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Blow-up directions at space infinity
for solutions of semilinear heat equations

Yoshikazu Giga and Noriaki Umeda

Graduate School of Mathematical Sciences,
The University of Tokyo
3-8-1, Komaba, Meguro-ku, Tokyo 153-8914, Japan

Abstract

A blowing up solution of the semilinear heat equation u; = Au +
f(u) with f satisfying liminf f(u)/u? > 0 for some p > 1 is consid-
ered when initial data wug satisfies ug < M, ug Z M and lim,,
inf,ep,, up(z) = M with sequence of ball {B,,} whose radius diverg-
ing to infinity. It is shown that the solution blows up only at space
infinity. A notion of blow-up direction is introduced. A characteriza-
tion for blow-up direction is also established.

1 Introduction and main theorems

We are interested in solutions of semilinear heat equations which blow up at
space infinity.
In [8] we considered a nonnegative blowing up solution of

u=Au+u" xeR",t>0
with initial data wug satisfying

0 <wup(x) <M, wuyg#M and |lim uo(x) = M,

x| —o0

where p > 1 and M > 0 is a constant. We proved in [8] that the solution
u blows up exactly at the blow-up time for the spatially constant solution
with initial data M. We moreover proved that u blows up only at the space
infinity. In this paper we would like to generalize this result in following two
directions.



(i) (Initial data) We consider more general initial data w, which may not
converge to M for some direction of z, for example ug — M as |z| — oo
only for x in some sector. It is convenient to introduce a notion of blow up
direction at the space infinity, We are able to give necessary and sufficient
conditions so that particular direction is a blow-up direction.

(ii) (Nonlinear term) We extend a class of nonlinear term. It includes e* and
uP 4+ u? for p, ¢ > 1.

We consider solutions of the initial value problem for the equation

ur = Au+ f(u), reR"t>0, 1
u(z,0) = up(x), r e R™ (1)

The nonlinear term f is assumed to be locally Lipschitz in R with the prop-
erly that

liminf® >0 forsomep>1, f >0. (2)

8§—00 sp

We take two constants M and N satisfying M + N > 0 and
f(M) > 0. (3)
The initial data ug is assumed to be a measureable function in R" satisfying
—N <wuy<Mae and uy#M ae. (4)

We are interested in initial data such that ug — M as |x| — oo for x in some
sector of R". We assume that

essinf,ep, (ug(x) — M) >0 for m=1,2,..., (5)
where
By, = By, (zm) (6)
with a sequence {r,,} and a sequence of constants M, satisfying

lim 7, =00, lim |[M — M,|=0,
m—0o0 m—0o0
and {x,,}>°_, is some sequence of vectors. Here B,.(x) denotes the closed
ball of radius r centered at z. (In fact, it follows from (4) that |z,,| — co as
m — 00.)
Problem (1) has a unique bounded solution at least locally in time. How-
ever, the solution may blow up in finite time. For a given initial value ug



and nonlinear term f let 7" = T*(uyg, f) be the maximal existence time of
the solution. If 7™ = oo, the solution exists globally in time. If 7™ < oo, we
say that the solution blows up in finite time. It is well known that

lim sup [|u(-, £)[oc = o0, (7)
t—T*
where || - || denotes the L>°-norm in space variables.

In this paper, we are interested in behavior of a blowing up solution near
space infinity as well as location of blow-up directions defined below. A point
xpy € R™is called a blow-up point (with value +00) if there exists a sequence
{(Tm, tm)}5°_; such that

tm TT%, Ty —2axpy and  u(x,,t,) — £oo as m — 0.
If there exists a sequence {(x,, ) }_; such that
tm TT%,  |xm| — o0 and  w(zp,t,) = oo as m — oo,

then we say that the solution blows up to oo at space infinity.

A direction ¢ € S"! is called a blow-up direction for the value oo if
there exists a sequence {(Zm,tm)}oo_, with z,,, € R™ and t,, € (0,7*) such
that w(zm, t,m) — £oo (as m — 0o) and

|x_m| —1 as  m — oo. (8)
xm
We consider the solution v(t) of an ordinary differential equation
v =f(v), t>0,
{ w(0) = M. 9)
Let T, = T*(M, f) be the maximal existence time of solutions of (9), i. e.,
[T ds
m f(s)

We are now in position to state our main results.

