N).

From the multi-jet transversality theorem,
Oy = {(1,g) € C°(M, N x P)|j*(p,g) is transverse to &;, L}, 22, £3. ¥3 and T,}

is residual subset of C*°(M, N x P).

By the characterization of the Whitney umbrella, it holds that j*(u,g) is transverse to
YL U2 implies ¢ at p is right-left equivalent (A-equivalent) to the Whitney umbrella, namely,
there exists diffeomorphism germs h at p and k at g(p) such that kogoh™ (z,y) = (22, y, xy).



Therefore, for any p € M, if 8g7'(g(p)) = 1, then (u,g) € O, satisfies the following

conditions:

(1) p at pis a submersion germ or a Morse type.
(2) g at p is an immersion germ or a Whitney umbrella.
(3) (u,9) at p is an immersion germ.

(4) 1If g at p is the Whitney umbrella, x is an immersion on the double point curve of g.

Hence we have Theorem 3.1 when the case of r = 1.

In the case of r = 2. We put g *(g(p)) = {p1,p2}. Under this notation, we have the

following lemma:

Lemma 4.1. There exists a residual subset Oy C C®°(M, P x N) such that for any (i, g) € Oy
and p € M, if 497 (g(p)) = 2, then map germs (ju, g) at py and py satisfy the conditions (LI)
or (L1)y of Theorem 3.1.

We prove the Lemma by the following way: First, we assume that the two sheets near g(p)
intersect transversally. Then we have the regular double curves ¢;5 and ¢, on the source man-
ifolds. Tt is sufficient that we prove the sets consist of (x, g) such that satisfies the assumption,
moreover /i1 © ¢13 and pg o ¢ are both of immersion germs or one of them is an immersion
and the another has Morse type critical point is a residual set. To prove this, we calculate first
and second derivatives of ¢1o and ¢y; using the implicit function theorem. Curves ¢5 and co
are characterized by the equation ¢;(x1,41) — g2(w2,y2) = 0 on the coordinates (z1,y;) near
p1 and coordinates (3, y2) near py. The implicit function theorem works and one can get the
derivatives of ¢35 and c¢y;. Finally, we use the standard method of singularity theory, prove the

set 1s residual.

Proof of Lemma 4.1. We take open neighborhoods Uy at p; and Uy at p, V' at f(p1) = f(p2),
local coordinates (x1,y;) on Uy and (z3,y2) on Us. Denote g1 = (g11, g12, g13) (respectively,
g2 = (g1, g22, g23)) by map germs g at p; (respectively, at py) with respect to the coordinates.
First, we put

St =127, 9)(p) € 2J2(2a4)(p) | dgi(p1) =0}
and

So = {257 (11, 9)(p) € 2%(2,4) ) | dga(p2) = 0}.

Then S; and S, are closed algebraic subset with codimension 2. Note that X = 5J%(2,4),) \
S1U S, is an open submanifold of 5.J%(2,4)(,. Second, we put

Sor = {25°(11, 9)(p) € X [ Aly(p1,p2) = 0}, Sz = {25711, 9)(p) € X | Aly(p1,p2) = 0},
Sas = {25°(11, 9)(p) € X [ A} (p1,p2) = 0}, Saa = {25%(11, 9)(p) € X | A3, (p1,p2) = 0},



where

S ; ; 0g; 09, k
A;Cj(xlayl;x%yZ) = (=1)" det < sign(j — i) - or; (i, vi) a—yz(x“y’) 73,(%7‘%’) —J,(xjayj) )

991 Oga  0Ogj1  0gj
Ga:i 8yz Ga:j ayj
J0gi2  0gi2 agﬂ agjz
allfi ayz allfj 8yj
093 093 0gj3  0g;3
Ga:i 8yz Ga:j ayj

sign(j — i) -

= (=1)*det | sign(j —i) -

sign(j — ) -

Here, A means a matrix which removed the k-th column from the matrix A and sign(r) takes
1 (respectively —1) when 7 is positive (respectively negative). Then Sy; N Sye and Sz N Soy are
submanifolds with codimension 2. In fact, we define maps (;,, ;s : X — R? (iy,... ,i6 = 1,2)
by

