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ON SMALL AMPLITUDE SOLUTIONS TO THE GENERALIZED
BOUSSINESQ EQUATIONS

YONGGEUN CHO AND TOHRU OZAWA

ABSTRACT. We study the existence and scattering of global small amplitude
solutions to generalized Boussinesq (Bq) and improved modified Boussinesq
(imBq) equations with nonlinear term f(u) behaving as a power u? as u — 0
in R",n > 1.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we consider the following Cauchy problems for the generalized

Boussinesq (Bq) and improved modified Boussinesq (imBq) equations:
8fu1 — Auq + A2’LL1 = Afl (ul), (.’E,t) € Rn+1,

ur(x,0) = p1(x), Owui(z,0) =¢1(x), =ze€R", (L.1)

at2U2 — Aug — A@fuz = Afg(ltg), ($,t) S Rn+1,

uz(x,0) = pa(x), Opua(x,0) =1)e(x), =x€R",
where u; is a real-valued function of (z,t) € R* xR, §; = 9/0¢t, A is the Laplacian
in R", and f; € C*(R) satisfies the estimates |f " (v)| < Jo|P~! for 0 <1 < k < p;
and p; > 1, i =1,2. We denote by u;(t) the function x +— u;(z,1).

(1.2)

By Duhamel’s principle, partial differential equations (1.1) and (1.2) are rewrit-

ten as the integral equations

i) = 0Si(O)g: + S+ [ Tt~ )i () e (1.3)
0
Here the operators are defined as
in 4 D
0,5:(t) = cosltwn (D), 5i(0) = L2,

T1 (t) = Sl (t)A, Tg(f) = Sg(t)(l — A)_lA, Tl(t) = Sin(twi(D))wg(D),
where

D=(-A)? = F Y| F, wiD)=uw =F 'w(€)F,

w1(6) = ||V TP, ”@:v%iw’
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and
F© =20 = [ e e@)de and F)@) = o [ ool de

are the Fourier transform and inverse Fourier transform of ¢, respectively.

The equations (1.1) was first derived to describe shallow water waves by Boussi-
nesq [5] and it was modified to (1.2) to describe ion-sound waves in plasma by
Makhankov [26, 27]. The equations (1.1) and (1.2) also cover another various phys-
ical phenomena such as the dynamics of stretched string [30, 9], Fermi-Pasta-Ulam
problems [10], the evolution of long internal waves of moderate amplitude [1], non-
linear Alvén waves [27] and so on.

Our main concern is to establish the global existence and scattering of small
amplitude solution to the Cauchy problems (1.1) and (1.2). The local and global
existence to the Cauchy problem was established by Bona and Sachs [4], Tsutsumi
and Matahashi [37], Linares [21], and Wang and Chen [38]. The stability of solitary
waves or the energy conservation was the basic tool of the existence results. For
further results on the finite time blowup, stability and instability of solitary waves,
and so on see [17, 32, 20, 40, 4, 25, 27, 16, 28] and the references therein.

For the global existence and scattering of small amplitude solutions, it is neces-
sary to study the dispersion of the operators 9,S;, S; and T; with respect to time,
and to compare them with nonlinearity, especially to compare the time decay rate
with power p. To get a time decay dispersive estimate, Linares [21], and Linares
and Scialom [22] used the estimate! ‘fR i@t ()| (€)|2 de| < (1 + |¢])~ 2, Liu
[24] the estimate? | [, e?(@¢+t1(©) g¢| < [¢]=2 + |t|=%, and Liu [23] and Wang and
Chen[39] the estimate? ‘fs<|£|<1 ei@éttw2(8)) dﬁ‘ St|mze s,

The best result up to now is p > 2++/7 of Liu [24] for (1.1) withn =1, and p > §
of Cho and Ozawa [7] for (1.2) with n = 1, and integer p greater than 2 + m of

Wang and Chen [39] for (1.2) with n > 2, where 0 = % if 2 <s<% and

2s+24+n
. 2n_ - In
0= i1 1f52—2.

In this paper, we improve all the known results under some vanishing condition

of initial data at the zero frequency in one dimensional case and extend the results
not only on existence and scattering but dispersive estimates to the high dimen-
sional case. Moreover, we also provide a non-existence of nontrivial asymptotically
free solutions in the case of small power p, which is a high dimensional version of
Theorem 1.3 of [7].

Before stating the main results, let us introduce some notations. First we let
Gr=1-— % Then we define a homogeneous initial data space @i’,fq for2<r<oo

LThis estimate was proved by Kenig, Ponce and Vega (19].

2The decay rate % comes from the estimate of low frequency part (|¢| < 1) and it turns out to
be optimal. See (1.4).

3Actually7 Wang and Chen in [39] obtained n-dimensional estimate but their estimate was
the same as 1-dimensional one because they integrated only in radial radial direction by using
spherical coordinate.
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and i = 1,2 by
bi;fq = (Di_ﬁTBi’,q n B;j:;lﬁr) X wi(Di_BrBﬁ’,q n Bij;gm)’

where D; = F~}[D;(¢)]F and
Di(§) =wa(€)"T . Da(€) = (L+[¢P)"wal() 7.
The norm of the space D73, is given by
H(%ﬂ/&)”@i;fq

= 1D} @illge, + lill gognor +I1DF w0 il e, + llwf b gosmon
1./,q T‘/q ‘r',,q qu

The inhomogeneous initial data space ’ij,f o and its norm are defined by the inho-
mogeneous Besov space By,  instead of By, .