T,

Theorem 1. Assume that f is locally Lipschitz in R and satisfies (2) and
(3). Let ug be a continuous function satisfying (4) and (5), and T, <
T*(—=N, f). Then there exists a subsequence of {x,,}5°_, (still denote by
{zm}, independent of t) such that

lim w(zpy,,t) =v(t).

m—0o0
The convergence is uniform in every compact subset of {t : 0 < t < T,}.
Moreover, the solution blows up at T,.



Remark. Our assumption T,, < T*(—N, f) says that the solution does not
blow up to minus infinity before it blows up to plus infinity. From the condi-
tion (4), it follows that lim,, o || = 00.

This result in particular implies that

sup v () |Ju(, )|l < 00 (10)
0<t<T™
When we set f(u) = |u/P~'u, such a blow-up rate estimate is known for

subcritical p; see e.g. [4], [6], [7] for general bounded initial data without
assuming (4) and (5). Such a blow-up estimate is very fundamental to analyze
the behavior of solution near blow-up point as noted in [3]. However, for
supercritical p such a blow-up rate estimate (10) may not hold in general;
see e.g. [1], [9]. If one considers only radial solutions of (1) for supercritical
pless than 1+4/(n—4—2(n—1)2) or n < 10, then the estimate (10) holds
[11]. We would like to emphasize that Theorem 1 requires no restriction on
.
Our second main result is on the location of blow-up points.

Theorem 2. Assume the same hypotheses of Theorem 1. Then the solution
of (1) has no blow-up points with +oc in R™. (It blows up only at space

infinity.)

There is a huge literature on location of blow-up points since the work of
Weissler [13] and Friedman-McLeod [2]. (We do not intend to list references
exhaustively in this paper.) However, most results consider either bounded
domains or solutions decaying at space infinity; such a solution does not blow
up at space infinity [5].

As far as the authors know, before the result of [8] the only paper dis-
cussing blow-up at space infinity is the work of Lacey [10]. He considered
the Dirichlet problem in a half line. He studied various nonlinear terms and
proved that a solution blows up only at space infinity.

In particular, his result implies that the solution of

Up = Uyy + fu), x>0,t>0,
u(0,t) =1, t >0,
u(z,0) = ugp(x) > 1, dr >0

blows up only at space infinity, where ug satisfies 0 < uy < M with M > 1,
and f(s) = s and e®.

His method is based on construction of suitable subsolutions and superso-
lutions. However, the construction heavily depends on the Dirichlet condition
at x = 0 and does not apply to the Cauchy problem even for the case n = 1.
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As previously described, the authors [8] proved the statement of Theorems
1 and 2 assuming that limyg e ug(x) = M for positive solutions of u; =
Au + uP. Later, Simozyo[12] had the same results as in [8] by relaxing the
assumptions of initial data ug > 0 which is similar to that in the present
paper. His approach is a construction of a suitable supersolution which
implies that a € R"™ is not a blow-up point. Although he restricted himself
for f(s) = sP, his idea works our f under slightly strong assumption on .
Here we give a different approach.

By Simozyo’s results[12] it is natural to consider a problem of “blow-up
direction” defined in (8). We next study this “blow-up direction” for the
value +00. Our third result is on this blow-up direction. It is convenient to
introduce the function A,, defined by

1

A(8) = ————
= 1B Lo

up(z)dz (11)

for a given sequence {y,,}>°_;. This A,,(s) represents the mean value of
over the ball B,(y,,).

Theorem 3. Assume the same hypotheses of Theorem 1 and let {s;,}>_;
be a sequence diverging to oo in R. For a given direction ¢»p € S"7!, the
following alternatives hold.

(i) If there exists a sequence {ym}oo_y satisfying im, oo Ym/|Ym| = ¥ such
that

limsup inf A,,(s) =M,

m—oo S€(1,8m)
then v 1s a blow-up direction.

(i1) If there exists a constant s. € (1/(M + N),00) such that for any se-
quence {ym }oo_y satisfying lim, oo Ym/|Ym| = ¥ such that

1
limsup inf A, (s) <M — —,

m—oo SE€(1,5¢c) Se
then v is not a blow-up direction.

This characterizes blow up directions by profiles of initial data. This is a
new result even if f(u) = |u|P~'u or n = 1.

