HOKKAIDO UNIVERSITY

Title The Haar wavelets and the Haar scaling function in weighted $L"p$ spaces with $A p~{¥dy ,m}$
weights
Author (s) Izuki, Mitsuo
Citation Hokkaido University Preprint Series in Mathematics, 766, 1-25
Issue Date 2006
DOI https://doi.org/10.14943/83916
Doc URL https://hdl. handle.net/2115/69574
Type departmental bulletin paper
File Information re766. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




The Haar wavelets and the Haar scaling function
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Abstract

The new class of weights callefkf)y’m weights is introduced. We prove that a
characterization and an unconditional basis of the weighfezspacel P(R", w(x)d x)
with w € A%y’m (1 < p < ) are given by the Haar wavelets and the Haar scaling
function. As an application of these results, we establish a greedy basis by using the
Haar wavelets and the Haar scaling function again.
Keywords and PhrasesThe Haar wavelets, the Haar scaling function, weighted
spaceAgy’m weight, greedy basis.
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1 Introduction

The relations between wavelets and weightédspaced P(w) := LP(R",w(X)dx) (1 <

p < o) has been considered in [ABM], [GK], [Ka] and [L]. In particular, H. A. Aimar,

A. L. Bernardis and F. J. Mdn-Reyes proved that some characterizationisP¢fv) with

w € A, and an unconditional basis for it are given by 1-regular wavelets (e.g., the Meyer
wavelets, the Daubechies wavelets etc.) ([ABM]). They also proved that the similar results
followed for the case of the Haar wavelets replacikgweights byA?)y weights. On the
other hand, in 1994, P. G. Lemé@rRieusset considered for the case of Daubechies’. He
proved that a characterization bf(w) and an unconditional basis for it were given by
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using not only the wavelet but also the scaling function which constructed the wavelet for
the case ol e A'g’c ([L]). Let us remark that the class éfgc weights was first defined by

V. S. Rychkov in 2001 ([R]). We don’t explain in detail, however, we shall point out that
he gives some interesting results abélgf weights and weighted function spaces with
them. We prove that the similar results to P. G. Le@dieusset’s hold for the case of
Haar’s replacinghs® weights byAY™ weights, first defined in this article, on the basis of
the idea of [ABM].

Let us explain the outline of this article. We describe briefly the basic concept of
wavelets associated with an MRA in Section 2. In Section 3, we introduce four classes
of weights, namelyA,, Ay, A% and Ay"™. Also we give some examples of them re-
spectively. Section 4 consists of the main results and the proof of them. We show that a
characterization and an unconditional basis of the weightespace Witmf)y’m weights
are given by the Haar wavelets and the Haar scaling function. Using these results, we es-
tablish the greedy basis in the weightetspace witm‘;y’m weights by the Haar wavelets
and the Haar scaling function again in Section 5. So to speak, our weighted wavelet (and
scaling function) method is valid for the results of [ABM] and [L], too. We explain them
in Section 6.

Lastly, we would like to remark on the studies of greedy bases briefly. [CDH], [GH],
[KT] and [Ky] give the remarkable results respectively. We shall point out, however,
that they consider only for non-weighted cases. This article studies greedy bases in the
weightedLP space with four kinds of weights.

2 Wavelets

Definition 2.1 (wavelet setwavelet basis and wavelet)Let {we}i‘ll be a sequence of
functions belong th?(dx) := L2(R", dX). We define

WX 1= 2500 (2Ix - K) = 288 (2x — K, 2% — k) (X= (XL %) €RY)

foreachl <e<2"-1, j e Zandk = (ky,---,k,) € Z". The sequencg®)2;" is called

a wavelet set i{ ° } . is an orthonormal basis ih?(dx). Then we say that
k) 1<e<on-1,jez kezn

{ ?k} . is a wavelet basis ih?(dX) and that anys® is a wavelet.
IK)1<e<2n-1,jez kezn

Let f € L2(dX) and{glxe}i‘ll be a wavelet set. We obtain the wavelet expansioh of
f = D (Rusus in LA(dW
1<e<2"-1,jeZ kezZ"

and Parseval’s equality

1
2
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1<e<2"-1,jeZ kezZ"
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Here<f,gbik> = fRn f(x)zp‘ik(x)dx By above two equalities, we see that ttfenorm of

f is characterized by the wavelet cfﬁeients(f,w‘ik) l<e<2'-1, jeZ keZ".

We can construct wavelets which have various properties by the proper way of con-
structions. The remarkable feature of wavelets, which have a proper smoothness, a proper
decay or a compact support, give characterizations and unconditional bases of various
function spaces, such as Hardy spaces, Sobolev spaces etc. ([W], [HW], [M], [G], [GM],
[DD).

Additionally, we shall point out that a sequence of closed subspadea) called
MRA gives wavelets.

Definition 2.2 (MRA). An MRA (multiresolution analysis) is a sequefi¢g ., of closed
subspaces df?(dx) such that
(@VjcVj forall jeZ.
(b) U V; = L(dX).
jez
©( )V =10}
ez
(d) f € Vj holds if and only iff (27/x) € V, for all j € Z.
(e) f € Vp holds if and only iff (x — k) € V, for everyk € Z".
(f) There exists a functiop € V,, called a scaling function dVj} ez, such that the
system{p(X — m)}ezn is an orthonormal basis V.

Given an MRA({V;} .z, there exists a wavelet sgt®}2* such thal{w‘ik}kwn_l o
is an orthonormal basis W, for all j € Z, whereW; means the orthogonal ‘complement
of V; in Vj;1 (cf. [M, Chapter 3] or [W, Chapter 5]). Taking suitable MRAs enables us
to obtain wavelets which have various properties. Let us introduce the Haar wavelets and
the Haar scaling function which play an important role in this paper.

