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Abstract

We prove time-local existence and uniqueness of solutions to a boundary layer
problem in a rotating frame around the stationary solution called Ekman spiral. Initial
data we choose in the vector-valued homogeneous Besov space B'go?LG(RQ; LP(Ry)) for
2 < p < oco. Here the LP-integrability is imposed in the normal direction, while we
may have no decay in tangential components, since the Besov space 32071 contains
nondecaying functions such as almost periodic functions. A crucial ingredient is theory
for vector-valued homogeneous Besov spaces. For instance we provide and apply an
operator-valued bounded H°-calculus for the Laplacian in B’govl(R”; E) for a general
Banach space E.
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1 Introduction

We study the initial-boundary value problem for the three-dimensional rotating Navier-
Stokes equations in a half-space Ri = {z = (z1, 22, x3);
x3 > 0} with initial data nondecreasing at infinity:

U+ (U-V)U + Qez x U +veurl?U = -Vp, V-U =0, (1.1)
U(t, 2)|zs=0 = (U1(t, ), Ua(t, x), Us(t, x))|z5=0 = (0,0,0), (1.2)
U(t, l’)‘t:() = Ug(x) (1.3)

where x = (x1, x2,23), U(t,z) = (U1, Uz, Us) is the velocity field and p is the pressure.
In Egs. (1.1) e3 denotes the vertical unit vector, v > 0 is a constant. The constant
Q) € R is called Coriolis parameter and equals to twice the frequency of rotation around
x3 axis. Eqgs. (1.1)-(1.3) are the 3D Navier-Stokes equations written in a rotating frame.
The initial velocity field Ug(z) depends on three variables x1, x9 and z3. We require
the velocity field U(¢, x) to satisfy Dirichlet (no slip) boundary conditions on the plane
{1’3 = 0}.

Ekman spiral is the famous exact solution (time-independent) of the full nonlinear
problem (1.1)-(1.2). It describes rotating boundary layers in geophysical fluid dynamics
(atmospheric and oceanic boundary layers cf. [10], [15], [12]). The boundary layer in
the theory of rotating fluids known as the Ekman layer is between a geostrophic flow
and a solid boundary at which the no slip condition applies. In the geostrophic flow
region corresponding to large x3 (far away from the solid boundary at z3 = 0), there
is a uniform flow with velocity Uy in the z; direction. Associated with Uy, there
is a pressure gradient in the xy direction. The Ekman spiral solution in Ri matches
this uniform velocity for large x3 with the no slip boundary condition at 3 = 0. The
corresponding velocity field U (z3) : UF(x3) = (UF (x3), UF (23),0) depends only on
the vertical variable x3:

UP (23) = Uss (1 e cos(%)) , UP(23) = Usge™ 5 sin(%), (1.4)

where § is the rotating boundary layer (Ekman layer) thickness:

5= <\29V|>1/2' (1.5)

The corresponding pressure field p¥(x2) depends only on z and it is given by
PP (x2) = —QUooo. (1.6)

Clearly, the nonlinear term in (1.1) is zero for U = U¥(x3) and, therefore, the pair of
(UP(x3), p?(x2)) which is called ‘Ekman spiral’, is an exact solution of the full nonlin-
ear problem. Remarkable persistent (stability) of the Ekman spiral in atmospheric and
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oceanic rotating boundary layers has been noticed in geophysical literature. Observe
that the velocity field satisfies

. E o

zgl—lg-looU (z3) = (Uss, 0,0). (1.7)

We make a trivial remark that will be important for future estimates of norms. We
note that the velocity field corresponding to the Ekman spiral solution is bounded

UL (23)| < 2U. (1.8)

In spite of the importance of the Ekman layer in geophysics it seems that a math-
ematical treatment of the phenomenon has not been given so far. Our aim is to give
a mathematical theory for time-local solvability of the nonstationary problem around
the stationary Ekman spiral solution. Since the Ekman spiral has velocity field nonde-
creasing at infinity, it is essential in the theory of geophysical rotating boundary layers
to study solvability of (1.1)-(1.3) for initial data in spaces of functions nondecreasing
at infinity.

We write

U(t,xl,:lig,wg) = UE(.Tg)—i-V(t,:IIl,:IZQ,JIg), (19)
p(t,x1,20,23) = pP(22) + q(t, v1, 22, 23). (1.10)

Since the Ekman spiral is an exact solution of the full nonlinear problem, the vector
field V(t, z1, z2, z3) satisfies the following equations

5 our
OV + (V- V)V + (U¥(z3) - V)V + V3
3
+Qe3 x V + veurl>V = —Vq, (1.11)
V-V=0, (1.12)
V(t,x)’%:o = (Vl(tvx)v‘/?(t’ l‘), V3(t7x))‘963=0 = (07070)7 (1‘13)
Vit o)y = Vo(x). (1.14)

Let J be the matrix such that Ja = eg x a for any vector field a, i.e.

0 —1
J=|1 o (1.15)
0 0

o O O

Let P be the Helmholtz projection operator on solenoidal fields in Ri. We define the
Stokes operator A (v):

A(V)V = vP_ curl®V = —vP, AV (1.16)
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on solenoidal vector fields V. The operator P can be represented by
P,.f=rPEf. (1.17)

Here, r is the restriction operator to the half-space and P is the Helmholtz projection
operator in the whole space, defined by

P = {Pj}ij=123, Pij = 0ij + Riltj; (1.18)

R;(j =1,2,3) are the Riesz operators %ﬂ,(—A)_l/2 with the symbols % (see e.g. [22]).

Besides, the operator E is defined as follows:

Definition 1.1. (1) For a function h(z) on R3 we define an extended function e*h by

n ) () if x3 > 0,
(¢7h) () = {j:h(x*) it 23 <0,

where z* = (21, x2, —x3) for @ = (z1,22,23) € R3.
(2) For a vector field f(z) = (f', f2, f3) on Ri we define an extended vector field E f
by

. (etf)(z) for1<i<2,
i—th component of (Ef) (z) =
t ponent (Ef) (z) {(e_f?’)(x) for i = 3.

That is, Ef = diag[e™, e’ e”] (T f ), where diag represents a diagonal matrix, © f is a
transposed vector field of f.

By employing the Helmholtz projection operator P, we transform (1.11)-(1.14)
into an abstract operator differential equation for V,

Vi+Aw)V+QSV+CgV+PL(V-V)V =0, (1.19)
V=0 = Vo,
where
5 our
S=P.JP,, CEV=P, ((U"(z3)-V)V+ 13 gy (1.20)
3

and we have used P JV = P, JPV on solenoidal vector fields. Let us compare the
situation here with the one in the whole space as treated in [9]. The main difference
between the problem in a half-space Ri with the problem in R? is that the Stokes
operator A = A(v) and the operator S = P_JP. do not commute in R3 and there
is an additional ‘Ekman operator’ Cp in Egs. (1.19). Motivated by real physical
applications, where initial data is often taken as a superposition of modes hewing
different horizontal wavenumbers (periodicity and almost periodicity in the variables
x1 and x3), we consider initial data Vo(x) for Egs. (1.19) in spaces of solenoidal vector
fields nondecreasing at infinity in x1, 2. The consideration of solutions not decaying
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at infinity in 1, x2 is essential in the development of rigorous mathematical theory of
the Ekman rotating boundary layer problem. In view of (1.7) it is natural to consider
vector fields V, which belong to LP, 1 < p < 400 in 3.

The first step in the analysis of the nonlinear problem (1.19) is to show that the
corresponding linear operator generates a semigroup in appropriate spaces (LP, 1 <
p < +oo or L*™). We note that the LP, 1 < p < 400 case is usually simpler than
the L°° case due to the fact that Riesz operators are bounded operators in LP but not
in L. We recall that for = 0 (non-rotating case) Green’s function of the Stokes
operator in R? and R3 (half-space) belong to L'(R?) implying that the corresponding
operator generates a semigroup in L>(R3) and L>(R3). On the other hand, for  # 0
Green’s function of the (Stokes+Coriolis) problem in R? does not belong to L!(R?3)
(see [9]). Moreover, it behaves as |z|~3 for large |x| and the corresponding integral
operator is not a bounded operator in L>(R3). One needs to restrict initial data
on a subspace of L®(R?) ([9, Appendix A]). Similar situation of unboundedness in
L>®(R?) (for horizontal x1, z2 planes) holds for the linear (Stokes+Coriolis) problem
in a half-space. One needs to restrict initial data on a subspace of L>°(R?) where
Riesz operators and, consequently, the operator P JP_ are bounded. The natural
space for this purpose for initial data Vg is the space X = BgO’l(RQ;Lp (R4)), the
space of all LP(R,)-valued BSOJ functions in R2. Here, R, := (0,00), and Bgo’l is the
homogeneous Besov space which is strictly smaller than L°°.

Related to the Navier-Stokes equations, the space Bgo’l was first used in Sawada-
Taniuchi [19] to solve the Boussinesq equations for nondecaying initial data. It is known
[23] that Vf € Bgo’l if f and V2f are in L, hence, the space Bgo,l contains nonde-
creasing functions such as almost periodic functions of the form » 22, «; exp(v/—1\;-x)
with {a;}72, € 1Y, {)\;j} c R®\ {0}. Since our space X is an LP-valued Besov space,
it includes functions nondecreasing in tangential direction x1, x2, and decreasing in
the normal direction x3. Moreover, we can prove, as shown in Corollary 2.11, that the
Riesz operators are bounded in vector-valued Besov spaces B]‘j,q(RN ; LP(R4)) for all
indices 1 < p,q < 00, s € R, and every space dimension N = 1,2,3,.... The bounded-
ness is essentially a consequence of Theorem 2.5 in Section 2 that is an extension of the
Mikhlin type multiplier theorem, obtained by Amann [1] in the inhomogeneous Besov
spaces B;vq(]RN ;E) for a general Banach space E, to the homogeneous Besov spaces
B3 (RN E).

In order to estimate the nonlinear term we also employ the spaces Bgo’oo (R"=L LP(RL))
and BUC(R"!; LP(R)), where the latter one denotes the space of all LP(R )-valued
bounded uniformly continuous functions on R”~!'. Note that we always work in gen-
eral space dimension n > 2, as long as the Coriolis and Ekman operators are not
involved. The key for the nonlinear estimate is the embedding between the above
spaces (see Lemma 2.3). However, homogeneous Besov spaces are usually defined as
a quotient spaces (modulo polynomials), which are not suitable for the study of par-
tial differential equations (PDE). This is the reason why we use rather ”script” Besov
spaces, Bﬁvq(R"_l; LP(R,)) instead of Biq(R”_l; LP(R,)) (see Definition 2.1). The key



embedding result (for E-valued functions, where E is a Banach space) now reads as
BY, | < BUC < BY, .

Here, BUC is the subspace of BUC such that BUC = BUC & {1}, where {1} denotes the
space of constant functions. By BgO,L »(R" 1 LP(R,)) we denote the solenoidal part of
5’2071(]1%"_1; LP(R4)) (see (2.13) and what follows for the definition).

In this paper we construct a local-in-time solution of the rotating Navier-Stokes
equations (1.1)-(1.3) in the space BC([0, Tp); BUC,(R?; LP(R,))) under the condition
that the initial velocity Vo € Bgoyl(RQ; LP(Ry)), 2 < p < +oo. Here, BUC, denotes a
solenoidal part of BUC (see definition (2.4)). Also, we denote by BC(I;E) the space
of all bounded continuous E-valued functions on the interval I € R. In particular,
the current work is concerned with the so-called mild solutions, the solutions of the
corresponding integral equation to (1.19).

For the linear Stokes problem we employ the solution formula derived in Desch-
Hieber-Priiss [6] for the Stokes resolvent in terms of the resolvent of the Dirichlet
Laplacian and certain remainder terms. Detailed information on the full linear problem
(Stokes + Coriolis + Ekman) is then used to construct a (local-in-time) mild solution
to the nonlinear rotating Navier-Stokes equations in Rf’r. To derive the estimates for
the linear part we will employ theory for E-valued Besov spaces. The main ingredient
will be an operator-valued version of Mikhlin’s multiplier result. It will be the basis for
an operator-valued bounded H“°-calculus for the Laplacian on E-valued homogeneous
Besov spaces, which serves as a useful tool in estimating the formulas for the Helmholtz
projection and the resolvent of the Stokes operator. The generation result for the Stokes
operator and a standard perturbation argument will then lead to the generation result
for the full linear operator (Stokes+Coriolis+Ekman).