Here are main ideas of the proofs . To prove Theorem 1 we construct a
suitable subsolution. To prove Theorem 2 we derive a non blow-up criterion.
We do not appeal any energy arguments for rescaled function as is done in



our previous paper [8]. Our argument consists of two parts. First we observe
that

u(z,t) < ov(t)

near a point a € R" with some ¢ € (0, 1) when ¢ is close to blow-up time. By
a bootstrap argument we derive that v is actually bounded near a when t is
close to the blow up time. To prove Theorem 3 we use comparison argument
as in Theorems 1,2 and non blow-up criterion which is established in the
proof of Theorem 2. We also note that there is no situation which is not
covered by assumption of (i) and (ii) of Theorem 3.

This paper is organized as follows. In section 2 we prove Theorem 1 by
using the Green kernel of the heat equation. The proof of Theorem 2 is given
in section 3 by a priori estimate. In section 4 we show Theorem 3 using
Theorems 1 and 2.

2 Behavior at space infinity

In this section, we prove Theorem 1. We may assume r,, < r,,+1 and M,, <
M1 for m € N without loss of generality.

Proof of Theorem 1. Let Gp,(-)(x,y,t) be the Green kernel of the Dirichlet
problem of the heat equation in the domain Bg(z) and G(z,y,t) be that of
R". We set

_ GBR(xayat)a WS BR(Z),t > 0,
GR(xay7t) - { O, = Rn\BR(Z)

It is easily seen that

dm [ Gale.uwidy = [ Gl vy
— 00 R" n
uniformly in B,(z) x [0, a] for any measureable function ¢ (y) with any r and
a satisfying 0 < r < oo and 0 < a < 0.
For the m-th ball B,, defined in (6), let w,, be the subsolution of (1)

satisfying

(W)t = Auyy, + f (1), x € By, t >0,

Qm(I,O) = Mm’ € 6 Bma

U, =W r € R"\Bp,,t >0,

m

where w is the solution of

wy = f(w), t>0,
{ w(0) = —N.
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Our goal is to prove lim,, oo U, (Tm,t) = v(t). We set X, = u,, —w and
observe that X, satisfies

Xpn(z,0) = M, — N, x € B,
X,, =0 z € R"\B,,,t > 0.

It is easily seen that X,, < X, for any m € N. It is well known that
X, satisfies the integral equation

Xp(z,t) = / Gm(z,y,t)(M,, + N)dy

/RnG 2,90 = $){f(Xm(y, s) +w(s)) — f(w(s))}ds.

when G,,(z,y,t) be the Green kernel of the Dirichlet problem of the heat
equation in the domain Bp .

We shall prove that lim,, oo X (zm,t) = v(t) — w(t). Since v satisfies
(9), we have

v(t)—w(t) — Xpm(Tm,t) = M + N — G (Tm, Y, t) (M, + N)dz
R™

[0 = ) = [ {00 005) + (6) = e b as.
Since [g. G(z,y,t)dy = 1, we have
M+ N — ) G, y, t) (M, + N)dy)

= /RH{G(:vm,y,t) — Go) (@ 4, ) JM + N) + G, y, ) (M — My,)dy

F0(s)) = S0 = [ 05) + 05) = Flw(s)) Yy
- {{(G@m,y,t = 5) = Gl .t — ) (0(5)) — F(w(5))
# Gt = I (a(8)) = (X (35) + ()}
By the monotone convergence theorem we have

m—00

lim {M+N - Go(Tm,y, t) (M, —I—N)dy)} =0

R"
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and

i { [ [ Gt = 51Tl ) + (o)~ Flw(o) s |

m—r0o0

m—0o0

= Jim [ Gt = ) (0(6)) = 1 (X (0.5)+ w(s) s,
Thus we have

WILLH;O{U@) — w(t) = X (Tm, t) }

=i [ [ Gt = {06 — SCXn(005) + 0060 o]

m—00

< lim Mc{v(s) — w(s) — Xm(xm,s)}ds}

m—00

for t € [0,T with Ty, € (0,77*) and some constant C' = C(Tp). We set
X(t) = limy, o0 Xon(2m, t). The monotone convergence theorem yields

0) = wlt) = X0 < [ Cluls) —us) — X(s))ds
Since v(t) > w(t) + X(¢), we have
olt) — wlt) — X(1)
We thus obtain that
lim w, (2, 6) = 0(t)  for ¢ €0,Ty.

m—r0o0

0 for t € [O, Tg]

Since u,,(z,t) < u(z,t) < wv(t), we conclude
lim wp,(x,,t) =v(t) for ¢ €0, Tyl
m—0o0

