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Double commuting compressed shifts and generalized
interpolation in the Hardy space over the bidisk *
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Abstract

This paper deals with an operator theory of compressed shifts on the Hardy
space over the bidisk. We give commutant lifting type theorems and some inter-
polation theorems in two variables.
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1 Introduction

In [8], D. Sarason gave an operator theory approach to classical interpolation problems
of complex function theory, Carathéodory interpolation problem and Nevanlinna-Pick
interpolation problem, in the Hardy space over the unit disk. It shows a deep connection
between operator theory and complex function theory. Sz.-Nagy and Foiag generalized
Sarason’s technique as their commutant lifting theorem for a contraction on an abstract
Hilbert space in [9] (cf. [1] and [7]). It is one of the most useful tools in operator theory,
so that one would attempt to find a commutant lifting theorem for tuples of contractions.
However, for tuples of contractions, there are examples in which the commutant lifting
theorem fails.

Clark [4] and Amar-Menini [2] gave interesting counter-examples of the commutant
lifting theorem in the Hardy space over the polydisk. Their examples are tuples of
compressed shifts of coordinate functions. In particular, Amar-Menini dealt with the
bidisk. The authors have been motivated to study commutant lifting type theorems in
the Hardy space over the bidisk by their example. Our interest is the following question:

e Why does the commutant lifting theorem fail for compressed shifts in the Hardy
space over the bidisk ?

*This research was supported by 21st Century COE Program, “Mathematics of Nonlinear Structures
via Singularities”, Department of Mathematics, Hokkaido University.



It seems to be one of the first steps toward answering the above question that we study
non-trivial cases where commutant lifting type theorems hold for compressed shifts.

In this paper, we attempt to find non-trivial commutant lifting type theorems for
compressed shifts as a sequel to [5]. Section 2 introduces notions used in this paper. In
Section 3, we shall prove commutant lifting type theorems in two variables. In Section
4, we deal with norm estimates of compressed operators. In Section 5, a question re-
lated to commutant lifting is posed. In Sections 6 and 7, we deal with Carathéodory
type interpolation and Nevanlinna-Pick type interpolation problems in two variables,
respectively.

2 Preliminaries

Let D = {\ € C : |\| < 1}, the unit disk in the complex plane C and let T = {e¢¥ €
C:0 <0 < 27}, the unit circle in C. L? = L?*(T?) denotes the Hilbert space of all
square integrable functions with respect to the normalized Lebesgue measure do on T?.
For a closed subspace M of L? Py denotes the orthogonal projection from L? onto
M. L% = L>*(T?) denotes the commutative Banach algebra of all essentially bounded
measurable functions with respect to the measure do on T?. H? = H?(D?) will denote
the Hardy space over the bidisk D? in C?, H? consists of all analytic functions on D?
satisfying the following condition:

sup //\f(rz,rw)]Q do < +o0,
TJT

0<r<1

where z and w are the usual coordinate functions on C?. Let H?(z) (resp. H?(w))
denote the usual one-variable Hardy space over D of the variable z (resp. w) with
respect to the normalized Lebesgue measure do; (resp. dos) on T. Then it is well
known that H? = H?(z) ® H?(w), the Hilbert space tensor product of H?(z) and H?(w).
H> = H>(D?) will denote the commutative Banach algebra consisting of all bounded
analytic functions on D? with the norm || f||o = supy ,ep | f(A, )| The Toeplitz operator
T, on H? of a bounded analytic function ¢ is the restriction of the multiplication operator
of ¢ on H

Definition 2.1 A closed subspace N of H? is called a backward shift invariant subspace
if NV is invariant under 7 and 7,;. For a bounded analytic function ¢, S, denotes the
compression of T, in a backward shift invariant subspace N, that is, S,f = Pypf for
any f in N. In particular, S, and S,, are called compressed shifts.

C|z,w] will denote the polynomial ring over C with variables z and w. Every back-
ward shift invariant subspace A has a module structure over C[z, w] by the action defined
as follows: f-h = Sgh = Py fh for any f in C[z,w] and h in N.