Our main result reads as

Theorem 1.2. Let 2 < p < oo. For each initial data Vo € B | (R? LP(Ry)) there

oco,1,0

exist Ty > 0 and a unique mild solution V of (1.19) such that

(t— V() € BC([0,To); BUC,(R?; LP(Ry))), (1.21)
(t — t'2VV(t)) € BC([0,Ty); BUC(R?; LP(RL))). (1.22)

Furthermore, the solution V satisfies
t1/2||v/V(t)||3uc(R2;Lp(R+)) —0 as t—0. (123)
Here, V' = (0y,, Oxy)-

Remark 1.3. (i) As lower estimate for existence time T we get for every g € (0, 27)
and every 0 € (0,1/2] that

1 *(1/2p)£5+(1/2)
To > min ¢ 1, . (1.24)
Clpy 521 || Vo B0 | (R21r(R )



Here, the constants Cy, s, > 0 and w; > 0 are determined in Proposition 4.5 -Lemma
5.1 and Proposition 4.5, respectively, and depend on the Coriolis parameter €} and
[[UE||p1.00, where W = WLo(R3) := {u € L>®(R3) : Vu € L=(R3)}.
(ii) If we assume that VIV € BUC for some positive integer j, then the solution V
satisfies

VIV, 12V e BC([0,Th); BUC(R?; LP(R,))).

For j = 1 this fact can be shown by applying V to the corresponding integral equation
to (1.19) and using (1.22). The inductive procedure j — j + 1 is similarly shown by
applying V7 to the integral equation.

(iii) We also get higher regularity on the interval [e¢,Ty) with arbitrary small € > 0,
namely that

VAV € BC([e, Tp); BUC(R?; LP(Ry))) for any positive integer k. (1.25)
This follows by an iterative use of remark (ii) and (1.21)-(1.22).

Note that in general we do not expect the solutions of the nonlinear equations to be
an element of the space of initial data 82071(]1%2; LP(R4)). This is essentially due to the

fact that normal derivatives act merely on the LP part of the space 82071(]1%2; LP(Ry))
(see Remark 4.2). To overcome this problem we apply the contraction mapping princi-
ple in the larger space BUC(R?; LP(R.)). The unboundedness of the Helmholtz projec-
tion in that space is handled by using a splitting of P03 in a term with pure normal
derivative and terms containing only tangential derivatives and Riesz operators. This
leads to the slightly technical Section 4.

In what follows we write vector fields in small letters as u, v instead of U, V except
the Ekman spiral solution UF.

The plan of the paper is as follows. In Section 2 we prepare the definition of the
vector-valued homogeneous Besov spaces Biq(R”*l;LP(RJF)) , and ensure bounded-
ness of the Helmholtz projection in this space by modifying Mikhlin’s theorem for
the inhomogeneous spaces obtained by Amann [1]. We also set up the notion of an
operator-valued bounded H*°-calculus in the vector-valued Besov spaces Bﬁ’q(R”_l; E)
for a general Banach space E, and prove that the Laplacian admits this property. The
operator-valued bounded H*°-calculus will play a key role in Section 4. In Section 3 we
will give resolvent estimates for the full linear part (Stokes+Coriolis+Ekman) based
on estimates for the resolvent of the Stokes operator and a standard perturbation ar-
gument. The resolvent estimates for the Stokes operator are obtained by applying
the results of Section 2 to an explicit representation for the Stokes resolvent. As a
consequence, the full operator is proved to generate a holomorphic semigroup in our
vector-valued Besov space. In the technical Section 4 we first collect some basic facts
about the Laplacian in the considered spaces. Using this, we then proceed by providing
estimates for the semigroup generated by the full linear operator, which will represent
the basis for the application of the contraction mapping principle. In Section 5 we
prove Theorem 1.2 utilizing the estimates obtained in the sections before. Finally, in
the appendix we give a characterization of the vector-valued solenoidal Besov space



defined in Section 2 and an estimate for fractional powers of the Laplacian applied to
the heat kernel.
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2 Basic ingredients

In this section we define E-valued homogeneous Besov spaces and provide the required
basics for the treatment of the linear and nonlinear problems in the subsequent sections.

In standard monographs, see e.g. [24], the homogeneous Besov space nyq(RN ) for
N € N is defined as

B;q(RN) = {f S Z/(RN) : HfHB;iq(RN) < OO},

, 1/q
where HfHB;Q(RN) = (Zjez(28]”¢j * fHLr(RN))q) for 1 <r,qg < oo, s €R. (see also
[3]). Here Z'(RY) denotes the topological dual of

ZRY) :={f e SRY): Df(0) =0, a € N} := NU{0}},

where D% := 031 ... 0gN for a = (aq,... ,an). By Z we denote the set of all integers
and by N the set of all natural numbers. The space Z'(R") can be identified with
S'(RN) modulo all polynomials in RY, where S’(R™) denotes the dual of the Schwartz
space S(RY). Hence nyq(RN ) is a space of equivalence classes whose elements in
general possess different derivatives. This leads to the fact that it is not appropriate
to construct solutions of a concrete PDE in such a space. In such a situation it is
desirable to have a space of functions, which motivates the alternative definition given
below.



Recall that a Littlewood-Paley decomposition is given by a family of functions
¢; € S(RY) satistying Y, ¢;(€) = 1 for £ € RN\ {0}, where ¢;(€) 1= ¢o(277€) and
0 # ¢o € S(RY) such that supp% C {1/2 < |¢| < 2}. Moreover, for a Banach space

E, we denote by &’ (RN ; E) the space of all E-valued linear continuous functionals on
S(RM), i.e. S'(RV;E) := L(S(RV); E). Note that then

SR E) = LYRY;E) — S'(RY;E), q€ [, 00].

Definition 2.1. Let E be a Banach space, 1 < r,¢ < oo, s € R, and {¢;}cz a
Littlewood-Paley decomposition. If

either s < N/r or s=N/r and ¢g=1, (2.1)
then the E-valued homogeneous Besov space B;q(RN ; E) is defined by
B (RYNE) :=
{f € S'RYE) < Ifllg, wngy <00, F=) o5+ finSRYE),
JEZ

where
1/q

1N, vy = > @95 # fllLr@ne))°
JEZ
On the other hand, if E is additionally the dual space of a Banach space F, s € R,
1<7rqg< o0, and

either s> N/r or s=N/r and q#1, (2.2)
we set
38 N, . (1—S N,
B (R™SE) := (B, (RY:F)). (2.3)
Remark 2.2. (1) Definition 2.1 relies on the fact that under condition (2.1) the
series > .7 ¢; * f converges in S'(RYSE) for f € S'(RY;E) with || f| . ®NE) < OO
T,q )
For E = C, the set of all complex numbers, a proof of this fact can be found in [3], [14].

We omit the proof here, since the one given in [14] directly transfers to the E-valued
case. Note that || f|| By (RN:E) < O is not sufficient for the convergence of 3, ¢; * f

in S’(RV;E), if the parameters s,r,q satisfy the inverse condition (2.2). Therefore
we used definition (2.3) in that case. Also note that the first ones who made use of
definition (2.2) in the case E = C for the space 82071(RN ) related to the Navier-Stokes
equations were O. Sawada and Y. Taniuchi in [19] and O. Sawada in [18].

(2) By standard arguments it can be easily shown that Biq(RN ; E) is a Banach space.
(3) Requiring f to have the ?epresentation f= ZjeZ ¢j * f ensures, that (E-valued)
constants are not element of Bgovl(RN ; E). This yields the continuous embedding

B3, 1(RY;E) — BUC(R";E).
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(Observe that HCHB?,QJ(RN;E) =0 for c€ E!)

(4) In this work we do not make use of Bﬁﬂq(RN; E) for r, ¢, s satisfying (2.2) with
r =1 or ¢ = 1. Therefore we skipped a proper definition of those spaces.

(5) In the scalar-valued case E = C for all values of the parameters s,r,¢ as in

Definition 2.1 the space Bﬁyq(RN ) is isomorphic to Bﬁvq(]RN ), see [3], [14].

The embedding in Remark 2.2 (3) is of crucial importance for estimating the
nonlinear term in Section 4. But, since the Helmholtz projection P, is expected
to be unbounded in BUC(R?; LP(Ry)), it is necessary to employ the larger space
Bgom(RQ; LP(R4)), which admits the boundedness of P,. For this purpose we de-
fine

BUCRN;E) := {f € BUCRM;E); f = Y ¢, f in S'(RY;E)}.
JEZ

Since the series ) 7 ¢; * f converges in S'(RNE) for f € BUC(RY;E) this space is
well-defined and it is isomorphic to BUC(R™; E) modulo constants. We also define the
solenoidal part of BUC by

BUC,(RN;E) := {f € BUC(RYN;E);divf =0, flozy = 0}. (2.4)
An essential ingredient for the calculations in Section 4 will be
Lemma 2.3. Let N € N and E be the dual of a Banach space F. Then
B 1 (RY;E) — BUC(RYN;E) — BY (R E).

Proof. The first embedding can be proved along the line of Remark 2.2(3). It remains
to prove the second embedding. To this end let f € BUC(RYN;E) and ¢ € 3971(RN; F).

Since 8971(RN :F) C LY(RY;F), we can form the dual pairing of f and ¢ and compute

(o) = ), Y ¢ * o(x))F edz]
JEZL
< 1 f(@)lell¢; * p(@)[lrdz
%/RN E||¥j F
<

1l Il oy
Thus, by definition, f € BgO’OO(RN; E) and we have

Ifllge, @y = sup [(fs o) < I lBucn;g)-
’ PEB L (BRYF) Il g0 v p)=1

O

Next we state some density results of certain subspaces of smooth functions. This
will turn out to be helpful in proving the strong continuity of the semigroups derived
in Section 3.
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Lemma 2.4. Letn € N;1 < p < oo and D C R be an open set. Let E be a Banach
space and s,r,q be as in condition (2.1). Then

(1) {u € B: (R™E) : Du € BS (R™E), ac Ng} < B (R E).
. . d os e

(2) By (R Nyew, WHP(D)) — B} (R*1; LP(D)).

(3) {u € B; (R" LP(D)) : D € B, (R"™1; LP(D)), a € Ng}
< B, (R LA(D)).

Proof. (1) Choose a mollifier ¢., i.e. p-(z) = Lpo(z/e) with 0 # g € CF(R™),
©o > 0, and [p, po(z)dz = 1. We claim that e * u — u in 857(1(1&”; E)if e — 0 for
each u € Bﬁ,q(R”; E). Indeed,

||SDE *U— uH%ﬁ’q(R";E)

k+2
< D DD 2PN * b5 — d5) + bk x ull parnsy
keZ \j—k—2
ft2 "
< Y | 2%l ull oy D e * b5 — dillieny | (2.5)
kezZ Jj=k—2

where we applied the vector-valued version of Young’s inequality, see [1, page 13]. Since
SE e+ 05— dyllin < D o(lee * d5lls + 05l) < 10ldol, < € (0,1), it
is easy to see, that the series in (2.5) converges uniformly in ¢ € (0,1). Thus, we
may interchange passing to the limit and summation, which yields ¢, * ©u — u, due to
e * ¢j — &l 1(rny — 0 if € — 0. This implies (1) in view of

T

k2
[1D%pe * ull g, (gngy < ST DD 2¥6) « Dol llon * ull parnsy
keZ \j=k-—2

IN

SldollilD%pellilluligy gy @ € No-

(2) First suppose D = R. Here we choose a mollifier in the last component, i.e. a
function 15 := $1po(xn/8) with 0 # 1y € C°(R), ¥ > 0, and [, to(zn)da, = 1. By
similar arguments as in the proof of (1) we obtain s *,, u — u in Bﬁ’q(R”_l; LP(R))
if 6 — 0 for each u € Bﬁyq(R””; LP(R)), (here #,, denotes the convolution w.r.t. the
last component x,,). For u € Bf’q(]R"_l; LP(D)) we set

us = 15 *q, Eou € Bf,q(Rn_l? Miex, WH(D)), 6> 0,

where rp : R® — D is the restriction and Ey : D — R™ the trivial extension. We
compute

||lus — u”B’ﬁ,q(Rn—l;LP(D)) = |rp¥s *z, Eou — TDEOUHB;(Z(R”—%LP(D))
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< s *2, Bou — Eoullgy @n-1,00m)) — 0

if & — 0, which yields (2).