Thus, since T, < T*(=N, f) and T, < T*(uo, f), we take
lim w(z,,,t) =v(t) for te€][0,T,). (12)

m—o0

It remains to prove that u blows up at ¢ = T,,. For this purpose it suffices
to prove that lim,, . u(Zy,, t,,) = oo for some sequence t,, — T,,. We argue
by contradiction. Suppose that lim,, o w(zpm, t,) < C for some C' € [M, 00).
Then we could take ty € (0,7;,) satisfying v(tg) > C and v,(t) > 0 for t > t,.
By (12) we have

t
lim u | 2, ot 1o =0 fo+ 1, > C,
m—oo 2 2

which yields a contradiction. We thus proved that lim,, . w(Zm, t,) = 00,
so that u(zx,t) blows up at T,,. O




3 Non blow-up point in R"

In this section we prove Theorem 2. We may assume that f(ug(x)) > 0 for
any x € R"™ without loss of generality.

Lemma 3.1. Let u and v be solutions of (1) and (9) with ug, M and f
satisfying (2), (3) and (4). Then there exist 6 = d(a,r, ty, ug, f) € (0,1) such
that for (x,t) € B,(a) X [to, T™),
u(z,t) < ov(t)

with ty € [O, T*)
Proof. By (2) there exist My = M¢(f) > M and 6y = 04(f) € (0, 1) satisfy-
ing for r > M; and § € (04,1),

f(or) <6f(r). (13)

Let Ty = To(uo, f) € (0,7*) such that v(Ty) = My. Since up < M and
uy # M, we have u(x,Ty) < v(Tp). Note that u(z,t) < v(t) for t € (0,Tp].
Let w be the solution of

wy = Aw, re Rt e (T, T,
w(x, Ty) = max{u(x, Tp) /v(Tp), 05}, r € R™

Put @ = vw. Then we have

i = Au+wf(v), x e R"te (T, T"),
u(z, Ty) = max{u(z,Ty), dpv(To) }, r e R"

Since w(x,t) € [67,1) and v(t) > My, we have

wf(v) = flwv) = f(u)

by (13). This @ is supersolution of (1).

Since for any x € R", sup,¢, 7+) w(z,t) < 1, we can take 0 = 6(a, r, Ty, uo, f) €
(0,1) satistying w(z,t) <o for (:U t) B..(a) x [Ty, T*). Thus, we obtain
)

u(z,t) < a(z,t) =w(z, t)v(t) < dv(t)
and Lemma 3.1 is proved. O

We consider the equation

Uy = A, x € By,t >0,
u(x,0) = ug(x), x € By, (14)
u(z,t) < v(t), x € 0Dy,

where By = Bj(a) with some a € R”, and v is the solution of (9) and T is
maximum existence time for v.



Lemma 3.2. Let 4 be the solutions of (14) with a bounded continuous func-
tion ug satisfying uop < v(0) and By = Bi(a) with some a € R™. And let
v=uv(t) € CY[0,T)) blow up at t = T. Then, for any € > 0 and ¢ € (0,1),
there exist r € (0, \/ﬁ) depending only on the space dimension, € and ¢ such
that

sup u(z,t)/v(t) <e, (15)
(z,t)eBex[T—r2,T)

where B = B(a).

Proof. We consider the function

w=v—1u
Then, the function w satisfies
wy > Aw + vy, x € By,t >0,
w(x,0) = v(0) — up(x), x € By, (16)
w(z,t) =0, x € 0By,

or its integral form:
w(a,t) > [ Gi(z,y,t)(v(0) — uo(y))dy
By
t
+/ / Gi(z,y,t — s)v(s)dyds,
0 JB

where G1(x,y,t) is the Green kernel of the Dirichlet problem of the heat
equation in the domain B;(0).
We take €; > 0 and €5 > 0 small enough such that

(I1—€)(1—e)>(1—¢). (17)

For these €; and €5, and for any ¢ € (0, 1), we are able to take 6; = §((,€2) > 0
and 6o = d2(01,€1) € (0,0;) such that

inf / Gi(z,y,s)dy > 1 — € (18)
xGBC B1
s€[0,01]
and
’U(T—(Sg) —U(T—(Sl) Z (1 —El)U(T—(Sg). (19)
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for any 3 € (0, d3]. Then,

