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Abstract

We study simple cases of crystalline driven curvature flowhwpatially nonuniform
driving force term. We assume special monotonicity praperof the driving term, which
are motivated by our previous work on Berg’s effect. We shioat tnitially flat facets, if
loosely speaking they are to large, then they begin to bend.
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1 Introduction

We are concerned with an anisotropic curvature flow equatitim a driving force termr
of the form
o=divs§ + 8V onl(t), 1.1)

whereI'(¢) is an evolving curve in the plane. HeVédenotes the normal velocity in the
direction of the normal vector field and is a kinetic coefficient depending enwhich is
assumed to be positive. The terndivs¢ denotes the anisotropic curvature. Itis defined by
using an interfacial energy denstywhich is given, convex and positively homogeneous
of degree one ifR?. Formally,¢ is defined by

£ = Vy(n). 1.2)



If v(p) = |p|, then¢ = n so its surface divergence termdivg¢ is nothing but the Eu-
clidean curvature. In this paper we are interested in the wa®ny is notC'!, for example
~ is crystalline,i.e. ~ is piecewise linear. Then the meaning of (1.2) is not cleacesi
V~(n) is nowhere well-defined. Instead, we consider

§(x) € Oy(n(z)) onT(k), 1.3)

whereo denotes the subdifferential of a convex functionT he vector field is often called
a Cahn-Hoffman vector.

Our eventual goal is to find a solutidn(¢) satisfying (1.1), (1.3) with a given initial
datal'(0), where is not C!, in particulary may be crystalline, when is given. Such
a problem was first proposed by J. Taylor, [Tal], for the case 0, Sy = const, ~
crystalline and independently by S. Angenent and M. GufAg], in a general form. In
the latter case whem is independent of the spatial variables, the unique sditsalbif the
initial value problems has been established in variousngstt The reader is referred to
papers [GG3], [GG5] by M.-H. Giga and Y. Giga (where a levalsolution is constructed
for arbitrary initial data) and papers cited there. A keyaslation is that a flat portion of
I'(t) (called a facet) stays flat whenis a crystalline [AG], [Tal].

However, if o depends on the spatial variable= (x1,x2), such property may not
hold. In fact, as already observed in [GG1], it actually repgpthat there is ng satisfying
(1.1) and (1.3) with constarit on a facet. In [GG1]I'(¢) is assumed to be a graph-like
function andg is taken so thaV is an upward velocity. An explicit facet-bending solution
is constructed whea is a piecewise linear function in. If o is close to a constant and a
facet is short, then this facet may persist. In fact, theeedemparison principle [BGN] for
a special situation, but in general if one imposes faceilgiafwithout (1.3) but assuming
that—divg¢ + o equals the crystalline curvature plus the average @fer a facet which is
weaker than (1.3)) then the comparison principle may nal (g¢e [GG2] by M.-H. Giga
and Y. Giga). The solvability of initial value problem foraally dependent is known
only for very restrictive settings [GG1], [GG4] like grafike functions so that it can be
reduced to the theory of nonlinear semigroups initiated big ¥mura. An explicit form of
a solution is only given whea is piecewise linear.

Our goal in this paper is to understand the explicit shapbeeétolution ofl*(¢) satisfy-
ing (1.1), (1.3) after the onset of the bending of facets whenot necessarily (piecewise)
linear in spatial variables but still special. We consider tase that the interfacial energy
is of the form

v(p1,p2) = |p1lya + [p2|vrs (1.4)
with two positive constants, andyz. Its Wulff shapelV,, equals

W, = ﬂ {x eR? :m -z <~y(m)}
m|=1

and it is a rectangle

{(z1,22) E Rt [21| S WA, |z2| < 97}
To simplify the problem we further assume that

1

max (|n1], |n2|)’

B(n1,n2) = (1.5)
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wheren? + n3 = 1, so that3V equals upward velocity fon, > |n1| and velocity in the
direction ofz; when0 < n; < |ny| wheren = (n;, ng) is an outer normal of (¢).

Our assumptions op may be expressed by saying that it grows from the center of
facets to the edge of the facet. This causes facet bendinginify the problem we
further assume some symmetry properties oflated tol".

We consider two situations as follows.

(i) T'(¢) is a graph of a function with Neumann boundary condition; antipularI"(0)
may be a segment of a straight life,L, L] x {0}. We assume that = o(x1) is of
classC! ando,, > 0for z; > 0 ando(—z;) = o(x1) i.e. o is even.

(i) T'(0) is typically a rectangle symmetric with respecttpandx, axes. The function
o = o(t,x1,x2) is even inz; andxe ando,, > 0 for z; > 0.

We shall construct a solution of (1.1), (1.3) locally-im# rather explicitly in the sense that
its profile is easy to understand. In the case (i) our solth@mmthree facets: one is négr
the other two are near; = +L. The curvel'(¢) is given by the graph of(z;,t) (¢ > 0)
which is nondecreasing im; for ;1 > 0 and even inz;. So curved parts are possible.
Of course, our must violate the stability condition (facet preserving gedy studied in
[GR3], [GRA4]) forcing the initial facet to break. A solutiamconstructed by taking minimal
section of¢ which is consistent with nonlinear semigroup solution. & the pair(T, £)

is a variational solution of (1.1), (1.3) if in additighsatisfies a minimality condition (see
Section 2). Similar results are established for the ca¥e fis far as the uniqueness is
concerned we are able to prove that the variational solusiamique for (i) and (ii). In the
case of (i) unigueness holds even among more general s@utio that solution must be
variational. This point will be explained in the uniquenéssorem in Section 2. The origin
of such approach goes back to [FG] or [GG1].

Our analysis permits us to have a close look at the propestieslutions. A key ob-
servation is that the Cahn-Hoffman vector satisfies theitiond¢ /0 = 0 at the bending
points ofI'(0), wherer is a unit tangent ta'(0). We say this condition is theangency
condition We show that it is propagated in time by the variational sohs, (this notion
will be introduced in Section 2). That is, such identity mostur at the intersection points
of a facet and a curved part. This observation is importantdmstruction of solutions to
the problem.

Another observation is that there may be no region wheieflat inside curved parts.
In the case of (i) this can be explained th&t > 0 must hold for curved parts. If an
initially flat region cannot stay flat, then it gets immedigteurved. This will be explained
in subsection 2.2.

This paper is a continuation of of our earlier work, see [GR®RZ2], [GR3], [GR4],
where the evolution system consisted of (1.1) coupled twadigsteady approximation to)
diffusion equation. These papers were devoted to findingmsgf parameters guarantee-
ing facet stability. Here, we investigate the onset of ibiitgt in a simplified setting being
the introduction to the full problem.

We study two situations, in Section 2 in order to develop tlanndea we consider the
case of a graph evolving by the curvature flow. We also inttedihe necessary notions,
like matching condition and tangency condition. We defireribtion of solution, which
is subsequently narrowed down to the variational one. Aiaftuole here is played by
a variational principle. We prove local in time existenceuoique solutions to (1.1), it
is worth stressing that uniqueness is obtained for sliglatiger class than the variational



solutions. Moreover, comparison principle holds sinceptablem can be approximated
by usual uniform parabolic problem having a comparisongipie.

In section 3 we develop the same notions for the (bent) rglgamiere, the analysis is
more involved and the preliminary analysis&@ is the guiding principle for us. Here, we
also show local in time existence of unique variational sohs to (1.1)].e. the uniqueness
result is less general than for graphs. We believe that a agagm principle must be valid
for this problem but we do not pursue this point in this pajjéheno is independent af,

a comparison principle has been proved in [GG3].

2 Simple graph case

In this section we present the main ideas, they will be furtiexeloped in the next section,
to deal with a bending ‘rectangle’. For the sake of clarityerposition we consider in this
section a very simple situation, which may be interpreted esnstrained growing crystal,
which does not react with the container wall and with prdmaiisupersaturation field.
Namely, we considel (¢) (the crystal surface) being the graph of a function—L, L] —

R, while the crystal occupies the regidfw,y) : 0 < y < d(t,x), x € [-L,L]}. Our
goal is to study how the curvE bends, when it gets too large. Thus, in order to develop
intuition about what happens without introducing too muebhnical complications we
make additional simplification.

2.1 Preliminary analysis

We present here our assumptions on the system. Namely, virefangle betweehi(¢) and
the lines{|z| = L}, to beZ. Furthermore, as we have already mentioned in the intramtuct
d is even.

We have indicated in (i) o§1 our assumptions oa necessary to proceed with our
analysis. Namely, we considerin C'([—L, L]) satisfying

o(x)=0(—x) >0 (2.1)

and J
i(m) >0 forz>0. 2.2)
Let us mention that they are consistent with results prond@GR2].
We also have to defingthe energy density function, : R? — R. We considery given

by formula (1.4),.e.
v(p1,p2) = Ip1lya + Ip2|r-

If we re-write (1.1) using the definition of the surface diyence (see e.g. [Si]) while taking
into account thaf'(¢) is a graph we will obtain

di o—T- % (2.3)

V1+d2 - or

wherer is a unit tangent and is a outer normal vector tb(¢). In our setting these two
vector fields are defined onfit'—a.e. Whenever convenient, we use the subsarighdz

B(de)



to denote partial differentiation. In situation in whichigimay lead to confusion we will
avoid this notation. We require not only

£(t,x) € 0y(n(x)), for H!-a.e.z € T'(t),

but also
divsé € L*(I(t)). (2.4)
Thus, we come to the conclusion that
o€ 2
T- p e L°(I'(t)). (2.5)

The angle condition translates into

({%d(t,x) =0 at z==L. (2.6)
However, this condition is artificial because it does noetako account any possible in-
teraction of the crystal with the container wall.