(3) This follows by combining the mollifier arguments in the proof of (1) and (2),
i.e. here it can be shown that . *. rpys *z, Eou — u if (,9) — 0 for each u €
B (R 17(D)). 0

The following operator-valued Mikhlin type multiplier result is fundamental for the
treatment of the linearized equations in Section 3.

Theorem 2.5. Let N € N, E be a Banach space. Let s € R, 1 <r,q < oo be satisfying
condition (2.1). Furthermore, let m € CN+L(RN \ {0}, L(E)) such that

m = max sup €] D¥m(¢ < 0. 2.6
Imlae) |a|§N+1§€RN\{O}\ D M) | 2y (2.6)

Then F~'mF is a bounded operator on B’;f’q(]RN; E) and we have
||]-'_1m.7-'\|£(3%q(RN;E)) < Cllmll ey (2.7)

where C'= C(n) > 0 is independent of r,q,s and m.

Remark 2.6. If E is the dual of a Banach space F, by definition the assertion is also
valid for Biq(]RN ;E), if s, 7, ¢ satisfy condition (2.2).

A function m : R™\ {0} — L(E), satisfying the assumptions of Theorem 2.5, is
called an operator-valued multiplier on Bﬁ’q(RN ; E). Easy examples of operator-valued
multipliers are given by scalar-valued multipliers, i.e. functions m : R" \ {0} — C that
satisfy the assumptions of Theorem 2.5 with E = C. Indeed, by the identification
m = m - I, where [ is the identity on E, it is easy to verify that m is also an operator-
valued multiplier. The key for the proof of Theorem 2.5 is the following lemma.

Lemma 2.7. [1, Lemma 4.2(i)] Let N € N, s € R, 1 < r,q < 00, and E be a Banach
space. Given j € Z, suppose that m € CNTHRN \ {0}, L(E)) such that

. e— ‘OCI DO‘
= max sup m < 00. 2.8
1 o] SN+1 9j-1<|g|<2i+1 ’5‘ H (§)H£(E) ( )

Then F~1(ma;) € LY(RY; L(E)) and

IF~H(méj)l pr@vicey < Cry,
where C'= C(n) > 0 is independent of m and j.

Proof of Theorem 2.5. Since Z]-GZ éj =1 (except at 0) and suppd?j N suppoy = 0
for |j — k| > 3, we calculate

o0

1FmF Al ey = 2 @llows (FImEDI)

k=—o00

12



00 k+2

< Y| DD 2%ley « (FmES) # grlly

k=—oco \j=k—2
It follows from ¢; * (F~'mFf) = ¢; % (F'm) = f = (F~1(mg;)) * f that

[e's) k+2

6 S 20 | D0 2Nk (Fiméy) « f x ulls

|F'mFfIL, on
7a(R ,
k=—o0c0 \j=k—-2

Lemma 2.7 and again Young’s inequality in the general form as given in
[1, page 13] yield

I mF A,

;E)
0 k42 R 1
< Z Z 25| F = (mo)| | v cen |+ kel
k=—oo \j=k—2
0 k+2 e
< DD 2Rl f ekl |

k=—oco \j=k—2

where 11 is defined by (2.8). Since assumption (2.6) implies that sup,cz 15 < [|m||ar(g)>
we have

o0

_ s 1
1F 7 mF Sl ey < SCOImllare (Y @FI1f*orll)?)
k=—oc0
< 50 Imllare) 11l )
We have proved Theorem 2.5. O

In the sequel we will also make use of the following type of an operator-valued
bounded H°-calculus.

Definition 2.8. Let N € N, ¢ € (0,7), and E be a Banach space. Let s € R,
1 <r,q < oo be as in condition (2.1). Let A be a sectorial operator in Z = Bﬁ,q(RN; E),
ie., A is a closed operator in Z with a dense domain D(A) and dense range R(A)
satisfying
A+ A) e SC/IAL, A€y

for some 6 € (0,7) with C' > 0 independent of A\, where ¥y is the sector {z € C\
{0};]argz| < 0}. We say that A admits an (L(E)-) operator-valued bounded H>-
calculus on Biq(RN ; E) if there exists a Cy > 0 such that

||h(A)||g(z§g’q(RN;E)) < C¢‘|h‘|L°°(E¢;£(E)) (2.9)

for all h € H®(X4;Ka(E)) :={h: Xy = Ka(E) : h bounded and
holomorphic}, where

KA(E) :={T € LE): T\ +A) =N+ A)7'T, A p(-A)}). (2.10)

13



We denote the class of all‘operators admitting an operator-valued bounded H *°-calculus
on B (RN E) by H%OP(B%(RN; E)). The angle

Pop(A) :=inf{p € (0,7) : there is a Cyy > 0 such that (2.9) holds}
is called the (operator-valued) H*-angle of A in B;,,q(RN; E).

Remark 2.9. (a) It is clear that the definition above extends to arbitrary E-valued
Banach spaces.

(b) Setting E = C, we see that A € H%Op(Bﬁ,q(RN; E)) in particular implies a scalar
bounded H*-calculus, i.e. A € HOO(Bﬁ’q(RN)).

(c) Set g(2) := 2° s € [0,1]. Then g : Xy — Xy for ¢ € (0,7). This shows that
hog € H®(X4;KCA(E)) for h € H®(X4;KCa(E)). Assuming that A € H%OP(B;qu(RN; E)),
it is not too difficult to see that A® = g(A) is sectorial on Bﬁvq(RN; E) (see e.g. [5]) and
that h(g(A)) = hog(A). Thus

”h(g(A))Hg(Bg’q(RN;E)) = ||h°9(A)||£(Bqu(RN;E))
Collh o gllLos(s,:c(E))

<
< CollhllLos(sye(8))

for h € H>*(X4; K4(E)), which shows that the property of having a .
operator-valued bounded H*°-calculus transfers to fractional powers, i.e., A € H%OP(B,‘f,q(RN :E))

implies A* € 1 (B; ,(RV;E)) with ¢, (A°*) < ¢35 (A) for s € [0,1].
Note that for

h e Hi* (X4 Ka(E)) := {h € H*(X4;Ka(E)) :

|2I°

h <O
|| (Z)Hﬁ(E) = (1+ |z|)2s

, 2 € Xy, for some C, s > 0}

the operator h(A) is defined by

h(A) := L

T 2mi

/ B — A)~1d),
I

where T is the path I' := {re??; 00 > r > 0} U{re=";0 < r < oo} for 0 € (0, ¢), passing
from ocoe® to coe~. This representation explains the restriction of the values of the
functions h to the subalgebra K4(E). Otherwise there would be a second, possibly
different, way to define h(A), namely by the integral
1
h(A) == — [ (A= A)" h(N)dA.
21 T

This differs from the scalar-valued case, where these two definitions always coincide.
Thus, in order to obtain a compatible definition for the operator-valued case it is
reasonable to use this restriction.

14



By the additional decay in 0 and oo it is obvious that h(A) € E(l’j"[s)’q(RN ;E)) for
h € H3°(X4; Ka(E)). To define h(A) for arbitrary h € H*(Xy;
KA(E)) we take z — g(2) := z/(1+ 2)? € H*(X4; Ka(E)) and set

h(A) := (hg)(A)g(A)~"

initially defined on D(A) N R(A). Since the convergence lemma (see [4]) is still true for
operator-valued holomorphic functions (see [11]), as in the scalar-valued case it suffices
to prove (2.9) for all h € H{°(X4;K4(E)) in order to obtain the validity of (2.9) for
all h € H>*(X4; K4(E)). For a more comprehensive introduction to an operator-valued
H-calculus we refer to [13] and [11], for the scalar-valued case see [4] and [5].
Examples of operators that admit an operator-valued bounded H*°-calculus on

Bﬁyq(RN; E) are in order. The first one is the Laplacian A = Z;V 1 8]2, ;j = 0/0x;.

Proposition 2.10. Let N € N and E be a Banach space. Let s € R, 1 < r,q < o0
satisfy condition (2.1). The Laplacian —A in Bﬁyq(RN; E) with domain D(—A) ={u €
5’5 JRYE) : DY € BS JRY:E),a € NYY, |a| < 2} admits an operator-valued bounded
Hoo-calculus on BS (RN E) with H>-angle ¢g5,(—A) = 0.

By duality, estzmate (2.9) still holds for A = —A if E is a dual space and s,r,q satisfy
(2.2).

Proof. Note that the sectoriality of —A in B;?’q(]RN; E) with spectral angle ¢_A = 0
is an immediate consequence of Theorem 2.5 and Lemma 2.4 (1). Indeed, it is well-
known that FA(A — A)7LF~L = X\(\ + [£]?) ! satisfies the scalar Mikhlin conditions
also for |a] < N +1 (instead of |a| < [N/2] + 1) and for all A € ¥,_,, and arbitrary
wo € (0, ).

Now let ¢ € (0,7) and h € H3°(X4; Ka(E)). Taking Fourier transform yields

1

Fh(=A) =5 g hNFA = (=A)~Hdr=n(] - ),

and by assumption obviously

sup  |[R(€]*)]lze) < C.
£ERN\{0}

We will prove now that & + h(|¢]?) satisfies the Mikhlin condition of Theorem 2.5. To
this end one can copy the proof for scalar valued h (i.e. E = C, see e.g. [16]) verbatim,
simply replacing absolute value | - | by the operator norm || - [| ). But for the readers
convenience we give the proof here.

We have to calculate DYA(] - |?) for any multi index « satisfying |a| < N + 1. By
induction we deduce for arbitrary m € N

3]
DPR(EP) = aph™ PP, e RV\{0}, j=1,...,N,
k=0

w[3
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with certain coefficients ay, € N for k € {0,... , [%]}, where [r] := max{¢ € Ny : £ < r}
for r > 0. For an arbitrary multi index o € N(])V iterative application of D% then leads
to

Dh(Ig]*) = DR¥---D5*Di*h(l¢P?)
= Y aghllel (g2 ¢ e RV {0}, (2.11)
p<[8]

where 8 < a and [a] for multi indices «, 3 € N} has to be understood componentwise.
In order to estimate the derivatives of the holomorphic function h we define

r(t) = %sin(qﬁ), t € (0, 00).

Then the ball B, (t) is contained in the sector ¥4 for each ¢t € (0,00). Thus, by
Cauchy’s formula we may conclude

k!
1KY Ollee) < Crggr max 1Az
C(k, ¢)
< tk HhHOOv te (0,00), ke N07
where we put [ - [oo == || - [|oo(s,;c(E)) for simplicity. This fact applied to (2.11) for

Dh(| - |?) yields

€MD R(E) e < Cllhlloo Y aplé] el 1I=1PD =27

p<[5]
il
< Clhfleo Z aﬁmm 28]
= Clhfle Z ag < Cllhllos, &€ RV {0}, (2.12)

s<[3]

since |a — 28| = |a| — 2|8| for B < [§]. Hence, the conditions of Theorem 2.5 are
satisfied and in view of (2.7) and (2.12) we obtain

||h(_A)”c(Bqu(RN;E)) = H]:_lh(| ) |2)‘7:||£(B'$,q(]RN;E)) < C|hfl
for all h € H5®(X4; L(E)) which proves the claim. O

By the preparations above we are in the situation to give an elegant proof of the
boundedness of the Helmholtz projection on 55 (R"~%; LP(R4.)).

