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Global Solvability of Constrained Singular
Diffusion Equation Associated with
Essential Variation

Yoshikazu GIGA, Hirotoshi KURODA, and Noriaki YAMAZAKI

Abstract. We consider a gradient flow system of total variation with con-
straint. Our system is often used in the color image processing to remove a
noise from picture. In particular, we want to preserve the sharp edges of pic-
ture and color chromaticity. Therefore, the values of solutions to our model is
constrained in some fixed compact Riemannian manifold. By this reason, it is
very difficult to analyze such a problem, mathematically. The main object of
this paper is to show the global solvability of a constrained singular diffusion
equation associated with total variation. In fact, by using abstract conver-
gence theory of convex functions, we shall prove the existence of solutions to
our models with piecewise constant initial and boundary data.

1. Introduction

We consider a constrained singular diffusion equation associated with total varia-
tion as follows:

(1.1) W = —m, (div (%)) in (0,7) x Q,

where u/(t) = %u(t), 0 < T < +oo and Q is a bounded domain in R? with
boundary T'. Let S"~! be the unit sphere in R (n > 1), i.e.

Sri={w e R™; |w| = 1}.
For each element v € S"~ 1, let m, : R® — T,5""! be an orthogonal projection
from R™ = T,R™ to tangent space T,,S" ! of S"~! at w.

The motivation of this paper is the color image processing. The constrained
singular diffusion equation (1.1) was proposed by Tang-Sapiro-Caselles [22, 23] in
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order to remove a noise from the chromaticity of the initial image preseving the
sharp edges of picture and color chromaticity.

For the gray image processing, there is a vast literature. For instance, we
refer to [1, 2, 6, 19, 20]. In the simplest model of the gray image processing, the
Gaussian filter was used for a grey-level function. Namely, for a given initial grey-
level function ug, we solve the heat equation

W =Au in (0,T) xQ

to get a denoised grey-level function wu(t,-) at scale t. However, this way has a
drawback since all characteristic function is mollified and a sharp contrast become
ambiguous. In order to keep the sharp edges, one use a (unconstrained) singular
diffusion equation governed by total variation flow

u = div <|§u|> in (0,7) x Q,
u
(1.2) u=g(x) on (0,7)xT,
u(0,) = ug in Q,

where g and ug are given data. Then, the grey-level function is not mollified, and a
Heaviside type function is a stationary solution to (1.2). Since (1.2) is the gradient
system, we easily get the results on existence and uniqueness of solutions. In fact,
we can define the energy functional 1 on L?(Q) by

13 o) — /Q|va| if % € BV(Q),

400 otherwise.

Here @ is the extension of u € L?(Q2) to R? such that u(z) = g(z) for z € R?\
Q, where § is a Lipschitz extension of the boundary data ¢ to R2. Then, ¢ is
proper, lower semi-continuous and convex on L?(2). Moreover, the (unconstrained)
gradient system (1.2) can be reformulated as in the abstract form:

(1.4) u'(t) € =0 (u(t)) in L?(Q), fort > 0.

Thus, by applying the general theory established by Brézis [5] and Komura [16],
we can get the solution to (1.2). For another detailed analysis, we refer to [1, 2],
for instance. The (unconstrained) singular diffusion equation is also important to
describe nonlinear physical phenomena (cf. [8, 10, 14, 15, 21, 24]). For instance,
Shirakawa-Kimura [21] studied Allen-Cahn type equation with the total variation
functional as the interfacial energy.