We introduce a notation for two special vectors, namely vadi strite ny = (0, 1) and
nr = (1,0). The last one is a normal to the vertical boundary of the éoeta We also
specify an additional requirement for

§(P)lp=(+L.d(t,+1)) € Ov(na) N Oy(E£ng) (2.7)

reflecting the assumption that the segmentd.} x [0,d(t,+L)] are facets of our crystal,
however they are artificially constrained to be motionlés& stress that by (2.4) or (2.5)
our is sufficiently regular to take its trace at= + L.

The evolution system (1.1) far = graphd) has to be augmented with initial data

d(0,z) = dy(x).

Functiondy is not arbitrary, later we shall comment on its form.

2.1.1 Definition of solution

Let us introduce our notion of a solution to (1.1). We will rebtive to make our present
definition general, we just want to extend the notion of sohg to crystalline curvature
flow (see [AG], [Ta2], [St], [R]) to accommodate the presease Thus, in particular the
angles at the vertexes are preserved. We stress that thallamgscurvature is also a global,
but not pointwise concept. A discussion of the proper, gangefinition of solution is
beyond the scope of this paper.

We mention here that a special role is played by a Cahn-Hoffaggtor. Namely, a
vector field¢ : T' — R? is called aCahn-Hoffman vectoiif ¢ € D, where

D={¢c L>®): &) € dy(n(z)), divsé € L*(T), (2.7) holds}. (2.8)

We are now ready for the definition of solution. We call &solution to(1.1) a couple
(T, &) such that for som& > 0 the following condition are satisfied:

(@) For eacht € [0,T) the curvel'(t) is defined as the graph of a functiah i.e.
I'(t) = {(z,d(t,x)) : = € [-L,L]}. Moreover,d is an element o€([0,T") x [-L, L]),



d(-,z) is Lipschitz continuous for each € [—L, L] and for eacht € [0,7) we have
d(t,-) € Lip[-L, L],

(0) € : Usepor{t} x T(t) — R?is such that the function — &(t, (-, d(t,))) is in
L>=([0,T); L*(—L, L)) and for each € [0, T) the field¢(t, -) is a Cahn-Hoffman vector,
and

(c) Equation (1.1) is satisfied in the? sense foa.e.t > 0.

Let us mention that the time Lipschitz continuity (instedd(d property) is neces-
sary to conduct the analysis in subsections 2.3 and 2.4. 2ith2. functiond(-, ) is in
CY([0,17)).

The present notion of solution may seem too broad, becauseadt clear at all if it
permits us to prove uniqueness. A rational for this doubtdsstwould close the system with
arule for selecting. An explicit formula for¢ is not always neither possible nor necessary.
We rely here on a variational principle for selectifigrhis approach is consistent with our
previous work [GR3], [GR4], but also it is in the line of the kaf Bellettini, Novaga and
Paolini (see [BNP1]-[BNP3]).

2.1.2 The variational principle

We postulate that at each time instarthe Cahn-Hoffman vector fielg(t,-) : T — R? is

a minimizer of
£(€) = l/ o — divsé|? dH! (2.9)
2 Jra)
overD. This choice of€ is justified by the fact that the Euler-Lagrange equatiomstfo
over any flat facet (with the normal,) is just

o — divg§ = const. (2.10)

Let us also notice that the constant appearing here equéls to

On the other hand, on curved partslgfi.e. wheren is different fromn, andng, the
minimization is trivial,i.e. over one element. It is so because for sudhe subdifferential
O0v(n) is a singleton.

We will say that a coupl€l’, &) is avariational solution to(1.1) if it is a solution to
(1.1) and in additiorg satisfies

(d) for eacht > 0 £(¢, -) is a solution to

E(€) =min{&(C) : ¢ € D}. (2.12)

Some comments are in order. Namely, in casE bging a line segment our minimiza-
tion problem is in general of obstacle type, hence Eulerdiage equations (2.10) may not
be satisfied.e. This will have quite important implications, we will develdt below, as it
seems to be the most interesting.

We stress that sinagis assumed to be Lipschitz continuous (but with some reisinic
see (2.15) below) the normal vectaris defined only+'-a.e. In general we should not
expect higher regularity of.

We are not interested in studying a general graph motionruirileen crystalline flow
but rather the situation which arises past the phenomenberafing of flat faces,e. past
their loss of stability. The papers [GR3], [GR4] describe #volution of (1.1) coupled
to a diffusion field, where the shape of interfdces persistent up to the point where the
condition necessary for stability fails, hence the motirafor the present work.
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This is the reason for considering only a special type ofahtonditions,

d(O, 1‘) = Ry forx € [—)\0, )\0]
d(O,w) = Rio forx € [—L, —)\1] U [)\1,L] (2.12)
d(0,-) = do(-) is increasing ono, L].

We shall see that these are the consequence of monotorficitpwer (0, L). A particular
case of these datadgy = R.

In order to deal with flat parts df we introduce a number of auxiliary notions. Here is
the first one. Let us consider an open line segnientthe planej.e. I = (a,b) = {z =
at +b(1 —t), t € (0,1)}, wherea,b € R?. We shall say thaf ¢ T, having normal equal
ton,, is a faceted regiorf I if is maximal (with respect to inclusion) and it satisfies

(o0 —divs)|r = const., (2.13)

where¢ is a solution to (2.11).
However,I'(t) is a graphj.e. the image of segment-L, L] under the function

z = (x,d(t,z)) =: d(t, z). (2.14)

Frequently it is more convenient to work with the inverse gmaf a faceted regiod,
(o, B) = d~(I). We stress that this definition permit§t) being a line segment which
has more than one faceted region.

Subsequently, we will considét(t) such that—L, 1), (—lo,lp) and(ly, L) are the
only inverse images of faceted regionsIgft). Of course their endpointg, i; may be
functions of time. Initially we will considef, < [1, but later we will also study the case
lp = 11, 1.e. of a flat facet which is going to break up.

Summarizing, we should distinguish two cases of exactlgdtiaceted regions: (&)
is a graph of a non-constant (increasing for 0) function d having exactly three faceted
regions; (b)" is a single line segment having three faceted regions.

We stress that (b) occurs at the onset of facet instabititgllicasesg, I; are determined
through the minimization problem (2.11). In case (a) it mapjen thaty < g as well as
l1> M.

Proposition 2.1 Let us define
od . . .
Ez ={x € (—l1,—lp) U (lp,lh) : F 0 ord is not differentiable at}.
X

Let us suppose that satisfy (2.12)£ is a solution to (2.11) and (a) or (b) above hold. In
addition we assume that
HYEZ \intEz) =0, (2.15)

where intE; denotes the interior df ;. Then, is constant ovef—I;, —ly) U (lo, 7).

Proof. (a) We assume that is not constant. Sincé is Lipschitz continuous and in-
creasing on(ly, 1), thent the tangent vector t&' may have only jump discontinuities.
Nonetheless, if we write = (71, 72), thenm; > 0 andm, > 0. Hence, at no point ofi the
normal equals te-ng. This and the formula fofy, see (1.4) imply that wheneves > 0,
i.e. d, > 0, thenV~(n(x)) is equal to(—y,, 7). Because by assumptiahis Lipschitz
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continuous it follows that- - e; > a > 0. Hencer - %, which is defineda.e. equals
to (1 - e1)?%, thus% € L2[~L,L]. In particular, this implies that + &(z,d(t,z)) is
continuous.

Let us consider int; = |J;2, J;, where possibly some of the open intervajsare
empty. Since the Euler-Lagrange equation does not hold am¢mpty).J; it follows that
¢ belongs to the boundary 6fy(n) on J;, i.e. £ € {(—va, 1), (7a,77)}. We notice that
since the change @foverE; \ int £ is zero,i.e.

/ _ 3 dz =0,
Es\intE, OT

then it follows that¢ cannot attain two different values dfy,;), a similar conclusion
holds on(—I;, —ly). However, we did not determine the value of the constant.

(b) In this case (2.11) is the obstacle problem. By assumpiio faceted region the
Euler-Lagrange equation (2.10) holds, while at the same,tthis equation (2.10) fails on
(=11, —=lop) U (lo, 1) because, being a minimizer of, touches the boundary of the con-
straint,i.e. it belongs to the boundary éfy(na (z)) for x € [—11, —lp] U [lo, [1]. Moreover,
& is always here equal tor = v(ng). Sinced is constant, then dij& on [—L,[] takes
the form%, henceg; is continuous. As a resulf; is constant ove(—I;, —ly) U (lo,{1).
However, the values @f; have to be determined yet. O

We want to write down equations of motion in a form suitablegnalysis while taking
into account our notion of solution to (1.1). We note thattoanty of £ and the symmetry
of £ imply that&;(0) = 0. On inverse images of faceted regiahg constant, hence the
following definitions make sense:

Ro(t) :=d(t,)og),  Ra(t) :=d(t,")|p,,0-

If at eacht > 0 condition (2.15) is satisfied arid(t) has three faceted regions, then (1.1)
(i.e. system (2.3)) takes on the following form, where due to tharagtry we can consider
only z > 0:

U—% = ﬂ(nA)RO on [O,lo]
o= % = pmgky on [, (2.16)
o= P 0on (o).