Corollary 2.11. Letn e N, n > 2,1 <p < oco. Let s € R, 1 <r,qg<oo beasin
Definition 2.1. The Helmholtz projection P is bounded on B;iq(]R”_l; LP(Ry)).
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Proof. We use the representation
P, =r(I+RR"E

as given in (1.17) and (1.18). Obviously r € E(Biq(R”_l; LP(R)),B,?,(I(

R" L [P(Ry))) and E € E(B;q(R”_l; LP(R4)), B;‘;’vq(R"_l; LP(R))). It remains to prove
the boundedness of R = (R1,...,Ry) on Bﬁvq(Rnfl;Lp(R)). Forj=1,...,n—1 we
write formally

Rj = 0;(=A)7"2 = Rjh(-A),
where R := 0;(—A' )~1/2 is the tangential Riesz operator and
BB K m(IPR), h(z) i= [o( — Ag) V2
for some ¢ € (0,7) and A, := 9;. Theorem 2.5 easily yields R} = F~! [‘Zg—fl : I] F e
L'(ngq(R”*l; LP(R))), since % satisfies the scalar Mikhlin conditions. Furthermore,

€71
from well-known resolvent estimates for the Laplacian —A,, on LP(R) we obtain

12(z = Ap) MLy < Coy 2 € S

(This is easily proved by applying the standard Mikhlin’s theorem.) This implies

h € H®(Sy, K_a/(LP(R))) and therefore h(—A') € L(BS,(R"L;

LP(R))) by Proposition 2.10, which proves the boundedness of R; for j =1,... ,n—1.
In the case j = n we directly write R, = g(—A’) with

9: 25— K_a(LP(R)),  g(z) = 0u(z — A,) /2.

Again by well-known estimates for —A, we deduce g € H (g K_ar(
LP(R))) implying R, € L(BS, ,(R""; LP(R))) and the proof is complete. O

Corollary 2.11 allows us to define the solenoidal part of Bﬁ’q(Rnfl; LP(Ry)) as

Bl (B IP(RY)) 1= Po(B), (R LV (R))). (2.13)

r7q7o-

Since P is a bounded projection, this is a closed subspace of
B; (R LP(R,)). At least for the most important case in this note we will prove in
the Appendix (Lemma A.2) the validity of the usual characterization

B1o(R* 5 LP(Ry))

= {u e B j(R" ™ LP(Ry)); divu = 0,u - v|prn = 0}

for 1 < p < co. The crucial step will be to give a meaning to the trace u - 1/|3R1 =0.

As another consequence of Proposition 2.10 and Remark 2.9 (c) we obtain the
following operator-valued bounded H*°-calculus for the Poisson operator. It will turn
out to be the key-ingredient in the proof of the resolvent estimates of the Stokes
operator in Theorem 3.1.
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Corollary 2.12. Let N € N, E be a Banach space, and s € R, 1 < r,q < oo be as
in (2.1). The Poisson operator |V| := (—=A)Y? admits an operator-valued bounded
H®-calculus on B,‘f,q(RN; E) with H>-angle ¢3,(|V|) = 0.

By duality, estimate (2.9) still holds for A = |V|, if E is a dual space and s,r,q satisfy

(2.2).

3 The linear problem

In this section we consider the linear problem (Stokes + Coriolis + Ekman):

E aU”
atq) —vA® + Qeg X O + (U (l’g) . V)(I) —+ (1)3 O3 = —V']’['7
v-e = 0, (3.1)
q’(tvx)|$3=0 = 0,
ot z)li=0 = Po(x),

for x € R and ¢t € (0,00). After applying the Helmholtz projection P, the above
equation (3.1) can be written in operator form as follows

D+ AD 4+ QSP + Cp® = 0, B(t)|,—0 = Po, (3.2)

where A is the Stokes operator in a half-space, S = P JP_ is the Coriolis operator in
Ri, and Cg is the Ekman operator. Most of the results below are stated in arbitrary di-
mension n > 2. Only if the Coriolis and the Ekman operators come into play we restrict
dimension to the case n = 3. Since the results here are based on the results in Section 2
the proofs work simultaneously in all homogeneous Besov spaces Bﬁq(R”_l; LP(Ry))
as defined in Definition 2.1. Therefore, throughout this section we assume 1 < p < 0o
and s,7,q to be given as in condition (2.1) or condition (2.2) and set for simplicity
X 1= By, (RL LP(R,)) and X, i= B3, o (R™L LP(R,)) = P (B, (R™L LP(R ).

T7q70—
We start by stating the generation result for the Stokes operator. Without the loss
of generality we may assume v = 1 for the viscosity parameter. By the equality

(A+vA)~t = 1(2+ A)~L all the proved results for A easily follow also for the opera-
tor YA and any fixed v > 0. Hence the Stokes operator is given as

A = Ag: = -P.A,
+
D(A) = D(Ap)nX,
{ue X: D% € X,a e Ng,|af <2,ulprr =0} N X,

where Ap denotes the Dirichlet Laplacian in X and a € Nj is a multi index. By a
standard perturbation argument we will show afterwards that also

Ap = A+QP,JP, +Cg
D(Ap) = D(A)

is the generator of a holomorphic semigroup on X,.

18



Theorem 3.1. The Stokes operator A is the generator of a bounded holomorphic semi-
group on X,, which is strongly continuous if condition (2.1) is satisfied. For each
wo € (0,m) there is a Cy, such that we have the resolvent estimates

2
Y AFPIVEEA A+ A) o) € Cpor A€ B (3-3)
k=0

The proof of this result requires some preparations. First let us recall a suitable
representation for the solution of the Stokes resolvent problem

A=Aju+Vp = wu in R7,
(SRP)yy . V-u 0 in R%,
v = 0 in R L

In [6] (see also [17]) it was shown that u = (A + A)~luy can be represented as
v = (A= Ap)tuy — R,
u" = (A —Ap) lul + v,
where R’ = (R}, ... ,R),_;) and the Fourier transform of the remainder v is given by
e~ w(gNzn _ o—l¢lzn
w(lg']) = 1¢']

where w(|¢]) = /A + |¢’|?. Furthermore, the Fourier transform of the related pressure
p is given as

[ee]
() = /0 o EDsgn (e’ s)ds, (€,x,) € R,

) = o DL et [7 ety ),

e w(g 0
(& xn) € RY. (3.4)
In order to estimate these formulae we follow the arguments in [17], i.e. we will prove

IVpllx < Cllfllx- (3.5)

Then, by plugging over Vp to the right hand side of (SRP)y ) it can be regarded as a
resolvent problem for the Dirichlet-Laplacian with data ug— Vp. The estimates for the
solution of this problem, which are proved first, in combination with (3.5) then yields
the assertion. The essential ingredient for estimating the formulae for v and p in [17]
is the bounded H>-calculus for the tangential Poisson operator |V'| := (—A/)1/2 =
F|€')F on LI(R™1). The corresponding ingredient in the situation considered here
will be the stronger property of an operator-valued bounded H°-calculus for |V’| on
Bﬁyq(Rnfl; LP(R;)) as provided in Corollary 2.12. This is due to the fact that here we
have to deal with E-valued spaces in contrast to [17].

As a further application of Proposition 2.10 we start with proving the desired re-
solvent estimates for the Dirichlet Laplacian Ap.
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Proposition 3.2. Let ¢g € (0,7). There is a Cypy > 0 such that the Dirichlet Lapla-
cian Ap with domain D(Ap) = {u € X : D% € X,a € Nj, |a| < 2,ulprn = 0}
admits the resolvent estimates

2
S TIAFRIVEE = Ap) o) < Cppr A E Sy
k=0

If X = Bﬁﬂ(R”_l; LP(Ry)) is such that condition (2.1) is satisfied, then Ap is densely
defined.

Proof. Observe that the resolvent of Ap can be represented as
A=Ap) lf=r(A—A)"te f (3.6)

with r the restriction on R”}, e~ as given in Definition 1.1, and A = A~ the Laplacian
on R™. Therefore it is sufficient to prove the corresponding statements for A on the
space B;f (R L LP(R)).

We have to estimate DY\ — A)~! for @ € N", |a| < 2. For this purpose we write
D% as D = DPOF with |B| + k = |a| < 2, where D contains tangential derivatives
only. Next observe that the resolvent of A can be written as

A=) =+ (-4) = Ay

where —A’ denotes the tangential Laplacian, regarded as an operator in the LP(R)-
valued space Bf ,(R"~!; L?(R)), and A, the Laplacian in the normal component, i.e.
in LP(R). Hence we can rephrase D*(\ — A)~! formally as

DA—=A)"Y = DPOFA+(-A) - A7t
D (—A)TIAV2Ry g (—A),

with
hapr(—A") = E (AN (=A") — A,) 7L

In the proof of Corollary 2.11 we already showed R’ € E(Bﬁg(R”*l; LP(R))) for the
tangential Riesz operators R; = 8j(—A’)_1/2, 7=1,...,n—1. Hence we may estimate

D%\ = 8) M s 1oy S Cllnsr (A ey v, ey
Now let ¢ € (0,p0/2). Obviously
hagk: T = LIP(R)),  p hygr(u) = Oh ()P N+ 1= An) 7Y,

is holomorphic and we have

C (o) |ulP1/?
sup ||h < sup ——————+
MEZP(/)H Ak ce@yy < MEZI; Dt D
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C (o, ¢)

< = <
— |)\|(2—|o¢\)/2’ A€ ZW—WO? |ﬂ| +k ’O[‘ = 27

by well known results for A, on LP(R), and since Reyv/A + 1t > ¢y, (/A + /|1 for
A€ Xr_ypy, b € Xp, and a certain c,, > 0, by our choice ¢ € (0,¢0/2). Let us
remark, that this choice of ¢ is admissible, since we have d)%op(—A’ ) = 0 according to
Proposition 2.10. Thus, we conclude

DA = 8) M s 1 oy

IN

CllFns (= A sy, rn—1;0 )
c

< <
S el A€ B lol <2,

which proves the first assertion.
Thanks to the item (3) of Lemma 2.4,

D(A) = {u € B ,(R" 1 LP(R)) :
D%u € BE (R LP(R)), o € N?,|a| < 2}
lies dense in Biq(R”’l; LP(R)), if condition (2.1) is satisfied. This implies
AA=A)T'f = f in B (R IP(R)) if A — oc.
Thus, by (3.6) it follows that also
MA=Ap) lf sre f=f inX if A= oo,
which proves D(Ap) to be dense in X. O

With the above preparations in hand we can turn to the proof of the generation
result for the Stokes operator.

Proof of Theorem 3.1
Regarding (SRP),, \ as the problem

A=Au = wu—Vp in RY,
u = 0 on R

Proposition 3.2 yields formally

2
D AIVE R ullx < Cpglluo = Vpllx, A€ Bapy
k=0

So, if we can show

IVPlx < Coplluollxs A€ Ermpy,
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the resolvent estimates for A follow. But this is an immediate consequence of the next
lemma for § = 0. To complete the proof it remains to show that A is densely defined
in case that condition (2.1) is satisfied. To this end we write

A+ A) rug = AN = Ap) M ug — S(Nug), (3.7)
where
S(Nug :=Vp, wup € X, (3.8)
and p is given by formula (3.4). So, if we can prove
S(ANup =0 in X, if A = o0 (3.9)
for ug € X, we deduce in view of Proposition 3.2,
AMA+A)Hf = f in X, if A — oo,

which yields the assertion. But (3.9) follows from the next lemma as well. g
For later purposes we state the estimate for the pressure term, i.e. for

S(Nug = Vp

in a more general form.

Lemma 3.3. Let ¢y € (0,m) and § € [0,1/p/], where 1 = %—F 1%' Then there is a
constant C = C(0, ) such that
=6 ¢
V172500 e < s A€ Enmpe (3.10)

Furthermore, if r,q, s,p fulfill condition (2.1), then
SN f—=0 inX if \ > o0
for f € X,.