Definition 2.3 (The Haar wavelet sethe Haar wavelet and the Haar scaling function)
LetE := {0, )" - {(0.---, O)}, ¥* = x[03) ~ X[3.0): ¥° = X109 @Nd

vo(9 = [ vt (%) (e=(en-.@) € E x= (x5, %) €R"),
i=1

whereyr means the characteristic function of a measurableFsetVe say that the se-
quencey®¢ IS the Haar wavelet set and that ay is the Haar wavelet. Additionally
we call the functiory(o 1y the Haar scaling function.

On the other hand, we shall also remark that there are well-known examples of smooth
wavelets such as the Meyer wavelets which belong to Schwartz class, the Daubechies
wavelets which belong t6'(R") for somer € N and have compact support, and so forth.
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3 Weights

A weight onR" is a functionw defined orR" such thatv > 0 ae. R" andw € L. (R").

Let w be a weight orR" and 1< p < co without notices in the following of this paper.
We shall explain some notations here in order to introduce four classes of weights.

Notation 3.1
(a) We define a dyadic cul@; by

Qi = [27ke, 27 (kg + 1)) x- - x[ 27Tk, 27 (Ko + 1)) (j € Z, k= (Koo -+, ko) € Z7).

(b) We writew(E) := fw(x)dxfor a measurable s& c R". And|E| means the
E
Lebesgue measure &f

Definition 3.2 (four classes of weights)
(a) We define the class of weigl#ts which consists of all weights satisfying

~
As(w) = Qs;ge@w(Q)(lQl f wy) pldy) < oo,

and say thatv € A, is an A, weight.
(b) We define the class of Weigbr!t%v which consists of all weights satisfying

p-1
AY W) = N -7id 00
Ap(w) = SUp|QJ k| (Ql,k) ( |Qj,k| . w(y) Y] < 0o,

and say thatv € AY is an Ay’ weight.
(c) We define the class of Welgms which consists of all weights satisfying

1 L\
ASE(W) := su —WQ( fw ‘p—ld) < o,
W)= 301 Qi Jo 0

and say thatv € AS° is an AS° weight.

(d) Letm € Z. We define the class of Weigbﬁ%“m which consists of all weights
satisfying

AY"(w) ;= sup
|Qjxf<2-mn

1 1 .\
L oon[ L -1 oo,
Qj’k|w(Q,,k)[| N fQ R y) <

and say thatv e AY™ is an A" weight.
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The class ofA'lg’C weights is defined by V. S. Rychkov. This class is independent of
the upper bound for the cube size used in its definitions. Namely, we can r¢Q|acéd
by |Q| < r in Definition 3.2 (c) for any O< r < o ([R]). Thus, we obtain the following
inclusion relations between above four classes of weights:
o AV™ c AY™ (me 7).
o Ay C AY, AL,
o AY, A% c AY™ (me Z).
However, notice that the signs of equality are not satisfied for each inclusion relations,
l.e., strictly speaking, above all threec’” mean "< ”. These facts become clear by
giving some examples in the following Example 3.3:

Example 3.3 We consider only in the case of= 1 for convenience.
(a) Let-1 < @ < p—1. Then, we havex* € A, (cf. [To]).
(b) Let-1< a, B< p—1(x #B). We define a functiomy, as follows:

IX* (x> 0)
Wo(X) := { 0 (x=0)
X (x<0)

Then, it follows thatvg € AY — A,
(c) Letr € R —{0}. Then, we obtai’™ € AS° - A,

(d) Letme Z, s> 1 andr € R—{0}. Then it follows thatz & xam(¥) € AP — AL,
kezZ

4 The Haar wavelets and the Haar scaling function in
weighted LP spaces

To state the main result Theorem 4.2, we shall introduce some notations.

Notation 4.1 .
(a) We denoten(X) := gox(X) = ¢(X— k) andQ := Qo = l_[[ki, ki + 1) for eachk e Z",

) i=1
(b) We writeyjx := Z%XQJ.YK for eachj € Z andk € Z".
(c) N means the set of natural numbers. And we defgte= N U {0}.
(d) p’ means the conjugate exponentmthat is,p’ satisfiesp™ + p'~1 = 1.

Theorem 4.2 (Main Result) Let {y°}«e be the Haar wavelet se; := xp1y (i.€., the
Haar scaling function)y be a positive Borel measure @#, finite on compact setey e Z

and 1 < p < . Then, the following three conditions are equivalent:

(11) u is absolutely continuous with regard to the Lebesgue measure. And there exists a
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w e AY"™ such thaidu(x) = w(x)dx
(12) We define

[ > Kf’ﬂbikmk‘z]%

ecE,j>mkezZn

%
Mpum(f) = (Z ‘(f’¢mk> ||90mk|||_p(d,¢)‘p) +

kezZn LP(du)
Then, there exist two constarts: ¢ < C < oo independent of such that || f[ g, <
Mpum(f) < ClifllLpqy, forall f € LP(du) := LP(R", du(x)). NamelyM,,.m( - ) defines
the equivalent norm th- [|Ls(q,) on LP(dw). Andy (Qjx) > Ofor all j > mandk e Z".

(13) The sequenckpmylkezn U (¥ Jeck. jzmiezn fOrms an unconditional basis farP(dy).

And{(emk)" Heezns {(wik)*}eeEPm,keZ” C LP(du)*. HereLP(du)* means the dual space
of LP(du) and (¢mi)” (f) = f fF()emi()dx (f € LP(du)).
]Rn

It is known that there are several equivalent definitions of an unconditional basis in a
Banach space ([KS], [LT]). We shall remark that we adopt the definition of an uncondi-
tional basis by [W, Chapter 7] in this paper.