In [5], Izuchi and the authors showed the following theorem:



Theorem 2.1 ([5]) If a backward shift invariant subspace N satisfies the condition
[S%, Sy] = SES, — SwSE =0, then one and only one of the following occurs:

(i) N=H*© q(z)H? = (H*(2) © q1(2) H?(2)) ® H*(w),
(i) V= H? & @(w)H? = H*(2) ® (H*(w) & q2(w) H*(w)),
(iif) NV = (H*(2) © () H?(2)) ® (H?*(w) © g2(w) H*(w)) .

where q1(2) and qo(w) are one-variable inner functions.

In this paper, we deal mainly with operators on the tensor product Hilbert space N
obtained in Theorem 2.1, and use the notation N' = N, ® N,,, for short.

3 Commutant lifting type theorems for S, and S,

Let A be the weak closed commutative Banach algebra generated by S,, S, and the
identity operator Iy on a backward shift invariant subspace N, and let A’ denote the
commutant of A in the Banach algebra of all bounded linear operators on N.

Regarding the algebra A on a backward shift invariant subspace N, we observe the
following statements:

(A) A ={S,: ¢ e H®},
(B) A=A,
(C) A = A", where A” is the double commutant of A.

First, we note that A is equal to the weak closure of the set {S, : ¢ € H*} and the
statement (B) is equivalent to the following (B’):

B’) for any operator A in A’, there exists a sequence {p,} in H* such that S,
Pn
converges to A in the weak operator topology.

Indeed, for any function ¢ in H*, there exists a sequence {p,} in C[z,w] such that p,
converges to ¢ in the w*-topology. Then (S,, f, g) converges to (S, f, g) for any functions
f and g in A. This implies that A is equal to the weak closure of the set {S, : p € H*}.
Hence (B) is equivalent to (B’). Further, it is easy to see that (A) = (B) = (C) and
(A) is the straightforward version of the Sarason theorem in the bidisk. However, Amar
and Menini gave a counter-example of (A) in [2].

In this section, first, we prove lemmas needed later. Next, we will prove (C) on
N =N, ® N, in Theorem 3.1, and we will give examples where (B) and (A) hold in
Theorems 3.2 and 3.3, respectively.

The following Lemma 3.1 is known in [3]. For the sake of reader’s convenience, we
prove this in our setting.



Lemma 3.1 If A is in A on N = N, @ N, then there exists a function ® in N such
that A = Sg, where Sg is the bounded operator on N defined by the following identity:
Sof = Py®f for any f in N N H>.

Proof Let APy1 = ®, and let f(z) and g(w) be bounded analytic functions in N, and
Ny, respectively. Then we have

Af(z)g(w) = ASp@)Sew)Prl
S1(2)Sg(w)yAPN1

= Sf(z)9g(w)®

= Py f(2)g(w)®

= Saf(2)g(w).

Since N N H* is dense in NV, we have A = Sg.

Note that ® may be an unbounded function in Lemma 3.1. However Sg¢ is a bounded
operator on N, @ N,,. We set ®,(z,w) = ®(rz,rw) for 0 < r < 1. Then it is known
that ®, is a bounded analytic function converging to ® as r tends to 1 in the L*-norm
topology. Setting

D=D(T)={feN: s [Se, fI| < oo},

a densely defined linear operator T' can be defined as follows:

Th= lim Sa,h

r—l1—

in the weak topology, where h is any function in D. Trivially, S is the closed extension
of T.

Lemma 3.2 We set £ = Py1. Then £ is a cyclic separating vector for A" on N =
N, @ Ny. Moreover € is a bounded analytic function.

Proof 1t is easy to show that £ = Pyl = (1 — ¢1(0)q1(2))(1 — ¢2(0)g2(w)), which is a
bounded analytic function. First, we show & is a cyclic vector for A’. If there exists a
function f in N such that (S¥S! ¢, f) = 0 for any non-negative integers k and [, then we
have f = 0. Indeed, we have

which implies that f = 0. Hence £ is a cyclic vector for A. Since A is contained in A’, £
is cyclic for A’. Further, if A¢ = 0 for an operator A in A’ then AS¥S! ¢ = SkS! A¢ = 0.
Since £ is cyclic for A’, we have A = 0. This completes the proof.