Here we used the notation v € wf‘DfD"’X to mean w_aD;BD_“/U € X for a
function space X and some real number «, 3, .

To define the Besov space, let us choose a Littlewood-Paley function n with and
define a frequency projection operator Py for a dyadic number N by

Peote) =7 [ (5) 3] @

Then the homogeneous Besov space Bs 1< r,q < 00,s € R, is defined by

T q’

q

Bﬁq: veS8/P: HUHB;‘-,QZ Z NS(JHPN(U)\QL,- <oob
N: dyadic
where P is the set of all polynomials on R™. The inhomogeneous Besov space B; q

is defined by

By ,=qveS :|vlsy, = IPowle+ | Y NPy@)l%. | <oop,
N>1

where Py =1~ -, Py. If s >0, then By" ~ L™ N Bg*”. See for instance [3].
The above initial data space is necessary for the dispersive estimate of the oper-
ators 0;5;, S; and T;. In particular, we obtain

—n(2-1
10185, S0l —ope S (L 1) 7377

for any r € [2,00]. If r = oo, then the time decay rate is the best possible decay .
Since w1 (€) and wo(€) are not phase of elliptic type (in fact, w; behaves like D for
small frequency, wo like identity for large frequency), to achieve the full time decay
rate we need the regularity Bf, 1 X wiB;?,7 , for high frequency and the operator Df "
for small frequency.

If n =1, then Diﬂ " ~ D% for small frequency. This means that for the time
decay it is necessary to assume that the Fourier transforms of initial data vanish
at zero frequency. If we want to remove this vanishing condition, we cannot help
but allow a slow time decay estimate. For the results obtained without vanishing
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condition, see [7, 21, 22, 23, 24]. In those papers the time decay rate is % and this
decay rate seems to be optimal because for large ¢ and for some ¢ € C§°(—1,1)

/ (i) b e

The time decay comes from the bound |w(3) (&)| Z 1 for small ¢ and the stationary

i

~ |75, (1.4)

phase estimate (Proposition 3 of [34], p. 334). Therefore the vanishing condition
seems to be inevitable for the faster decay than the rate %

The additional regularity B:,+ ! Br x u)ZBi,Jr ! P is necessary for the boundedness
of linear dispersive estimate at time zero and high frequency estimate for ws. For

details, see Lemma 2.4 below.

Now let us introduce the main results. The first result is

Theorem 1.1. Let 2 < r < oo, 51 > 5, S2 > 2n — 37” and 0 = %BT Let

pi > S8, pi > % + max (1, %) Then there exists § > 0 such that for any (p;, ;) €
D O(H X w H) with
i i)l g2 + lpillms: + Nl illmes <6
1
there exist unique solutions u; € C(R; H%) to (1.1) and (1.2). Moreover, there
exists a positive number p; depending only on n,r,s;,p; and § such that

sup(L + [t)°[fui (8)|| 2= +sup us (t) |72 < pi.
teR teR

Remark 1. Theorem 1.1 is applicable to the cases p; >4 forn =1, p; > 3,ps > 4
for n =2 and p; > n,ps > 2n for n > 3. This improves the results in [7, 24, 39].

The condition p; > s; comes from the nonlinear estimates such as || f; (w;)|| gs: <

[l |20t |awg| | gro: for which p; should be greater than equal to s;. If p; is an integer,
then the condition is unnecessary from the arguments in [39].

Next, we consider the equation (1.1). Let y(n) = 1+8/(v/n? + 12n + 4+ n —2),

and a(n) = 00 if n = 1,2 and a(n) = 242

5 if n > 3. Then we have the following.

Theorem 1.2. Let s >0 and § = % If s <p and v(n) < p < a(n), then there
exists § > 0 such that for any
() € DY, with [(p,¢)llger <6
=,

ptl o
P

there exists a unique solution u € C(R; Hy 1) to (1.1) with p; = p and (u(0), d;u(0)) =

(¢, 1), and p > 0 depending only on n,s,p and & such that

sup(1+ [¢])’ u(t) | my,, < p.
teR

p+1 —

Remark 2. The critical exponent «(n) naturally arises in the problem of the exis-
tence of small amplitude solutions decaying as O([¢|™™(z2=#)) in L" as t — oo (see
[6, 15, 31, 35, 36] for instance).
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The result above can be obtained by the fact w; is of elliptic type at high fre-
quency as Schrodinger equation and hence it is possible to obtain the estimate
|7y (t)||]-3;<,,2ﬁ]-3i12 < [t|7==%) for any r € [2,00] and s > 0. See Lemma 2.5 below.
This is not the case for ws (hence T5(t)) because the dispersion of (1.2) becomes
small at high frequency and hence a higher regularity for data is necessary to com-
pensate for the small dispersion.

If s is close and greater than %7, then v(n) <p < a(n) for 1 <n <4 and by
Sobolev embedding, ||u(t)||z= < p(1+ [t])~%. In this case, for the initial data in
H?, the solution is in C(R; H®). See Remark 6.

If n > 4, then from Theorem 1.1 we deduce that p; > n and from Theorem 1.2
that p; < a(n). There exists a gap between two results. It is still open whether
Theorems 1.1 and 1.2 hold for a(n) < p; =p < n.