V1+d2

In principle [y andl; are also functions of time and if so they are a part of the mwlut

2.1.3 The matching conditions
At the moment equalities
Ro(t) = d(t, lo), Rl(t) = d(t, ll) (2.17)

are trivial consequences of continuity dt, -). However, if we try to solve (2.16), then we
have to make sure that indeed (2.17) holds. For that reasshallecall (2.17the matching
conditions



In order to proceed we have to make assumptions.diVe are striving for a simple yet
non-trivial setting. For these reasons in (1.5) we adopted , ns) = ——~——-. If I" is

max(n1],[nal)

the graph ofl, thenn = (—d,, 1)/+/1 + d2, for |d,| < 1 we obtain

Bm) = /1+d2, (2.18)

and particular
B(ny) = 1.

The restriction|d,,| < 1 means that (2.18) is valid for normals which form with thexis
the angle betweef and32r.

Before we try to findk we note a couple of simple statements and continue intraduci
new notions. The first one is stated for the sake of clarity.

Proposition 2.2 Let us assume thadt: [0,7) x [0, L] — R is a function with the following
properties:

(a) for eachr € [0, L] the functiond(-, x) is in C*([0,T));

(b) there isty € (0, L) such thati(t,-) € C*([0,z0]) andd(t, =) = R(t) for x > wo;

If d(0,-) € C([0, L)), thend(t,-) € C([0, L)) if and only if %2 (¢,z0) = R(t).

An obvious proof is omitted. d

G(X)+V/\

G(X) ¥,

Fig. 1

2.1.4 The tangency condition

Here we introduce another notion important for our analyset us suppose that', §) is
a solution and! is a faceted region of. We shall say thafT", £) satisfies the tangency
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condition at/ if 8§
Holor = 0. (2.19)

We notice here tha-ég%2 = 0 always holds. What matters is the behavior of the first compo-
nent ofé.

In other words, the definition stipulates that# L, —[), (—lo,lo), (1, L), lp < l; are
inverse images of faceted regions and the tangency condiblls at each of them, then

%gl(izi) =0, =01 (2.20)

At this moment we have to make sure that we can eval%%telt any point and if not,
then we should explain the meaning of (2.19) and (2.20). &ime assumed (2.15) by
Proposition 2.1 we deduce thatis constant or(—11, —ly) and (ly, ;). In particular the
following one-sided derivates exi%%Jr at—ly, lo, L~ at—Io, I and they are equal to
zero.

Moreover, because the intervals L, 1), (—lo, o), (I1, L), lp < [; are inverse images
of faceted regions it follows tha—%} is continuous there. As a result the remaining one-
sided derivatives atl;, i = 0, 1 are well-defined.

Later, we shall see that in the cases of interest ésgeProposition 2.4) the derivative
is everywhere well-defined and continuous.

The first application of the new notion is to make the follogvotefinition more handy.
We shall say thal a faceted region df hasthe maximality propertyif (I, £) satisfies the
tangency condition at.

Some comments are in order, one would expect that the worxirnadity’ above refers
to inclusion of sets. This is indeed so, but indirectly. If define a functiorG by formula

851

and if we set)(x) = G(x) — &1 (z), whereg is a solution to (2.11), then by the definition
of £ and Proposition 2.4 is a minimizer of the functiona}f_LL ]%n(x)ﬁ dz, with the
constraint|G(z) — n(z)| < vy(ng), see Fig. 1. We see that at the points, where (2.20)
holds, the straight line emanating from poiit= (L,G(L) — v(ng)) is tangent to the
graph ofG, hence the origin of the name of tangency conditions. Maggaf/we draw the
line from P to (A1, G(\1)), A1 > 11 = ly, (this is possible, after changing slighty, then
this line necessarily is not tangent to the grapli-aind the new facet is faster than the old
one. Moreover, it is obvious from the picture that > R,, see Fig. 1. This fact will be
proven rigorously below.

Now, we have to show that these notions are useful. The pitapobelow serves this
purpose.

Proposition 2.3 Letus assume th&thas exactly three disjoint faceted regions &nd., [, ),
(=lo,1o), (11, L), lop < Iy are their inverse images. Moreovéiis a solution to (2.11).

(a) IfT is a line segment, then the tangency condition holds on eaghtdd region.

(b) If T is of the form (2.12) and > [y (respectively\; < l;), then the tangency condi-
tion holds at —1y,ly) (respectively, at—L,—1;), (l1, L))

10



Proof. (a) In the present setting the minimization problem (2.El)ifact an obstacle
problem. Sinc&;(0) = 0and{; (L) = v(ny) we may directly apply [KS, Ch. I, Theorem
7.1] to conclude validity of (2.20).

(b) Since¢; satisfies specific boundary conditions, we may apply the sagwenent as
in (a) to deduce the same result.

O

Remark 2.1 The above mentioned result from [KS] may be explained byrgpghat a
solution to an obstacle problem (2.11) meets the smootladiestangentially.

Momentarily, we shall see further applications of theséomst The definition of, see
formula (2.9), the setup of (2.11) as well as (2.16) sugdestitis defined in terms of.
Indeed, our next results assures us about it. At the samentgrmaay write the final form
of the evolution system we are going to study. In this prod¢esscrucial for us that the
tangency conditions hold & and/,. Indeed, if we know this, then from (2.16) we deduce
thatR; = o(l;) making Proposition 2.2 applicable.

Proposition 2.4 We assume that satisfies (2.1) and (2.2) without explicit reference to
the time dependence. Let us suppose that) is a variational solution to (1.1), which
at each time instartt > 0 I'(t) has exactly three faceted regions with the maximality
property, their inverse images dreL, —11), (—lo,lo) and(l1, L). Furthermore, for all >

0 the assumptions of Proposition 2.1 (in particular (2.18)pfand either of the following
conditions are satisfied:

() T is a graph of a constant function;

(i) lp < Xo @andiy < ly;

(III) li(t) = lio, 1= 0, 1.

Then,
(a) We have the following formula f@ for each timg > 0
T lo T
x <][ o(s)ds — ][U(S) ds> - l—y(nA) for z € [0,1p);
0 0 0
51(1') = _’Y(nA) forz € [lo,ll];
L L L—x
(L —x) <][U(S) ds — ][O'(S) ds) + v(nyp) — 2L 7 v(ny) forxz € (Iy, L],
l T — 0
' (2.21)

where we er:tefAf dp = ﬁ [, f du. In addition, Ry, Ry > 0.
(b) Equation (2.16) (and hence (1.1)) takes the followirmgnfo

) lo
Ry = ]l o(s) ds + ”(?A) on (~lo, o)
0 0
d=0 on [ol] (2.22)

L

. 2

Ry = ][ o(s)ds + 2B on LU, .
A L - ll

(c) The matching and the tangency conditions hold at eaef.

Proof. We start with (c), because it is used in the proof of (a). Wécedhat the matching
condition is a result of continuity af(¢,-) in [ L, L]. We shall prove

%gl(m =0, i=0,1 (2.23)
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Indeed, ifT" is the graph of a constant function (resfg. < Ao and \; < [;) this is the
conclusion of Proposition 2.3 (a) (resp. Proposition 2)3. (K [;(t) = const;, i = 0,1,
then Proposition 2.2 and (2.16) imply that (2.23) holds.

(a) Due to the symmetry of the problem we consider only pasarguments: € [0, L].
Let us integrate (2.1 over |0, z], = < I, this yields

ﬁ(nA)Ro ST = /O:v o(s)ds — & (z), (2.24)

where we used; (0) = 0. This formula forz = [, gives the value o2y, however at the
moment we know only that(ly) belongs to the boundary ofy(n,), i.e.

€1(lo) = £y(na). (2.25)

We have to determine the sign in (2.25). Nonetheless, we roayaliminate R, from
(2.24). After doing so, we come to the following formula fafx), = € [0, ly].

][a _ ][lo z 51 (lo). (2.26)

We recall that condition (2.7) implies thét(L) = v(n, ), then a reasoning similar to that
which lead us to (2.26) results in a formula faron [i1, L]. Itis

L L L—x
(o) = (L= a)({ o(s) ds = f a(s) ds) + 50m0) + T (€61(0) =7 (nn). (227)
1 x
Now, we since we assume that (2.15) holds we can use Prapogitl to deduce tha is
constant ove['lo, ll], i.e. thatfl(ll) = 51 (lo)
Let us calculate the derivative 6f:

g’i( )= a(x)—jgo( ) ds +5l(é°) for z € [0, Io]: (2.28)
L na) —
Xl >—a<x>—7£a<s>ds+%il<“> for z € 11, 1),

With this knowledge combined with the form Gf(see (1.5)) system (2.16) becomes

fo §ilo) ¢ B L y(p) —&(lh)
]{)O’(S) ds — T = R(), o = dt, ]{10'(8) ds + Tll = Rl. (229)

Sincey(ny) > &1 (1) it follows from (2.29) thatR; > 0.
As we mentioned we have to determine the sign in (2.25). Weeadhat once we

established the tangency condition (2.23), then (2.16)i@sphato (ly) = Ry. We notice
that due to monotonicity of the difference

lo
o(lp) — ]éa(s) ds

is always positive. Hence, (2.29) yields
. lo
=&1(lo) = loRo — / a(s)ds > 0,
0

12



i.e. §1(lo) = —v(na). Sincef is constant orily, /1] we conclude thag; (I1) = —v(na) as
well. Only now we may infer that (2.29) implies th& > 0.
The assumed symmetry of the problem implies that:fer 0 we have

§1(z) = &1 (—m),

hence in particulag; (—11) = —&1(11) = y(ny).
(b) If we insert&y (lp) = £1(11) = —v(ny) into (2.29) we infer (2.22). O
Let us stress that we have not used that the full power of thenagtion that in the
solution (T, ) the Cahn-Hoffman vector is a solution to (2.11). We will dsthow. This
will be one of the key observations.