Proof. Fix ¢ € (0,7) and ¢ € [0,1/p']. Let ¢ € (0,0/4) and define
for f € LP(R4),

(ha(2))(wn) = Q+wa)féem
> —w(z)s
< [T s, 2 e s ms0

Then, by representation (3.4) we see that |V/|~°(S(\)ug)™ can be written as

V|72 (S(Nuo)™ = =R’ - ha([V' )b,  up € X.
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We already know that R’ € £(X). Therefore, in view of Corollary 2.12, it remains to
show that hy € H*®(X4; L(LP(R))) with the upper bound given in (3.10). But for
f € LP(R) we have

- - —ET > —w(2)s
) e < |(1+ 505 ) 20 e o [ s ()lds
w(z) .
c —w\ 2
< (1 i) I s e
< o1+ o)) | =
w(z) (2) lw(z)[p 7 1P R

Our choice ¢ € (0,pg/4) (which is possible in view of P = 0) implies the existence

of a ¢1 = c1(po) > 0 such that Rew(z) > c1(y/|A| + |2]) for A € Er_yy, 2 € 3g. Then,
it easily follows

z
‘w(z) < Cpyy AEXn_yy, 2 € Xy,
and
L% yex z€X
w(z)P = A7’ T S
Hence, since ¢ € [0,1/p/], i.e. —,—5>0

C
1hA(2) |l (Lr®yy) < W%’ AE Sy, 2 €y

Employing Corollary 2.12 we finally may conclude

n—1

IV (SNuo)"lx = IR - ha(IV' Dupllx < C D (V' |l x
j=1
< (n = DChAllLee(sycmr @) lluoll x
< CQOO‘)"_(S/QHUOHX7 A€ EW—AOm ug € Xo-
By the equality
. /A Z§/ Zf/ .
787117,
=Tl = e

we have
IV'[72(S(Muo) = —R'|V'|7°(S(A)ug)™

Again in view of R’ € £(X), we see that the corresponding estimate for |V/|79(S(\)ug)’
is reduced to the just proved estimate for |V/|=°(S(\)uo)™.
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In order to see the second assertion note that for 6 = 0 the function h) can also be
written in the form

(ha(2)f)(n) = /
(1 + W(ZZ)> w(Z)l/p/zlfie’”" /OOO e w()s <w(zz)>1/p f(s)ds

for z € ¥4, v, > 0. Consequently, by following the lines of the proof above we derive
the estimate

ISV fllx < ClI(=AY (X = A2 7| x.
The operator on the right hand side can be written as
(AN A = A) T = (A + (=A)) (A = A)TH(=A) T + (-A)) T

with o = 1/2p’. Now, in view of Proposition 2.10, (A*+ (—A’)*)(A —A’)~% is bounded
on X, even with an upper bound independent of A. Moreover, since the sectoriality of
—A" in X, implies also (—A)* to be sectorial in X, (with ¢(_ane = 0), we have

(AN (o 4+ (=AY -0 if o0— o0
for f € X,. Consequently
IS fllx, < CII(=AN2 W2 4 (=AYl x, -0 if A — oo
for f € X,. O

The boundedness of the operator P, on X and of the Ekman spiral solution U¥
now allows us to employ a standard perturbation argument for proving the generation
result for the full linear operator Ap. Here we give the detailed calculation, since we
are also interested in the dependence on Q and U¥ of the shift of the growth bound
of the semigroup e 42,

Theorem 3.4. Let pg € (0,7/2]. There are constants K1 = Ki(po) > 0, Ky =
Ka(po) > 1 such that for wy = wo(po) = 2Ky max{1, [K1(Q + ||[U%||1.0)]?} we have

EW—QOO g p(_(AE + W()>)
and

2
STAFRIVEAN 4+ A 4 wo) iz € Cppr A€ Sag,s
k=0

for some Cyp, > 0. Hence, Ag is the generator of a holomorphic semigroup on X,
with growth bound wa, < wo(m/2). If s,r,q satisfy condition (2.1), this semigroup is
strongly continuous.
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Proof. Set B := QP JP + Cg. For wy > 0 the resolvent of Ap +wy = A + B + wo
can be written as

A+ W +A+B)) ' =N +w+A) T+BA+w +A) (3.11)

Next we estimate ||B(A +wo + A) ™|z x). Since U¥ depends only on z, we obtain
ICE +wo+ A)Hexy < C(HUEllooHV()\ +wo + A) e

+ 10, U [loo | (X + wo + A)_1H£<X>>
C<P0

< __—%0
VA +wol

where we applied (3.3). This implies by the boundedness of P, on X

o]

1,005 |)‘+w0| > ]-)

IB(A +wo+A) Mz

_ 1
< Cgo | Q[(A+wo+A) 1”£(X)+7||UE 1,00
\)\+w0|
K
(24 [UP|100), A w0l > 1, (3.12)
|)\+WO|

where K1 = Ki(po) depends on upper bounds for [|[Py|lzx) and A + A) 7Y (x)
only. Note that there is a constant Ky = Ka(pg) > 1 such that |\ 4+ wg| > K;lwo for
all A € X;_y,, and wy > 0. Now we set wp := 2K max{1,[K1(Q + [[UP||1 «)]?}. Then
we may employ the Neumann series obtaining

VRN + (wo + A +B) " gx)

IV O+ wo + A) 7Moo I+ B +wo + A) 7 x)

C 0o 1/2 J
—Z _ W
M—l—wdm_k)ﬂ - [<2K2\)\+w0|> ]

IN

7=0
c 1
A+ wo|2K)/21 — (1/2)1/2
C

W, )\ 6 271—79007 k 6 {07 172}7

where we applied again estimate (3.3) for the Stokes operator A.
The assertion about the strong continuity is obvious, since D(Ag) = D(A). O
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4 Nonlinear problem - local existence

In this section we estimate the nonlinear term by utilizing the linear estimates obtained
in the last section. The goal of this section is Proposition 4.5. To prove this result we
will employ the Neumann series representation obtained in the proof of Theorem 3.4.
The difficulty is that the normal derivative terms combined with Riesz operators as
P 0,f cannot be estimated in the same way as the corresponding terms involving
tangential derivatives. As mentioned in the Introduction, we overcome this difficulty
by using a certain splitting of P.0, f as it will be introduced in (4.5). We start with
some basic estimates for the semigroup associated to the Laplacian. By BUC'(RY;E)
for an arbitrary Banach space E and N € N we denote the space of all E-valued BUC
functions whose first derivatives belong to BUC.

Lemma 4.1. Assumen >2,1<q<p< oo, d € (0,1/2]. Then the following four
estimates hold for f € BUC*(R"1; LI(Ry)) N BUC(R" Y,
Wh4(Ry)) such that florn = 0.

(1) ||etADajf|’Bgo’l(R”—l;Lp(RJr))

_s_1(1_1
< o) (1155, . s gy + 19 Al oorszages )
forj=1,...n—1 and any t > 0.

_s—1(1_1
}2) !|€tAD3nbf|\Lw(Rn—l;LP(RH) <t 1€ p)Hf||L°°(R"—1;W1’q(R+))
or any t > 0.

_1_1(1_1
(3) HajetADf‘|B&’1(R”*1;LP(R+)) <Ct 2 (3 ”>||f‘|B&7m(R'L*1;Lq(R+))
forj=1,...,n—1and anyt > 0.

1
(4) [|0n€™2 f| oo mn-1,10 (R, )) < CT 2 :(; p)HfHLOO(R”—l;L‘I(R+))
for any t > 0.

The constants C(6),C > 0 do not depend on f.

Remark 4.2. (a) Note that the trace f|or: always makes sense, due to the fact that

f(a',-) € WH(R,) — BC(R;) and the trace operator acts on the normal component
only. Note also that here and in the sequel we need the assumption f |3R1 = 0 in order
to ensure the validity of

Ed,f = 0,Ef. (4.1)

Here E = diagle™, e, e7] and E = diag[e, e, e*], see Definition 1.1.

(b) In the normal derivative case we cannot expect regularizing effect since the
normal derivative 9, acts on the third component (LP-part). Hence we cannot re-
place the estimates (2) and (4) by B, (R* ™1 WH(Ry)) — BY j(R*™1; LP(R)) and
B9, o (R1 LR, ) — B, (R"1; LP(R..)), respectively.

(c) Since 9; and e!P commute for j = 1,... ,n — 1, the estimates (1) and (3) remain
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true for 8jetAD f and etAD(?j f, respectively.

(d) The properties of the Dirichlet Laplacian Ap we use in the proof of Lemma 4.1
are known also for the Neumann Laplacian Ay. Hence all assertions of Lemma, 4.1 are
valid for Ay as well.

(e) Combining (c) and the fact that 9,e!*P f = e!AN9, f and e!2Pd, f = D,et™N f,
the estimates (2) and (4) are still true for 9,e'2P f and e'2P 9, f, respectively.

Proof. (1) Since 9; for 1 < j < n—1, —A’, and et2" act only on the tangential
direction we have

tA
le Dajf”Bgoﬁl(Rn—l;Lp(RJr))

= 37 116k * 2P0 fl 1o | e @n )

k=—o00
= S =AY gy x By (~ A f e
k=—o00

where we used the splitting Ap = A’+Ap,, and Ap,, denotes the Dirichlet Laplacian
in the normal component. Note that ¢ = ¢ (x1,x2) for all k € Z, i.e. the convolution
is with respect to the first two components. Multiplying 1 =}, ¢;*, it follows from
Ao (g * f) = ¢y % A0 f that

A
lef DaijBgo,l(Rnfl;Lp(RjL))

= 3 |1 dr d 200 ]l

kIEZ,|k—1|<2
li —
= > =AY g 2P (G % 05 (—A) 70 F)lpllso
kIEZ,|k—1|<2

Then vector-valued Young’s inequality yields (see page 13 in [1])

tA
le DaijBgoyl(Rnfl;Lp(R”)

< > (=AY Gl

klEZ,|k—1<2
XHetAD’"(gf)l * 3]'(_A/)76f)‘|L°°(]R"—1;LP(R+)))'

Hence, we obtain

tA
le DaijBgoyl(Rnfl;Lp(RJr))

< sup||e" P (¢ x 95 (—A") 0 f)]| poomn-1,0(R, )

lez
X Z (=AY e gl L1 1)
k—1]<2
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=9 SllelgHetAD’"(@ *aj(_A/)ﬂ;f)HLOO(]R”*;LP(]RQ)

<3 (=AY B 1 gy

keZ

The LP — L9-estimate of the operator e!®P.n yields

€22 (1% g)|| oo (rr—1;10 (R4 y) = I 16227 (61 % 9)lpl|oo
1

1
< a2 0))] 161 % glalloo

,l(l 1)
- Ct 2\a p Hgbl * gHLoo(Rnfl;Lq(R+)). (42)
On the other hand, it follows for § > 0 from Lemma A.1 (1) that
S NEAY Y gl p@ermy = D II(=A)Gi(@) il ro-1m)
keZ keZ
= A G gy gy < O
Thus we conclude by applying (4.2) for g = 8j(—A’)_5f that

tA
1220 fll g0, =10 R 1))

< or 30 qup o By

< Ct ilgg\laﬁz* i (—A) 7 fll oo (rr-1;L0(R ) (4.3)
_s_1i(1_1 _ 1_

= (Ot 2<q p)”&j.(_A/) 1/2(_A/)2 6fHBSO,oo(R"71?Lq(R+))
s_1(1_1 1_

< Ct 2(4 P)H(—A/)g 5f|VBgo,w(R"‘1%Lq(R+))’

where we used R € L(BY, o(R"™1; L(R,))) for the tangential Riesz operator R, =

9;(—A")~Y2 in the last inequality. By Proposition 2.10 the operator (—A’)%_‘S(l —

A"~1Y2 is bounded on BQO,OO(R"—I;LQ(RJF)) for 6 € [0,3]. Moreover, by gen-

eral results for fractional powers of sectorial operators we know that the norms

”(1_A,)1/2'|’B'go7oo(Rn—1;Lq(R+)) and ”‘“B'go’oo(Rn—l;Lq(R+))+||(_A,)1/2'||B&7M(R"—1;LQ(R+))
are equivalent. This implies

1_
=AY Fllgg, _mn-t00m0))
1_ _
= (A0 A= A Ly rpagesy)
< (Iflsg, _@nraaey + 1A Fllsy _@oripamsy) -

Combining this with (4.3) it remains to show

H(_A/)1/2fHBgoyoo(]R"*1;Lq(]R+)) < CHV/fHB?’.o,oo(R”*;Lq(RH)'
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But this estimate follows easily from the representation (—A/)Y/? = Z;:ll R}0; by
applying once again R, € E(BgO’OO(R"_l; L1(R4))).