Small data scattering follows as a simple consequence of Theorems 1.1 and 1.2.

Theorem 1.3. Let u;,i = 1,2 and u be the solutions of (1.3) as in Theorems 1.1
and 1.2, respectively. Then there exist six pairs of functions (@f, 1&3[) € H% xw; H%
and (p*, %) € HS,, x wiHS,, such that

P P

K2

i (£) = w3 (8) |22 = O(Jt] =P =D+,
lu(t) = w*(t)llzs,,, = Ot ~*®= D+

as t — +oo, where s;,r,0,p;,p are the same numbers stated in Theorems 1.1 and
1.2 and u and u* are the unique solutions to the linear problems (1.1) and (1.2)
n_
p+1’
can be replaced by H? in the second scattering result. See Remarks 6 and 7 below.

If 1 <n <4 and s is close to and greater than then Sobolev space H 4

This paper is organized as follow. In Section 2, we prove several linear dispersive
estimates for the operators 0;.5;, S; and T;. Utilizing the dispersive estimates, we
prove the global existence and scattering results in Section 3. In the final section,
Section 4, we consider a non-existence result of asymptotically free solutions for
suitably small power p;.

If not specified, throughout this paper, the notation A < B and A 2 B denote
A < CB and A > C~!B, respectively. Positive constants C' vary line by line and
depend only on r and f. A ~ B means that both A < B and A 2 B hold.

2. LINEAR DISPERSIVE ESTIMATES

In this section, we consider time decay estimates for 0;5,S and T. We first
denote the frequency localization operator P<.,, P>y, and P <.<n, by
Peeop= > Pno, Pongd= > Pxo, Poccnd= Y. Pno.
N<e N>No e<N<Ng

For the convenience of presentation, we choose 7 so that Py = Pnja<.<onPn-
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Next let us introduce a lemma on the stationary phase estimate (see Proposition
5 of [34], p. 342).

Lemma 2.1. Let x be a smooth function supported in a unit ball of R™,n > 2 and
Q be a C3(R™) function such that |V2Q| > 1 on the support of x. Then we have
for any A >0

/n MUy (¢) dg’ <N 2 (|[xllz= + IVXIL1)s (2.1)

where |V2Q? = D 10:0;Q|? and the constant C' depends only on Q and n, which
is bounded if Q) is bounded in the norm of C>.

Remark 3. If n =1, then the support condition in a unit ball of the above lemma
can be removed and (2.1) is rewritten as if |2”(£)] > 1 on a fixed interval (a, b) and
X is supported in [a, b], then

b
| erone)ag

a

<O 2(Ixllzos (ap) + X 21 (at)- (2.2)

See Corollary of [34], p. 334.

To apply Lemma 2.1 to the radially symmetric phase €2, we need the following
formulation of the determinant of Hessian matrix of radially symmetric function.

Lemma 2.2. Let w = w(|z|) be a radially symmetric C? function on R™\ {0},n >
2. Then the determinant of Hessian matriz is also radially symmetric and is the
following

det (V2w)(z) = (‘“’l(”y_lw”(rx r=|x|

r

Proof of Lemma 2.2. The (i,j) component of Hessian matrix of w is given by

! y > . .
azajLU(fL‘) = w (T) (613 _ xll‘]) _’_w//(r) szC]’

r r2 r2

where r = |z|.
If w'(r) = 0 for some r > 0, then since jth column vector of Hessian matrix
is w”(r) %z, obviously the determinant of Hessian is zero. Hence we assume that

w'(r) is not zero for any r > 0.

Let A=1— ") Then the (i,7) component of Hessian is rewritten by

o)
i JLU xr) = , ij 7"2 .

Hence ) "
det(V2w) = (‘””) det(A),
r
where Aij = 6ij — )\QJJEJ .
Let h be a function on A defined by h(A) = det(A4). Then h is a polynomial of
degree n on A rewritten by

RN =1+ aid+ax\? + -+ a1 A" 4 ap, A
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2
Here a; = —tr(A) = —Ej% =—landfor2<j<n
Tiy Tiy . wilxi]‘
T r2

(1)
a; = (-1) E det : :
i1<i2<~~~<ij zijzil riqu‘,j
pov N e

a’;il . e xil

_(_1\J 1 2 J
=(-1) E — det
i1 <tg<--<ij i,

J 3J

=0

(for the formula of h(X) and its coefficients a;, see [33], p.155-156). Thus h(\) =
1 — A. Therefore we have

det(V2w)(z) = (‘”/(T)>n (1-X) = (d(r))nlw”(r).

T r
O
Remark 4. Applying the above lemma to w;, we observe from
p(3 + 2p? 3p
()= L2 gy = - (23)

wy (p
(1+p?)> (1+p%)%
that for 1 = 1,2

|det (V2w;)(z)| "% ~ D;(p) for all |z| =p > 0.

Utilizing the above two lemmas and Remark 4, we obtain the following dispersive

estimate?.
Lemma 2.3.

sup
zER™

/ e éttwi(9)) (é) d{‘ < |t|~% Dy(N). (2.4)

Proof of Lemma 2.3. If n = 1, then it is easily observed from (2.3) that |w(£)| >
eD;(N)~2 for any ¢ € (N/2,2N) and some fixed small constant c¢. Now by direct
application of Remark 3 with a = &, b = 2N, A = ¢tD;(N)~2, x(£) = n(¢/N)
and Q = ¢ 17 1D;(N)?(2€ + tw;(€)), one can readily obtain (2.4). Therefore we
consider only the case n > 2 from now on.