Definition 4.3 (unconditional convergenceinconditional basis) Let A be a countable
index set{Xxm}mea be a sequence of elements belong to a Banach spacel { X}k be a
sequence of elements belongtg whereX* is the dual space of.

(a) We say that the serieE:xm is unconditionally convergent iX if the seriesz Xor(i)
converges irX for all rg-e/? N — A altolandonto map. -

(b) We call{xm, Xn}mea @n unconditional basis iX if the following three conditions are
satisfied:

(1) {Xm, Xm}mea IS @ biorthogonal system, i.€X(Xm) = Smk. Heredmx means Kronecker’s
delta, that isgym = 1 anddmk = 0if m# k.

(i) spanxm}meAX = X, wherespanxy}mea means the set of finite linear combinations of
elements belong tO¢m} mea-

< C||x||x for everyx € X

(i) There exists a constafit< C < oo such tha\i
X

D Fn)%m
o meB

and every finite subs& c A.
Remark 4.4 Let A be a countable index set afi,, Xn}mea b€ an unconditional basis in

a Banach spack.
(@) (W, Theorem 7.7 (i)]). The serieEl Xm(X)Xm converges unconditionally i to x for
meA

everyx € X.
(b) (W, Remark 7.2]). We see that the functionggl.a € X* are determined by the
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vectors{Xm}mea C X from two conditions (i) and (ii) in Definition 4.3 (b). Thus we
often say thafXm}mea IS @an unconditional basis iX.

We will prove the equivalence of three conditions (I11), (I12) and (I13) in Theorem 4.2
in the rest of this section. Before starting the proof, let us remark the following facts:
o omk(X) = 2% (2™X) for all me Z andk € Z".
o Letw be a weight orR". Then,w e AY"™ if and only if w(2-™x) € AY° for all m € Z.
o (2F1(2™). omi) = (@) and(2% £(2™),y,) = (f.y¢ ) foreveryee E, me Z,

kezZ"andj > m.

Thus we see that we have only to prove Theorem 4.2 for the casve=-09. We will give
the proof referring to the statements of [ABM] and partly using the results of [V].

4.1 Proofof (11) = (I12)

First of all, we assume (I1). Itis clear tha(Qj) = w(Qj) > 0 for all j € Z, and

k eZ".

Lemma 4.5 It follows that(

;p 1
PRAS ||<,ok||Lp(W>|pJ < ATW)7 [IllLpgy forall f e LP(w).

kezn

Proof of Lemma 4.5 By straightforward calculations, ¢tder’s inequality andQy| = 1

for all k € Z", we have

D@ el =

kezn

IA

IA

Lemma 4.6 There exists
f e LP(w),

[ee E,jeZ, kezZ"

D KE @ - oy

kezn

2,

kezn

p
f(x)w(x)%-gok(x)w(x)-%% - f P W)X
Qx

Qk

-1
|f(x)|pw(x)dx-( w(x)-pfldx)p W(Q)

kezn v Qk Q«

AZOW) D | IFIP W
kezn ¥ Q«

AW (I - O

a constaft < C; < oo independent off such that for all

NI

< Callfllipqw) -

‘( f, t/f?,k>)(j,k|2]

LP(w)
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Proof of Lemma 4.6 We shall follow the lines of [M] using Khintchine’s inequality.

Proposition 4.7 (Khintchinés inequality cf. [Z]). LetQ be the product set-1, 1}* and
du(w) be the Bernoulli probability measure @dfor w = {{w()}cn : () = £1} € Q,
obtained by taking the product of the measures on each factor which give a m§ss of
to each of the points-1 and 1. Then, for alll < p < oo, there exist two constants

0 < Cp1 < Cp2 < oo such that for allfa(2)},cx € C,

: P b :
cp,l[z |a(ﬂ)|2] s[ f du(w)) scp,z(z W)ﬁ) .

AeA AeN

> e(Dw(d)

AeN

Now we defineT, f (x) := Z &5 (1.8 ) w3 for eache = {&¢,}

€
; ecE,jeZ, kezZ"
ecE,jeZ, kezZ"

. _ . _ 1 P e
Q= {s = {e’ik}eeE’jGtheZn D e = il}. Denotingb?, := <f,¢/ik> " We can express
T.f(X) = Z g5xbi(¥)- By Khintchine's inequality, there exists a constank0
ecE,jeZ, kezZ"
ay < oo such that

ao[ Z |bje,k(X)|2] Sf Z 55X

ecE, jeZ, keZn Q |ecE, jez, kezn

p
dv(¢) ae xeR"

for all f € LP(w), wheredv(e) denotes the Bernoulli probability measure Qn Since
v 2 = xik’, we have

Kf, l//?,k>)(j,k'2]

p p
2

fRn( Z |bje,k(x)|2] w(x)dx

ecE,jeZ, kezZ

-1
SRl
2~ { |Tgf(x)|pw(x)dx}dv(s)
Q RN

%_1L||Tsfllﬁp(w) dv(e) .