In this paper we discuss the global existence of solution u : [0,T) x 2 —
S"~1 C R” to the following Dirichlet problem

u = —m, (—div (|§u|>) in (0,7) x Q,
u
u=g(x) on (0,7)xT,

u(0,-) = ug in  Q,

(1.5)
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where ¢ and ug are given data which are maps from  to S»~'. In 2003, Giga-
Kobayashi [10] considered the problem (1.5) in the one-dimensional case. Then,
they showed that for each piecewise constant initial data ug on €2, there is a unique
global solution u on [0, 00) such that u(t) is a piecewise constant on 2. Moreover,
they studied the stationary problem in the case when the manifold is the unit circle
St in R2. In 2004, Giga-Kashima-Yamazaki [9] studied (1.1) in the n-dimensional
torus domain Q := T" = [}, (R/w;Z) for givenw; > 0 (i = 1,2,--- ,n). Assuming
that the initial data wug is (sufficiently) small in some sense, they [9] constructed
the local solution to (1.1) in the torus domain T™ as the limit of solutions to
p-harmonic map flow equations with p > 1

(1.6) v = —m, (—div (|Vul[P">Vu)) in (0,7) xT"

by passing to the limit of p — 1. In 2005, Giga-Kuroda-Yamazaki [12] proved the
global existence of solution to a discretized version of (1.1) with Neumann bound-
ary condition by restricting a class of mappings into that of piecewise constant
mappings.

The main object of this paper is to show a global solvability of (a discretized
version of) Dirichlet problem (1.5) by using the idea of [9, 10, 12]. Namely, for
each piecewise constant initial and boundary data we find the piecewise constant
solution u(t) to (1.5) on Q. Then, the problem is reduced to a system of ordinary
differential equations unless two different values merges. This is the key point and
idea in order to construct the global solution to the discretized Dirichlet problem
(1.5). Of course, merging may occur, so, it is very difficult to study the detailed
dynamics in 2-dimensional case. Different from one dimensional problem, our ap-
proach may not correspond to a solution of an original problem with a piecewise
constant initial data. Such a difficulty is also observed in the unconstrained prob-
lem of crystalline flow [4] and [8], for instance.

The plan of this paper is as follows. In Section 2, we reformulate the problem
(1.5) as in the evolution equation in some real Hilbert space by using subdifferential
of convex functional. Then, we mention main result (Theorem 2.3) in this paper,
which is concerned with the global existence of solution. In Section 3, we recall the
convergence theorem established in [9]. In Section 4, we consider the approximating
problem to (1.5). In the final Section 5 we give the proof of Theorem 2.3.

Notation

Throughout this paper, let  be a bounded domain in R? with boundary I'. We
denote by L?(€;R™) the space of R™-valued square integrable functions. For the
unit sphere S"71 in R™ (1 < n < +00), let L?(Q; 5™~ 1) be the closed subset of
L?(2;R™) of the form

L*(Q; 8" Y = {v e LA R") 5 v(z) € S" ' ae 2cQ}.

Let H be a real Hilbert space with the inner product (-,-), and ¢ : H —
(—00, +00] be a proper (i.e., not identically equal to infinity), l.s.c. (lower semi-
continuous) and convex function on H. Then, we denote by d¢ the subdifferential
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of ¢, which is defined by the set
Op(u) ={f € H | p(u+h) = p(u) > (f,h) for any h € H}.

For basic properties of subdifferential, we refer to the monograph by Brézis [5].

2. Subdifferential formulation and main theorem
We begin with the definition of rectangular decompositions of €.

Definition 2.1 (Rectangular decomposition). For the bounded domain © in R?, let
C be a rectangular decomposition of R? so that C := {R,}je, is a disjoint family of
open rectangles R; = (aj,b;) x (cj,d;) which covers R? expect a Lebesgue measure
zero set. Then, we define a decomposition A of Q associated with C by

Note that I is a finite index set, since €2 is a bounded domain.

Throughout this paper we fix the family A={Q;};c;. Then, let Ha be the

set of all R™-valued step functions on J;c; €, i.e.
HA = {Zalxﬂ7 ; a; € Rn} )
il

where xq, is the characteristic function on ;. We easily see that Ha is the subset
of L*(Q;R™), and the total variation of u € Ha is given by this form

/|Vu|:Zcij|ai—aj\ iquHA,

Q i<j

which is also called a essential variation of u. Here, we set ¢;; = H'(9Q; N 99Q;),

where H! is the Hausdorff measure and 0€); is the boundary of ;. More precisely,

cij implies a length of 9€; N 0Q;. For the precise definition and basic properties of

total variation, see monographs by Evans-Gariepy [7] or Giusti [13], for instance.
Now, by the similar argument in the gray image processing (1.2)—(1.4), we

reformulate the problem (1.5) as in some evolution equation. To do so, let us define

two functions on real Hilbert spaces. For given boundary data g € Ha, we put

(2.1) o (u) /Q|VU| if u e Ha with u(z) = g(z) for z € T,
. Alu) =

400 otherwise.