T—d3
w(x, T — 03) > / / Gi(z,y, T — 03 — s)ve(s)dyds
0 B

T—03
/ Ut(S)/ Gi(z,y, T — 63 — s)dyds
0 By

v

T—61

T—63
/ Ut(s>/ Gi(z,y, T — 03 — s)dyds.
B1

Since inf,ep fab h(z,s)ds > fab inf,cp h(x, s)ds for any constants a, b satisfy-
ing a < b, any integrable function A in [a,b] and any domain D, we have

CEGBC T—81 xGBC

From (18) we obtain

75
inf w(x,T —d9) > (1 — 62)/ v (s)ds

z€B; T—6;
> (1—e) (v(T —62) —v(T —681)) .
From (19) and (17) we get
inf w(z, T —d2) > (1 — €)(1 — e1)v(T — d9)

CEEBC

> (1 —e)v(T — ds).
Then we have

sup U(x, T — 03) < ev(T — 3)
LEEBC

for any d3 € (0, do].
We take r = 5;/2, and observe that

sup u(z,t)/v(t) <e.
(z,t)eBex[T—r2,T)

Proposition 3.3. Forp > 1,6 € (0,1) and ¢, >0 (m = 1,2,...

>0, let {am}_y be a sequence defined by
ag=0+e, an=d, +enq, (M=23...1),

T—62
inf w(z,T — &) 2/ v(s) inf / Gi(z,y, T — 65 — s)dyds.
By

[
, 1) with

Then for any e > 0, p > 1 and § € (0,1), there exist | and €, > 0 (m =

1,2,...,1) satisfying a; < €.

11



Proof. First, we take §; = §®~Y/2 and ¢, = 6,6 — 6” > 0 to get
a; = 6,0 and 6, € (5*71,1).

Next, we take 0y = (0,6)?~V/2 and e, = 0,650 — (,0)P~1/2. Then 6, and
€5 satisfy

a9y = CL}17 + €9 = 01050 and 0, € ((016)1}_1, 1)
By repeating these arguments, we have
a = (9182 Ce 01_15)p + ¢ = 9102 ce 9[(5

and Hn € ((0102 . Hn_l)pfl, ].)
Then it is shown that €, (m =1,2,... ,n) satisfy

a; = 010, ...0,6 = 5—l+19 L(— 1)+182 Li-2)+ 91 21 L1 < 5%l+1
Take [ large enough satisfying 6"z 4+l < ¢, Then we have
a; < €.

]

Lemma 3.4. Assume that [ satisfies (2) and (3). Let u and v be the solu-
tions of

u = Au+ f(u), x € By, t >0,
u(z,0) = up(x), x € By

and (9). Assume that there exists a 6 € (0,1) satisfying u < dv in By X [to, T')
with some ty € (0,T). Then, for any € > 0 and ¢ € (0,1), there exists r
depending only on the space dimension such that

sup u(z,t)/v(t) <e
(z,t)eBex[T—r2,T)

Proof. By (2), one can take some q € (1,p), dg = do(f) and by = bo(f, o)
such that for any 6; € (dg, 1), v > by and u < 470,

fu) <0%f(v). (20)

And from Lemma 3.1, for any a € R"™, we can take § = d(uyg, f,a,7) >
do = do(f) such that u(x,t) < dv(t) for t > 7 € (0,T) and = € By(a). Put
w = u — U, where @ is solution of (16). Then by (20), we have

12



We define 7 = min{¢ : v(s) > by for any s > t} and observe that

w(z,t) = /Ot /BC G(z,y,t — s)f(u(y, s))dyds

< / ' /B syt = )06y

+ 01 /t G(z,y,t —s)f(v(s))dyds

< [ st [ Gt s)dyds

+ 5q/T f(v(s)) /B< G(z,y,t — s)dyds.
Since

lim v(t) = lim f
t—=T t—=T

there exist r; = r1(e;) > 0 small enough such that for ¢ € [T — 7%, T,

/OTf(v(s)) / Gt = s
5 /th(v(s» Gyt — s)dyds

< <5q + %) /th(v(s)) /BC G(z,y,t — s)dyds

with some €, satisfying 09 + ¢; < 1. Then, from Lemma 3.2, we have

supu(x,t>sSup{ / | G- f<v<s>>dyds}+%v<t>

:EGB& rE€B;>

< (074 €)v(t) = aqv(t)

for t € [T — #2,T) with some { > 0 and 7 < r1, where a,, (m =1,2,...1) is
defined in Proposition 3.3.
Next, by using the solution u of the equation of

i = A, € Byt >0,
w(z,0) = up(x), z € By,
(1)