Corollary 2.1 Let us suppose thdr', ¢) is a variational solution to (1.1) and the assump-
tions of Proposition (2.1) are satisfied. Then followingethconditions are equivalent:

(a) the tangency conditionsse. %(li) =0,1=0,1,

(b)RZ = O‘(t, ll), 1=0,1;

(c)

lo n L n
o(ly) = ]é o(s) ds+%)“, o(ly) = 71[ o(s) ds— QL’Y(_ zAl) and  &(li) = —y(na).
' (2.30)

Proof. We first show equivalence of (a) and (b). Indeed, equatiord$)2i = 1, 2 imply
that (a) holds iff (b) is satisfied.

Now, it is more convenient to show equivalence of (a) and (o)fact the proof of
Proposition 2.4 yields (&(c), see (2.28). In order to show the converse we note that
(2.28) was derived from (2.16) without making any use of ttidittonal assumptions ofi
If we know (c), then (2.28) immediately implies (a). O
Remark 2.2. We stress that system (2.16) was derived for variationaitieols.

Let us now draw a conclusion, which permits us to comgarand R, .

Corollary 2.2 If (I',£) is a variational solution to (1.1) and the assumptions opBsdion

2.4 are satisfied, theR, < R;.

Proof. By assumption the functiod(¢, -) is continuous irffi— L, L]. It follows from (2.22)
that

Bo = ]élg(s) ds + % di(t.10) = o (ly).
Due to the tangency condition (2.30ve conclude that
Ry = dy(t, ).
Monotonicity ofo and the other tangency condition (2;3@mply that
Ry =o0(lp) < o(ly) = Ry.

Hence the claim. O
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2.2 Analysis of ODE (2.22)

The forthcoming analysis constitutes the core of the paprenrder to be able to solve
(2.22) we have to make sure it is a closed system. This is thdees long as functions
lo(t), 11 (t) are given withiy(0) = lgo, 11(0) = l30. Once we guarantee this we can try to
solve (2.22). Let us stress however, that in order to coaissalutions to (1.1) we must find
& and prove that it is a solution to (2.11).

We shall start with the first problem of determinifgandi;. However, it is advanta-
geous to consider a slightly more general situation and dngavesting conclusions after-
ward.

Proposition 2.5 Let us suppose that= o(x, ;1) ando, gg € C(RxU), whereU C R"
is open. We assume that—z, ) = o(x, p) anda” (x,p) >0forallz >0, €U, and
0<lyg <lip<L.

If the tangency condition (2.30,), i = 0,1 is satisfied for(l;y, 1) € (—L,L) x U,
then there exists a neighborhob@d C U of ug and continuous function§y > p —
lo(u), 11 (w), such that (2.30) hold for ail € U andi; (1), 1 = 0, 1. Moreover, ifloy < L1,
thenly(p) < 1y (p) for all i € Uy. If in additions € C'(R x U), thenl;, i = 0,1 are of
classC*.

Proof. We first considelly. In fact it is sufficient to check the assumptions of the Im-
pI|C|t Functlon Theorem (see e.g. [N, Theorem 2.7.2]) toatade our claim. Let us set

F(lo, 1) = [, o(s, 1) ds +y(np) — loo(lo, 42). ThenF (lo, 120) = 0. We calculatedr:
OF do 0o
- — (lo 1)) (100.10) = (l00 120) — looaz (loo, po) — a(loos t0) = —loo 27~ ol (Lo, to) (7;(; |
31

The Implicit Function Theorem implies also differentiatyilof /;'s with respect tqu; if F
is of classC'! with respect tqu;. It follows that

o o do
s, ds—l— i=1,...,n. 2.32

ol do _
g = o)™

Hj €z
The case of; is similar to the previous one. We consider it in detail, hseawe want
to establish differentiability of; with respect toL, i.e. the endpoint of the interval of
definition ofd. Namely, we set

L
F(ly, L 1) = / o5, ) ds — 2y(np) — (L — ) (I, ).

51

We easily check that

or
=7 (tho,p0,L1) = (L1, po) — o(lio, p1o) > 0.
oL
Hence,gZLl exists and it is continuous. 0

If loo = l10, then we cannot claim anymore tHgtu) < I3 (u) for p # po. However,
due to (2.31) the quantitids(x) and!l; () remain well-defined. We will depend upon it
later.
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It is important to notice that due to the above propositiantiimgency condition propa-
gates. This gives us a chance to solve the problely(tif andi, (¢) are non-trivial functions
of time (see next section).

In the particular case considered in the present sedgign and !, (¢) are constants.

Indeed ifU =R, u=t, and%—‘; = 0, then (2.32) implies that

%lo(t) =0 and %ll(t) =0. (2.33)

Let us stress that our insisting on the tangency conditian=a0 makes the initial data
quite special, but in complete accordance with our previesslts, see [GR3], [GR4]. Itis
another question what happens if the data violate the taygendition at = 0. We will
make comments on this in subsection 2.4 below. We are ratbinéd to think that such
situation does not occur if (1.1) is coupled to a diffusiomdfiend this case arises in [GR3],
[GRA4]. This topic requires further investigations.

We are now able to state the main existence result of thigosegielding existence of
solution to (2.22) as well as (1.1). Uniqueness will be shawa separate theorem.

Theorem 2.1 Let us assume (1.5) and consider system (2.22) augmentednwtial con-
dition (T, &), wherel'y = d, (see (2.14))d, is Lipschitz continuous of the form (2.12)
i.e. the real numberky, 119, Roo, R1o are given. In addition the exceptional $&t defined
in Proposition 2.1 ha%(' measure zero at time= 0. Moreoveré, € D is a solution to
(2.11). We assume thate C'([~L, L)), o(—z) = o(x) and% > 0 forz > 0. Moreover,
we impose the following conditions:

@ lopo < lo, 0 < Ry < Ryo and dy(-) is increasing forr > 0 andd, €
C([lo, 1h]).

(b) there are exactly three faceted regiond @), namely(—L, —l10), (—loo, loo) and
(l1o, L) are their inverse images;

(c) the matching conditions (2.17) holdtat 0, i.e. Roo = do(loo) @andR1o = do(l10);
(d) the tangency conditions (2.30) are satisfietl-at0, i.e.

loo n I u
olion) = f ots)ds + I o) = f asas - O,

Then,

(i) There exists a local in time solution to (2.22y, Ry andd(t,-) € C*([lo,11]) (and
d(t,-) € CY([~l1,—lo])) andd(t,-) is strictly increasing, whose derivativie (t, )
never vanishes far € (-1, —ly) U (lo,11), i.e. the exceptional sef'; is a subset
(possibly empty) of £ly, 11} fort > 0;

(i) The matching (2.17) and tangency (2.30) conditiongitol all timest > 0, that is
if we extendd(t, ) to[—L, L] by

Ra(t)  if|a] € (lh, L);
dt,r) =< d(t,z) if|x| € [lo,1]; (2.34)
Ro(t) if ’1“ S [O,ZQ),

thend(t,-) is Lipschitz continuous oh-L, L]. (Subsequently we drop the bar over
the extension.)
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Proof. (i) We begin with noticing that Proposition 2.5 guaranterstence of uniquely
defined functiong,(¢) andl; (¢). Independence from ¢ yields that

l(](t) = lpo and ll(t) = lyp.

Once we are provided withy and/; we can solve (2.22). Existence of global in time
solutions to this system follows trivially from the fact théhe right-hand-side of (2.22)
is independent fronR,, R; andd. However, the conditiond,| < 1 makes the solution
restricted to a time interval, T').

(i) The continuous dependence of solutions upoa (—I;,—ly) U (lo, 1) follows from
continuity of the RHS of (2.22).

We will check that the matching condition (2.17) holds#ar 0. SinceR;o — do(l;0) =
0,4 = 0,1 it is sufficient to check that the derivative &;(¢) — d(t,;(t)) vanishes. We
have fori = 0, 1,

. . ad
7 (Bi(t) = d(t, 1(£))) = Ri = (

Now, we notice the tangency conditions holds#or 0. This follows trivially from (2.30)
and the fact that andly, /; are independent of time. Hence, the right-hand-side vagish
This implies that the extendedlis indeed Lipschitz continuous dr-L, L]. This follows
from the smooth dependence of solutions of (2.22) on paemet

(iif) We have to investigaté given by (2.21). Our claim will follow once we establish
the Lemma below.

Finally, condition (b) in the definition of solution to (1. satisfied becausgis inde-
pendent of time and by formulas (2.26), (2.27) it belong®1o O

t, le) = Rz - O’(lio).

Lemma 2.1 If £ is defined by (2.21) and the tangency conditions hold, thenéths a
solution to (2.11). In addition, the exceptional £&t contains at most four points.

Proof. We shall comparé€(¢+h) and&(¢). We have to examine the assumption thath
is in D. Let us writeh(d(t,z)) = (hi(x), ha(z)). First, sincedy(np) N dy(ng) = {p},
thenh;(£L)) = 0 = ho(£L)). Secondly, the structure @f implies thathy(z) = 0 for all
x € [-L,L]. Moreover, due t@;(z) = —y(np) atz = l;, i = 0,1 we haveh,(l;) > 0.
By a similar argumenkt; (—;) < 0.

In generalf(¢) is a curvilinear integral, which can be written as

L
£(6) :/ L) —T'%($)|2\/l+d% d.

L2

On inverse images of faceted regions this integral simplifiecause - % = %L and

dy =0, ’
On (ly, 11) the formula for solutiong

d(t,x) = do(z) + to(z)

is valid, henced is strictly increasing and due t@/(x) > 0 for x > 0 the derivative
%(t,x) never vanishes ofiy,l;). As a result, for eachh > 0 the exceptional sek,
contains at most four point, hence Proposition 2.1 yieldsgdi= 0 on (—i1, —ly) U (lo, 7).