Let K, be the Cauchy kernel of H? at (A, ) in D?. We set
N G LG G ),
S = E o = (1= %) (1—7w)

where N' = N, ® N,,. Trivially, every &, , is a bounded analytic function. Further, it
is easy to check that §oo = & and &\, = Sk, ,§. It follows that every &y, is a cyclic

Y

separating vector for A" by Lemma 3.2.

Lemma 3.3 Let N = N, @ N,,. If A is in A" such that A = Sg for some function ®
in N, then Sg &, converges to A*Ey,, as v tends to 1 in the L?-norm topology for any
(A, i) in D2.

Proof First we show that A*¢y,, = Py®E, .. For any bounded function f in A, we have

(A€ ) = (a AT) = (G Puf) = [ 0, 8F do = (P65
Since N'N H™ is dense in N, we have that A*¢, ,, = Py®E, .. Using this, we obtain that

155,60 — A%aull = 1P ®r&xy — Pu®En |
< @6 — PEN L]
< H(I)T - CI)HHf)\,uHoo — 0

as r tends to 1. This concludes the proof.
Theorem 3.1 If N =N, ® N, then A’ is commutative, that is, A’ = A".

Proof 1If A and B are any elements in A’, then it suffices to show AB{ = BA¢ by Lemma
3.2. Then there exists a function ® in N such that A = Sg by Lemma 3.1. Further, it

is easy to check that
BA¢ = li{noBS%f = li{nosq)rBf.

Hence we have

(BAG &) = 1im (Se, BE, &)
— (B 50 60
= (B§A G
= (ABE&, &),

by Lemma 3.3. Since every &, , is the reproducing kernel of A at (A, i), we have that
AB¢ = BAE. This concludes the proof.



Theorem 3.2 If A isin A" on N' = H?>© q(z)H?, then there exists a family of bounded
analytic functions {p;(2)} depending only on the variable z such that

A= Z Se;) T,
7=>0

in the weak operator topology.

Proof Since A commutes with T,,, A is an analytic function which takes values in oper-
ators on N,. Therefore, we have the following expansion of A:

A=>"A;0T)
=0
Let Q) denote the orthogonal projection from N = N, ® H*(w) onto N, ® Cw*. Then

A= Zk,zzo QrAQ, in the weak operator topology. Further, we have QyAQ; = Qx(Ar_;®
TFNQ, for k > 1. Indeed, it is easy to check the following:

QeAQr =) Qu(A; @ T))Q1 = QA @ TE QL.

Since S, commutes with every @, for any function f(z) in NV, we have the following:

S A af()wh = S,Qk(Ar— @ TE Qi f(2)w!
= QiAo @ T QS f(2)w' = ApS. f(z)w*

It follows that S, commutes with every A; on N,. Hence there exists a bounded analytic
function ;(z) such that A; = S, (.) by Thoerem 1 in [8]. This concludes the proof.

Corollary 3.1 A=A on N = H*© q(z)H*.

If we assume that the dimension of A is finite in Lemma 3.1, then every element
in NV is a rational function. Hence it is an immediate consequence that there exists a
bounded analytic function ¢ such that A = S, when N is of finite dimension. Then,
trivially A = A’. We show further details of this fact in the next theorem.

For X\ in D, we define two functions as follows:

ba(z) = (2= N)/(1 = A2), ki(z) = (1—2Xz)

-1

Lemma 3.4 Let qi(2) be a finite Blaschke product, each zero \; having multiplicity k;,

that is,
1

(h(Z)ZH(l_)\Z) Hbﬁi

Then A
{egﬁ(z) = En (252 (2) -+ By ()b (2) 10 < <L 0 < <y — 1}

is an orthogonal basis of H?*(2) © qi(2) H*(z).
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Proof 1t is easy to verify from the following:

H2<z>eq< >H2< )
{H*(x) & (=)} & {3 (2) (H*(2) © by, () H?) }
& | (b';z<z> - -b’;z:(z)) (m@ St (=) HY(2)) }.