Then, from [7] or [13] it follows that pa is the proper, ls.c. and convex function
on L?(€;R™). Also, we can define the proper, Ls.c. and convex function ®% on
L?(0,T; L*(€;R™)) by the form (cf. [9, Proposition 2.1])

(2.2) O (u) = /T ona (u(t)) dt for all w € L?(0,T; L*(; R™)).
0
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Next, For each h € L*(0,T; L?(Q2; S"~1)) we define a map Py (-) from L2(0,T
 L2(Q;R™)) to L2 (O,T; Lz(Q;R")) by
(2.3) Pu(f)(t,x) := T2 (f(t,x))  forace. (t,z) €[0,T] x Q
for any f € L*(0,T; L*(Q; R™)).

By using these notations as above, we easily see that the problem (1.5) can
be reformulated as in the following form:

{ u' € —P,(89% (u)) in L2(0,T; L2(Q;R™)),

2.4
(24) Uli=p = ug in Q.

Now, let us give the definition of a solution to (2.4) (i.e. (1.5)).

Definition 2.2. Let 0 < T < 4oc. For given data g, ug € Ha, a function u :  x
[0,T] — R™ is called a solution of (2.4) (i.e. (1.5)), if uw € L?(0,T; L*(€; 5™~ 1)) N
C([0, T, L*(;R™)), uy € L*(0,T; L*(9;R™)) and (2.4) holds.

Now, let us mention our main result in this paper, which is concerned with
the global existence of a solution to (2.4) (i.e. (1.5)).

Theorem 2.3. Suppose the initial and boundary data ug, g € Ha with ug, g €
L2(Q; S~ Y). Then, for any time T > 0 there exists at least one solution u on
[0,T] to the problem (2.4), i.e. (1.5).

Note that we cannot apply the general theory (cf. [5, 16]) to the problem
(2.4), because of the projection P,. Hence, in order to prove Theorem 2.3, we
consider the approximating problem of (1.5), and apply the abstract convergence
theorem established in [9].

3. Abstract convergence theory

In this section, we recall the abstract convergence theory in [9]. We begin with the
notion of Graph-convergence for multi-valued operators on a real Hilbert space H.

Definition 3.1 (e.g. [3]). For (multi-valued) operators A, (n =1,2,---) and A on
a real Hilbert space H, we say that A, converges to A in the sense of Graph as
n — +oo, if for any (u,v) € Graph(A) there exists (un,v,) € Graph(A,) such
that u,, — v and v,, — v strongly in H as n — +o0.
Ezample. (cf. [3] or [9, Appendix]). Let ¢, 1, (n =1,2,---) be proper, l.s.c. and
convex functions on H. Assume that 1,, converges to ¢ on H as n — +oo in the
sense of Mosco [18], namely, the following two conditions are satisfied:
(i) For any subsequence {9y, } C {¢n}, if 2 — 2z weakly in H as k — +o0,
(ii) For any z € D(¢) = {2z € H | ¥(2) < 400}, there is a sequence {z,} in H
such that z, — z in H and ¢, (z,) — ¥(z) as n — +oo.
Then, 0, converges to 1 on H in the sense of Graph as n — +o0.
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Next, let us introduce the class £(K) of the operator B(:)(:) : L*(0,T; G) x
L?(0,T;H) — L%*(0,T;H), where G is a non-empty closed subset of H and
L?(0,T; Q) is a closed subset of L?(0,T; H) of the form

L*(0,T;G) :={u e L*(0,T;H) ; u(t) € G ae. t €[0,T]}.