1
2

(eeE,jeZ+,keZ” LP(w)

IA

Z 55

ecE,jeZ, kezZ"

p
dv(s)} w(x)dx

n
On the other hand, sugp (f - xq) C l_[ [li,1i + 1] for any| € Z". Besides there exists

i=1
an uniqud(x) € Z" such thatx € Q) for all x € R". Hence we have

p
= Ta(f 'XQI(X))(X)‘p < Z

lezn

AP =) Te(fxo) (0 T.(fxo) )

lezn
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Thus we obtain

IA

Tty < [ [T (1 xo) (9] wigax
"lezn

Zf |T8(f'XQ|)(X)|pW(X)dx
jezn YQ

2,

lezh

T (f 'XQI)”EP(\N) :

Now we definen; (I € Z") to fulfill the following two conditions:
n

o Wi(X) = W(Ty,(Xp), -+ ,7,(%)) If Xe H [i,1; + 2), where forv € Z andt € [v, v + 2),

i=1

o t (te[v,v+1))
7(t) 1= 20+1)-t (te[v+1lv+2)

e Eachw, are Z"-periodic functions oR".
Then it follows thatAf,y(w|) < B”DA%V’O(W) forall | € Z" ([R, Proof of Lemma 1.1] or
[L, Proof of Proposition 2 (ii)]). To estimatHeTg(f “XQ we apply the following

)”LP(W)
theorem:

Theorem 4.8 ([V, Theorem 41]). Letv € A‘;y. Then, there exist two constarts by <
b; < oo depended on onl&gy(v) and p such that

1
2

2
bollgllLe(y) < [ Z Kg, lﬁik> Aj,ka,k‘ ) < ballgllLrw)
ecE, jeZ kezZ" LP(dX)
1 b
for all g € LP(v), whereAjy := (mV(Qj,k)) -
ik

Remark 4.9

(a) A. Volberg gives the above result for the case afA, and one-variable. We can
extend it to the case afe Aﬂy and several-variables by the exactly same arguments in
[V].

(b) Applying Theorem 4.8 and Khintchine’s inequality gives another proof of [ABM,
Theorem 6 (H2)= (H3)] (Theorem 6.3 in this paper).

By Theorem 4.8, there exist two constantsc; = by (A‘gy’o(w), p) <o (i=01)
such that

Ts(f 'XQ|)|||_p(W) Ts(f 'XQl)”LP(W.)
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1
2

IA
o
ol

AN

2
KTE (f-xa), wik> Aj,k)(j,k’ ]
ecE, jeZ kezZn LP(dX)
1

= bt D] Kf'XQplﬁ'ik>Aj,kXLk‘2]2

ecE,jeZ, kezZ"

LP(dX)

IA

bot Z Kf X0 wik) Aj,ka’k‘sz

ecE, jeZ kezZn

LP(dX)

IA

bo by ||]c 'XQI”LP(Wl)
= b0‘1b1||f 'XQ||||_p(w)

forall | € Z", whereAjy := (ﬁw(Qj,k))p. Therefore we obtain
1P
[eeE,,-%,keznKf’w"e’k))(i’k'z) - < at ébo—pbf”f X0y E)
= a0} [ ) 31 xally
ezn
= a b Phl Il O

Lemma 4.10 There exists a constait < C, < oo independent of such that for all
f e LP(w),

1 1
b )2
p
Collfllo < (Zl<f,<pk>||sok||m(w)|] + ( >, j(f,wik>)a,k!]
kezn ecE, jeZ, kezZ" LP(w)
dy, 1
< (AYOW)P +C1) 1 flliogy -

Proof of Lemma 4.10 The right hand side inequality follows clearly from Lemma 4.5
and Lemma 4.6. So we have only to prove the left hand side inequality. By the duality,
we have

1 llep = sup{|<f,g>| : g € L*(dX) with 19 ) < 1}
for all f € LP(w) N L2(dX). On the other hand, can be expanded as follows:

f=> oo+ > (Lufdud in LA(dY

kezn ecE,jeZ, kezZ
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becausdyy}kezn U {zpJ JeeE jez, kezn fOrms an orthonormal basis faP(dx). Thus, for all
g € L2(dx) with gl ( ) < 1, we have

(.ol <| > (F.00 (P | +

kezn

> (e g>|.

ecE,jeZ, kezZ

To begin with, we consider the first sum in the right hand side.ﬁypk(x)zdx =1and
Holder’s inequality, we get :

D e wed| = D (e e f (°dx
kezn kezn RN
= [ moawed? - (g0 awed
kezn
< Z(f’¢k>€0kw% -Z(g,sokaW‘%
kezn LP(dx) Ilkez" LP (dX)
1P v
< ZH(f,sokMDkM Lo [Z”(g,sokmk pr(dX)
kezn
3 p\7
= | D k.00 ||sok||Lp<W>|") -[Z @0 ot
kezn kezn

Now we havew 51 ¢ A‘S}”O because oW A‘éy’o. Therefore by the proof of Lemma 4.5,
we obtain

=

Thus we have the estimation

P\v L R
<9,¢k>llsoklle,(W_;l) ] < A (we1)” - gl ( )<Ady°( w7

1

- AdyO % [Z |(F, o) Nl Lo )

kezZ"

D (90 (90 0)

kezn

Next we consider the second sum. By Schwarz’s inequality abldéd’s inequality, it
follows that

Z (f’ ‘/’ik> <¢T,k, 9>|

ecE,jeZ, kezZ
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= <f"ﬂik><galﬁik> 'f)(j,k(x)zdx
ecE,jeZ, kezZ" R"
- fRn Z <f»¢ik>)(j,k(x) ' <g, lﬁik>)(j,k(x) dx
ecE,jeZ, kezZ
3 ]
<[5 Knumref ( 2. \(9’¢ik>)(i,k(")|2] >
Rn ecE,jeZ, kezZ" ecE,jeZ, kezZ"
: ;
A sl e
ecE,jeZ, kezn LP(dx) ecE,jeZ, kezn LY (d¥)
: %
- Z ’<f,lﬂje,k>)(j,k'2 : { Z '<9’¢ik>)(j,k‘2) 1
ecE,jeZ, kezZ" Lpw) ecE, j€Z, kezZn Ly (w_ﬁ)

Note thatw 71 € A% because ofv € A‘;y’o. Hence by Lemma 4.6, there exists a constant
0 < a; < oo independent of andg such that

[ S wf;;k>x,-,kr)

ecE,jeZ, kezZ"

1
2

w p-1

<a < a.
. = 1||9||Lp,( %) S A
LP’(WfF’*l)

