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CONVERGENCE OF SCATTERING OPERATORS FOR THE
KLEIN-GORDON EQUATION WITH A NONLOCAL NONLINEARITY

HIRONOBU SASAKT*
DEPARTMENT OF MATHEMATICS, HOKKAIDO UNIVERSITY,
060-0810, JAPAN.

ABSTRACT. We consider the scattering problems for two types of nonlinear Klein-
Gordon equations. One is the equation of the Hartree type, and the other one is the
equation with power nonlinearity. We show that the scattering operator for the equation
of the Hartree type converges to that for the one with power nonlinearity in some sense.
Our proof is based on some inequalities in the Lorentz space, and a strong limit of Riesz
potentials.

1. INTRODUCTION

This paper is concerned with the scattering problem for the nonlinear Klein-Gordon
equation of the form

Ot — Au+u = yE,(u)

in space-time R x R™, where u is a real or complex-valued unknown function of (¢,z) €
R x R", 0, = 9/0t, A is the Laplacian in R" and ~ is a real number. The nonlinearity
F, has the form

Fo(u)

(V(, * ]u|p_1)u (1.1)
with p > 1 and
|Vo(2)] < Cylz|™@, 0<o<n. (1.2)

The constant Cy is independent of o, and * denotes the convolution in space variables.
Furthermore, we suppose that there exists some real number g such that

Vol - 17 = Aollzee — 0 as o — n. (1.3)

The term F,(u) is the generalization of the Hartree term (| - |7 * |u|?)u which is an
approximative expression of the nonlocal interaction with potential |z|~7. Menzala and
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2 H. SASAKI

Strauss started to study the Klein-Gordon equation with the Hartree term in [3].

In order to treat the scattering problem, we define the scattering operator for the
nonlinear Klein-Gordon equation 9?u — Au +u = f(u). First, we list some notation to
give the definition. Put w = /1 —A. Let H*® be the Sobolev space w™*L*(R"). We
denote H' @ L? by X. For a positive number § and a Banach space A, we denote the set
{a € A;|ja]A|| <6} by B(5; A).

The the scattering operator is defined as the mapping S : B(d; X) 3 (¢',¢%) —
(91, %) € X if the following condition holds for some § > 0:

Let Z be a suitable subspace of C(R; H)NCY(R; L?), and ux(t) are solutions of linear
Klein-Gordon equations whose initial data are (¢L, ¢%), respectively. For any (¢*,¢?) €
B(8; X), there uniquely exist u € Z and data (¢, %) € X such that

t : t — t/
ut) = w0+ [ D e ar
and
|u(t) — us(t)|| g1 + ||Ovu(t) — Ous(t)|| g2 — 0 as t— +oo.
We call that “(S,X) is well-defined” if we can define the scattering operator S :
B(0; X) — X for some § > 0.

For simplicity, for the present, we assume that F,, has the form (|- |7 * |u|P~!)u, which
clearly satisfies the conditions (1.2) and (1.3). For 0 < ¢ < n and a suitable function v,
the term | - |7 x v is expressed by the Riesz potential. In fact, we have

(=A) T2y = (o) - [T # (1.4)
where

72270 ((n — 0)/2)

and I' is the usual Gamma function. Thus, it seems natural to expect that

(1.5)

(o) F,(v) — |[v|P as o —n

in some sense. From the above expectation, we shall prove the following properties:

Suppose that F, and V, satisfy (1.1)-(1.3). Consider the nonlinear Klein-Gordon
equations

O*u — Au+u=v(c) 'F,(u) (NLKG,)
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and

Ot — Au+u = \o|ulP~tu. (NLKG)
Let S, and S, be the scattering operators for (NLKG,) and for (NLKG), respectively.
Then, for sufficiently small data ¢_ = (¢1,¢?) € X, we have

157(6-) = Su(6)llx =0 as o —n. (1.6)

Before we state our main result, we remark some results on the scattering problems
for (NLKG,) and for (NLKG).