Cinreoio (237 (1> 9) (1, 915 T2, y2)) = (AP, (21, 415 T2, y2), ALY (1, Y15 T2, 12)).
Then Sz N So = (Cra1122) (0, 0) holds and we calculate the derivatives of (91190 With respect
to g11/0y1, 0g12/0y1, Og13/0y1, Og11/0x1, Og12/0x1 and Ogy3/0z1. Then a part of the Jacobi

matrix is given by
dy dy d3 0 0 O
0 0 0 dy dy ds

where
5922 3922 8923 a923 a921 a921
_ dry  Oys _ Ozy Oy _ Oy Oy
dy = det 0ga3 0oz |~ dp = det 9921 0ga1 |7 d3 = det 0gaa  0¢a2
0ry  O0yo 0ry  0yo Ory  Oyo

Since 95%(u, g)(p) € X, g is regular at p, above matrix is at least rank two. Hence (0,0) € R?
is a regular value for (j91122. Therefore Sy; N Sys is a closed submanifold of X with codimension
2. S93 M Sy 18 also a closed submanifold. Note that

Y = X \ ((521 N 522) U (523 N 524))

are open submanifolds of X. If 5j%(u,9) € Y, we have regular double point curves ¢;; :
(—e,6) — R? (ij = 12,21) such that g(ci2(t)) = g(c21(t)) and ¢;(0) = p;.
Moreover, the set

. 0 0
Sg1 = 2]2(%9)(29) €Y |s31 = I (pl) : A%2(p1,p2) + o (p1) : A?2(p1,p2) =0
x4 5y1
and
_ ) . Oz 1 Oz 2 _
Szz = 1 2] (Mag)(P) €Y |s3= —(pQ) : A21(P1,p2) + —(p2) : A21(P1,p2) =0
0y 0y

10



are closed submanifolds of Y. Finally, we put

Sy = {sz(u,g)(p) ey |s41(p1,p2) = 0} and Sy = {sz(u,g)(p) ey |s42(p1,p2) = 0}

where
0% 11 0”1y 0 /0! /0!
=l (AlL)?2+2 (AL (A% + = a4 g 4 2R s
Sa1 012 (App)” + GERn (Ajp) - (Afp) + 7 (Af)" + 0z, "L + oy, Y
0” 0y O Opz — | Opz —
S42 = 8722 ’ (Aél)Z + 28x2y22 ) (A%I) ’ (Agl) + W; ’ (A§1)2 + 8—:1:2 ==l a—yz T Dy
2 2
may 8911/3% 8921/35152 8911/8331 may 8921/35152
El = —det Mmoo 8912/8y1 8922/8.’172 s EQ = —det 8912/6x1 ) 8922/8172 ,
ma3 5913/3% 5923/8172 3913/5$1 ma3 5923/8172
mi1 8921/3% 8921/35152 8921/8331 mi1 8911/35152
Eg = —det mio 8922/8y1 8922/8.’172 s E4 = —det 8922/6x1 mi9 8912/8172 ,
ma3 5923/3% 5923/8172 3923/5$1 ma3 5913/8172
a291;‘ 8291 i 82g1 j 3292 ]
= - (AL)? ) J,Al . (A2 J_AQ 2 _ J_AIZ
my; B2 (App)* + D210y, (Apy) - ( ;22) + Dy? (A%,) %gg (A3)
92 1 2 92j 2 \2
—9 (ALY (A2 — (A
ax28y2 ( 21) ( 21) ay% ( 21)
and
My = Pgs; (AL)? +2% C(AL) - (AZ) + P go (A2)? — O goj (AL)?
J ax% 21 ax28y2 21 ;; ay% 21 %12:% 12
~2 e (M) (M) = 2 (AR
1

Then subsets S31MNS4; and S35MNS,e are submanifolds of Y with codimension 2. Indeed, we define

a function s : Y — R? by s(25%(i, 9) (w1, y1; 22, 12)) = (s31(21, Y135 T2, Y2), Sa1 (21, Y15 T2, Y2))
then the derivative of s with respect to the coordinates of Y corresponding to the derivatives
Opy/0xy, Op1/Oyy, Opg/O0xy and 32#2/3?!% is given by

Al A3, 0 0
* * (A%2)2 (A%Z)Z .