1
2

<a .Con-

Kf,l//ik>)(j,k’2]

(eeE,jeZ+,keZ"

Thusweobtai+ Z <f,wik><lp‘ik,g>

ecE,jeZ, kezZ"
sequently it follows that

LP(w)
1
dy,0 (. —-L\p
Il < max{ApY (w Pfl)p ’al}

1
P
p
X {(Z [Kf, 01 gkl Lo ] - }
kezn LP(w)

Following the density of P(w) N L?(dX) in LP(w), the above inequality is satisfied for alll
f e LP(w). O

2

3 Kol

ecE,jeZ, kezZ"

4.2 Proof of (12) = (I3)

In this subsection, we gives the proof of (k) (I3) of Theorem 4.2. First of all, we show
that(e)", (;lf‘ik)* € LP(du)* forallee E, j € Z, andk € Z". Following (12), there exists
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a constant G< Cg < oo such thatM,, o(f) < Cz|lfll pq, for all f € LP(du). Besides we
see that O< 1 (Qx), u(Qjk) < . Then we have

)" (D) = |(F. 00 llendlpa| - el

1

[Z |<f,<,oK>||soK||Lp(dﬂ)|"] 1 (Q) 7

Kezn

IA

Mpo(F) - 11 (Q)7F
Cau (Qk)_%’ 1 llLe () -

IA

IA

On the other hand, we get

<f’ lp?,k> ”/\/Lk”LP(dy)‘ ) ”XJ’k”Is(dﬂ)
5 10-1
= f n l(f,wik>x,-,k<x)\pdu(x))" (2%u(Qu)?)

3P I By
‘[Rn( Z '<f’¢/§,K>XJ,K(X)‘2] d,u(x)] -2—%u (Qj,k) b
AeE,JeZ KeZ"

(w5 (1)

IA

2 u(Qu)”

LP(dw)

1
A 2 i
'( f7 wJ,K>XJ,K'
AeE,JeZ, ,KezZn

Moo(f) -2 21 (Qu)
C32_j7n/.l (Qj,k)_% ” f ”Lp(du) .

IA
ol

IA

Consequently we have provég)”, (‘Vik)* e LP(dw)*.

In order to prove that the sequengg}xczn U {l//ik}eeE’jEtheZn forms an unconditional
basis forLP(dw), we shall check the following two conditions:
(1) There exists a constant9C, < « independent of, AandB such that|TABf||Lp(dﬂ) <

Callfll ey for all f € LP(du) and all finite subsetd c Z" andB c ExXZ, XZ", where
Tasf = > (hodac+ > (fLud)us
keA (e,j,k)eB

(1) LP(du) = sparipilkezn U SPaiys Jece jez. kezr

LP(dw)

We show the condition (I) first. By the assumption (B), there exists a constant O
Cs < o independent off, A and B such thatC5||TA,Bf||Lp(d#> < Mp,o(Tagsf). Since
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{klkezn U {lﬁik}eeE, jez., kezn fOrms an orthonormal system faf(dx), we obtain

1 1
1 N\
p
Mouo(Tas®) = | D Kb @liodogl’| + || D [(f.usdxiy
keA (ej,KeB LP(dy)
1 1
p|° 2\’
< D Kheoledual’| +[| D [ usdxid
kezn ecE,jeZ, kezZ LP(du)
= Mp,u,O(f)
< Callflliegyy -

Consequently, we have show#ﬁABf||Lp(dﬂ) < Cs'CalIfllLng-

Lastly we check (1l). We shall prove thﬁt/zn,B/Elirquanp’”’O(f —Tagf) =0, since

Cs||f - TA,Bf||Lp(dm < My,o(f = Tagf) forall f e LP(du) from the hypothesis (12). Now
we define

1

Mu(f) = |<f,gok>||sok||Lp(dﬂ)|p) and My(f) :=

kez"

( > i<f,wik>»a,kf]%

ecE,jeZ, kezZ

LP(dw)

Then we haveM, , o(f — Tagf) = My(f = Tagf) + Mao(f — Tagf). We omit the detail
because itis obvious that the orthonormalities of the Symman{wik}eeE, jez., kezn With
regard to theL?-product, the boundednessesMf(f — Tagf) (i = 1, 2) and Lebesgue’s
dominated convergence theorem give us the desired resulto

4.3 Proof of (13) = (11)

In the end of this section, we prove (I3) (I11) of Theorem 4.2. Since the hypothesis (13)
states thafyy}kezn U {lp‘ik}eeE, jez, kezn fOorms an unconditional basis foP(dw), we have the
following Lemma from the arguments in [ABM]:

Lemma 4.11 (cf. [ABM, Proof of Theorem 4 (D1)= (D2), Step a and Step b])u is
equivalent to the Lebesgue measure. Name(§) = 0 if and only if|[E| = O for all
bounded Borel set c R".

Using Lemma 4.11 and Radon-Nikodym theorem, there exists an unigue, (dx)
such thatdu(x) = w(x)dx.
Finally we provew € A?Jy’o. We define

Sif:i= > (hova+ > (Lyf)ulc (e,

kezn ecE,0<I<j-1kez"
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Pif := Z (f.ep) e (j€D)

kez"
Lemma 4.12 It follows thatS;f = P;f ae. R" forall j e Nand f € L%(dX).