Theorem 3.3 Let ¢;(z) be a finite Blaschke product having the following form:

l

0(2) =H (1_M)kv 11 oy (2)

and {e”} be the basis obtained in Lemma 3.4. Suppose that N' = H2 & ¢,(2)H? or
N = (H*(2) 6 1(2)H?*(2)) ® (H*(w) & g2(w)H?*(w)) as in Theorem 2.1. Then Ais in
A’ if and only if there exists a finite set of bounded analytic functions {<p ( )} such
that A = S, where p(z,w) =), (j)( )cpz(])( ).

zgz

Proof 1t suffices to consider the case
N = (H(2) © () H*(2)) ® (H*(w) © qulw) H*(w))

By Lemma 3.1, there is a function ® in A such that A = Sg. Since ® is in NV, we have
the following finite expansion of ®:

o — Z €§j)(z)¢(])
BJ

where {egj)} is the basis of H*(2) ©¢q(2)H?(z) obtained in Lemma 3.4, and every gbgj)(w)
is in H*(w) © q2(w)H?*(w). To prove our assertion, we use an induction.

First, for any bounded functions f(w) and g(w) in H*(w) © go(w)H?*(w), kx,(2) f(w)
and ky,(z)g(w) are in N, and we have

(kg (2) (), Fag ()9 ()
= (Sekx(2)f(w )/%(Z)g(w)>
= 3 (@07 )k () (w). ko (2)g(w))

= S ()l (w0, 0)
= (el (). koo (2)) (9" (W) f (), g(w))
~ T (A ) gt

Hence we have

1
(1 —=1{Aof*)?

{ 50><w>f<w>,g<w>>' < 1A (P17 o) g w)]

7



furthermore

(68 (w) (), g(w))] < (1= Do)A@ lg(w)]l

By Theorem 1 in [8], there exists a bounded analytic function 4,0(()0), we can substitute
0 .
( )( ) for ¢ ( ), that is, S(b(()m(w) = Swéo)(w).
Next, for 0 <i<m, 0<j<ki—1(i<m)and0<j<n<k,—1(G=m) we
assume that each ap(] (w) is a bounded analytic function. Then

Am,n = S<I> - Z S (J)go )

is a bounded operator on A, where the sum >_" is taken only over 0 <i <m, 0<j <
ki—1(i<m)and 0 <j<n (i=m).
If n <k, —1, then
<Amnk>\m(2)f(w)>k>\m( )anrl( ) (w)>
> (0 (w)kn,, (2)F (w), b, ()35 (2)g(w >>
= Sk (), o, () ) (8 5 w),g(w))
= (0D (2)kan (2), Fan ()O3 (2)) (@5 (w g(w)>

— ; ko L pmel (+1) (o) £ (w w
(]_ _ |/\m|2)2b>\0()‘m) b)\m71()\m) <¢m ( )f( )79( )>7

1
where the sum Z is taken over m < i < l,n+1<j <k, —1( = m) and
0<j<k —1(i>m). Hence we have

(o5 (w) f (w), g(w))| < Kl Al ()9 (w)]],

for some constant K, ,. Therefore, by Theorem 1 in [8], there exists a bounded analytic
function cp( nt1) , we can substitute S¢<n+1>(w) for S¢(n+1)(
If n=k,, —1, then

( Ak (2) F(W), by, (2)g(w))
= > {0 @k () (@), B (2)g(w))
= Zm<€§j)(z)k>\m+1(2)>kkm+1(2)>< ( )f( ) ( )>
fw

= <e£2)+1(2)kxm+1( )s By (2 )>< Onea () f (), 9w )>

1

— ko m (0)
= T p e ) B ) (6 () (). g))

w)’

"

where the sum Z is taken over m +1 <i <[l and 0 < j < k; — 1. Hence we have

(8901 () (), 9(w) )] < Kol A1 @) g )]

8



for some constant K, ,. Therefore, by Theorem 1 in [8], there exists a bounded ana-

lytic function (p(o) 1(w), we can substitute S (o for S (0 )
m+ ‘Perl(w) ¢>m+1(w)

> i egj)(z)gogj)(w) is a bounded analytic function and Sp = S,,.
Conversely, it is easy to check that if ¢ is in H* then S, commutes with S, and S,,.

Therefore ¢(z,w) =

Corollary 3.2 If N. is of finite dimension, then A= A" on N = N, @ N,,.