Thus (0,0) € R? is a regular value of s and s7'(0,0) = S3; N Sy is a submanifold with
codimension 2. By the same method, S35 N Sy is a submanifold with codimension 2.

We put S3 = So1 N Sog, Sy = Soz N Soy, S5 = S31 M S32, Sg = S31 M Sy1, S7 = S32 N Syo, and
S, =R x Rx R x A x S,, where + = 1,2,3,4,5,6 and 7.

Since all S, are invariant sets with respect to the equivalence of divergent diagrams, we can
extend to submanifold S, in the multi-jet space o.J?(M, P x N) by the same way of 7 = 1. From
the multi-jet transversality theorem, the set

Oy = {(p,g) € C®(M,N x P)|27(u,g) is transverse to

11



is a residual subset of C*°(M, N x P) with respect to the Whitney C*°-topology, where 172
is that of Proposition 2.2. Remark that from dimR?” = 4 and codim S, > 5, 27%(u, g) is
transverse to S, is equivalent to 27%(s1, g)(R2?) NS, = 0 (x = 1,2,3,4,5,6 and 7).

Now we show that (u,g) € Os means the condition of lemma. Suppose that (i, g) € Os.
Then we put

D(p17p2) = {($1,y1;$2,y2) € Uy x Uy | 91(5U1,y1) - 92(x2,y2) = 0}-

Since 552(11, 9)(R2®) N (S{US,) = 0, g, and gy are immersion germs and D(py, ps) is a certain
regular curve in Uy X Us. D(py, p2) characterizes the double point curves lie on the source space.

We take a parameterization v(t) = (c12(t), ca1(t)) = ((c1o(2), ci5(¢)), (5, (2), c31())) of D(p1,p2),
then ci5 and ¢y are regular curves.

We now show transversality conditions implies that both of p;0c¢;9 and psocy; are immersion
germs, or one of p; o ¢yp and pg 0 €97 is an immersion germ and the another is Morse function
germ.

By the implicit function theorem, we have

d(m o 012) 8#1 O d(ﬂ2 o 021) 8#2 o1

— = =)y AL 4+ - A? —= = =Xy AL 4 -2

dt 1 51 121 81 12 | » dt 2 82 21 T 82 21 | »
where \; and Ay are non-zero functions around p; and p, respectively.

Under the condition d(p o ¢12)/dt = 0 and d(pz © ¢21)/dt = 0, we have

d2(,u1 © 012) 0? H1 52 32M1 Opy O

—_— = Al Al A2 — (A% 4+ 22 — =

o) (T aty 2 b (o) (ah) + SR (ahp 4 P2 4 O

and

d2(,u2 o Ca1) O’ 32# 0”1 Opta Oz

— = =\ A} A} A2 — 2L (A2 4 2 — =
12 (8 2 ( 21) 31723,?;2 ( 21) ( 21) + 8y% ( 21) + Oy 3+ 8y2 4

where A3 and A4 are non-zero functions around p; and p, respectively. Therefore
. 2 - T T T T
QJZ(M,Q)(RZ( )) N (51 U 52 U 53 U 54 U 55 U SG U 57) == @

implies the conditions of lemma. O

In the case of r = 3. We put ¢ (g(p)) = {p1,p2,p3}. Under this notation, we have the

following lemma.

Lemma 4.2. There exists a residual subset O3 C C®°(M, P x N) such that for any (u,g) € Os
and p € M, if 89 1 (g(p)) = 3, then map germs (11, g) at py,pe and p3 satisfy the conditions of
(LLI) of Theorem 3.1.

12



Proof. We take open neighborhoods U; at p; and local coordinates (z;,y;) on U; (i = 1,2, 3).
Denote g; = (g1, gi2, gi3) by map germs g at p; with respect to the coordinates. By the same

way of proof of Lemma 4.1, first we put

Si = {35 (1. 9)(p) € 5T7(2, 4)p) | dgi(ps) = 0} (i =1,2,3).