Proof of Lemma 4.12 We see that for every e N,

12y . L2(dy) —— 12dy)
Spar{wk}kezn 2] Spaﬁ%,k}eeE,Oslsj—l,keZ“ = Spamﬁj,k}kezn )

in the sense of subspaceslif(dX). Hence we hav&;f = P;f in L?(dx) for all f €
L%(dX). Thus we gelS;f(x) — P; f(x)|2 =0 ae. xeR" sincef S;f(¥) - P f(x)|2dx: 0.
Namely we have showeBl f(x) = P, f(x) ae xeR". 0O

Lemma 4.13 ([HW, Lemma 27 in Chapter 5]) Let X be a Banach space ar{dj}jeN be

an unconditional basis foK. Then, there exists an unique sequehi;e()} Lcc for

je
everyx € X such thatx = Z fj(X)x; converges unconditionally iX. Additionally we
jeN
defineS,(x) := Z B; fi(x)x; for everyg = {ﬁj}jeN c Cwith || < 1 (j € N). Then,Ss(x)
jeN
converges unconditionally iX, and{Sﬁ}ﬁ is uniformly bounded oiX.

Now we define

i 1 (0<l<j-1
A={s Uvs

for eachj € N. Then we can denote

Sif = Y (fLwoa+ D> BH{FLuf)uic (felPW).
kezn ecE leZ, keZ"
Hence, using Lemma 4.18;(f) converges unconditionally ibP(w) for all f € LP(w)
andj € N. We also obtain tha{iS,-}jeN is uniformly bounded ol.P(w). On the other hand,
we have

Pof = > (fpdac+ >, 0-(fufufc (felPW).

kezn ecE leZ, keZ"
Thus, it follows thatPy(f) converges unconditionally ibP(w) for all f € LP(w) and that
Po is bounded orL_P(w) by using Lemma 4.13 similarly. Consequently we obtain the
uniformly weak type p, p) inequality with respect tav(x)dx for {Pj}jeZ . Namely there
exists a constant Q@ Cs < oo such that '

1
p

s~W({X€ R" : |Pif(x)| > S}) < Cs Il o
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forall j € Z,, f € LP(w) N L?(dX) and O0< s < co. We consider a dyadic cul@ with

Q| = 271" for a fixedj € Z,. We definer,(x) := (W(X) + £) 7t ando,(Q) := f o.(y)dy
Q
for everye > 0. Then we get

P ® = [ 27 ko, (9, ) (@xe) B)dy

kez"

2in _(y)d
L“My
= |Q'.(Q aexeQ

Sinceo .y € LP(W) N L2(dx), we have

s-w({xe R" : |Pj(oarq) (0] > s})%’ < Cs|

O-'SXQ”LP(W) :
Now notice thatw({x eR" : |Pj(oaxq) (9] > s}) > W({x €Q: QM. (Q) > s}) and

lerexal oy = ( f |aa(y)|pw(y)dy)p . Therefore definings; := 0-.(Q) (1Ql +6)™* for any
Q
fixeds > 0, we haveQ|* o,(Q) > s and

wQ = w({xeQ : IQMr(Q > s5})
< SPCsP | o (y)IPw(y)d
< s 5fQ| )P W(y)dy
= 5°CP f (W) + €)1 w(y)dy
Q
< s°Cy fQ (Wy) + £ dy
= CsP(IQ+ 0P Q.

Hence it follows thatv(Q) < CsP|Q[Po.(Q)* P whens — 0. Additionally lettings — O,
1-p

we havew(Q) < Csplle( f w(y)-pfldy) ,i.e., we obtain
Q

1 1 S p-1
l—qW(Q)(@ fQ W) dy) <C.

Consequently we have provade AV O
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| . dy,
5 The greedy bases if.P(w) with w € AY"™

The theory of greedy approximations on several non-weighted function spaces has been
studied so far ([CDH], [GH], [KT], [Ky]). In this section, we give the greedy basis of
LP(w) with w € AY™ using our result Theorem 4.2.

5.1 Definitions and statement of the result

Let us begin with introducing two kinds of bases.
Let X be a Banach space afxi},>, be a Schauder basis ¥asuch that|xlx = 1 for

all k e N. Then there exists an unique sequefgéx)},>, ¢ C such thatx = Z C(X) X«
k=1
in X for all x € X.

Definition 5.1 (greedy basis)We call{xc},>, a greedy basis foKX if there exists a con-
stant0 < C < oo such that for everk € X there exists a permutation of N which
satisfies

N
X= > S ()%w

k=1

[0 (9] > [come(¥)] and

<Cinf [[x=Yl,
YEIN
X

for everyN € N, whereXy := {Z aiX : @ €C, A <N, AC N}.

ieA
Definition 5.2 (democratic basis\We say thatxq}.., is a democratic basis foX if there

D% D%

keP keQ

<D
X

exists a constarfd < D < o independent oP and Q such thal{
X
for any finite subsetB, Q c N with the same cardinalit§P = #Q.

Theorem 5.3 we describe next is the key to the proof of Theorem 5.5 which is the
main result of this section:

Theorem 5.3 ([KT, Theorem 1]) {x}-, is a greedy basis if and only if it is an uncondi-
tional and democratic basis.

Remark 5.4 ([KT, Section 3]). S. V. Konyagin and V. N. Temlyakov give some examples
of bases, which are not democratic but unconditional, or which are not unconditional but
democratic.

The following is the conclusion of this section:
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Theorem 5.5 Let {y®}ee be the Haar wavelet sely = yjo1p (i.€., the Haar scaling
function),me Z, 1< p< oo andwe Af,y’m. We define

e
~ . Pmk _mn _1 — . "/",k
Pk = T — =2 2W(Qm) Pomk and e, = HE—J =

27T W(Qy) Yy
”‘Pmk”m(w) ®

LP(w)

Then, the sequen¢@milkezn U (Y% ek jsmkezn fOrms a greedy basis fdrP(w).

5.2 Two lemmas

We prepare the following two Lemmas which we will need in the next subsection.

Lemma 5.6 Letme Z, 1 < p < o andw € AY™. Then,w satisfies the dyadic reverse
doubling condition, i.e., there exists a constdrnt d < oo independent of and |’ such
thatdw(l”) < w(l) for all dyadic cubesd, |’ satisfyingl’ S I.