For (2), since e!Ap = e!&'etApm and et20n, = 0,6, with Ay, the Neumann
Laplacian in the normal component, we see

HetADaanLOO(R2;LP(R+)) = |lanetANmetA’f"Lw(Rnfl;L;ﬂ(RJr))

!
= || 100" ¥ fl 1oyl Lo mn1).-

The LP — L9-estimate of the Neumann Laplacian e!ANn yields

1 _1(1_1 ’
1622 85 f| oo n—1;Lr(y)) < CF 2 (i ”)H 1€ fl a2 @n1)-

Since ¢4’ is a positive operator, we get
_1_1(1_1 /
||€"22 O f] oo (Re-1,10(R ) < Ct 2 :(; p)H Y| flrawy)ll oo (gr-1)
_;_1(;_;>
< Ct 2 2\a » ”f||Loo(Rn—l;Lq(]R+))7 t>0. (4.4)

_1(1_1
2000 llzmnrzoary < OFGH) 100l ey
1 1

S Ct7§<575> HfHLoo(Rnfl;Wl,q(RJr)), t > 0

Combining the above two estimates results

tAp g . <o 3G3) . t>0
|1€° P 0 f || Loo (mr—1510 (R4 )) < 11| oo (mn-1;w10(R, )y t > 0.

The remaining two inequalities (3) and (4) are consequences of estimates we al-
ready derived above. Indeed, setting § = 1/2 and having in mind that R;- €

E(Bgovoo(R"_l; Li(R4))), it follows easily from (4.3) that

A A
Hﬁjet DfHBgo?l(Rn—l;Lp(RJr)) = ¢ Dajf|’BgO’I(Rn—1;Lp(R+))
_;_1(;_;)
< Ot 2 2 gy, erize(ra)

for j=1,..,n—1and ¢t > 0. Furthermore, in the same way as we obtained (4.4) we
can show (4) in view of 8,6 7*2P = e7*AN§, and by interchanging the roles of Ap and
Ap. This completes the proof. (Il

From Lemma 4.1 we will derive estimates for terms of the form ajetADP+ f for
1 < j < n. The crucial term here is the one with normal derivative 9,,. The idea is
to split P.0, and 0,P4 into a normal derivative term without Riesz operators and
terms including only tangential derivatives and Riesz operators.
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Lemma 4.3. Letn>2,1<qg<p<oo,dc(0,1/2], and f € BUCI(R"!;

LY(R,)) N BUC(R™ L WhH(R,)) such that florn = 0. Then there are constants
Cs,C > 0 independent of f such that for j = 1,... , n—1 and k = 1,... ,n we
have

(1) ‘|6tADP+ajf’|L°°(]Rn—1;LP(]R+))
,5,1(1,1)
< Cst = 2\ | fllwreome-1iLa(ryy)s t >0,
(2) |22 P 4 0 f || oo (mr1; 0 (R4 )

_s—L(i_1
< 3G J<Wﬂuwmwawmmg>

oo sany ) €0
(3) |0ke" PP f] oo (1. Lo (., ))
1

1 1(1_1
< Ot 2 2<q P)HfHLoo(RnA;Lq(RJF)), t>0.

Proof. In the case that 1 < j <n —1 we have P,0;f = ;P f. Moreover, by Corol-
lary 2.11 the operator P is bounded on BY,  (R"~%; LP(R,)). Hence, Lemma 4.1 (1)

implies for ¢ > 0,
||etADP+ajf|’Bgo’l(R"—l;LP(RJr))
< o3l - V'fl;
< S |’f‘|B&7w(R"—1;Lq(R+)) + H f|’Bgo,oo(Rn_l§Lq(R+)) )

yielding (1) in virtue of Lemma 2.3.
In order to see (2) first recall that P, = rPFE by (1.17) and (4.1). Now we use the

following splitting of P09, f:
P,0,f = rPEO,f=rPo,Ef

n—1
= 10.((Ef),0) + > r0;R(Ro(Ef)) +
j=1

n—1
r(V, 0 RA(Ef)" =Y r0;RRn(Ef)"en
=1
n—1 ’
= 0uQof +) 9;Q;f (4.5)
j=1

= I+1I,
where the operators Q;, j =0,... ,n — 1, are defined by

Qg = ((Eg)'.0) = (¢,0), 3 (4.6)
Qg =rR(R,(Eg)’) + TR?L(Eg)”ej —rRjR,(Eg)"en,. 4.7
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Here we denote by e; the unit vector whose j-th component is 1 and Rh =
(Ryh, ..., Ryh) for scalar function h. To derive (4.5) we also used the facts that

OnR; = 0p0j(=A)2=0;0,(~A) " = 9;R,, 1<j<n,
n—1
R = —-I-) R
j=1

By the boundedness of 7, E and in view of R € E(Bgom(R"*l;Lq(R))) this implies
that Q; € E(Bgo’oo(]R"_l;Lq(]RJr))), j=1,...,n—1. Applying Lemma 4.1 (2) to I
and Lemma 4.1 (1) to II then yields

"2 P 4 O f| oo (n1: L0 (R )

n—1

1622 0, Qo fl| oo 1,10 (R 1)) + D ||€tADanjf‘|B&,1(R”*1;LP(R+))
=1

_5_;(1_1)
< Cst 2\ PIH[Qof]| peomr-twta(ry )

IN

n—1
t Z (‘|ij‘|B&,m(R”—1;Lq(R+)) + |ijlf‘|B&,m(R”—1;Lq(R+>>>]

j=1
,5,%(1,%
< Cst @) (||l oo r-t;wram )y + 1w ®n-1,ra®,))) -

For 1 < k < n —1 inequality (3) is an immediate consequence of Lemma 4.1 (3),
P, € L(BY o (R" ! L1(Ry))), and Lemma 2.3. In order to see (3) for k = n we use
OnetArP o f = AN 9, P, f and the splitting

n—1
O PLf = 0u(f,0)+ ) 0rR(R(Ef)Y) + (V' 0)r R (Ef)"

j=1

n—1
— Y 9irR;Ry(Ef)"en
=1
’ n—1 _
- anCQOf'+'j£:é%(2jf,

j=1
with Qj, j=1,...,n—1, as defined in (4.7) with E replaced by F. After applying
et~ | the first term of the right hand side can be represented by 9,e!*P(f',0), using
etAND, = 0,e!™P again. Hence, Lemma 4.1 (4) yields the desired estimate for this
term. Employing Lemma 4.1 (3), Remark 4.2 (b), and Q; € E(Bgopo(R”’l; L1(R,))),
j=1,...,n—1, we obtain for the other terms

n—1 n—1
A O A O
Het N ZlanijBgOvl(Rnl;Lq(R”) = ||aj€t N Zlef||Bgo,1(R"1?Lq(R+))
1= 1=
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1 _1(1_1
<ot 6l gy £ 0,

which proves (3) in view of Lemma 2.3. O

Lemma 4.4. Let ¢y € (0,7), 2 < p < o0, and B = QP JP, + Cg. There is a
C = Cy,, >0 such that

1 llsg, _zore

(1) = 20) SN gy ) € — 1
~ |A| o
» c
@ IV 20150 o < e Ml oo
. c
(3)  IBO=A0)" SNy, 1) € —1— Wllsy, o
’ P

for N€ Sa_yo, [N 21, f € By (LP/?).
Proof. We write the operator under consideration as
VEA = Ap)TrS(N) = (AN — Ap)TH(=A) T S(N)
for k = 0,1. Observe that
_ _k
||vke tADHE(BgO’l(Lp)) < Ct 2, t > 0,

due to Proposition 3.2. By Lemma A.1 (2) with o = 1/4p’ and the LP — L%-estimates
for Ap, we therefore deduce

I (A B

_ Hvkze—tAD/2(_A/)1/4p’e—tA’/26—tAD,n/2fHBO (
0,1

Lp)

kL tAp./2

< Ot 2 W |lem 2o f||g&7m(Lp)
_k_ 1 _ 1

< Ct 2w szfHBO o(Lp/2) t>0, k=0,1.

This implies for the resolvent
k N1/4p' -1 9
[VE(=A) (A= Ap)™ fll o () S ﬁ”f“go (LP/?)
e ‘)\‘ 27 1p’ " 2p

for A € ¥r_yy, k= 0,1. In combination with Lemma 3.3 this yields
IV*(A = Ap)~'S(A ) llge oy

C
e L LR VY g

NE

<
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C
m”f”ggwm(mm

for A € ¥r_y,, k= 0,1. This shows (1) and (2). In view of the boundedness of P in
82071(Lp) and the function U¥| relation (3) is an easy consequence of (1) and (2). O

The next proposition contains the crucial estimates that allow us to construct so-
lutions in the space BUC(R?; LP(R,)). Note again that due to the fact mentioned in
Remark 4.2 (a) we are not able to carry out the iteration in the space BY, | (R?; LP(Ry)).

Proposition 4.5. Let 2 < p < 00, ¢p € (0,7/2), 6 € (0,1/2], and wy = wo(po) as in
Theorem 3.4. There exist C = C(pg,0) > 0 and wy > wg such that

H er—t(AE'i'wl)PJraijL°°(R2§LP(R+))

_t_ 1 _s5(1—v¢
< 0B 00 (Il + Il @wioeg,y)  (48)

fort>0,0=0,1,j=1,2,3, and
f € BUCH(R?; LP/2(R1)) N BUC(R* W'P/2(R L)) with f|agn = 0.

Proof. For simplicity we omit the R notation in the spaces, i.e. we write W1 (LP) =
Wheo(R% LP(RY)), L°(LP) = L*°(R?; LP(R4)) and so on in the sequel. We will prove
the corresponding estimates for the resolvent of A, i.e.

IV + w1+ Ap) ' Py0; fl o (1r)

C
< 00 + oo (WL, 4.9
g (M lwaer) + 1 lmgors) (49)

for j =1,2,3, £ = 0,1, A € Sr_,, and f € BUC(LP/?). Then (4.8) easily follows by
the representation

1
e HAptwl) — / e A+ w + Ap)TtdA.
™ Jr

Now fix ¢g € (0,7/2) and set p := X\ + w;. We already pointed out that the resolvent
of the Stokes operator A can be written as

(u+A)" = (u—Ap) (I — S(n)), (4.10)

where S(u) is defined as in (3.8). Thus, according to (3.11) the resolvent of Ag is
represented as

(u+Ap)~h = (u—Ap) (I = S(u)[I +B(p+A)~""

Let us first consider the easier case of tangential derivatives. Since J; commutes with
P and all parts of Ap for j = 1,2, in this case we have

(1 + Ap) " "Py0if |l Lo (1r)
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— Ol Ap) 0T — S+ B+ AP Sl
C
< = (H(I =S + B+ A) TP fllgg (e
o) 2p ;

F I = QT + B+ A) TPV sy

C
=i (HfHLoo(Lm) + HV’fHLoo(Lp/z))
l,l, v

C
||1_ﬁ||f||wlm(m/z)7 (4.11)
lj, v

IN

where we applied Lemma 4.1 (1) as well as the boundedness of S(u), [[+B(u+A)~1 ™!
and P in the space BgO’oo(Lp/Q) given by Lemma 3.3, by w; > wp and our choice of wy
(see Theorem 3.4), and Corollary 2.11, respectively. Applying Lemma 4.1 (3) instead
of Lemma 4.1 (1) we can obtain in an analogous way

_ C
10i(p + Ap) PO fl oo (rr) < | |£0_021||aijL°°(LP/2)
/,L P

fori=1,2 and j = 1,2,3. Since

10, f gy < I fllwroeqzony 15 =12,

VARVAN

||83fHL°°(LP/2) Hf”LOO(WLp/Z)’

we conclude

10i(1e + Ag) " P10; f| oo (1)

Coyo
< g (1w 1) (412)
ILL 2p

The case of normal derivatives is more involved. Here we employ the Neumann
series and use the representation of the form

o0

(n+Ap)" = (n+A)[B(u+ A"
k=0

In order to estimate this expression we need

Lemma 4.6. There are constants K = K(pg) > 0 and wy > wq such that
|G+ A) B+ A) P03 [ oo 1)

K 1\*
= (55) (e + Wl @13
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and
103(1e + A) T [B(1+ A) P LI, fl oo 1)

K 1\F
i (35) (o +Wlimgro) (410
for all p—wi € Sy, j=1,2,3, k=0,1,2,..., and f € BUC'(LP/?) N BUC(WP/?)
with f|8]R1 = 0.