Definition 3.2 (cf. [9, Section 3]). We denote by B € L(K) the set of all operator
B()(-) : L*(0,T;G) x L?(0,T; H) — L*(0,T; H) satisfying the following three
conditions:

(i) Forany u € L?(0,T;G), B(u)(-) is a bounded linear operator on L?(0,T; H).

(i) There exists a constant K > 0 such that  sup ||B(uw)(’)| < K,
w€L2(0,T;G)

where |B(u)(-)|z = sup 1B (w) ()]l L2(0,7)-
’UEL2(O,T;H)7H’U”:1

(iif) If a sequence {uy};2 C L?(0,T;G) strongly converges to some u in
L?(0,T;@Q), then, there is a subsequence {Uk(l)}?:f C {uk};:;’ol such that

B(ug@y)* (v) — B(u)"(v) strongly in L2(0,T; H)
for any v € L?(0,T; H), where B(u)*(-) is the adjoint operator of B(u)(-).

Ezample. The projection operator Py (-) defined in (2.3) is contained in the class
L(K) in Definition 3.2.

Now, let us recall the abstract convergence theory established in [9].

Proposition 3.3 (Abstract convergence theorem) (cf. [9, Theorem 3.1] ). Let T,
(n = 1,2,---) and ¥ be proper, convez, l.s.c. functionals on L?(0,T;H). Let
B € L(K). Assume that 0¥, converges to OV in the sense of Graph. Assume
that there is a constant R > 0 so that u, € L*(0,T;H) (n = 1,2,---) satisfies
following conditions;

ul, € —B(uy)(09,(u,) N Bg) in L?(0,T; H),
u, € L2(0,T;G),
Un|t=0 = Ug,n € G,
where B := {u € L*(0,T;H) ; |ullp2(0,m;m) < R}Y. If uo,n — ug strongly in H
and u, — u in C([0,T],H) as n — +oo, then, the function u is the solution of
v € —B(uw)(0¥(u)) in L?(0,T;H),
u€ L?0,T;Q),
u\t:() =ug € G.

4. Approximating problem

In this section we consider the approximating problem of (1.5). At first we shall
define the approximating energy function to (2.1).



Solvability of Singular Diffusion Equation 7

For each € > 0, let us define the function ¢% by the form
chk\/\aj—akPJreQ if we Ha
(4.1) @alu) = i<k with u(x) = g(z) for € T,
+00 otherwise.

Clearly, % is proper, Ls.c. and convex on L?(€;R™) such that d¢% (-) is single-
valued for any ¢ with Q; NT" = (). More precisely, we have

Cij
(42) 8<PA Z ‘Q | /7_ a |2 T =2 X

for all u = ZaiXQf, € Ha, where [Q;] is the volume of ;.
il
Since % is the approximating function of our energy ¢a defined by (2.1),
the approximating problem to (2.4) is given by the following form

(43) ul = —P,_(00% (uc)) in L2(Q;R"), ae. tc(0,7),
’ Ue|t=0 = Ug in Q.

for Qi with Qi NnI= @

Here let us mention the result on existence-uniqueness of solutions to (4.3).

Proposition 4.1. Suppose the same condition in Theorem 2.3. Then, for any e > 0
and T > 0, there exists at most one solution u. on [0,T] to the approxzimating
problem (4.3).

Proof. For each given data ug, g € Ha we can prove this Proposition by the slight
modification in [10, Subsection 4.3] or [12, Proposition 3.1].
In fact, let g = ZgiXQi € Ha. Then, by taking account of ug, g € Ha,
iel
(2.3) and (4.2), we observe that the approximating problem (4.3) is reduced to the
ODE (ordinary differential equation) system:
(ODE) : Find a unique function u.(t) = Zai(t)XQi on [0,00) such that a;(t) is
iel
Lipschitz continuous from [0, 00) to S™~! satisfying

dai (1 (t) — a;(t)
(4.4) a —Ta;(t) Z:|Q|\/|az ) —a; ()] + &2

on ,; with Q; NT" = 0,

for each 7 € I.
Since a;(t) € S™ ! and the projection m,, ) : R" — T,,;)S™ !, we observe that
the right hand side of (4.4) is bounded independent of ¢t. Hence, by applying the
classical theory of ODE (e.g. Cauchy-Lipschitz Theorem), we can get the unique
global solution . on [0, 00) to (ODE), i.e., to our approximating problem (4.3). [
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5. Proof of Theorem 2.3

In this section, we prove Theorem 2.3 by applying the abstract convergence theory
[Proposition 3.3]. We begin with the key lemma to show Theorem 2.3.