16



In addition we deduce that # ny,np there, hencé~(n) is a singleton, thug = 0 on
(—ll, —lo) U (lo, ll).

For our calculations we have to know the behavior of the difieec — divg€ on
[—L,—U], [~li, =], [<lo,lo], [lo,11], [l1, L]. Due to symmetries involved we may con-
sider only positive arguments. First we takes [0, o], thus diw¢ = %. Once we use
formula (2.21) we can immediately see

0 o
— % = ]éo—(s) ds +~(np) = o(lo) (2.35)

holds on[0, y], hence on[—ly,ly]. The last equality in (2.35) is a consequence of the
tangency condition.
Next, we considef—I1, —lop] U [lo, [1]. Here we obviously have

o(x) — % = o(x).

On interval[ly, L] it holds
L
o— 96 = ]Za(s) ds — 2y(n) =o(ly),
15 L - ll

where we again used the tangency condition. The same resallid on[—L, [4].
After collecting the above information we can see that,

E(E+h) = %(/mr (10) ~ 2112 4 +</_l° /ll) o)/ o)

Iy
(/ /)ya () —%12 (2.36)
Iy
Hence,

£+ h) —(6) = |
/_;[%(%) —U(ZO dm—l—(/ ' /h) %88— —U(h)%]dx.

Integration yields
E(E+h) = £(€) = —allo)h], — oir) (hf +RIZ}).
The last conclusion follows froma’(z) > 0 for z > 0, h(l;) > 0 ando’(z) < 0 for
x <0,h(=1;) <0. O
Remarks 2.3.
(l) We admitRyg = Rig = dp.
(2) We may also admily, = [y, i.e. the line segmenk' contains three distinct faceted
regions. It is possible to handle this case, becéyde are constant, hence the facet
T", which is initially flat due to the matching conditions
Ro(0) = Roo = do(loo) = do(l10) = R0 = R1(0)
will stay flat without bending non bending.

(3) Our arguments used the fact thagt has a sign, thus a similar conclusions may be
drawn ifo,.(z) < 0for z > 0 after making some changes like reversing the inequality
signs.

(4) In subsection 2.4 below we study the data violating thgeacy condition at = 0.
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2.3 Uniqueness of solutions

At last, we will show uniqueness of solutions, the proof ikdséor a slightly broader class
of solutions than we considered. (4, £) is a solution to (1.1), then for all > 0 we can
write

(—=L,L)=Z(t) UN(t) U D(t),

where
Z({t)={x € (—L,L) : d.(t,x) =0}, N({t)={z € (—L,L) : d.(t,z) # 0},

D(t)={xz € (—L,L) : d(t,-) is not differentiable at }.

The restriction will be stated in term of the s€(¢).

Theorem 2.2 Let us assume that satisfies (1.5)(T%,¢Y), i = 1,2 are two solutions to
(1.1) (not necessarily variational) defined nT) andd'(0,-) = d?(0,-), £€'(0,) =
€2(0,-). If in addition

HYU(N(t) \ intN(t)) = 0, (2.37)

then,d'(t, ) = d*(t,-), EL(t,-) = €2(t,) forallt € [0,T).

Remark 2.4. The assumption (2.37) is obviously satisfied by solutioetdgd by Theorem
2.1.

Proof. We recall that{, must be constant. We notice that by (2.37assumes a fixed
value on each connected component ofNift) and its closure. Hence,
0—,.2_%
or Ox’
Moreover, on the sefd, = 0} we haver = e;. If we recall (2.37) and{!(D(t)) = 0,
then we conclude
o8 0&

Tor T ox
in (—L, L) in the distribution sense. This is why we may say it /), i = 1,2 satisfy
the equation ' '
%Cf (t,z) =0o(x) — gﬁj, i=1,2. (2.38)
Taking the difference of these two equations, multiplyiygl® — d', after integration over
[—L, L] we obtain

1d [F Lroog ol
ia/_L(d2—d1)2(ac)d:ﬂ:/_L <—%+£> (@ - d)(z) de.

The integration by parts and the boundary conditions (02 @tz = +L lead us to

1d

L
sl =l = [ @ e - @ .

Now, we notice that the integrand equals to the followingeinproduct

—(E2 =YY (d2 —db,0) =TI
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Since¢i(z) € dy((—di, 1)), becausen(z) = (—di,1)/1/1+ (di)2, we conclude by
monotonicity of the subdifferential thdt< 0. Hence
1d

5o lld* = d'l|zz <o,

subsequentlyl! (¢, -) = d?(t,-) for t > 0.
We shall show thag! and¢? coincide. For this purpose we integrate (2.38) dvgrts],
= g

di(tg,x) — di(tl,x) = (tg — tl)a(ac) — ) aw

(s,x)ds,

fora.e.z € [—L, L]. Since the left-hand-sides are equalfet 1,2 we conclude that

oG _ ogf
or Oz

and finally¢! = £2, as desired. a
Remark 2.5. The argument depends upon the coincidencgﬁ = % and¢(z) € 9v(n),
in particular no information on the structure ois needed.

We could adopt a general view point of the semigroup theorfgerAdefining a func-
tional ® on L?(—L, L) by the formula

(d) — J5((=dy,1)) + 0d)dz if d € BV(~L,L)
| +oo otherwise

we may write equation (1.1) as a general gradient flow
d+ 8®(d) > 0. (2.39)

This is so, because is proper, convex and lower semicontinuous. The last isat®/once
we realize thatb is basically the semi-norm aefin BV, seee.qg.[Z].

The key point in our definition of solution is that at each> 0, £(¢,-) is a solution
to a variational principle (2.11). It is rather easy to chéolt solutions to (2.11) yield
canonical section t0®. It is also well-known that the right derivativg™ in (2.39) equals
to the canonical section (see [Br], [Ba] for more details).other words, our solutions is
the semigroup solution hence it is unique. We will not elalb®mupon it because we will
not use it.

2.4 Data violating the tangency condition

We now consider the initial data for (2.22) which do not $gtike tangency conditions. By
Corollary 2.1 we know that for a variational solution thegancy conditions are equivalent
to

lo n L n
o(lo) = ]éa(s) s+ 20 gy ][J(s) ds— 20 onde ) = —y(np).

lo I L—1
(2.40)
Since the discussion of all inverse images of faceted regien (—lo, ly), (—L,—!1) and
(11, L) is analogous we restrict our attention only to the first onieMeaving the details
in the second case to the reader.
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No matter what is thedependence af we expect that if any of the conditions (2.409)
is violated, then the correspondihgwill depend upon time in a non-trivial way. Thus, in
order to close system (2.22) we have to find an equatioriyfoOur starting point is the
observation that the matching condition must hale, Ry(t) = d(t,1y(t)) for all t > 0.
Assuming thati(¢, -) has the right derivative” atx = [y(t) we find that

0 =di(t,lo(t)) + C_li(t lo(1))lo(t)) — _Ro(t)

= o(t,1o(t) — Ro(t) + df (£, 1o(t))lo(t).

Apparently, we have two cases of violation the tangency itioms:
(i) o(t,lo(t)) — Ro(t) <0
and
(i) o(t,lo(t)) — Ro(t) > 0.
In the first case the facet is faster than the curved part,chtrecfacet grows at its expense.
If we knew thatd: (t,1y(t)) > 0, then we could findy (t),

Io(t) = (Ro(t) — o (¢, lo(£))) /2 (¢, o (¢)) (2.41)

and indeed, > 0. Equation (2.41) will be well-posed after we learn how to ress
di (t,1o(t)) in term of data. For this purpose we recall the formula

d(t, lo(t)) = d(0,lo(t)) + /0 t o (s, 1o(t)) ds. (2.42)

Hence,
+ + " 00
dy (t, )|ty = (do)z (2)|z=10(t) + ; %(8796)&:10@) ds.

Because of our assumptions enwe conclude thatl} (¢,10(t)) > 0. After recalling the
formula for Ry we arrive at the final equation fég(¢), assuming that is independent of
time,

i = (ilg(s) ds + #0“ - a(lo)> / (d;(o,zo) T tg—(;(lo(t))> . (2.43)

As long as we do not assume higher regularityg(C*+') of dy(-) and ofo we are not able
to conclude unigueness of solutions to (2.43).

We are ready to state the existence result for case (i) abaséormulated for the inner
inverse image of faceted regidr-ly, ), the other one is handled in a similar way. For
simplicity we assume that the other faceted region satifeesangency condition (2.40).

Theorem 2.3 Let us suppose that all the assumptions of Theorem 2.1 eltteangency
condition (2.40), but instead the following inequality is satisfied

lo n
o(t,lo(t)) — ]{)O’(S) ds + % < 0.

Moreover, we assume thag € C'([loo, l10]) ando € C11. Then there is a local in time
variational solution to (1.1) and it is unique, however attineet > 0 condition (2.40)
holds.
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Proof. System (2.22) coupled to (2.43) forms a new closed systenD#'©augmented
with initial data. Because we assumed tl%ég is Lipschitz continuous, then this system
uniquely is solvable. Moreover, the solution depends omupaterz in a differentiable
manner.

We have to check that the matching condition holds. It is ceffit to show that

d
E(Ro(t) —d(t,1p(t))) =0, (2.44)
for t > 0. Indeed, by equation (2.41) and (2.43) identity (2.44) b@ld desired.