The proof of Lemma 5.6 is found in [GR, Section Il. 1, p. 141] or [Ta, Proof of Corollary
1.1]. Additionally, we can get the following Lemma by easy calculations.

Lemma 5.7 GivenO < a, b < o, it follows thatzl_Tp (a% + b%) <(a+ b)?l) <ar +bs. In
particular, the right hand side equality sign holds if and onlai& 0 or b = 0. On the
other hand, the left hand side equality sign holds if and ondy=fb.

5.3 Proof of Theorem 5.5

The proof of Theorem 5.5 we give here is based on [CDH, the proof of Lemma 4.1].
Following Theorem 4.2 (13) and Theorem 5.3, it is enough to prove {haklkezr U
{¥/° ik JecE jomkezn is democratic.

We see thafomklkezn U {wik}eeE,jzm,keZn forms an unconditional basis fd*(w) by
Theorem 4.2 (13). Thus we can write

f= Z Amk(F)Pmx + Z b(je,k(f)l;ej,k

kezn ecE, j>mkezZ"

for all f € LP(w), wheream() = (f, gm} ooy D31 = (F.050)||5
Using Theorem 4.2 (12), we have

LP(w)"
1

2 K]

ecE,j>mkeZ"

1
p
Mty < ([t o]

kezn LP(w)
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1

5 _1 2)2
- (Sleweor] <[5 e ]
kezn ecE,j>mkezn LP(w)
< Cllflluo - (1)

Let us denoteps = @ik andyey = y®,, for a dyadic cubeQ = Qjx. Now we take
finite subsetsh; ¢ {Qmk : ke Z", Ei c E andB; ¢ {Qj,k Cixm keZ”} (i =172)
satisfyingfiA; + #(E1 x B1) = #Ax + #(E> x By) arbitrarily, and set) := Z o+ Z e,

leAr ecE1,JeBy
andh := Z&. + Z ¥e,. Using (1) and 1< #E; < §E = 2" - 1, we obtain
leAy ecE),JeBy
1
1 1|2 :
Clidliewy < (BA)P + ( Z ‘W(J)_BXJ‘ )
ecE,,JeBy LP(w)

1
p P

(HA1)P + (HEL)? - f ¥ J,(Z w(J)-%XJ(x)] w(x)dx
JeBy

JeBy

1
p p

(#A)? + (2" — 1) (JEq)7 - fU 7 [Z W(J)‘g)(a(x)] w(x)dx| . (2)
JeBy

JeBy

IA

For eachx € U J, we write J;(X) ;== min{J € B; : xe€ J}. Then we get
JeBy

D W) o) < Y w(d) 3)
r=0

JEB;]_

where Jy = Ji(X), J; is a dyadic cube satisfying_, c J, and 2J;_1| = |J;| for every
r e N. By Lemma 5.6, we obtain

W(J) > dw(Jr-g) > -+ > d'w(Jo) = d'w(Ju(X))

for all r € N. Thus we have

DI < > (dW(Iy(x))) P = Cow (LX) (4)
r=0 r=0



20 Mitsuo 1IZUKI

whereCy = (1 - d‘%)_l. Following (3) and (4), we obtain

fU J [;&W(J)_sxj(X)] wogdx < fUJ(COW(Jl(X))_‘Z’)SW(X)dx
JeB; JeBy
_ o~ B
- fU S WO WO (5)
JeBy

Now we setJ := {xe U J: h(X)= J} for eachJ € B;. Then, sinceJ c J and

JEB]_

U J= U J, it follows that

JeBy JeBy
-1 -1
fU W00 Wi fU W00 Wi

JGBJ_ JEB]_

fU jW(J)_l w(X)dx

JEB]_

Z ﬁW(J)_l w(X)dx

JEB]_

= #Bu1. (6)

Following (2)-(6), we have||dl s < (ttAl)lp +Coz (2" - 1)% (|jE1)?13 (ﬁBl)%. In addition,
using Lemma 5.7, there exists a constant €; < « independent 0§, A;, E; andB;
such that

IA

Igllow < C1 {#A1 + H(Ex x By} . (7)
On the other hand, applying (1) ko= Z o+ Z f[eJ and using I< #E, < #E =
leAy ecEp,JeBy

2" -1, we have

Nl

Clihlleewy = (HA2)P +

[ > 1w(J>-%XJ\2]

ecky,JeB)y Lp(W)

1
p p

= (HA2)7 + (§E2)* - fU J,[Zw(a)-fm(y)) w(y)dy
JEBz
JeBy
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> (fA0)7 +(2" - 1)75 (HE2)" - fU J,[Zwu)-%)m(y)] w(y)dy| (8)
JEBZ
JeBy

For eachy € U J, we write J,(y) :=min{J € B, : y € J}. Then we have
JEBZ
p

[Z w(J)—%XJ(y)) > w(3(y) . ©)

JeBo

Now using the same argument as (3)-(4), replaciIBg,”—B andJy(X) " by ” B,, —1 and
Jy(y) ” respectively, we get

D W) o) < Cow( L), (10)

JEBZ

whereCj is a constant depended on omyandd. Following (8)-(10), we obtain

ol

Clihllepw)

\%

(0 +@ -1 (D || ¥ 3 W) sty
JeB;
JeB;

(#A2)P + (2"~ 1) (HE)P - |C5 7t > w(d) f w(y)dyJ

JeBy

(#A)P +Cy7 (2" — 1)75 (HE2) (4B,)° .