From Remark 4, it suffices to show that the left hand side of (2.4) is bounded
by a constant multiple of |¢|~% |det (V2w;)(z)|~2 with |z] = N.

By the change of variable £ — N¢, we have

1= [ ag

where ;(§) = 12 - £ + {wi(NE).

4The authors heard that recently, Gustafson, Nakanishi and Tsai showed a similar result for
the phase wi by another approach in [14].
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Fixing (z,t), let us define a function « by
x £
©) = 1V9(6) = [ + i),

where p = |¢]. Let ag be the minimum value of a(£) on the annulus {3 < [¢£] < 2}

Since the set of vectors ¥ +w§(Np)% with £ € {3 < [¢] <2} is an annulus centered
t £, the minimum « is attained on the line of direction x. Let & be the minimum

point. Then &y has the opposite direction to x and
m =wi(Npg) + =
P Wi LV Po ag, po = ¢l
The signs + appear when the minimum is attained on the outside sphere of annulus
and the inside one, respectively.
Since for any % <p<2

(2.5)

!/
(N
W) g A ke,

%

(N), then by integration by parts we have for any M > 0

if ag > ﬁwg
[T < N™ ([t Nwi(N)) ™.

Now setting M = %, we have from (2.5) and Lemma 2.2

1] S e % (c«/J(VN)>—” (w,](vm)_

n—1
n l‘ N _T
i (0) 7 et
= [t|7 2 |det (V2w;)(N)| 2.
{(N). Let us choose

i

M

a cut-off function g

w
< %} Then

From now on, we assume g < ﬁ
defined on S™~! and supported on the set {% e st ’% - égl

I= N"/e“m*(@g ( : ) n(€) dé + N"/e“m’“)(l -9 (é))”(f) <

lél

= Il —|— IQ.
We first estimate I>. To do this, we will use a one dimensional cut-off function

h supported in a neighborhood of py such that
_L W)
~ 100 N|w/(N)]
1 Wi(N) \F
d ¥ ()| < [ = e for all & > 0.

h(p) =1 for |p— pol
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If ¢ € supp(h), then from (2.5)

N
|wi(Np) = wi(Npo)| > g‘w:/(N)Hp — pols

and hence
V| = o] () = (Vo) 2 o] 2 [w(Vp) —wi(Npu)] g
N 1
> —[w!(N)[lp = pol = a0 > =5-wi(N) = ag (2.6)
1
> —Wi(N).
= 55021 (V)
Since ‘I%I - é—g‘ > 1 for ¢ € (supp(h))® and
|wi(Np) —wi(Npo)| < 5N|wi(N)||p = pol,
we have
[VQi| > [Jwi(Npo)ll§" = &l — [wi(Np) — wi(Npo)l| — o
1 ! 1 !
> TOwi(N) - ?Owi(N) — Qo (2.7)
1
> ——wi(N).
= 50 V)

Thus by integration by parts, we deduce from (2.6), (2.7) and Lemma 2.2 that

J e (19 () niomie) de
/eitmi(&) (1 —9g (é)) (1= h(p))n(&) dﬁ‘

< N (|t Nwj(N)) %
= |t|” % |det(V2w;)(N)| 2.

[Io] < N™

+N"

Now it remains to estimate I;. Let us define a function fNZi by

- 1
Q; =Q; — Nwi(Nﬂo)-

Then

I, = N™ itw; (po) itN&; (&) (£> dE.

By the relation ‘f—l = wj(Npp) = o, we have that for 0 < k < 3,
V() <1,
IVFQ ()| <1 if N <1, %IV’@I <1if N> 1.
We define A case by case as follows:
A = tNCh|det(Vws)(N)| 7+ for Qy,

A = tNC,|det(V2wy)(N)|= if N <1 ~
9 1o 1. for 4
A=tN*Cpldet(N~'VZwi)(N)|= if N>1
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Then using the fact that |(V2w;)(Np)| > ¢,|det(V2w;)(N)|= for some small con-

stant ¢, depending only on n, from Lemma 2.1 (after decomposing the annulus by

finite number of unit balls if necessary), we obtain for I; with the phase AQs(€),

1

|| S Nt "eN~2 N"det(Vng)(N)r% < |t 2 |det(VZwa ) (N)|~ 2,

for I with /\ﬁl(f) and N <1

_1
2
i

L] S N7t % N E N det(V2wr ) (V)7 = [t]~ |det (V2wn) (V)

and for I; with AN~1Q;(¢) and N > 1

1

L S N7 E N det(Vwn) (V)| 7# = [t [det(V2en) (N)] *
These complete the proof of lemma. O
As consequences, we have the following lemmas.
Lemma 2.4. If2 <r < oo, then
1:5:(#)i, Si(O)pi)llLoe S (14 )71 (pis i) 2 (2.8)

If2<r <ooands >0, then for s >0

10eSi ()i, Si(®)i)llpz = < (14 [t) N (i, )| o (2.9)
and for s = 0 |

[1(0eSi(t) i, Si(t)wi)ll go.r < (1 + |t|)_0||(s0i,%’)Hgggh (2.10)
Here 0 = 3= =n(3 — }).