The tangency condition cannot hold for any 0. If it did att = ¢.,., then by (2.33) we
would havely(t) = ly(t.). Since we can solve ODE’s backward in time, then by Theorem
2.1 we would conclude that the tangency conditions holds-a0 which is a contradiction.

In order to show that we have constructed a variational solwe have to show that
is a minimizer of (2.11). The argument presented in the poddemma 2.1 depends upon
the tangency condition, now violated, hence it must be aeljlisin order to simplify the
exposition we assume that the tangency conditions hold;0h). Let us set

5— %(RO — () > 0

and consideh > such that "
” ) HL > ( )

rence, o9& Oh oh Oh
1 )
lo ox (%n‘ | o 835’ Z lo(lo) (%c‘
With this observation, the calculations in Lemma 2.1, stgrirom (2.36), where the equal-
ity sign should be replaced witl™*” remain unchanged, yielding

E(E+h) —&(€) =0

for h satisfyingé + h € D and (2.45). This proves thgtis a local minimizer, however,
due to convexity of the integrand it is also a global one. Tindeed(T, £) is a variational
solution. Next, we may use Theorem 2.2 to deduce uniqueness. d
The other case at first glance appears to be the worst to dibalBécause from (ii) and
(2.41) we conclude thdy < 0 and we cannot use formula (2.42) to determie [ (t))
andd; (t,1y(t)). It seems that we need ad hoc assumptions to solve (2.41)eVovbefore
continuing let us change the notation and instealy t#t us write\y. Then, condition (ii)

reads, R
0
7[0'(8) ds + 1(na) < (o).
0 Ao

Of course, due to our assumptionsomwe can findy < Ay for which equality holdsi.e.

lo n
o(ly) = ]{)a(s) ds + il A).

lo

If ¢ is a solution to (2.11), then it follows from Corollary 2.1aﬂ%(lo) = 0. In other
words, ¢ is a solution to an obstacle problem afidn the interval[ly, A\g] must be equal
to the obstacle. Hencé;- )\, \g) cannot be a inverse image of a faceted region, however,
(—lo,lp) is. The apparent case (ii) of violation of the tangency ctiowi$ turns out to
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be case (b) of Proposition 2.3, which yields legitimate datg2.22) and subsequently a
variational solution.

Let us make the final comment, if (ii) occurs for sogne D, satisfyingRy = o—divgé,
then it may not be a solution to (2.11), and indeed an ad haagstson is necessary to
solve (2.41)e.g.settingd,. (¢, lo(t)) = d.(0,lgo) gives a solutions. However, system (2.22)
was derived from (2.16) for variational solutions and we dblrave any chance for solving
(2.41) in a systematic way.

3 Evolution of a deformed rectangle in the plane

Once we solved the graph case we may turn our attention tgpogyevolving according
to (1.1). There are two main reasons for focusing on recégnghly (or rather deformed
rectangles, see Fig. 2 for possible evolution).

t=0 N

>0

Fig. 2

First, they play a special role in our considerations beedhis problems of evolution
of a straight circular cylinder reduces to evolution of aaegle, (see [GR1], [GR3]). This
problem is to be addressed in a separate paper. Seconds icage we can temporarily
avoid the discussion of the proper notion of solution. Onéhefdifficulties is of course
defining the evolution of the corner. Fortunately, as welstes the most important phe-
nomena take place away from corners.

We want to use a notion of solution extending the one usé@ ias well as the notion
of solution to a crystalline flow (see [Ta2], [AG]). The poisf the position of a corneris
defined by the position of facets intersecting aFor this approach proper assumptions on
[ are necessary, this is why we keep (1.5)fatefined by (1.4). This in particular implies
that the Wulff shapéV’, of -y is a rectangle.

3.1 Setting up the problem

Before stating the definition of solutions to (1.1) we willsgeibe conditions o which
are more general than 1. They will be consistent with properties deducedddreing a
solution to the Laplace equation (see [GR1], [GR2]). Namely assume that : R, x
R? — R is continuous. Moreover, for al> 0, o(t, -, -) € C*(R?) and the main exposition
is concerned witlr having no further smoothnessin
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At the moment we consider having (for fixedt > 0) a center of symmetry at the
origin, i.e.
0(t7 -, _y) = 0(t7 z, y)

Furthermore, for the sake of convenience and simplicity sgeime

J(tv —1'1,332) = J(t7$17$2)7
a(t,wl, —xg) = a(t,wl,wg).

Possible particular examples of suctare

1
_$2+y2+1’
1 1
224+1 241

o1(t,z,y) = K(t) oo(t,z,y) = a(t)In(z? + 32 + 1)

os(t,x,y) = K(t) (3.1)

Our goal is to study the bending of rectangles having norinelsnging to the set of
normals to the Wulff shap®’, (i.e. another fixed rectangle). Thus, we shall dat bent
rectangleif the following condition is satisfied:

there exist even, Lipschitz continuous functiahs d* : R — R, and there are

positive numberd., R; such that

dMLy) =R,  df(Ry) = L.
and

(BR) I = 0f(z1,22) ¢ [a1] < dM(wa) , |wa| < d"(21)}.

We shall call the point$+d”® (x5), +d(x1)) vertexes ofl. Thus, after we set

S; = {(1’1,1’2) el': z1 = :EdA(l’Q), Ty € [—Rl,Rl]},
S/:{: = {(1’1,1’2) cl: Ty = :EdR(:L'l), xr1 € [—Ll,Ll]}

we notice that the graphs efd”, £d make up the whol&(¢), i.e.

I=S,USHuUS, UST.

We will collectively write Sg for Si and S, for Sff. We will call them facets of’(¢).
Vertexes ofl" are the intersectionS3; N Sf. Moreover, the facets meet at vertexes at the
right angle.

The following discussion parallel that of subsection 2.dm®@ definitions may be re-
peated without changes while other need some adjustmertien \Mossible we will refer
to proper paragraph or subsectiorgihfor the necessary notions. In fact, the definition are
the same, what changes is the meaning.of

The prime example is the Cahn-Hoffman vec§o(see paragraph 2.1.1g. a vector
field¢(t,-) : T — R3, such that(t,-)|s, € D;,i = R, A, where

Dy = {£ € L®(Sy) : &(x) € dy(n(z)), divsé € L2(Sy), (3.2) holds},

Dr = {€ € L®(Sg) : &(z) € dy(n(z)), divse € LA(SR), (3.2) holds),
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where
§(£L1,£Rq) € 9y(£np) N Oy(+np) (3.2)

On each facet we consider a minimization problem similaPt®)( Namely, we set
5-(5)—3/ lo —divsé|*dH', j=R,A
j - 9 5 S , J = 4, A
J

Now, we may explain our notion of solutions. After paragraph.1, by asolution to (1.1)
we shall call a family of coupled’(t),£(t)), t € [0,T), where

(a) for eacht > 0 the curvel'(¢) is a bent rectangle ant!, d* are continuous functions
of its arguments, for each, d’(-,x), ; = A, R are Lipschitz continuous and for each
t € [0,7T) the functionsd’ (¢, -), j = A, R are Lipschitz continuous;

(0) € : Usejory{t} x I'(t) — R? is at each time instant a Cahn-Hoffman vector. |f
M := sup;c(o ) max{Li(t), R1(t)} + 1, and if forj = A, R we set

i (=y(na),~(ng)) = € [=M,-L(t)],
gi(t,w) = q &t (a dR(wg)) z € [=L(1), L(t)],

(3.3)

then we assume that— &/ (t,-) € L>®(0,T; L*(—M, M)), j = A, R;
(c) Equation (1.1) is satisfied in the? sense foa.e.t > 0.

We call a solution(T’, £) variational (see paragraph 2.1.2) if for eatk [0, T') &|s, (t) €
L2(S;) is a solution to

&i(§) =min{&;(¢): (€D;}, j=RA (3.4)

According to our definition each of the functiods(t, -) satisfies (2.12). Obviously,
flat facets play a special role in our considerations. Thendiefih of a faceted region in
paragraph 2.1.2 requires a minor change. Namely, the referim (2.13) to solutions of
(2.11) should be replaced by the reference to solutions.4j.(3

We will consider onlyI'(¢) such that for each> 0 every side of'(¢) has no more than
three faceted regions and the vertexe¥ @f) belong to the closure of the faceted regions.
For the sake of convenience, following (2.14) we introddég, =), j = A, R, then we
may repeat the definition of the inverse images of faceteidmeg

Furthermore, we also need the following relationsgn

;L'Z'a—a(l’l,l'g) >0, x#£0,i=1,2. (3.5)
al’i
We are interested in the behavior of the system past theingghknding phenomenon.
Thus the some restrictions as in the previous sections dpgly Hence we may rewrite
(1.1) in a fashion similar to (2.16), however, we have to makeassumption making the
conclusion of Proposition 2.1 valid. Namely, let us suppsel/, i = 0,1, j = A, R are

given throughout the solution to (3.4), then we Bét= {z € (1], ~I})U(#},1]) : 9L =
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0}. We suppose that satisfy (2.12) and is a solution to (2.11) and finally (2.15) for each
facet holdsij.e. ‘
H(Ez \intE,) =0, j=R,A. (3.6)

With all these assumptions we may repeat the wordadind come to the system

o — % = ﬂ(nA)RQ on [O,lo(t)]
1
R dft
o=p(d)————=on [ly(t),l1(t)]
14 (df)?
a—%%zﬂmle on [I(t), La(t)]
7— o2 = Buwio  on [ro() (3.7)
A d
o= Bd)——"t—  on [ro(t),m(1)]
1+ (d3,)?
g_gézammm on [ri(t), Ri(t)],
2

wherenp = (1,0), ny = (0,1). Here the meaning df, (1, Ry, R; is the same as in the
previous sectiond” plays the role ofd from the previous section and the definitions of
ro,r1, Lo, L1, d® corresponds to, respectively, the definitionggot;, Ry, R1, d.