There is a large literature on the scattering problem for (NLKG). Especially, it was
proved by Strauss [9] and Pecher [7] that if

LA [ <o ifn=1,2
TRt <1+ itnz3,

then (S, X) is well-defined. On the other hand, for (NLKG,), we can easily see from
Mochizuki [4] that if p > 2, 0 < 0 < n and

(1.7)

— -3
o NP 3)§a§p+1_n@ X
2 2
then (S5, X) is well-defined.
Therefore, if we assume that p > 2 and
-3 -3
2—395—2<n§p+1—ﬁ@5—L (1.8)

then it follows that (S,, X) is well-defined if 2—n(p—3)/2 < 0 < n and o > 0. Moreover,
(Sn, X) is also well-defined because (1.8) is equivalent to

4 {<w ifn=1,2,

which implies (1.7).

Again, suppose that p > 2 and (1.8) (or equivalently, (1.9)) holds. Then, the dimen-
sional number n is automatically restricted to 1 < n < 6. For 0 < ¢ < n, we again
denote the scattering operator for (NLKG,) by S,. Let S, be the scattering operator
for (NLKG). As we stated before, the existence of the scattering operator S, has been
already known if k € (0,n] is sufficiently close to n. In this paper, we prove that for
sufficiently small data ¢_ € X, (1.6) holds.

In order to state our result precisely, we give some notation which will be used later.
For function spaces A(R) and B(R"), we denote A(R; B(R")) by AB. For I = 0,1, let
BY(R) = CYR)NW.L (R), where W (R) is the Sobolev space. We define H by BH'NB'L?
with the norm |[v||x = ||v]| Lt + ||Oww| L2 We denote the Fourier transform and its
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inverse by F and F~!, respectively. Let {% 720 be the Littlewood-Paley decomposition
on R". For s € R, 1 < g <o0and1l <7 < oo, the inhomogeneous Besov space B . is
defined by

By, = {w e S ||wl

B, < OO}

Here,

00 1
sy, ={ 3= 27l <l
5=0
and 9; = ]—"_1%. For s € R and 1 < ¢ < oo, we put By = Bj,. For n > 3, let 9, be a
real number satisfying

4 4
p:ﬁp(1+5) +(1—ﬁp)(1+m).
Set

g1 ifn=12
"\ 9, if3<n<s,

and
1 1 2 n+14+0

@:i_p(n—l—i—@)’ p<p):p(n—1+0)'

We denote LPB:(;g’(p) N'H by Z(p). Put

| (k)T (v) i 0< kK <n,
felv) = { No|v|P~ 1o if k=n.

We are ready to state our main result.

Theorem 1.1. Let 1 < n < 6. Assume that p > 2 satisfies (1.9), and that F, and V,
satisfy (1.1)-(1.3). Put u.(t) = cos(tw)d; + w™' sin(tw)p?, where x denotes either + or
—. Then there exist some dg > 0 and o(p) € (0,n) satisfying the following properties:

If k € [0(p),n] and (¢, ¢%) € B(do; X), then there uniquely exist u* € Z(p) and
(¢4, 9%) € X such that u* satisfies

W) = u_(t) + /_ w Felum(t'))dt', (1.10)
and we have
|u™(t) — us(t)|le — 0 as t— too. (1.11)

Furthermore, the scattering operator S, is well-defined on B(dp; X) and we have (1.6).
Remark 1. The radius 6y depends on p, independent of k.
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The contents of this paper is as follows. In Section 2, we show some inequalities in the
Lorentz space, and we give a strong limit of (—A)(="*9)/2 as ¢ tends to n. In Section
3, we first show an embedding inequality for the Besov spaces. Using the inequality and
the Strichartz estimate, we prove that the radius dy is given independently with respect
to o € [o(p),n). Finally, applying a strong limit of (—A)"t9)/2 we prove (1.6).

2. PRELIMINARIES

In this section, we first state some properties of the Lorentz space. We define the
Lorentz space as follows: We denote the n-dimensional Lebesgue measure by p. For a
measurable function f : R”™ — C, and for real numbers a, y and z, we define m(f,a) =
(w1 f(@)] > a}), [(y) = inf{a;m(f,a) < y} and [*(z) = = [7 f*(y)dy . For
1 <gq,r<oo, Set

[/oo (zl/qf**(z))rd?z} Yroifr < < 00,
0

Sup,. 29 (2) if r = oo.

1 llgr =

For 1 < ¢, < oo, the Lorentz space L?" = L?"(R™) is the set of all measurable functions
satisfying || f|lq.» < oo.