Proof of Lemma 2.4. If |t| < 1, by Holder’s and Hausdorff-Young’s inequalities, we
have for any r € [2, 0]

1 Pn (8:9i(t) i)l Lo S N7 || Pyja<.<onill L

Hence

10:5: () pill o= < il 2 (2.11)

-
In particular we have
| Pn (0eSi(t)pi)ll e S N"||Pnje<.<onwillnr-
Interpolating this with trivial L? estimate that
| Pn(0:Si(t)pi)lle S [ Prnje<.<en®ill L2,
we have for any r € [2, o0]
1PN (0:Si(t)pi)l| e S N™CO7 3| Pyjac.coneoi
Since by Holder’s inequality

[P0 (9eS: () i)l < Npill s

L
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we have for any s € R and r € [2, 0]
[10:S: (W) pillpgm < ||90i||B;+n<1—%>,w- (2.12)
If |¢| > 1, then from Lemma 2.3, it follows that
1PN (8:Si(t) i)l S 1t~ % Di(N) || Prja<.<anepill - (2.13)
By Holder inequality, we also have
1PN (0:Si(D)¢i)llL S N ¥ || Prjac.<on il 2 (2.14)
Interpolating (2.13) and (2.14) and using the estimate (2.11) and the fact that
D;i(N/2) ~ Di(N) ~ D;(2N),

we obtain the estimate (2.8).
On the other hand, using the trivial estimate

[ PN (0:S:i(t)pi)ll 2 S HPN/zg-gzN%‘Hm
and its interpolation with (2.13), we have
1Py (0:Si ()il < [HT" G Di(N) =7 || Pajoc.<onpill - (2.15)

Thus for 2 < r < 0o, we have

[10:5: ()il

L S Hatsi(t)<,0i||33,r < |t|*"(%*$)

1—2
1D} il o
_2
S 1" E=D D T il e

Hence for s > 0

1 1

_p(i_1 1
sy S 7DD}

2
-

[10:.5: ()il

‘PiHB;T'
and also for s =0
11y, 1-2
10eSi ()il go. - < 1172 2ND ™ il o
Combining these estimates and (2.12), we get (2.9). O

Remark 5. Letting Ao g = w§(1—A) % instead of £*-Besov estimate, we can obtain
(2-Besov estimate. For any positive number &,

1PN (0:Si () i)l Lo < 18172 Di( N) A —o(N)|| Pyj2<.<onA—ccill 11,
1PN (0:Si(t) i)l Loe S NZAeo—o(N)||Prja<.<onA—ccill 2,

where Ay g(N) = wa(N)(1 + N2)§. Interpolating the above L! and L? estimates,
and summing with respect to j after squaring, we have for arbitrarily small ¢

10:Si(®)ill + ISi@illoe € (1 [H) P Acc (i, i)l 2.0

1,2
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Lemma 2.5. Let 2 <r < oo, 51 > 7 and s3 > 2n737", Then we have fori=1,2

t t
‘ | me-vgwrar| < [asle-e) gl . (2.16)
0 Lo 0 2
Moreover, for any 2 <r < oo and s > 0, we have
t t
/ Tyt —t)g(t") dt’ < / [t — t’|*9||g||Bs, o dt’ (2.17)
0 By 0 2
and
t t
‘/ Tyt —t)g(t") dt’ g/ \t—t’\“’||g||30,r/ dat’. (2.18)
0 BgyT 0 2

Here 0 =n(1 —1).

Proof of Lemma 2.5. Invoking T;(t)g = sin(tw; )w2g, by the argument in the proof
of Lemma 2.4 and Remark 5, we obtain

T3 () gll Lo
(i1 1-2 12
< @I (101 FA] Pl IAasl o).
2 BZ
Since we obviously have

D!

K2

AWl T (N)~ NEE S for N <1

_2 _2 n
and D; "A_..wy "(N)SN¥TF for N <1,

if € is sufficiently small, we get the first part of (2.16).
For the proof of (2.17), observe from Lemma 2.3 that

1PN (T1()g)l| o < [t 2 Dy(N)wo(N) || Pajos.<onglle

s (2.19)
S T2 1 Paje<<onglln
for any dyadic number N. In particular, for N <1
1PN (T1(8)g) ||z < [t 2 Di(N)wa(N)[| Py ja<.<angl e (2.20)
SIHTENE gl '
and hence by interpolation with L? estimate, we obtain
IPNTi(Ogllzr S 1677 NG g 1. (2:21)

Using the estimates (2.19)-(2.21), by the same argument for 9;5;(t) we get the
(2.17). O
3. PROOF OF THE MAIN RESULTS

3.1. Proof of Theorem 1.1. Let us define a nonlinear mapping N on (Xpsj’e, d)
by

N (i) () = (0uSi(8))pi + Si(t)bs + / Ty(t — ) fi(us) (),
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where

Si, 0 __ e’} n+1 %) . S n .
X509 = fu e L®(R™) 0 L (R; H* (R")) :

max ( sup(L + [¢])° [u(t)]| o, ess sup ||u<t>||Hsl») < pi)
teR teR

and d(u,v) = |Ju — v|| g~ (g, £2) for u,v € X5 ?. The space (X359, d) is a complete
metric space. To prove this, let {u °. C /'\,’ 5i:9 be a sequence converging to u; in
L>®L?. Then by weak-* compactness of L‘X’Hsi7 we find a function w; € XPS“ such
that there exists a subsequence u]* converges to w; in weaksx in L>*L? and hence
in distribution sense. By the strong convergence of u{k in L>L?, we deduce that
w; = u;. Since s; > 2, u; € L®(R™1). Moreover, since (1+[t))?| [ul*(t)¢ dz| < p;
for any ¢ € Cg° and a.e. t € R, by the convergence in distribution, we also have
(1 + [t)?] [ ui(t)pdz| < p; for any ¢ € C5° and a.e. ¢t € R. This implies that
ess supyep (1 + [])?|lu;i ()] < p;. This proves the completeness of metric space
(X300, d).