We augment system (3.7) with initial data

1o(0) = loo, 11(0) =110, 70(0) =700, 71(0) =710
Ro(0) = Roo, Ri1(0) = Ri0, Lo(0) = Loo, L1(0) = L1 (3.8)
d?(0,21) = dff (z1), d*(0,22) = diy (22)
We assume that the inverse images of faceted regions cedt&inS, (resp. Sr) are

(—Ll, —ll), (—lo, l()), (l(), Ll) (resp. (—Rl, —7”1), (—TQ, 7’0) and (7“1, Rl)) We take into
account the matching conditions, they take the form

di(loo) = Roo, d&(l10) = Rao d}(roo) = Loo, d(r10) = Lao. (3.9)

We also consider tangency conditions$nandSg, definition (2.19) requires no changes.
After we assume (3.6) we may apply Proposition 2.1 to dedsee paragraph 2.1.2) the
form of the tangency conditions similar to (2.30), in thegaet case we obtain the relations,

loo
(0,100, Roo) = ]la(o, s, Roo) ds + V(ZHA),
0 00

Lo 2~v(n
(0,10, Fao) = (0,5, Rioyds — 2140 1) =y (ma) i=0.1
l10 Lo —lo
(3.10)
700
(0, Loo, ro0) = ][ (0, Log, s) ds + V(DR),
0 00
Rio 27(n
(0, L1g,710) = ][ (0, L1o, s) ds — }27(7}2), &(ri) = —y(ng) i=0,1
710 10 —T10
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If we are given a solution to (1.1), whose each facet has at those facetted regions
with the maximality property (see paragraph 2.1.4), thearafriting (3.7) in terms of
d®,d* Ry, Ri, Lo, L1 and using the simplifying assumption (1.5), we come to trstesy

. lO
Ry = ][J(t,s,Ro) ds + w on [0,l]
0 0

d
EdR = J(tvwla dR) on [l0>ll]
. Ly 2
Ry = ][J(t,s,Rl)ds— LV(“AZ) on (i1, L] (3.11)
I 140

. ro
o = ]l o(t, Lo, s) ds + 'Y(fA) on [0,70]
0 0

%dA =o(t,d* z2)  on [ro,m]
. R 2
le][U(t,Ll,S)dS—M on [ry, Ry
- Ry —r

augmented with initial conditions (3.8). We stress thatdionplicity of notation the time
variablet was suppressed in (3.11) (except for functgn
We explicitly assume here that

roo < 710, loo < L.

It is apparent from (3.11) that this system is solvable if wew beforehand the functions
of timely, 1, ro, 1. By Proposition 2.5 we conclude thigt= iy (¢, Ro), l1 = l1(t, R1, L1),
ro = ro(t,Lo), 11 = 71(t, L1, Ry) are uniquely defined'* functions of their arguments.
There is no reason to expect that

ri(t) = 750, lz(t) = li0> 1= 0, 1.
Thus, we have to make sure that

ro(t) < rop < r10 < 1ri(t), lo(t) <loo < lip < Ih(2),
(3.12)
ro,lo are decreasing ri,l; are increasing

We cannot at this point present general assumptionsguaranteeing that (3.12) holds.
But (3.12) is critical for the further development, that ieywve shall say that therorking
hypothesiss satisfied if (3.12) is fulfilled. We present a simple exaenglio below.

Proposition 3.1  If o = o3 is given by formula (3.1), wher& is smooth, then
lo(t) = loo, 11(t) >0, ro(t) = roo, 71(t) > 0.

Proof. It is sufficient to consider only;, ¢ = 0,1. We start withly. We differentiate the
tangency conditions

lo
oo (t, 1o, Ro) = / o(t,5, Ro)ds + y(ny)
0
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with respect to time. This yields

oo oo L)
zozo8 (t,10, Ro) + lo—2(t, Iy, Ro) = "

(9 ) 81’ (t S Ro)d

It is now obvious that in order to proceed we have to be abl@topareg—; evaluated at

(t, 1o, Ro) with its average ovel0, [y, €.g. monotonicity of the derivativ% would help.
In our case these two quantities are simply equal, hence

zozog (t,1o, Ro) = 0.

The first claim follows.
In order to establisli (£) > 0 we differentiate the tangency conditions

L1
(L1 —lh)o(t,li, Ry) = /l o(t,s, R1)ds — 2y(np)
1

with respect to time. This time the structurecofields

0 ; 0 :
By (o R (L = )i (6) 4 5 (8 by Re) (I = ) Ra(9)
. . Lt 9o
= [o(t,L1,R1) — o(t,l1, R1)] L1 + R1(t) Dy —(t,s,R1) ds.
l1

We know thatL; > 0 see§2 ands — o(t,s, Ry) is strictly increasing. We have to be
able to comparea% evaluated aft, [1, Ry) with its average ovelfi;, L1]. For this purpose

we use the present assumptionagrwhich guarantees that they are equal and cancel out.
Thus, we deduce the claim. O

Remark 3.11t is not clear how to show that the working hypotheses isBat foro = o4
or more generallyg = K(t) — f(2? + y?) for a strictly decreasing functioyi without
stringent assumption ofi While it is easy to see that for suehit is true thatly, < 0 it is
not obvious how to dedudg > 0.

Now, we have to investigate the influence of the working higpsis on validity the
matching condition. Sinck(t) decreases and(t¢) increases, the faceted regionly, ly)
is being over taken by the curved one. Thusgjf= [y(¢), t > 0, then the characteristic
starting att = 0 in =g, i.e. 7 — (zo,7) will terminate at timet and the value oRRy(t) is
the new initial data for’?,

dB(t,1o(t)) :== Ro(t), t>0. (3.13)

A similar reasoning is valid fol, andr;, i = 0, 1.

Let us notice that, time continuity (resp. differentiayiiof o implies thatl;, i = 0,1
are continuous (resp. differentiable) functiong.oft turns out that smoothness Bfyields
propagation of smoothness @f ati;(t). Namely, we have the following result.

Proposition 3.2 Let us suppose that'(t),¢(t)), t € [0,T) is a solution to (1.1), whose
facets satisfy the matching condition ands of classC'. We assume that (3.13) holds.

27



(a) Ifly < 0 (resp.iy < 0), then

odR d™
W(t,lo(t)) =0 (reSP-E(t,T‘O(t)) =0) (3.14)
(b) If I, > 0 (resp.7, > 0), then

odrt od*
W(t’ L(t) =0 (I’eSp.W(t,rl (t) =0)
Proof. If is sufficient to show (a) fol, since the remaining cases are similar. We will show

that -

od

8—:L,1(t7w1)’m1:lo(t) =0.
We consider the difference quotients for> 0 andh < 0 separately. Namely, it < 0,
then

L™ (1 1o (1) + 1) — 47 (2, (1)) = Rot) ~ Rolt) = 0.

Hence, the left derivative af® atz = Iy(t) is zero.
Now, we takeh > 0. Because of the working hypothesis there exists a unidqag
such that
lo(t) +h = lo(r(h)).

After little algebra we can see that— 7(h) is differentiable and

1= lp(t) -

Hence,

d(t,lo(t) + h) — d(t,1o(1)) = d"(t,lo(7(h))) = Ro(t)
d¥(t,lo(7(h))) — d™(r(h), 7(h)) + Ro(7(h)) — Ro(t)

=(ﬂmﬁ@wvw»w+amw»—mw.

After dividing by h and passing to the limit we can see

dr dr

N A _ ; _
Jim o (d7(t lo(t) + h) — d (8 bo(t))) = = (0)a (L, lo(t), Ro(t)) + Ro(t) -(0) = 0
The last equality follows from the tangency conditions. O

This result means that the smoothness propagates, prabigigglis strictly decreasing.
If io(to) = 0, then (3.14) cannot be inferred @t In other words, in any case the only
possible scenario is that the curved parf'¢f) grows at the expense of the flat parts.
Moreover, we are now able to consider the degeneratei&se

loo = l10.
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3.2 Solvability of the ODE system

Theorem 3.1 Let us consider system (3.11) augmented with initial datd)(3Ve assume
that:

(i) the datai}, dft are sufficiently smooth,e. dff € C([loo, 110]), @ € C ([roo, r10]);

(ii) the matching conditions (3.9) are satisfied;

(iii) conditions (3.6) holds;

(iv) the tangency conditions (3.10) are fulfilled.

In addition the working hypothesis (3.12) is supposed to &lé&\due to an appropriate
choice ofo (e.g. o3 in (3.1) will do). Then there is variational solution to (Lstarting at
t = 0 with a bent rectangl€,, corresponding ta?, d¥.

Remark 3.2. It is worth noting that the dat®,y = R1¢ andlyy = l1g Or Lgo = L1 and
ro0 = T10 Ale permitted.

Proof. Letus recall that if the tangency condition hold, then bydesition 2.5;,7 = 0,1
(resp.r;, i = 0,1) can be written as continuous functions, which @rewith respect to
Ry, Ry, L1, (resp.Lg, L1, R1). Hence (3.11) becomes a closed nonlinear system of ODE’s
for L;, R;,i = 0,1, d*, d®. By the standard theory of ODE’s it has a unique solution on a
time interval[0, T'). Possibly, on a shorter interval the conditiqa$(¢, z)| < 1, j = A, R,
hold.