Put ||-|l, = || - ||»- For 1 < ¢ < o0, ¢’ denotes the Holder conjugate of ¢g. The following
proposition is shown by O’Neil [6]:

Proposition 2.1. Let 1 < gq,r,q;,7; <00, j=1,2. Then, we have the properties
(1) If 1 < q < oo, then

1fllg < [ flla < NI flo- (2.1)
(2) If 1 <qg<ooandl <r; <ry<oo, then
7'1 1 _ 1
[fllgrs < (E) 2| fl g (2.2)
(3) If /gy +1/qe > 1, 1+ 1/qg=1/q1 + 1/qe, r > 1 and 1/ry + 1/ro > 1/7, then
1f# gllgr < 3l fllgrr 19l ga,rs- (2.3)

The Hardy-Littlewood-Sobolev inequality implies that the operator (—A)(_”+")/ 2isa
bounded operator from some L%-space into some L%-space. In general, the operator
norm of (—A)(="+9)/2 is dependent on ¢, g2 and o. Applying the following proposition,
we can see the concrete dependancy.

Proposition 2.2. Let0 <o <n, 1 <@g <q@ <oo. If 1 +1/¢1 = o/n+ 1/q, then we
have

1177 % fllay < 3arggna(n) = (n = )~ fllgas (2.4)

1(=2)7% fllgy < Crrlar, @2,0) 1 f e (2.5)
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where
_ 3qadna(n)/"I(n/2)
Cu(q1,q2,0) = 2n—o+lgn/21(1 + (n—0)/2)
and
a(n) = p(By(0)) = 2 (gr(g))_l

Proof. For 0 < o < n, we obtain
I -177 |2 00 = nex(n) ¥ (n — o)~
Thus, it follows from (2.1)—(2.3) that
11177 fllgr < AT 177 fllgran
< 3@l - 17 llnsocoll fllgo.an
< 3qina(n)”"(n — o) fllo.as
< 3qgyna(n)”™ (n — o) " flgo-

Hence (2.4) holds. By (1.4), (1.5), (2.4) and the equivalence yI'(y) = I'(y + 1), we can
easily see (2.5). O

Remark 2. Let 0 < ¢ < n. Assume that K is a compact subset of (1,00). Then from
(2.5), we see that

Cy = sup Cu(q,q2,0) < 0.

o€loo,n), q1,92€K

Next, we consider a strong limit of the operator (—A)(_”+")/ 2. For this purpose, we
introduce some function spaces. Set
Dy ={p€S;Fpe R\ {0})},
where C§°(R™ \ {0}) is the set of all compactly supported, and smooth functions. Let

{¢;};ez be the Littlewood-Paley decomposition on R™\ {0}. For s € R, 1 < ¢ < oo and
1 <7 < oo, the homogeneous Triebel-Lizorkin space Fy, is defined by

Fy,={we 8wl <oo}/P.
Here,
lwll, :' {3 2ol bl
j=—o0 a

O; = f_laj, and P is the set of all polynomials.

Proposition 2.3. For 1 < ¢, < ¢ < o0, 1/); 1 dense i LT N L2,
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Proof. For v € S, set
N
vN:Z¢j>kv, N=12---.
j=—N

Clearly, we have vy € 1/)\0. If 1 < q < oo, then L? is equivalent to Fc?g (see, e.g.,
Ginibre-Velo [1]). Therefore, we obtain

o~ onlly < Cllo—owllzo,

—c|{ i | % (v — }i_Na;j*v)}z}%

k=—00 q
0 N 9 1
:C{Z}(@—Z@*@)*v}} )
k=—00 j=—N q
Since
( 0 if |k| <N -1,
N G-N-1* (p_N_o+P_n_1) if k=-N-—-1,
_ G_N* P_N-1 if k=-—-N,
¢k_,Z_N¢k*¢j_ ON * ON+1 if k=N,
a Onp1* (On41 + dng2)  if k= N+1,
\ Pk if |k|>N+1
and
[k % @5 % vllg < [[@oll1]|k * v]|q,
we see that

v — vnll, < c"{}ap_N_l % (p-no+ d_n_1) x|

+}¢N+1 * (¢N+1 + ¢N+2) * 0}2
+}¢—N * Q_N_1 * U}2+}¢N * QN1 * 0}2

+ Z Wk *0}2}%

|k|>N+1 q
SC{ Z H@*v“ﬁ-”{ Z o x v|*}? }
|k|=N,N+1 k|>N+1 1

< CH{ Z ]cﬁk*v]Q}%

|k|=N

q
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It follows from v € F 0 and the Lebesgue dominated theorem that

|

Hence, we have limy_. [|v — vn|lq, = 0 for j = 1,2. Therefore, we obtain

as N — oo.

|k|>N

|lv — vn||LarnLee — 0 as N — oc.