Fixing r, s; and p; satisfying the condition stated in Theorem 1.1, we prove that
for sufficiently small p;, A is a contraction mapping from (Xffj’e, d) to (lej’e,d),
0 ="

For this purpose, let us introduce a generalized chain and Leibniz rules (see
Lemma Al ~ Lemma A4 in Appendix of [18] and also [8, 11]).

Lemma 3.1. For any s with 0 < s < p;, we have

s i—1 s

1D fi(w)llLr S Nl = | D%l Lrea, (3.1)
1 1 1

<=+, 1 G(I,OO],’/‘QE(I,OO)>
T T1 )

| D*(uwo)||Lr < [[Dul[r [[v][ o2 + [l o [[D¥0]| Lre. (3.2)
1 1 1 1 1

<=+ =—+—, 7€ (1,00),¢ € (1,00, i:1,2>
T 1 q2 q1 T2

Now from Lemmas 2.4 and 2.5, we have

IV (ui) ()l S (1 + 1)l (i vl of

o

#| [0 =D @l ot
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sp > 2n — 32 where § = n(1 — 1). Then since

pi > si and H? — B}, for 1 <7 <2, the generalized chain rule (3.1) gives us

for any r € (2,00) and s1 >

r”

IV (@) @)z S @+ )7 (i, i)l 2 ot ‘/ A+ 1= DSl '

<1415+ \/ 1+ \t—t’\)*anui
0

p7@ Nl = dt"
L

r—2

2

o, dt!

t
<t + \/ (L [t = ) P

t
S W) 547 | [ (1 fe= )0 e
0

Now for the last integral we use the estimate (see [39]) that if a,b > 0 and
max(a,b) > 1, then

| S (1 [ty mineb) (3.3)

/Otu =)+ )

(in case that 0 < a < 1 and b > 1, the same estimate as (3.3) also holds for |t —¢'|~@
instead of (1+ |t —¢'[)™*). Since (p; — 2) 6 > max(1,6) for p; > 2 + max (1, %),
we have for sufficiently small § and p;

ess sup(1 + [¢])° N (ui) ()| = S 0 + " < % (3.4)
teR
Plancheral’s theorem shows for sufficiently small § and p that
t
IN ) Ol e S Nillres + llwi  Pillre + '/0 I1fi (i) || o: dt’
¢
SO+ ‘ / [ v A [P
0 (3.5)

t
So | [ @l e ar
0

§§+pp7<%

since (p; — 1)@ > 1. Therefore, combining (3.4) and (3.5), we deduce that A" maps
Xsif to 500,

Now for any u;,v; € X ;;’9 we can show from the chain rule (3.1) and Leibniz
rule (3.2) that if § and p; are sufficiently small, then

) = Ao | [ 1) = o)l

t
S
0

< PP d(ug, vi)

S ppi_ld(uhvi)'

i+ ol ) s vl |

t
/ (14 [¢/])~ im0 gt/
0
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Thus for small p;, N becomes a contraction mapping. The uniqueness follows
immediately from the contraction mapping argument. The time continuity of the
solution u(t) follows fro the standard argument and we omit it. This completes the
proof of Theorem 1.1.

3.2. Proof of Theorem 1.2. We have only to prove that the nonlinear functional
N defined in the previous section is a contraction mapping from (V5?1 d) to itself
for some s and p. Here

Vot = {v e LR Hy,,) : ess sup(1 + Do @)z, <p}y

0=n (% - ﬁ) and d is the metric on V5P defined by d(u,v) = [[(1+ [¢])?(u —
v)||peorp+1. Then by the same argument in the proof of Theorem 1.1, one easily
show that (y;’pH, d) is a complete metric space.

Fixing s and p satisfying the conditions in Theorem 1.2, since By, — H; for

2 <r < oo, from Lemma 2.4 and Lemma 2.5 we have for any u € y/f’p"’l

IN(@)lweres S @+ [H) (e, H@sl ‘/ [t =170 f(u )”B;Hth/

S i)+ | [ o=y, af
0 P

t
sl | [e-ertarieprar
0

Here we used the chain rule (3.1) with s > 0, r = 22 ) = 5%1

o and ro = p+1
for the second inequality. Since pf = pn( ) > 1forp > vyn) =1+

8/(Vn?+12n+4+n—2)and 0 =n(3 — ) 1 for p < a(n), using (3.3), we

have for sufficiently small § and p

SO+ pP < p.

p+1 ~

ests:ﬁyp(l + )P IV () () || 12

Thus N maps y;xPH to itself.
Now for any u,v € Y5P+! we have

IV (1) = N(@)[[Lo+r S

t
[ =t = s, @) 69
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+1 .
Using the fact L7 — BY%., ,» One can see that
=

110 =10l , = | [ 500+ 0= 0y ra— )

50
BM_Q
>

1
< / 17 O+ (1= A)o) (= 0) o dA
0 24l o

1
S [ 1P Ouek (= 00l gy fu = ol s i
0 Le—t
S (lallyzts + olihs ) e = oll o
Substituting this into (3.6), we obtain
t
ING =N @)l € 9w o) | [ =171 o) e
0
S (1 1t) 7 d(u, v).