Then Uj—i 23 S; is a closed algebraic subset with codimension 2. Note that

X:3J2(274)(p)\ U S

i=1,2,3

is an open submanifold of 3J%(2,4)(,). Second, we put

Sij = {3j2(ﬂag)(p) €X| Azlj(plap%p?)) = A?j(plap%p?)) =0}

and define maps ¢;; : X — R?(ij = 12, 21,13, 31,23 or 32) by

Cij(3j2(ua g) (xla Y1; T2, Y2; T3, y3)) = (Azlj(xla Y15 T2, Y2; T3, y3)7 A?j(xla Y15 T2, Y2; T3, y3))

Then S;; = ¢;;'(0,0) and we see that (0,0) € R? is a regular value for (;;. Therefore S;; are

closed submanifolds of X with codimension 2. Note that

Y =X\ U Sij
ij=12,21,13,31,23,32
is an open submanifold of X.
We remember if 35%(p1, g) € Y, then double points form regular curves ¢;;(t) : (—z,¢) — R?
(i =12,21,13,31,23,32) such that g(c;;(t)) = g(cji(t)) and ¢;;(0) = p;.
Third, we put

Ssij = {3]2(u,g) ey ‘ oL AL a/;. A2 :0}_

Then Ss;; (ij = 12,21,13,31,23 and 32) are closed submanifold of Y with codimension 1. We
also put S, =R xRxR xR x 3A x S, and we have the submanifolds E;S_z] and % in
multi-jet space 3J%(M, N x P) by the same way of r = 1.

From multi-jet transversality theorem, the set

O3 = ,9) € C¥(M,P x N =
3 {(M 9) ( ) and Ss;; (ij = 12,21,13, 31,23, 32)

372(1, g) is transverse to W3, S, S,, Ss, Si; }

is a residual subset, where W? defined in Proposition 2.2. Since dim R2” = 6 and codim S, > 17,
we have that 352(y, g) is transverse to S, is equivalent to 352(s, ) (R2”) 'S, = 0.

We can show that (i, g) € O3 means the conditions of lemma by the same method of proof
of Lemma 4.1. ]

By Lemmas 4.1 and 4.2, if we put O = O; N Oy N O3, then we proof the Theorem 3.1.

13



5 Proof of Theorem 3.2

In the case of r = 1. For types (I) and (II), by the diffecomorphisms of domain and target and
by Morse’s lemma, we obtain the normal forms (I) and (II), in Theorem 3.2.

We consider the type (III). We denote by (z,y) the local coordinate at p and (u,v,w) the
local coordinate at g(p). Let pu: (R?,0) — (R, 0) be a submersion germ, g : (R*,0) — (R?,0)
be a Whitney umbrella and (p, ¢g) be an immersion germ. By the normal form of the Whitney
umbrella, we may assume that g(z,y) = (2%, y, Ty).

We need the following two obvious lemmas:

Lemma 5.1. Let g = (22,y,2y) : (R*,0) — (R3,0) be a Whitney umbrella germ and let
H: (R?0) — (R?,0) and K : (R®,0) — (R®,0) be diffeomorphism germs defined by

H=(r-aogy-fog)and K = (u-o? v-B,w-a-j),
where a, 3 € Eppw) with a(0) # 0, 5(0) # 0. Then go H = K o g holds.

Lemma 5.2. Let g = (22,y,2y) : (R?,0) — (R?,0) be a Whitney umbrella germ and « :
(R*,0) — (R,0) be a function germ given by a(u,v,w) = vB(v), where § € &,. We define
diffeomorphism germs H : (R?,0) — (R?,0) and K : (R®,0) — (R3,0) by

H=(r+aog,y)and K = (u+2w- B+ v,w+v-a).
Then go H = K o g holds.
We also need the following lemma:

Lemma 5.3. Let g = (22,y,2y) : (R*,0) — (R3,0) be a Whitney umbrella germ and let
H : (R?,0) — (R?,0) be diffeomorphism germs defined by H(x,y) = (x,y - ¢(z,y)), where
¢ € Euy and ¢(0) # 0. Then there exists a diffeomorphism germ K : (R*,0) — (R®,0) such
that Kog=go H.