Before proving Lemma 4.6 let us complete the proof of Proposition 4.5 first. From
(4.13) we immediately conclude

(1w + Ap) " P03 f| Lo (rr)
= C 1\*
S Lo () (lhwnceisoy + U e

1—
K=o |p|" %
C
— 2 (Il o qursy + 1 i ) -

_|1*ﬂ

w
On the other hand (4.14) implies

103(1t + Ap) " 'PL8; fll oo (v

00 C 1 k
< > (F5) (e + 1l

1
k=0 |p|2 2P

C
107 (s + Wi
/_L P

for j =1,2,3. Combining these two inequalities with (4.11) and (4.12), estimate (4.9)
and thus the assertion of Proposition 4.5 follows. O

Proof. (of Lemma 4.6)
We apply induction over k. For k = 0 an application of Lemma 4.3 (2) and
Lemma 4.4 (1) implies

(1 + A) P18 f || oo rry = (1 = Ap) ™' (T = (1)) P05 f | oo (1r)

1
c[| 2575 (Mhesmorn 11~
M P

IN

1
e L PR

"2
K
——— (I lwre(zrray + 1 quiorm))

el

I
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for p —wy € ¥r_y, and some K > 0. Instead, if we employ Lemma 4.3 (3) and
Lemma 4.4 (2), we obtain completely analogous

- K
105(1n 4+ A) PO, fllpoo(rry < 7‘ ‘%7%Hajf||L°°(LP/2)
ILL P
K
< g (Mo + 1)
ILL P

for p —w1 € ¥r_y and j = 1,2,3. For the step & — k + 1 we first consider again
(4.13). Note that we have to make sure that the constant K, while doing this step, is
not increasing. We compute by using (4.10)

(n+A) ' B(u+A)" PO f
= (n+A) ' Bp+A) " B(u—Ap) Py osf
—(p+A) ' B+ A) T B(p - Ap) ' S(w)PLOs f
= L + 1.

We start by estimating I. According to (3.12) we have |B(u+ A)~!
”[)(B'go L(LP)) < 1/\/5 Consequently

HIQHLOO(LP) < C||I2Hz§go,l(m)

C /1\F
< — (== IB(t—Ap) ' S()PIs3f|l0 (1p-
< C(55) 1B A0 S0y

By using Lemma 4.4 (3) we can continue the calculation, concluding

c 1 1\"
1221 oo 2r) < N <\/§> IP+05fll g0, _(zor2y
M P

IN

C 1 1\"

ci 1 1"
= — | = ) fllpeqwrnry, B—wi € Zr . (4.15)
VIl =% \V2
,LL P

Here, we used the boundedness of P in Bgom(Lp/Q) and Lemma 2.3. The term I;
we split in further two parts by recalling B = Cg 4+ QP,J. Note that in order to
avoid another splitting, we write here P J instead of P JP. This is possible, since
P, JP, is a priori applied on solenoidal fields only. This yields

L = (u+A)'B(p+A)"N"Cr(p—Ap) 'PLosf
+Q(n+A) T Bu+ A)TPLI(n— Ap) TP O3 f
=: I+ 2.
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In order to estimate I;1, note that the Ekman part Cg can be written as
Cpv = P (UP . V)u+ P u305UF
2
= P> UPou+P UV -v)) + Py 05(UPvs), (4.16)
j=1

if divo = 0. Observe that we can employ this representation before our splitting in I
and I, since then this divergence condition is fulfilled. Now consider the first term of
Cr which contains tangential derivatives only. Since U” depends only on z3, we can
pull out its supremum obtaining

2
Eg.(, — -1 .
1P+ ZU]’ 9i(p— Ap) P+83f‘|zggo’1(m)

j=1
2
< O oo Y1105 = Ap) P05 Sl (1)
j=1
C
< U lP185fllgg 1oy
|22 ’
C C
< —0sfllgo. w2y € — 1 Il Lo qwrnrzy,
|l 22 ‘ pl2 2

where we used Lemma 4.1 (3) in the second inequality. Hence, by
BY, |(LP) < L>°(LP) we have for the first term of (4.16)

2
1+ A) B+ A) P ST UL (1~ Ap) PO 1o o)
Jj=1

C < 1 )’f A .
=== ) 1P+ UF0i(u—Ap) " "Pydsfllge (1
lul \v2 =’ ool

IN

< 02 1 1 k
> ﬁ’u’l_% ﬁ HfHLoo(Wl,p/Q)‘

We omit the details for the second part of (4.16). As it also contains only tangential
derivatives, we deduce in a completely analogous way

(s + A) T B+ A)THPLUS(Y - (10— Ap) T PL85f)) | oo nn)

C3 1 ( 1 >k T
oo ‘)‘/1,;7/2 .
vary |M|1_ﬁ V2 L )
For the third addend of (4.16) we conclude by applying the assumption of induction

1+ A) B+ A) P05 (UP[(1 — Ap)"Pdsf - es]) e (1r)
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K (1>k(uUE[< Ap) P10y f - esl]
1 s\ /5 H—AaD +03] - €3]l oo (wip/2)
)70 \V2

FIUP (i~ Ap) P 0y f - eg]nwm(m))

o1 1"
'LL P

where we used Lemma 4.3 (2) in the last estimate and set e3 = (0,0, 1).
In order to see the estimate for I12 we split P 0sf as in (4.5) and get

1
§\|Il2||Loo(Lp)
I(p+ A) ' Bu+A) N PLI(n— Ap) ' 03Qof| oo (1r)
2
+ Z (e +A) ' B+ A) " "PLI(n— Ap)'0,Q; fll e (zr)

IN

2
=: Ao —+ Z Aj.
j=1

For j = 1,2 we obtain
Aj < |l(p+A) "B+ A) P (u— AD)_lanijBgo’l(LP)

1 1
< C— A »
= M \f H(N D) JQJfHBO L(LP)-

Applying Lemma 4.1 (1) and the boundedness of Q; on Bgo’oo (LP/2) yields

1 1 1
A < - p/2y T+ % ; p/2
j mr(f) " (||ijr|Bo oy HIQ flly, iy
Cs 1
< —(=)"— f 00 (Lp/2
For Ay we use
J(p—Ap) '05Qof = 03I (n— AN) ' Qof (4.17)

to get by the assumption of induction that
1 1

=

#1190 - 83 Qo lyreqior )

49 (1360 = 280 Qo oy
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By definition (4.6) obviously Qg is bounded in L>®(WP/2). Applying well-known
estimates for the Laplacian with Neumann boundary conditions then yields

1 1 1
b < Ko e (v Vi)
0 = |Iu|1_ﬁ_§(\/§) ’H’ Hf”L (W1.p/2) Hwal (Lr/2)
Cr 1 1 k(
er L - . )
g ) Mllartor + 1Ty
Thus, setting Cpax = max{C1,...,C7} and choosing w; large enough, we can

achieve \/|u| = \/|A + wi| > 8CimaxV2/K, A € Syr_y,. Consequently,

103(1 + A) T B+ A) PO, fll Lo (1r)

= () (o + W lrceom)

for p —wi € ¥r_y, and (4.13) is proved.
Since it is very similar, we will be brief in details in demonstrating the step k —
k + 1 for (4.14). We use again the splitting

O3+ A) B+ A) P 0, f
— Oy(u+ A) U B(u+ A)B(u— Ap) 'R0

— 93+ A) T B+ A) B — Ap) ' S(w)P 0 f
= J1+Jy

and deduce in the same way as in (4.15)

C1 1 1
| 2| oo < ——F (
Lo (ze) \/WM%*% V2

C4 1 <1>k
< ———|—= Fllwree o2y + 1f1 oo wins

for p —wi € ¥r_yp, and j = 1,2,3. The term J; we split again as

k
) 10 e 102,

Bo= Oy(ut A) B+ A)FCp(u— Ap) PL0;
+Q03(p+ A) T B(u+ A) P I(n— Ap)T'PLO;f
=: Ji + J1a.

In this case we can use for Cg the representation
Cpv =P diviv @ UF + U ®v).
Then we can apply directly the assumption of induction, which implies

[i1ll o (zor2)
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K 1" E -1
< o (5) 107 e 6= A0) P8 fllyeury
PERANE

G- AD>—1P+aijLoo(Wl,p/2))

Cg 1 < 1 >k: (
= Uaas\a | >
\/mm]%_ﬁ V2 £l (LP/?) Ifllz (Wip/2)
for p—wi € Sr g,
We turn to the term Ji2. In the same way as we applied Lemma 4.1, the bound-

edness of P, and Lemma 2.3 several times above, the cases j = 1,2 can be handled.
Therefore we restrict our considerations to the case j = 3. Splitting P05 f yields

1
§||J12||L00(Lp)
< ||0s(p+ A) T B(u+ A)TFPLI (0 — Ap) T 95Qo f | oo (1)

2
+ ) [10s(n+ A) B+ A)TPLI (1 — Ap) T 0;Q; fll o 1v)
j=1

2
=: BO =+ ZBJ
j=1

By (4.17) and the assumption of induction we obtain analogously to the estimate for
Ag that

K 1\" -1
By < 5\ T = AN) " Qo f oo (Lar2y
/1’ P

#1900 ) Qoo

C; 1 1 \*
m‘ﬁ? <\@) (Hf”wl,oo(];p/2) + Hf”Loo(Wl,p/Q)) .
|22

Furthermore, similarly to the estimates for A;, j = 1,2, we deduce

c (1\" -1
B < —— (=) |IPLJ(u—Ap) 8ijfHBgo’l(LP)

Vel \v2
c [ 1)\* .
< < (G5) 102000 sy o
c 1\ 1
< <> —— Qifllgo, _rer
Il ANV2T )2 |
Cy 1\ 1
< 2(%5) g Wllsmaorn,
|22
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where we simply applied Lemma 4.1 (3) instead of Lemma 4.1 (1) this time.
Summarizing, and by choosing w; large enough we can again achieve \/m >

5CmaxV2/K, A\ = —w € Yr—pos Where Chax == max{C1,...

,C4}. Consequently,

103(1 + A) T [B(+ A) PO, fll oo (1)

i1 s , OO P + (o) N2 )
mE: (F5) (wrcmqomy + Wl

for p —wy € Xr_yy, J = 1,2,3, and the lemma is proved. Il

5 Proof of Theorem 1.2

In this section we prove Theorem 1.2.

For vy € BY | ,(R? LP(R)) choose K > 2C,,e“ [|vo |0 L (R2Lp(Ry)) Here Cy, is

oo,l,0
the constant appearing in Theorem 3.4.
Put Y := L>®°((0,T); BUC(R?; LP(R))). For T > 0 let

Xrx = {v(z,t) € Y; '°Vu(,t) €Y, divo =0, v|orn =0, ||vl|x, < K},

where
I0llxy == sup |[v]|gee(zoy(t) + sup /2| Vo||poo(re)(t).
0<t<T 0<t<T

Next define F' by
(Fo)(t) := e "AByy + N(v,v)(t) for v € X7 K,

where .
N(v,w)(t) := —/ e~ (=9ABP_ div(v @ w)(s)ds.
0

To apply the contraction mapping principle we prepare the following estimates derived
from Proposition 4.5.

Lemma 5.1. Let p, g, 6 and wy = wo(po) as in Proposition 4.5. There ezists a
constant C = C(pg,0,p) > 0 such that

[N (v, w) ()] oo (1) < O (Mt ° 4 Myt~ 0t 2Y, (5.1)
VN (0, ) (1) | oy < Ce™ {Myt2 % + Myt %) (5.2)
fort >0 and all v,w € Xp . Here, My = M,M,, and My = M, M,, + M,M,,, where

M, := sup HuHLoo(Lp)(s) and M) = sup 51/2HVUHL00(LP)(S)
0<s<T 0<s<T

forue Xt k.
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Proof. We have by Proposition 4.5

t
IV (0, w0) (D)oo oy = || — /0 e~ IAEP div(v © w) (5)ds] | e (1)
t
< e [l IAE P div(o © w)()l |y
0
t a1
< Cuyppe™ /0 (t—5)" % (0 ® wl oo (12,

v ® wl| poo (r1.072y) (8)ds.