By Lemma 5.7, there exists a constant @, < oo independent ofy, Ay, E, andB, such
that

CollPlluogn = [#40 + H(Eo X By)}5 (11)
FOIIOWing ﬂAl-i-ﬁ(ElX Bl) = IjA2+ﬂ(E2X Bz), (7) and (11), we gEHgIILp(W) < C1C2 ||h|||_p(w) .

Consequently we have proved th@tk}kezn U {18 klece, jomkezn IS democratic. O

6 Further results

As we described in Section 1, H. A. Aimar et al. and P. G. Lea&ieusset give the
important results on characterizations and unconditional bases of welghspdces (k

p < o) respectively ([ABM], [L]). We will introduce their results and state that we can
obtain three conclusions about greedy bases in weidhitegaces by applying the same
arguments as Subsection 5.5 to them respectively.
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6.1 The greedy bases i.P(w) with w € A, or w e AY

Let us begin with the definition of 1-regular functions.

Definition 6.1 (1-regular function) A functionf onR" is 1-regular if for everym € N
there exists a constalft< C, < oo such thafo® f(x)| < C,(1 + [x])"™ for all x € R" and
n

0%

- and|a| ;= a;.
X" .Z‘ '

We shall remark that we can construct a wavelet set which consists of 1-regular
wavelets for a given MRA which has a 1-regular scaling function (cf. [M, Chapter 3]

or [W, Chapter 5]).
Now we are ready to describe two results of [ABM]:

n
forall @ = (a1, -, an) € Z," with || < 1. Hereg” := l—[
i=1

Theorem 6.2 ([ABM, Theorem 4]) Letl < p < oo, u be a positive Borel measure on
R", finite on compact sets ar{dre}i‘ll be a wavelet set such that eaghare 1-regular.
Then, the following conditions are equivalent:

. . .
(D1) The sequencﬁ//jk}Kegzn_l’jez’keZn forms an unconditional basis far°(dw), and

{( e )*} c LP(du)*.
“Ik) J1ce<on-1 jez kezn _ .
(D2) u is absolutely continuous with regard to the Lebesgue measure. In addition, there

exists aw € A, such thaidu(x) = w(x)dx

Tk L >0foralll<e<2"-1, jeZandk e Z". Addtionally there exist two
’ I

constant$) < ¢ < C < oo independent of such that for every € LP(du),

(D3)

1
2
2

clfllogy < | > [(Fut)wi

l<e<2"-1,
j€Z.kezZ"

< ClifllLey -

LP(du)

(D4) u (Q,-,k) > Oforall j € Zandk € Z". And there exist two constarfis< ¢ < C < o
independent of such that for every € LP(du),

2

2
Clflgy <[ >, [(fwsxind < Clf g -
1<e<2"-1,
j€Z,keZ" LP(dy)
Theorem 6.3 (J[ABM, Theorem 6]) Letl < p < oo, u be a positive Borel measure
on R", finite on compact sets afd®}..c be the Haar wavelet set. Then, the following
conditions are equivalent:

(H1) The sequencb’;ik} forms an unconditional basis far(du). Additionally,

ecE,jeZ kez"
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{( e )*} c LP(du)*.

_J,k ecE,jeZ kezZ" . . ..

(H2) i is absolutely continuous with regard to the Lebesgue measure. In addition, there
exists aw € Af,y such thatdu(x) = w(x)dx.

(H3) 1 (Qj«) > Ofor all j € Z andk € Z". Additionally, there exist two constants
0 < ¢ < C < xindependent of such that for every € LP(du),

(L5 o]

ecE,jeZ kezZn

CllfllLoy < < ClIflliegy -

LP(du)

Applying the same arguments as Subsection 5.5 to above two theorems respectively,
we can obtain the following two results about greedy basé$(w). Here let us mention
that both of Theorem 6.2 and Theorem 6.3 state that one sequence given by the wavelets,
which forms an orthonormal basis irf(dX), becomes an unconditional basis fdi(w).
Hence we don’'t need Lemma 5.7 in order to obtain the following two conclusions.

Corollary 6.4 Letl<p<oo,we A, and{z,//e}i‘l1 be a wavelet set such that eaghare
1-regular. Then, the sequen{zﬁej,k} forms a greedy basis fdrP(w).

1<e<2h-1,j€Z kezZ"

Corollary 6.5 Letl < p < oo, W € A?)y and {y®}..¢ be the Haar wavelet set. Then, the

sequencél,;ej’k}eeE’jez’keZn forms a greedy basis fdrP(w).

6.2 The greedy bases ih.P(w) with w e AQ°

P. G. Lemarm-Rieusset gives the next result. He proved it in the case of one-variable,
however, it is true in the case of several-variables with obvious modifications.

Theorem 6.6 (cf. [L, Proposition 2 (ii)]) Letl < p < oo, wbe a weight orR", me Z, ¢

be the Daubechies scaling function ad}2";* be the Daubechies wavelet set. Then, the
following conditions are equivalent:

(E1)The sequenc{@mk}keznU{l//ik}lgegzn_l,jzmkezn forms an unconditional basis fau(w).
(E2) We define

i
1 2

Mopwm(f) = [Z ‘(f,¢mk> ||90r’n,k|||_p(w)'p]p + Z Kf,wik>)(j,k‘2

kezn l<e<2"-1,
j=mkez"

LP(w)
Then, there exist two constarlis< ¢ < C < oo such thatc|| |l ey < Mpwm(f) <
ClIfllLow) forall f € LP(w).
(E3)w e A'gc.
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We obtain the following conclusion by applying the arguments in Subsection 5.5 to
Theorem 6.6 directly:

Corollary 6.7 Letl < p < oo, w € A% me Z, ¢ be the Daubechies scaling function and

{y®)27* be the Daubechies wavelet set. Then, the sequémﬁ(eznU{erj’k}lgeszn_ly jsmkezn
forms a greedy basis fdrP(w).
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