= (" +e)u(t), z€IB;



and W = u — %, and by using the same argument of proof of Lemma 3.2 and
above, we have

sup u(z,t) < agv(t)
$€B§2

for t € [T — 773, T) with some 75 and €.
[terating these arguments, we have

sup u(x,t) < ao(t)
1’€B5l

for t € [T — 272 ... 72, T) with some 7; and ¢; (i = 3,4,... ,n). Put { = (/"
and r = 7y ...7,. Then by Proposition 3.3, we have

t
sup w@,?) <e.

(z,t)€Bex[T—12,T) o(t)
Il

Proposition 3.5. Let v be solution of (9) with f and M satisfying (2) and
(3), f(s) = Ci(s + C2)? = f(s) with some C1 > 0 and Cy > 0 for large s,
and T*(M, f) =T*(M, f). Then

v(t) < C(T —t)~Y@=b
with some g = q(f) > 1 and C = C(Cy,co, M, f) > 0, where T =T*(M, f).

Proof. From the assumption it follows

S
v f(S) N v Cl(s+02)q

and

1 —1/(¢—1)
v(t) < | =——= (T —1 + C
0= (am=n-v) o
for t € (0,T) satistying that T — ¢ is small enough. This yields the desired

estimate. OJ

Lemma 3.6. Assume that ug satisfies (4) and (5), and f satisfies (2) and
(3). Let a be a point in R". Then a is not a blow-up point, and

limsup u(a,t) < C
=T

with some C' = C(h,ug, f) < 0o for a € B(0) (see [5, LemmaZ2.1]).
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Proof. From Lemma 3.4, it follows that u(x,t) < ev(t) in B,(a) x [T, —
r?,T) with some r = r(a,n,c,ug, f). By assumption we have |f(s)/s| is
nondecreasing function for |s| > sg, and |f(es)| < €|f(s)| for |s| > so/e
with to = to(f,q) ¢ = (p +1)/2. From Lemma 3.4, it also follows that
|u(z,t)| < €|v(t)]. Then we have

f(uw)| _ | flev)

€v

(v)

[

< it

<

(21)

for (z,t) € B,(a) x [T — 3, T), where
ro =sup {F € (0,r] : v(T — %) > s0/2} .

with r defined in Lemma 3.4.

We argue a kind of a local bootstrap argument for u to get a bound. Let
¢m be a C?—function supported on Bym(a) such that ¢,, =1 on B,m+1 and
0 < ¢, < 1. (Note that since n € (0,1), ¢, > Gmy1 for m € N.) We
consider a cutoff of v defined by w,, = ¢,,u. Then this w,, satisfies

(wm>t = Aw,, = ¢mf<u> + 9m
with g, = 2Vu - Vo, + uA¢,,. We observe that

Wiy (2, 1) :e(t’(T”"Q))Agbm(a:)u(x, T — 7’(2))

" / IS (6 (1) f(u(z, ) + g(x. 5)} ds.

2
T—r§

Since [|€®hlle < ||hlloe and ||e!AV A < Ct712||h||s for a measurable
function h, we have

t t
/ g, $)ds <O [ (t—5) V2 [ullpm(m, ds

2 2
T—rg T—rg

with B, ,, = B,m(a). We estimate the integral involving ¢,,f to get ¢t €
[T - Tgv T)

/ o (1(-15)) 2 (5,

uls8) oo (B, ) *
fu(s))
v(s)

‘f( (-:8))

t
< [ el

2
T—rg

ds.

t
<t [l s)loma

2
T—rg
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From these estimates it follows that for ¢ € [T — 2, T') we estimate L>°-norm
of wy:

waﬁwwéwﬂuT—ﬁmm+ﬂ4ﬂwJmmﬁvaxS»MS

t
+ Ce/ 2(75 — S)_1/2||u(-, 8)|| oo (B, ) dS-

0

By Gronwall’s inequality (see [5, Lemma2.3]) we have

t
lws (- D)o < [le(-,T—Tﬁ)llooJr/ Ot =) 2l )l =5,

T—r%
-
x exp | — / ela=b)
T—r%

»
N——

€11
t
——\do dr | exp qu/
T—r%

Since v; = f(v) by (9), we have
vils) ds)

< exp (eq_l (log lv(t)| — log [v(T" — T(%)D)
o) |
o(T —15)

< < v ().