Thus, 1/)\0 is dense in L9 N L% because S is dense in the same space. 0

Using the above proposition and Remark 2, we have the following strong limit of
(—A)(nto)/2,

Lemma 2.4. For1 < g < oo and 0 < o <n, define

1 1
—=14+--Z (2.6)
4o q n
Let0 <op<n. If1 <qy, <q<00,q>2and f & Ll N LI, then we have
[(=8)"="f—f[|, =0 as o—n (2.7)

Proof. From Proposition 2.3, for all € > 0, there exists some f. € 1/)\0 such that

1f = fellpsoonre < e (2.8)
We can take some 7 € (0, 1) satisfying

supp f- C {z € R";[z| > n}.
Using the Hausdorff—Young inequality, we obtain

=27 5 = £ll, < clla- 17 = D],
< Gl =11,
where C; is independent of o. Therefore, we see from (2. 5) and Remark 2 that
l=2)7%5 1 = 1ll, <l =277 = £l + (- = £l
I fe = Flla

< Cullf = fellgy + Celn™™ 7 =11 + || f- = fllq
< 05177_”“’ - 1‘ + (CH + 1)Hf - feHLq"OﬂL‘h

where Cy is independent of o and €. Thus, if n — o is sufficiently small, then we see from
(2.8) that

=275 = £, < (Car + 2.
Hence, we have (2.7). O
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3. PROOF OF THEOREM

In this section, we prove Theorem 1.1. Throughout this section, we assume that
1 <n <6,p>2and (1.8) (or equivalently, (1.9)). We set r = r(p), p = p(p) and
Z =Z(p).

For 0 < k < n, let p, be a real number which satisfies

3 K —1 1
A -2 (3.1)
2 n 2ps 2p
We can easily see that
D <D if 0<k<mn,
lim p, = p.
The space L?< has the following property:
Proposition 3.1. For p, there exists some o(p) € (0,n) such that
[fllzpe < Cullfllgp-»  if o(p) <k <n, (3.4)
where Cg is independent of f and k.
Proof. It
1 1 1 1-
> > P (3.5)
T 2p T n

D 4
p_p,i—i_n—l—i—@ (3:6)
and
p _pn—2) 2(—n+1+0)
_ > . 3.7
Pk N +n(n—1+0) (3.7)

For n < 2, (3.6) and (3.7) obviously holds if « is sufficiently close to n. Suppose that
3 < n < 6. Since the function 1+ 4/(n — s) is convex with respect to s € (—oo,n), it
follows from ¥, € [0,1) that

4 4
= 1+ — 1— 1+ —
p ﬁp( +n)+( ﬁp)( +n_2)
> 1+ ! > 1+ 1
- n—2(1—1,) n—1+49,

Therefore, we see from (3.2) and (3.3) that (3.6) holds if « is sufficiently close to n. By
elementary calculations, we have (3.7).
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For all k € [0(p),n], ps belongs to some compact set of (1,00). Then we can take Cg
which is independent f and & (see [1]).
[

Let us give a proof of Theorem 1.1 dividing into three steps.
(Step L) Put ¢_ = (¢, ¢?) € X. Let o(p) be a real number which satisfies (3.4) and
that

2Ps(p)

——= > 1. 3.8

Pty (3.9
For k € [o(p),n], we define a mapping

Q" u = u_ + /t an(u(t/))dt/-

—00
We prove that ®" is a contraction mapping on a suitable complete metric space. By
using the Strichartz estimate shown in Machihara-Nakanishi-Ozawa [2], we have
lu-llz < Csllo-Ilx,
12%u = u_[lz < Csl[ fu(u)]|Lrr2-

Here, the constant Cg is dependent only on n and p.
Let g be a real number which satisfies

b_1 + : (3.9)
2 q 2 '
We immediately see from (3.1) that
1 o p-—-1
1+ —-=- . 3.10
Te T o, (310)