Since
(110 @ Wl qgarzy + 110 @ wll iz ) (5)
< C <||U ® || poe(rr2y + IV (0 @ W] oo (1p/2) + [103(v ® w)||Loo(Lp/2)) (s)
< C<||U||Loo(Lp)||w||Loo(Lp) + ||VU||L00(LP)HWHL°°(LP)
+lolln I Vulen ) o),
we get,

t 1
HN(U7 w)(t)HLoo(Lp) S C@Q,é,petwl {M'UMw / (t - S)iﬂiéds
0
t
LM+ M) [ (e s)—zlp—és—l/?ds},
0

which implies (5.1). For (5.2) we similarly estimate by Proposition 4.5

[IVN (v, w) ()] Lo (L)

t
< et / ||Ve~ (=) AetD)P div(v @ w)(s)|| poo(£ryds
0
tw ! e
< Cppae™ [ (=97 (@l
Flv @ wl| oo (r1.p/2)) (5)dss
t
< C¢0,57pet“1{Mva/o (t—s)’%*ﬁds

/ / ! —3—35 —1/2
+ (M, M, + Mva)/ (t—s) 2 25 1245},
0

Finally we turn to the proof of our main result.
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Proof of Theorem 1.2
First we show that F': X7 x — X7 for K > 2C,,e*||vol| 50 | (R?LP(R,))

and 7" > 0 small enough. Assume v € X7 . Applying Theorem 3.4, Lemma 5.1, and
Lemma 2.3 results for t > 0

||| oo 20y < le 2] | poo £y + [N (v, 0) (£)]| poo (1)

IN

e~ AP wollgn_zay + 1N ) O

_1_ PR S S
S C(poetWIHUOHBgol(LP) +C¢O,§,petWIK2(tl 2p 6+t 2p 6“1’2)'

Here, we used the fact that the constants M; and My in Lemma 5.1 are not larger than
(M, + M!)(M, + M!) = K2. Similarly we obtain

IV Fen < Coof™ lluollisy (1)
1_1 L
+C<po,5,p6tw1K2t1/2 (t2 2 4 2).

Our assumptions 2 < p < oo and 6 € (0, %) implies the powers of ¢ to be positive.
Consequently,

1 1
1Follxr < 2Ce0e™ luollgg, | (ro) + ACo0 ape”“ KT 70T
2= 55 —0+3
< 209006‘”1”2}0”82071([/7,)—}—40(;7075476‘01[( T 2p 2
< K,

for small enough T' > 0. More precisely we have to demand

1

_ w1 . T T
K —2C,e HUOHB&M(LI’) —2p0+3
40@075,p€w1K2

T <min{ 1, ( (5.3)

Clearly, divFv = 0 and F U|BR1 = 0. Thus we have proved Fv € X7 .
Next we show that I’ is a contraction. Let v,w € X7 . Noting that F'v — Fw =
N(v,v)(t) — N(w,w)(t) = N(v,v —w)(t) — N(v —w,w)(t), we get by Lemma 5.1

[[Fv — Fw|| oo (pp)

< |IN(v,v = w) ()| oo (zry + [N (v — w, w) ()]|poo (zr)
twi 1—L—§ / ’ -1 541
< Cpop€ {My Myt 20" 4 (M, My—y + My M;,_,, )t 20 2
My Mot ™20 4 (M My + My M)t % 043}
” T T S N 0
< 204 spe Ko —w||xp (2 "+t 72),

and similarly

2|V Fv — VEFw|| oo (10
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IN

£V N (0,0 = w) ()] o () + 872 VN (0 = w,0) (t)]| oo (1)

IN

1 1 1
20@0,57petw1K||U - wHXTtl/Q(ti_% +t ).

This yields
1 1
1B — Fuwl|x, < 8Cp5pe” KT~ 272 |Ju — w]| xy..

Hence the operator F' is a contraction if

1
1 i —
T<mnil,|—— ) =2 5.4
mln{ (80%75@6‘“1[() } (54)

The contraction mapping theorem now implies unique existence of a mild solution v of

(1.19) such that v € X7 g for K > 20¢06“1|]v0|1320 | (R%LLP(RY)) and T > 0 satisfying

(5.3) and (5.4). It is easy to see the time interval determined by (5.3) and (5.4) is

largest, if we choose K = 4C, 5 ,e“*

X || v Bo_ (Lv)> Which gives the lower estimate for existence time (Remark 1.3).
FinaHy’7 let us show that the local-in-time solution v obtained above is continuous

in time. By the strong continuity of t — e A on X, it follows immediately

[v(t) — vollsuc®e;Ler,y) — 0 if t—0. (5.5)

This follows easily by using the representation v(¢) = Fwv(t). In order to see that
t — v(t) is continuous on the entire existence interval we have to prove the continuity
of t — Fu(t). To this end let ¢t >ty > 0 and consider

| F'v(t) — Fo(to)l suc L)
H(e—tAE _ e—toAE)

IN

UOHBUC(LP)

to
+/ [(e=(t=9)Ae — o=(0=)A) P div(v(s) ® v(s))l| guc(rr)ds
0

t
+ [ et AP div(v(s) ® v(s))llBuc(rryds
to

= Il(t) + Ig(t) + Ig(t). (56)

Here the problem becomes clear. Obviously, I1(t), I3(t) — 0 if t — t9. But although
we know the continuity of t — e~*4% in X, it is a priori not clear, whether I5(t) — 0
if + — tg, since we construct solutions in BUC(R?; LP(R)) and we may not assume
that {e7?4#},5¢ is strongly continuous in that space. We do not even expect e *4#
to be bounded in BUC(R?; LP(R,)) in general. Nevertheless, we have the estimates in
Proposition 4.5, which show that in this situation it is better to deal with the operator

T(t) == e ttA8)p 9, j=1,2.3 t>0.

For this operator the desired continuity can be proved.
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Lemma 5.2. Let 2 < p < oco. Then
(t = T()), (t = VIVT(1) ) € C((0,50); BUC(RZ LP(R,.))
for f € BUCH(R2; WIP/2(R,)).

Proof. Observe that by Theorem 3.4 the operator Ap is the generator of a holo-
morphic semigroup on B&,W(RQ;LP(RJF)). Since PL0;f € Bgom(]Ri?;Lp(Rg) if
f € BUC(R?; WP/2(R,)), we therefore may write for w; > 0 large enough

1

- / e\ — (w1 + AR))TPLO fAN, §=1,2,3, t>0,
27T’l T

T@)f

with T := {re?; 00 > > 0} U {re ;0 < r < 0o} and a proper 6 € (0,7/2). Applying
estimate (4.9) this yields for ¢,¢y > 0,

IVY(T(t) = T(to)) flsuc(rr)
< c /0 o — e N [TEA — (w1 + Ap)) P10, flleomdr

[e’¢) | —tA to)\|

= C mdrnf”wc WLp/2)nBUCH (LP/2)

for £ = 0,1, 6 € (0,1/4), and A = re™. Note that o := 1 — £ — L —§(1 —¢) < 1.
Furthermore,

|e—t)\ _ e_t(’)‘\ - ’e—\t—to\)\ _ 1’6_ min{¢,to }r cos 0 9¢— min{t,to}rcos

TJ 7'-0' TU

and for each r € (0, 00)

—t\ _ —toA
e Tae ‘—>0 if t—t.

Lebesgue’s dominated convergence theorem then results
IVHT(t) — T(t0)) fllsucsy — 0 if t— to
for £ = 0,1 and f € BUC(R?; W'P/2(R)) N BUC* (LP/?), which yields the assertion. []

Now we turn to the proof of the continuity of our solutions. Lemma 5.2 implies that
I(t) = 0if t — toin (5.6). Hence t — Fu(t) is continuous and by similar arguments we
see that also t — /tV Fu(t) is continuous on (0, 00) with values in BUC(R?; LP(R,)).

For the continuity of first order derivatives of our solution v at ¢ = 0, it is easy to
see that the nonlinear term t'/2||VN (v, v)(t)| |Buc(rry goes to 0 as t | 0, thanks to (5.2).
However, it seems difficult to show that the linear term t/2||93e A= g|| Buc(Lr) tends
to0ast ] 0, since 9, and e *A# do not commute. This is the reason why we show (1.23)
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only for tangential derivatives. For (1.23) we claim that for any f € BgOJ(RQ; LP(RY))
there exists a sequence {f:}:>0 C 5’8071(R2; LP(R.)) such that

Ife = fllgy (w0 ascl0,  and (5.7)
IV Fellgs_ ooy < Ce™ 211 llgs_ uy (5.8)

In fact, we may set f. = 2" f. Then (5.7) is clear and (5.8) follows from Lemma A.1 (2).
The commutativity of the tangential derivatives and the semigroup e *A# implies that

t72(| Ve A g | sy Loy < 751/2||V'<'3'_tAEU0||z§go L(LP)

< PPV R (o = of)lg oy + IV A0 o (1)

< OtV 12|y — USHBgO an + t1/2,\e—tAEv/vSHBgo’l(Lp)

< Cllvo — USHBgo‘l(Lp) + t1/2’|vlvg||620,1(llp)

< Cs+Ct1/25_1/2\|f|\3g0700(m)'
Since || - HBQQOO(LP) <l HLOO(LP) < ||Bgo (L) is finite (Lemma 2.3), we send ¢ | 0 to
see that the RHS tends to 0 after putting ¢ = t'/2. The proof of Theorem 1.2 is thus
complete. =

A Appendix

A.1 Heat kernel estimates

We claim the following estimate which was used in Lemma 4.1 and Lemma 4.4. The
proof can be found in [9].

Lemma A.1. Letn € N and o > 0. Then there exists Co, = C(c) > 0 such that
(1) H(_A)aGt(x)HB?’l(Rn) < tha7

(2) H(—A)a@meBgoyl(Rn) < Ct|fll o, rmy
fort>0and f € BQO,OO(R”).

A.2 Characterization of B? , (L")

0,0,0

It is well-known, that in the LP-case, 1 < p < oo, there is the characterization
LP(RY) =P (LP(RY)) = {u € LP(RY) : divu = 0, u - 1/|3R¢ =0}, (A1)

where v denotes the outer normal and the trace is understood in the sense of the
generalized Gauss theorem. More precisely, this result yields a bounded operator =, :
EP(R?) — W~YP(OR™), where EP(R") = {u € LP(R") : divu € LP(R"%)} equipped
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with [|ullp + [|divul[p, such that y,u = u - v[srr for smooth u. As it is also well-known,
this fact remains true for a wide class of domains 2 C R", as for instance bounded
or exterior domains of class C' (see e.g. [7], [8] for the details). Since in certain
applications it can be helpful to have characterization (A.1), instead of having the very
implicit definition (2.13) only, we would like to briefly explain how one can obtain such
a characterization for the space 32071,0 (R"=1: [P(R,)) as defined in (2.13), and which
is the most important one in this note. So we intend to show

Lemma A.2. Let 1 <p < oo.
Bl o (R LP(Ry))

={ue Bgo’l(R"”; LP(R4)) : divu = 0,u - v|orr = 0} (A.2)

Proof. Of course, here we first have to give a meaning to the trace u - I/|3Ri =0. It

is not clear how to define a global trace operator -, acting on 5’207170 (R LP(R L)),
since this space contains certain nondecaying functions. However, at least it can be

defined locally. For this purpose we consider K in the class
M :={K C R" : K bounded and of class C*, u(0K NOR™) # 0},

where p denotes the boundary measure on OR”}. Since the restriction u|x of a function
u e By, | (R*1; LP(R,)) satisfying divu = 0 in R} belongs to E?(K ), the trace 7, xu|k
is well defined as we explained above. And in that sense we can give a meaning to
u - vlorr =0 for u € B} (R"=1 LP(R,)). To be precise we set

7’-7(17‘3-

u-vigrr =0 = (w,k(ulk))|oxnory =0 for all K € M.

Now, if u € B&’I,U(R”_I;LP(RJF)), obviously divu = 0, and since (PEu)" is an odd
function we obtain by using representation (1.17) that (v,,x (P1ulk))|oxnory = 0 for
all K € M. Thus ”"C” is proved in (A.2). In order the see the inverse inclusion we use
again representation (1.17). Observe that in view of u - v|grr = 0 a straight forward
calculation shows that d,e”u™ = e*td,u™ with e™, e~ as given in Definition 1.1. This
implies divEu = eTdivu = 0. Hence PEu = Eu, which yields P u = rPEu = rEu =
u, and we conclude u € BY | (R"1; LP(R,)). O

00,10
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