Proof. We calculate that goH(z,y) = (22, y-¢(z,y), vy-é(x,y)). By the Malgrange preparation
theorem, there exist function germs k,h € &qpw) such that y - ¢(z,y) = ko g(z,y) and
zy - ¢(r,y) = hog(x,y). Since ¢(0) # 0, we have (0k/0v)(0) # 0 and (0h/0w)(0) # 0.
Therefore we define a diffeomorphism germ K : (R*,0) — (R*,0) by

K(u,v,w) = (u, k(u,v,w), h(u, v, w)),
then it is clear that the condition K o g = g o H holds. O

We now detect a normal form of type (III). Since (u, g) is an immersion germ and g(z,y) =
(22,y,zy), p is satisfied the condition (Ou/0x)(0) # 0. Applying the Malgrange preparation
theorem, we have

p=x-aog+fog,

14



where a, f € £y pw) and «(0) # 0. Thus we can define a coordinate transformation H and K
by
H=(r-aog,y)and K = (u-o? v,w-a).
Taking new coordinates by H, K from Lemma 5.1, (p, g) is equivalent to (¢', g) which is given
by
Wz, y) =a+Bog(z,y), glz,y) = (2% y,2y).

By Lemma 5.2, if necessary, consider the diffeomorphism germ H (z,y) = (z —y,y), then (i, g)
is equivalent to (1", g) which is given by

p'(zy) =x+vyog(x,y)+y, glx,y) = (2 y,zy),

where v € My ). Finally we decompose p(x,y) into = + a(z?) +y - 5(:6,3/), where a €
Ex, B € Ey) and B(0) # 0. By Lemma 5.3, we consider the diffeomorphism germ H(z,y) =
(z,y - B(x,y)). Then we obtain the normal form of type (III) in Theorem 3.2.

In the case of r = 2. Let (p,g) be type of (II); or (I,I)s. We denote germs of (i, g) at p;
and po by (i1, g1) and (p9, g2) respectively. In this case, we take local coordinates (x,y) at p,
(u,v) at p and (p, ¢,7) at gi(p1) = g2(p2).

Since image of ¢g; and g, are general position, we may assume that ¢;(x,y) = (x,y,0) and
go(u,v) = (0,u,v). By the condition of (LI); and (LI)s, (11, ¢1) and (ua, g2) are satisfied one
of the following condition:

@ 20y, 220y 20,

dy * ou
O _ 0 /0! Otz
(2) GoH0) = 0. 5L50) # 0 and T0) - 2(0) 0.

For the case of (1), we consider the diffecomorphism germs
¢1 : (R*,0) — (R?,0) and ¥ : (R*,0) — (R?,0)

given by é1(z,y) = (z,pu(z,y)) and ¥(p,q,7) = (p,11(p,q),7). Then the pair of divergent
diagrams (u1, g1; f2, g2) is equivalent to

(:u’la gl) = (y; x,y, 0)7 (/‘1/27 92) = (,UQ(U, U), 07 IU’I(OJ U), U)'
Furthermore we consider a coordinate transformation
o1 : (R?,0) — (R?,0), ¢9: (R*,0) — (R*,0), ¥: (R*,0) — (R*0)

and
k1@ (R,0) — (R, 0)

given by
¢1 (:L‘, y) = (JS, MZ(MII(Oa y)a 0))7 ¢2(’LL, 'U) = (MQ(ua U)v U)? \I](pa q, 7”) - (pa ,UQ(MII(Oa Q)7 70)? T)
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and
R1 (S) = /1’2(/1’1_1(07 8)7 0)
Hence, taking new coordinates by the above diffeomorphisms, the pair of divergent diagrams

(11, g1; p12, g2) is equivalent to
(11, 91) = (4, 2,,0), (42, 92) = (w, 0,4, 0).
For the case of (2), we consider the diffecomorphism germs
¢y : (R?,0) — (R?,0) and ¥ : (R*,0) — (R?,0)

given by ¢o(u,v) = (pe(u,v),v) and ¥(p,q,r) = (p, p2(q,r),r). Then the pair of divergent

diagrams (p1, g1; f2, g2) is equivalent to

(:u’la gl) - (/‘Ll(xa y)) x, /'LZ(ya 0)7 0)7 (:u’27 92) = (U, 07 u, U).
We also define a coordinate transformation
¢1: (R?,0) — (R*,0) and ¥ : (R*,0) — (R*,0)