Lemma 5.1. Let pa and % be proper, l.s.c. and convex functions on L?({2;R"™)
defined in (2.1) and (4.1), respectively. Then, we have:

(i) ¢ converges to oa on L*(Q;R™) in the sense of Mosco [18] as e — 0.

(i) @z’e converges to ®% on L?(0,T; L*(€;R™)) in the sense of Mosco [18] as
e — 0, where @2’6 is proper, l.s.c. and convex on L? (O,T; LQ(Q;R”)) defined by

W5 = [ alO)d  forallue (0, @)
0

Proof. By the general theory of convex analysis and the lower semi-continuity of
the total variation, we can easily show (i). The assertion (ii) is the direct conse-
quence of (i). O

Proof of Theorem 2.3. By applying the abstract convergence theory [Proposition
3.3], we can get the solution of our problem (2.4) as the limit of the function w.
of (4.3) when ¢ — 0.

Note that the function u. is also a solution to the approximating problem

{ ul = =P, (0% (u.)) in L2(0,T; L2(Q;R™)),

(5.1) )
Ue|i=0 = Ug in Q,

since we observe that f € B4 (u.) in L2 (0,73 L*(Q;R™)) if and only if f(t) €
0 (us(t)) for a.e. t € [0,T] (for instance, we refer to Brézis [5]).

Now, we take L?(£2;R") as a real Hilbert space H, and choose L?(£2;S"71)
as a non-empty closed subset G in Proposition 3.3. Moreover, from Examples in
Section 3 and Lemma 5.1 we observe that the projection operator Py(-) € L(K),
and 8@2’5 converges to 0% on L2 (O, T; L*(Q; R")) in the sense of Graph as e — 0.

By the expression (4.2) of 0¢3 (ue), we see that the subdifferential dp3 (u.)
is bounded in L?(£2;R™) uniformly in e. Therefore, the subdifferential 8<I>£’E(u6)
is also bounded in L?(0,T’; L?(Q; R™)) uniformly in € for each T' > 0, hence, there
is a closed ball Bg of L?(0,T; L?(Q;R™)) such that

0®%(u.) € Bg  uniformly in & > 0 for each T' > 0.

Since u, is the solution to (4.3) on (0,T), there is an element u} € 9p% (u.)
such that ul (7, 2) = —m,_(r.0)(ul(7,x)) for a.e. (7,2) € (0,T)xQ. By the definition
of my_(r,2)(+), we see that ul(7,z) € Tua(mg)S"*1 for a.e. (1,2) € (0,T) x Q. Thus,
we have

(5.2) /Q |ul (T, 2)|?dx

(UL (T)s =Tu () (UD)(T)) L2 ()

= () () = e (7))
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for a.e. 7 € (0,T). By integrating (5.2) over (0,7, we get the energy equation

(5.3) /0 /Q |ul (1, z)[PdxdT + o5 (us(t)) = ¢ (uo)  for any t € [0, 7.

From (5.3) and the compactness theory (cf. [13, Theorem 1.19]) it follows that
{ue(t)} is relatively compact in L?(Q;R™) for any t € [0, T]. Thus, Ascoli-Arzela’s
theorem implies that there exist a subsequence {u., }° C {u.} and a function
u € C([0,T]; L?(Q;R™)) such that &, — 0 and

e, — u strongly in C([0,T]; L*(;R™))  as m — oo.

Therefore, since assumptions of the abstract convergence theory [Proposition 3.3]
are satisfied, we can apply Proposition 3.3 to our problem. Thus, we conclude that
u is the solution on [0,7] to (2.4) (i.e. (1.5)) for each T > 0. O
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