If p is sufficiently small, then the above two estimates show that A/ is contraction

mapping. This completes the proof of Theorem 1.2.

Remark 6. If 1 < n < 4, s is arbitrarily close to and greater than p% and p is

sufficiently small, then by Sobolev embedding Hy,; < L, we have the following
estimate

la@lle < Nl wr ) ae + ‘ [ st ar
0

t
S Ol +| [ = e af
0

t
/ (14 [¢'))~0@=1 g’
0

Sle,wi e + o7 [l o< e

_ 1
SN e + llullee e
Hence we deduce that the solution w is in C(R; H?), provided v(n) < p < a(n).
3.3. Proof of Theorem 1.3. Let us define functions gpii and wii, 1=1,2 by

—

— +oo
FE©) = Gi(6) - / wa(€) sin(t'ws (€)) () (€, ) .

_— N +oo P
U E) = Bu(©) + / 54(€) cos(twi (€)) Fi(w) (&, 1) dt.

where (1,11) and (@2, 12) are the initial data stated in Theorems 1.1, and &, (§) =
|€]2 and @9(€) = w2. Then from the regularity of solution u;, we clearly have
(o, ) € H% x w,H%.

Now let ui be the solution to the linear problems (1.1) and (1.2) with f; = 0

and with initial data (¢, ). Then it can be represented by

?

+oo
uif (z,) = (9uSi(t)ei) (@) + (Si(t)ei) () +/0 Ti(t —t') filus(t')) dt'.
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Now we have from Lemma 3.2

:i:(.

Jui (-5 8) = S

)l S

+oc0
[ 1o (s ) e

+oo

/ (14 [¢/])~ @0 g/
t

= O(Jt|~ (=10t

Ny

as t — £oo.
Similarly, we can define (p*, %) € HS,, xwi H3,,. If u and u* be the solutions

P p
of (1.1) and its linearized equation (i.e. fi; = 0), respectively, then we have

400
b t) = (), < \ / 1 (u Lt

S (1+It =Dl ar

= O(|t|= =)
as t — Foo. This proves the theorem.

Remark 7. In view of Remark 6, we can also obtain the scattering in H® for s > I~

pES T
provided s is arbitrarily close to y(n) <p<an)and 1 <n < 4.

p+1’
4. NON-EXISTENCE OF ASYMPTOTICALLY FREE SOLUTIONS

In this section, we study the non-existence of asymptotically free solution, fol-
lowing the same strategy of [7] which is based on the argument of Barab [2] and
Glassey [12, 13]. See also [29, 35].

Theorem 4.1. Assume that 1 <p; <2 forn=1and1 <p; <1+ % forn > 2.
Suppose that there exists ¢ > 0 such that fi(u;)u; > clus|Pitt. Let uy and ug be
solutions to (1.1) and (1.2), respectively, with (u;, O;u;) € C N L>®(R; DL? x D*L?)
and ((pf,wli) € DL? x D?L? be a pair of smooth functions with compact Fourier
supports. Suppose that

|| (t) — uli(t)HLz =0(t|"%) as t— too (4.1)

for some € > 0, where uf are the free solutions to the linear problem (1.1) and
(1.2) with f; = 0. Then u; = ui = 0.

The compact support condition of (cpli, %ﬂ:) in the Fourier space may be replaced
by the space decay condition. See Remark 8.

Proof. Let us define a bilinear form H (u,v)(t) by
H(u,v)(t) = Re/ (Do (t) D™ u(t) — D™ Ou(t)D ™ o(t)) da.

Then H (u,v)(t) is well-defined and uniformly bounded on ¢ € R for (u, d,u), (v, Ov) €
C N L®(R; DL? x D?L?).
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We assume that (¢, ¢E) # (0,0) and derive a contradiction to the uniform
boundedness of H. For the simplicity we will consider only positive time and hence
asymptotically free solution u:r Suppose that there are non-zero functions u; and
uj satisfying the condition of Theorem 4.1. Then by using the regularization of u;
and u;" (if necessary) we obtain

%H(uz,uf)(t):/fl(ul)uj dx. (4.2)

Let H(u;,u])(t) = H;(t). Then from the condition f;(u)u > c|u
that

Pitl we deduce

L) = / (filus) — filuh))ud de + / fi(udyut da

dt
> /(fz(uz) — filu))uf dz + c/ |uf [P+ da.