given by QSI (ZL‘, y) = (/“Ll (.’L‘, y)a MQ(y7 0)) and \I](pa q, T) = (/“Ll (pa ,U/271(q7 0)7 7"), q, T)) Taklng new
coordinates by above diffeomorphisms, the pair of divergent diagrams (p1, g1; pi2, g2) is equiva-

lent to
(Mla gl) = (y7 T, Y, 0)7 (MZ: 92) - (Ua Ml(oa M;l(ua 0))7 u, 'U)'
Moreover, we put v(y) = p1(0, 5 ' (y,0)) and consider the coordinate transformation

¢1 : (R*,0) — (R?,0) and ¥ : (R*,0) — (R?,0)

given by ¢1(z,y) = (r — v(y),y) and ¥(p,q,7) = (p — v(q),q, ), then the pair of divergent

diagrams (u1, g1; f2, g2) is equivalent to

(Ml;gl) = (:L‘ + V(y),x,y,O), (/“LZ;gZ) = (U,O,U,U).

By the condition (9%u,/0y?)(0) # 0, we have (d?v/dy?)(0) # 0. Therefore there exists a
diffeomorphism germ ¢ : (R,0) — (R,0) such that v o ¢)"*(y) = y?>. Then we consider a

coordinate transformation
¢1 : (RZJO) — (R270)7¢2 : (R270) — (R270),\I/ : (R370) — (R370)

and
Ko @ (R,0) — (R, 0)

given by
o1(z,y) = (2,%(y)), pa(u, v) = (Y(u),v), ¥(p,q,7) = (p,¢¥(q),7)
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and

Therefore the pair of divergent diagrams (11, g1; f12, g2) is equivalent to
(:u’la gl) = (.’L’ + y27 T, Y, 0)7 (:u’27 92) - (U, 07 u, U).

In the case of r = 3. Let (u,g) be type (LLI) and (u;, g;) be germs at p; (i = 1,2,3). In
this case, we also take local coordinates (z,y) at p1, (u,v) at ps, (a,b) at p3 and (p,q,r) at
91(p1) = 92(p2) = g3(ps)-

By the condition (I,I,I) and the case of r = 2, (11, g1; o, 92; pi3, g3) is equivalent to
(11, 91) = (4, 2,9,0), (b2, 92) = (u,0,u,0), (u3,93) = (s(a,b), a, h(a, b),b),
where h € M, ). We apply a coordinate transformation
¢1: (R%,0) — (R%,0), ¢ : (R*,0) — (R?,0) and ¥ : (R*,0) — (R*,0)

given by ¢1(z,y) = (2,4 — h(z,0)), d2(u, v) = (u—=h(0,v),v) and W(p, q,7) = (p,q¢ — h(p,7),7),
then the divergent diagrams (11, g1; o, 92; i3, g3) is equivalent to

(/“Llagl) = (y+ h(x,O),x,y,O), (:u2792) = (u+ h(O,U),O,U,U), (:u?ng?)) = (M3(a7 b)7a7oab)a

where h(a,b) € M(qp). Again by the condition (LLI), then the function germs A and p3 satisfy

the condition
oh

O 0) %0, 210) # 0. 2(0) £ 0 and 22(0) # 0.

Finally, we consider a coordlnate transformation

o1 : (R*,0) — (R?,0), ¢, : (R*0) — (R*,0), ¢3: (R*,0) — (R*,0)

and
U (R, 0) — (R, 0)
given by
¢1(z,y) = (h(2,0),y), d2(u,v) = (u, h(0,v)), ¢3(a,b) = (h(a,0),h(0,b))
and

¥(p,q,r) = (h(p,0),q,h(0,7)),
then the divergent diagrams (11, g1; o, 92; pi3, g3) is equivalent to
(/‘LIJ gl) - (ZL‘ + Y, x,Y, 0)7 (:u’27 92) = (U + v, 07 u, U), (M37 93) = (Mg(a, b)7 a, 07 b);

where (Op3/0a)(0) # 0 and (Ous/0b)(0) # 0 Therefore we obtain the normal form of (I,LI) in
Theorem 3.2.

This complete proof of the Theorem 3.2. O
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