Since f(s) > Cs? for large s, by Proposition 3.5 we have
o ) [, < () < C(T — 1) 0

and

wl(l,7 t) <O (T _ t>7(1+6q_1)/(q71)+1/2.
We thus conclude that

u(z,t) < O (T — )"+ V@ DHY2 4y By s [T — 12, T).
By repeating the argument we have
w(z,t) < wy(x,t) < Co(T — t)~ W2 D/@ D+ iy By s [T — 72, T).

By repeating these calculations m times, we obtain

u(,t) = W (2, 1) < Cp (T — £)~AFme D a=DFm/2 4y By s [T — 92, T),
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where m and ¢ satisfy —(1 +me? 1) /(g —1) +m/2 € (0,1/2 — 171 /(g — 1)]
and m € (2/(q—1—2e71),2/(q — 1 —2e77') + 1]. We now conclude that

u(z, )] = [wmir (2, 1) < Cin Bymia x [T — 15, T]

with some C' > 0 by repeating the procedure once more. This implies that a
is not a blow-up point. Il

Proof of Theorem 2. Put ug satisfying (4), (5) and
Uo(z) = uo(z) and f(uo(z)) = 0

for x € R™. Then by comparison we may assume that uy = ug without loss
of generality. Since a € R" is arbitrary in Lemma 3.6, there is no blow-up
point in R"™. Il

From Lemma 3.4, Proposition 3.5 and the proof of Lemma 3.6, we have
a sufficient condition for non blow-up point.

Theorem 3.7. (Non blow-up criterion) Let v be a solution of (9) with f
satisfying (2) and (3). If there exists 6 € (0,1) such that @ satisfies

{ iy = A+ f(u), (x,t) € By(a) x (T —¢,T),
(z,t) < ov(t), (x,t) € By(a) x (T'—¢,T).

with some € > 0, then
w<D (x,t) € By(a) x (T'—¢,T)

with r € (0,1) and D = D(0,7,¢€) < o0.

4 On blow-up direction

We shall prove Theorem 3 which gives a condition for blow-up direction.

Proof of Theorem 3. We first prove the case (i). By assumption we obtain
that uo(x) satisfies (5) with some sequences {r,, }>°_, and {z,, }>°_, satisfying
lim,;, 00 7 = 00 and limy,, o0 Ty /|2m| = ¥. Then, from Theorem 1 it follows
that

lim u(xpy,,t,) = 0o
m—o0

with the sequence {t,, }5°_, satisfying lim,, o0 t = T)p. Since limy, o0 T /|Tm| =
1 by the assumption we obtain that v is a blow-up point.
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We next show the case (ii). We take the sequence {z,,}>_, satisfying
My, o0 T /| Tm| = ¥ and {r,, }2°_; satisfying lim,, ;o r,, = 00.

We set

_ uo(z), € By (Tm),
Tm0(®) = { M, r € R\ B, (1),

and consider the equation

(ﬂm>t - Aﬂm + f(ﬂm), x € Rn,t > 0,
Uy (2,0) = T 0(z), r € R"

By comparison we obtain u(x,t) < 4y, (x,t) for any m € N. By assumption
there exist mo > 0 and sequence {cy, }or_,,, satisfying 0 < ¢,, < cpyq1 and
lim,,, o0 ¢ = 1/8. such that for any m > my,

inf A,(r) <M —cp, (22)

re(l,se)

where A,,(r) is defined in (11). Since the solution of (1) satisfies the integral
equation

u(z,t) = e*ug(x) + /0 A9 f(u(x, 5))ds,
we have
u(z,t) < eAug(x) —I—/O f(u(s))ds = v(t) — M + e*ug(z)

for (t,x) € [0,7*) x R™.
Let My, d; and Tj be the same as proof of Lemma 3.1. We consider the
solution w of

w; = Aw, e R"te (T, T"),
w(x, Ty) = max{{v(Ty) — M + e*Touy(z)}/v(Ty), 8¢}, =z €R™

We now introduce @ = vw. From the proof of Lemma 3.1, it follows that
u > u for (x,t) € R" x [Ty, T*). Then we have

u(z,t) < v(t)eA(t’TO) max{{v(Ty) — M + eAToug(a:)}/v(To), dr}

for (z,t) € R™ x [Ty, T*). By (22) it follows that for each = € B, with
r € [1,s.] there is z, € B, which is farest from x such that

e ug(z) < (e"2(M — | B5(- — 22)) (2)
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where 0 is the Dirac delta function. Thus

1 e
ute) < swp d e [ = 6 BIal - ).