We will prove that if ¢ is sufficiently large,

b;

it+1 - —1
||uj_(t) ipi+1(|x|§Atﬂ) > cot " (4.3)

for some positive constant A and ¢y depending on go;" and 1/1;' and 3 > 1 depending
on ¢ stated in the theorem. If not specified, every constant depends on <pz'-" and w;r.
For the proof of (4.3), we first show that

||’LL;‘F(t)||L2(‘x|§Atﬁ) =1 for sufficiently large t¢. (4.4)

By Holder inequality, (4.3) follows from (4.4). To obtain (4.4), let us choose a cut
off function yo supported in the unit ball B(0,1) such that

[ (D172 (a1 <aeey = " 1 (7221 < avo-1) = T Ixo(/M)us (8 0)]172,
where M = At%~1. For the last integral, we have
ol /Muf (8, 8) B
= t"[[xo(-/M)(BeSi(t) 7 ) (#) 172 + t"[Ix0 (-/ M) (Si()3;") (#) |72 (4.5)

+2"Re / (ol M) (0uSi(t)F ) (1) (S5 ()07 ) (1)

By change of variable and Plancheral’s theorem, we have for the first term

— 2
' xo(-/M)@:Si(e ) ()1 = [ xol/ANF ! (cos(tar(e/)t 26 (/1)|| -
From the identity cos?z = H‘%S(QI), we deduce that
2

cos(twi(&/O) 37 (/)
H I

_ / cos? (twi (€/8)) t" @7 (¢/1)[2 dé

1

1 —
= St s + 5 [ cos Crunte/oimIoF €/ as.
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By the integration by parts in the radial direction such that

Jousr©sa=~-1) | f@j@ e~ [ 1©29(de.

€
p=Iel 9 =20V,

we have
/ cos (2twr(€/8)) £ 0T (¢/)[2 de

= /f% (sin (26wi (€/1))) (9, (2twi (€/2)) ™ "7 (¢/) de

_ n—1 [sin(2tw;(£/t))
ot / p

~ g [ st/ 0, (0, ras(e/o) ™ 67 (/) de

(4.6)

(D, (2tws (/D))" | (/D) de

Since

(0 (2tn(e/0) " = 50+ 27/)E,
it follows from the Holder inequality that
[ eosztan(e/one el (/0 de = 071 as ¢ o
and hence

Hcos(twi(f/t))f%g('/ﬂ’

1
P ﬁ”@f”w as t— oo. (4.7)

Now we claim that there exist large numbers g such that
inf £ xo(- /M@ S (e (E) 3 2 1. (4.8)

For the proof of (4.8), we may assume that ||¢; ||z = 1. Let us define a function
gi(w) by t"(9:S;(t)p; ) (tx)[?. Then from (4.7), we can find a positive number t,
such that [ g,(z)dx > i for all t > ty. By integration by parts, we get for x # 0
and multi index « with |a| =m > %

t% (05 (1)) ) (te) = /6””5 cos(twr(£/1))oF (€/1) dé

(2m)nts
~ s [ o (costrate/maTe/m) de

(2m)"ts (—iz)>

By Holder’s inequality we have for a fixed number so > 7

t" o
Qt(x)gm Z &4 ‘P;FHHSO- (4.9)

lal<m
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This gives us that

/ (xol/M))? g1 () di: = / ge(z) di — / (1= (2 (/M) gu(x) die

/ At? d
— XL
el>1m |22

—O(t?m=(@m=B) a5 t — oo,

B~ = =

>

where M = AtP~! and A ~ lal<m l2%@7 || mr=o -

Now if we choose m and (3 so that 2m — (2m — n)8 < 0, then the claim (4.8) is
proved, provided tg is sufficiently large.

Similarly we see that

sin(tew(¢/1)) o |2
wi(§/1) L2 vait o ’

as t — oo and hence by the same argument as above, we have the estimate

" xo(-/M)(Si (&) ()72 2 1, (4.10)

if t > to for some large tg.

2

B (E/1)

Finally, for the last term of (4.5) let us consider the integral

16) =" [ @it t2)S: (0] (t0)
Then by change of variable and Plancheral’s theorem, I(t) is converted by
1 /sin(Qtwi(S/t))
(2tm)" wi(§/t)

Here we also used the identity cosxsinz = % sin 2z. Similarly to the estimate (4.6),

we have I(t) = O(t~!). With this estimate we prove that

oF (€/0Di(E/t) de.

2t"Re/(Xo(x/M))2((%S(t)go"’)(tm)(S(t)er)(ta:) dx| -0 as t—oo. (4.11)

Actually, by the integration by parts as above, we have

’%"Re / (xo(x/M))*(0:Si(t)pi") (t2) (Si (1)) (1) dv
§|2ReI(t)|+/ ﬂdw—w

el>1m |2[P

as t — oo, where M = At#~1,

Therefore (4.11) together with (4.8) and (4.10) yields the lower bound estimate
(4.4) and hence (4.3).

Since ¢;” € DL? and ¢;” € D2L? have compact Fourier supports, it follows from
the proof of Lemmas 2.4 that for all 2 <r < oo

i ()] StE. (4.12)
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From the estimate (4.12) and the hypothesis (4.1), we have for 1 < p; <2,

‘/(fi(ui) — fi(u))u dx

i—1 2-p; i—1
S (luall P N 11527+ N llp2) lug s s — w2

~

= O( 3=,

(4.13)

Thus choosing 3 > 1 such as "ﬁ(p;*l) < "(pl;l) + ¢ and % < 1, we conclude
from (4.3) that %H(t) > t=! for large t. This is a contradiction to the uniform
boundedness of H. O

Remark 8. In the above proof, we chose 3 such that

< B <min |1+ 2 2
P E— min .
2m —n n(p; —1)" n(p; — 1)

This choice is possible because p; is assumed to be smaller than 1 + % If ¢ is

smaller or p; is closer to 1+ %, then m should be larger. Hence from (4.9), the data
(¢, ) should decay fast at space infinity.
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