In this systemr; andx2 play the role of parameters ang € [lgg, l10], 2 € [ro0, T10)-
Due to the working hypothesig(-) (resp.r(+)) is decreasing whilé, (-) (resp.r1(-)) is
increasing, as a result system (3.11) yield no valuelftit, ) (resp.d™(t,z)) for t > 0
andz € [lo(t), loo] U [ll(), ll(t)] (resp.x € [T’o(t), 7'00] U [7‘10, 1 (t)]) However, the solution
to (3.11) yieldsy(t) = lo, (t, Ro(t)) etc.

In order to definel’*(r,1;(t)), 7 > t we consider the ODE’s far= 0, 1,

dtR(T,;U) =o(r, =z, dR),
d(t,1;(t)) = Ri(t).

Similar problem should be considered Y, we omit the details. In this way we explicitly
set the value ofl”(¢,1;(t)). The above definition is correct because we assumédghsat
decreasing ang, is increasing. Due to this definition the matching conditissatisfied
automatically. Moreover, the tangency condition is fudfillbecause of Proposition 2.5.

We notice that the solution we have just constructed saigfis). This is so, because
due to the differential dependence of solutions to ODE’'shuparameter we can conclude
that for eacht > 0 functionsd”(t, -) (resp. d™(t,-)) areC", possibly except af(t), i =
0,1 andl;. However, we have shown thatlj{t) has a sign, ther”(t, -) is differentiable
atl;(t). Thus, the exceptional sEt’Z‘ may contain at most four points;/;o, ¢ = 0, 1, hence
(3.6) is fulfilled.

Finally, we have to show thdt given by the formulas (2.28) is a solution to the mini-
mization problem. We note that in this tagk andd” are fixed, hence we may use Lemma
2.1 again to conclude validity of our claim. d

Remark 3.31f [, < 0, [; > 0, then we can infer by Proposition 3.2 that smoothness
propagates,e.

od® od™ ,
a—xl(t>xl)|:v1=li(t) =0, a—l‘g(t’x2)|x2:m(t) =0 1=0,1.
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In order to prove uniqueness for the case of the deformedngle we will use methods
applied in the proof of Theorem 2.2. However, the preseiit isore involved because
of the lack of a transparent gradient flow structure. Moreowve have to use more detailed
information about the solutions we constructed as oppaséiietgraph case studied in the
previous section. Thus, our result is less general thanréhe@.2.

Theorem 3.2 Let us suppose that satisfies (1.5)(T%,¢%), i = 1,2 are two variational
solutions to (1.1) defined d,T) andl''(0, ) = I'?(0,-), £1(0,-) = £%(0,-). Moreover,
the initial data satisfy the assumptions of Theorem 3.1nJhE(t, ) = T2(t,-), £L(t,-) =
€2(t,) forallt € [0,T).

Proof. One of the problems we have to overcome is the time depend#ndemains

of df, d%, i = 1,2. We have to extend them to fixed domains. We &kt= 1 +

sup,.p max;—1 2{ Li(t), R} (t)}. By assumptior is defined oveR?. We will extendd*,

dd and¢?, i = 1,2. However, in order to simplify the notation we will conceat on

d, i =1,2. The argument fod": is the same and will be omitted. First, we extefido

[—M, M] by formula (3.3). The extension af%, i = 1,2 is by solution to the system
odtti 0¢&;

5 = O gay ©€[MMINLL L (3.15)

We stress that appearing in (3.15) is actually equaldot, z1, d™ (¢, z;)). Subsequently,
we proceed as in the proof of Theorem 2.2, we take the difference of (3.15)ori = 1, 2,
multiply by dfz — @ and integrate ove- M, M]. Hence, we obtain

M
s [ = [ ot )~ ot ) - )
—-M

M 851 agl Ro Ry
—I—/_M< R +(93:1> (d™? —d™)dx

= I+J

The first term is easily handled due to Lipschitz continuityrowe obtain
M
I< C/ |df2 — af1)2 d.
-M

In order to proceed we have to examifieand to introduce some notation for that purpose.
Namely, we shall writ¢ = £(R, L, -) to denote the unique solution to (2.11) for= d”
defined over—L, L], in fact, as we have seen in the course of the proof of Theorém 2
it is a unique solution to the corresponding Euler-Lagraegeation. Hence in our case
¢ = ¢Y(R LY ), i = 1,2. Similar notation should be used for the Cahn-Hoffman vecto
defined over the other pair of facets, however, for the sake of simplicity of notation we
shall not do this.

Using the new notation we will rewrite the tersh namely

J = /M< 98 g2 12 )+ agl(Rl 2, )> (d® — 4B (z) da
x1

-M (91’1
M 851 1 2 51 1 1 Ra Ry
+/_M< 8:E1(R L% ) + . —(R",L", ))(d —d")(z)dx
= Ji+ .
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An argument based on monotonicity of the operdtor as in the proof of Theorem 2.2,
yields thatJ; < 0. We turn our attention tds.

Vector fields¢(R!, L), i = 1,2 are obtained as solutions to the Euler—Lagrange equa-
tion for the same?f* but differentL:. Hence, by the definition of; and the proof of
Proposition 2.5} = 2. As a result, by the formula fof(R!, L, z), on (—lo, o) we
deduce

&

a(ﬂ 8351
However, the above argument is no longer validlﬁon' = 1,2, hence we obtain

= ([0 ) (St v s G ) @ -

Let us introduce further notation

(R I?2)= (R, L', 2)  fora € (—lylo).

I =min{i?,01}}, P =max{i?,i}} L} =min{L? L}}, LI =max{L} L}}.
Let us notice that

%1L(RY [P) =0, forz € (lp,l¥), p=1,2,

oz
g‘gll (R17Lm) = 07 fOI’ I € (l]f7l£n)7
Hence,
lm
Jy §2/k1 gil (R?, LM)|[d"* — ™| du
Iy
L'L
O p2 ray 08 p 1| | gRe _ 4R
2 L L)) |d™ —d™|d
" /H" 3361(R - Oy oz, 1) o
LJ
+2/ gkt —

The formulas fora§1 see (2.28), permit us to write

1

oo ([ a1 < 105 i - )
In order to reach the desired bound we have to show the failpWwieverse Holder inequal-
ities”,
L} - Li| < C|ld* —d™ |2, |R - Ry| < Cl|d"™ — d™ e (3.16)
We will show them, possibly on after restricting the timesivials by the condition
L) <lho+a,  t<Ti,

for somea > 0. SuchTj exists because of continuity ¢f (see Proposition 2.5). Thus,
after recalling that® (t) > Lo, see Proposition 2.4,

Lo

M
||dR2—dR1||%2:/ |dR2—dR1|2d3:12/ |df2—d™|? day = |Lig—(lyo+a)||RI—R1%
-M lio+a
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Hence, (3.16) follows.
In order to estimate that the remaining teﬁlﬂ |df2 — df1| dxy we have to work a
1

little bit more. We note that equations (3.2Hnd (3.11) imply thatd, ¢, i = 1,2 are
bounded o0, T1] x [-M, M] as long as

d2.(0,) || < L < o0, j=R,A.
|,

Using this information we arrive at

l’HL l’HL

J21 Z:/l ‘dR2—dR1‘ dl’lz/l
ik £

1

i

R%—Ri+/

z1

(dfz — afyds| da;.

Hence
Jon < [If = LI|BY — Ri| + K1 — 1.

We recall that by Proposition 215 are of clas<”! and if L3 = L}, theni{ = [3. Thus
1 — | < K|L{ - Lyl.

Taking into account of above bounds we arrive at the estimate
d. g Ri |2 R Ry ||2 A Aq 2
gpld™ = d™ e < K(|ld™ — d™ |72 + (|47 — d™[72).

A similar estimate is valid for the differene&*2 — ¢!, after adding them up we reach

d
S (ld" =™ 7. + @tz — at|Z.) < K(|d™2 — d™[72 + (|d* — d™ 7).
Using Gronwall inequality we deduce that
[ — a7 + a — a7 =0

for t € [0,T}]. Once we show thdt; = I'y, thené! = ¢2 follows from the strict convexity
of the integrand itf;, i = R, A as in the proof of Theorem 2.2. d

3.3 Final remarks

If we encounter the data violating the tangency conditidhen their discussion parallels

that on§2.4. However, some of the details has to be adjustgdequation (2.43) become

more involved, because of the time dependence.olNonetheless, the main reasoning
remains unchanged. As a result we may state the existenamaneeness result for a case
of violating the tangency conditions &t. The other ones are handles similarly.

Theorem 3.3 Let us suppose that all the assumptions of Theorem 3.1 hatwpe the
tangency condition (2.40) but instead it the following inequality is satisfied

o(t,lo(t)) — ]élcor(s) ds + 218

lo

Moreover, we assume thdt € CV!([loo, l10]) ando € CV-1. Then there is a local in time
variational solution to (1.1) and it is unique, however atinte instant > 0 condition the
tangency condition is satisfiedat = l(t).
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The proof goes along the lines of the proof of Theorem 2.3.alBeare left to the
interested Reader.

Finally, we would like to address the casecflecreasing along the facetg. with
reversed signs in (3.5),

wig—;($17$2)<0 x#£0,1=1,2.

We notice that the notions of solution and variational sofutdo not depend upon
particular behavior ofr, hence the derivation of (3.11) remains valid. The definitid
matching and tangency condition is not affected either. ddeif the initial data satisfy
the tangency condition, then we could close system (3.119upplyingl;, r;, i = 0,1
constructed with the help of Proposition 2.5. The existehbeorem 3.1 requires only
minor changes, at least if we keep the non-constant inititd €brd”, d* as in (2.12), the
uniqueness Theorem 3.2 goes without any change at all.
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