By (1.2), (3.9), the Holder inequality and (1.4), we obtain
I faCu(®) 2 < max{Cv, A} (=A) T2 u(t) P~ gl u(t) | 25-
From (3.10), (2.5) and Remark 2, we see that
(=) 2 ()P~ g < Carlllu(®)P™ 2p. /1)
< Cullu(®)ll5,

where the constant C'y is dependent only on n and p. Accordingly, it follows from (3.4)
that there exists a positive constant Cjy depending only on n and p, such that

0% — w2 < Collul

1o%ullz < Co(llo-llx + llull}, ,i-0)-

LPBL="
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We can choose () satisfying that
1€ = @%v||z < Collu — vll oo (lull, s + 10N, p10)-

Hence we obtain

19" —u_|z < Collull, (3.11)
1e"ullz < Co(llo-llx + llullZ). (3.12)
12" u — @]z < Collu — vllz([lully + [0l ). (3.13)

(Step 1I.) Set Zy = B(2Cy||¢-||x,Z) and d(u,v) = ||u — v||z. Clearly, (Zy,d) is a
complete metric space.

From (3.11) and elementary calculations, it follows that ®*u € H if v € Z. Hence,
by (3.12) and (3.13), we see that ®" is a contraction mapping from Zj into itself if
lo_||x < d and § < (4Cy)~Y»=Y . Consequently, we obtain a unique fixed point u* of
®*. Since the fixed point is also unique in Z (see Nakamura [5]), we have the time global
solution u” € Z of (1.10).

Put

b+ =+ /R an(u“(t))dt.

w

By the analogous argument on (3.12), we see that (1.11) holds. We remark that we can
easily show the uniqueness of u4 (t) satisfying (1.11) (see Sasaki [8]). Thus, the scattering
operator S, is well-defined.

(Step III.) Since u” satisfies ®*u" = u”*, we see that for o € [o(p),n),

ua_un:/t sm(t;t{fa — fulu }dt’

(e 9]

fo(u?) = fulu™) = 7(0) 7 (Vo * [u”P71) (u” — u")
+ (”y(a)_lV(, * [uP~t — )\olu”]p_l)u”

Furthermore, we have
(o) Vo [uT P = Nofu" [P
= (o) Vo uT P = () Ao - |77 x TP
+ () Aol 77 [P = () T Ao - [Tk P
+ (o) ol - [T [P = Aofu P
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Therefore, following the line of Step I, we obtain

g

[u” = u"|| o gi-e

_ —1
< Cyllu” — unHL,)B;_p(Hu“W;p;;_p + 17, 5es)
+ CollVal - [7 = Aolloo 1wl 51—

+ Col| (=) T2 Pt — P Loy o [0 oo
< 3l = gagn Vel 17 = Dol
+ Col| (=2) T 2t — LT | T (3.14)
where we have used
[u"]|z < 2Col|o—[|x < 2C0d.
By u" € Z and (3.4), we see that
" P(t) € Lo/ (R™) 0 L2/ DR for ace. t,

1 1
R A

TS =— 4 ,
2p no 2psp)
Thus, it follows from (3.8) and Lemma 2.4 that

hmH(_A)(—n—i-a)ﬂ’un’p—l(t) . ’un’p—l

o—n

From (2.5) and (3.4), we have
H(_A)(—n—i-a)ﬂ’un’p—l(t) . ’un’p—l

(t)HQp/(p—l) =0 fora.e. t.

()l 1) < 20" D)L,

Hence, by Hu”()H%ip € LP/?°=D)(R) and the Lebesgue dominated theorem with respect
to t, it follows that

hmH(_A)(—n-i-U)ﬂ’un’p—l - ’un’p_lHLP/(p—l)L2p/(p—1) = 0 (315)

From (1.3), (3.14) and (3.15), we have
[u” —u"|| pg1-s — 0 as o — n. (3.16)

Similarly, we obtain
1 g n g
156(¢-) = Snl(9-)llx = Sllu” = ul popi-v + 2[[Vo] - |7 = Aollec
+2C0 || (=) T2 [ P — | Lo o

By (1.3), (3.15) and (3.16), We obtain (1.6). This completes the proof.
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