ZGBSC
Since |x — z| < 2s, for any = € B, it follows that

Cm|Bl‘ —s2/t

in By (z,) x[0,17).
We thus obtain

zmxi)gqmﬂeAGJWHnm<{<vuh)+Z%%?ggeﬂaﬁ)//vuhxéf}.

for (z,t) € Bs, x [Ty, T*). We set

B 2
O = 20710 ax { (v(To) + —(ch;ljt)iJQ esc/TO) /U(To), 5f} ,

and note that §,, € (0,1) satisfies d,, > 0,1 for m € N. From Lemma
3.6 and comparison it follows that there exist the sequence {n,,}
{1 (cm, Sc, [) Yo, satisfying 0 < i1 < 1 < 00 such that

S _
m=mg

tlg%l W Ty t) < M-
Since the sequence {z,,}°_, is arbitrary, we obtain that 1 is not blow-up
direction.
Finally, we should show that the conditions of ) in (i) and (ii) cover all of
S™=1 exclusively. Let {s,,}°°_, be the sequence satisfying lim,, .o S, = 00.
We set D = (1,00) N [1/(M + N), o) and the set of sequence

im — =
m=00 [ Yy |

5(0) = { )i

v, im |y,| = oo}
m—00
Let U* and W, be the sets of directions of the form

wzwwm:{weml

Hymtw , € S(W),limsup inf A,(s)= M}

m—oo S€(1,5m)

%:wmm:{wem*

ds. € D,

m—oo SE€(1,5¢) Se

1
V{ym}oo_; € S(¥),limsup inf A, (s) <M — —}.
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Here, U* and W, are the sets of all 1) € S"~! satisfying, respectively, (i) and
(ii) of Theorem 3. We have

owy:{¢esmﬂw@ﬁﬁﬂeswmmnwp1m Am@%<M}

m—oo S€(1,8m)

Note that A,,(s) € [N, M], we have

V{ym}oo_y € S(¢),limsup inf A, (s) <M

m—oo S€(1,5m)

1
SV{ym oy € S(¢),3c € D,limsup inf A, (s) <M — —.

m—oo S€(1,8m) c

We define another set

TP = T (ug) = {w € $" 3ce D,

V{ym}oo_y € S(¥),limsup inf A, (s) <M — 1}

m—oo S€(1,5m) C

It is easily seen that W# C (¥*)¢. Moreover,

(T#)e = {w e " 'Vee D,

Hymte_, € S(¥),limsup inf A, (s) > M — 1}

m—oo S€(1,5m) &

Let j € NN D. Then we have

(THe {¢ € S" Vi e NND,

] ; 1
Hyl }oo_, € S(¢),limsup inf A7 (s) > M — _}7

m—oo SE€(1,5m) c
where
1

= up(2)dz.
| Bs(ym)| JB.(sh)

A7 (s)
Take the subsequence {m;}52, € N satisfying lim; ., m; = oo, m; < mj1,

min{b|b € NN D}. Then we have

(wyc{¢694

H{yfﬂj 2. €S(),limsup inf  AJ (s) > M — —‘},

m—oo  S€(1,8m,5) ]

20



where Sy, ; = $p,. We thus obtain (¥#)¢ C ((¥*))¢ and ()¢ C U¥. Since
U C (U*)¢, we have WF = (U*)e.

It remains to show that U# = W, It is easily seen that Ul > W, We see
that

wt = {w e 5" 1[3¢ € D, Y{ym}3_, € S(),
: 1
dmg > 0,Ym > mg, inf A, (s) <M — —},
s€(1,8m) c
where we take ¢ > ¢. Take ¢ = [max{s,,, ¢ }+1], where [0] is largest integer
less than 6. We thus obtain that
U = {¢ e S" 13 € D,
1
M) € S0, >, i Anls) <M - )
se(l,c” C
= {¢ € 5" 3" € D,V{yn}, € S(¥),
li inf A,(s) <M !
imsup inf A,(s) <M -——¢.
m%oop s€(1,c”) c’

By replacing ¢” to s., we have ¥# C ¥,. Then we obtain W = 0, .
Thus, we get (V*)¢ = U,, and the proof is now complete. O
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