4 Norm estimates

In this section, we deal with norm estimates of S,. To begin with, we should recall
the one-variable case, in which the following norm equality was obtained by Sarason in
Proposition 2.1 in [8]:

1Se)ll = lo(2) + a(2) H¥(2)lloe on N = H(2) & q(2) H*(2),

where H>°(z) is the Banach algebra of all bounded analytic functions with the variable
zon D, p(z) is in H*(z) and ¢(z) is an inner function in H>(z).

Let Hy denote the Hankel operator of a bounded function f, that is, Hy = ({2 —
Pp2) M| g2, where My is the multiplication operator by f on L?.

The following lemma is known for the one-variable case.

Lemma 4.1 Suppose that N' = H? & qH? for an inner function q. Then MyHz,Py =
SoPyn for any ¢ in H* and ||Hg,| = ||S,]-

Proof Since

M Hg,Pxf = q(Ir2 — Pp2)qpPynf = (I12 — qPu2q)p Py f
= (Pg2 — qPu2q)p Py f
= DPyoPnf
= SePn/,

we have the first assertion. Next, we show the second one. It is easy to check that
qH? C ker Hy,, we have |[Sy|| =[S, Py || = [|MqHgp Pxll = [[Hge Pl = || Hagll

qpr
The next lemma is elementary.

Lemma 4.2 Let X be a w*-closed subspace of L*°. Then, for any f in L, there exists
a function F in f + X such that [|Fle < || f + X|loo = infyex || f + 9lco-

Proof We set a = ||f+X||oo. For any n in N, there exists a function f,, in f+ X such that
| falloo < a+1/n. Since || fulloo < a+1, {fn}nen is w*-compact in L>°. Hence there exists
a subsequence {f,, }r such that f,, converges to some function F' in the w*-topology of
L> as k tends to +00. Then || F||s < liminfien || fo,lloo < liminfien(a+1/ny) = o and
Fisin f+ X.



Let HS° (resp. HS®) denote the w*-closed subalgebra of L> generated by z, w and w
(resp. z, Z and w).

Theorem 4.1 Let ¢(z) be an inner function depending only on the variable z and let
3(f(2)) be the set of all zero points of a one-variable function f(z) inD, that is, 3(f(2)) =
{AeD: f(A) =0}. Suppose that ¢ is in H>®. Then the following norm estimates hold:

(i) Suppose that N' = H? © q1(z)H? and let I, denote

max{supr(za A) + @1 (2)H(2)]|o; sup Hs@(%w)l\oo}-

AeD Xe3(q1)

Then
L < [ISoll = e + @1 (2)H o

(i) Suppose that N = (H*(2) © q1(2)H*(2)) ® (H*(w) © qo(w)H?*(w)) for an inner

function go(w) depending only on the variable w and let I denote

max{ sup ||\, w) + g2(w)H*™(w)||oo, sup HSD(Za)\)‘i‘%(Z)HOO(Z)Hoo}'

A€3(q1) A€3(q2)
Then
I < ISyl < Il + (qu(2) H + qe(w) H?) 0V H> || .
Proof We show the assertion of (i). By Lemma 4.1, ||S,|| = ||Hgyl|- Since ||Hgy,| =

fh( )

the equahty in (i).
Next, for any A in D, any f; and g; in H*(z) © q1(2) H?(2),

_ ' [ ([ et wrertwiatal dut) A do

- '// (z,w) fi(2)ex(w)gi(z)ex(w) do

= [(Spfr(2)ex(w), gi(z)ex(w))]
< HSWHHleHng,

where ey(w) = (1 — [A]*)"/? (1 — Aw). Hence

6], we have [|S,|| = qu( )<p+HOOH Hence we have

' [ e NAERE do

A

1S6ll = [1Seen [l = lle(z, A) + @ (2) H=(2)]], (4.1)

for any A in DD by Proposition 2.1 in [§].
Let A be in 3(q1). Then ex(2) is in H?*(z) © q1(2)H?(z). For any f, and g, in H*(w),
by the same calculation as the above,

' [ 0w it diol] < 15,170 el

10



Hence

1561l = T | = lle(A, w)l. (4.2)

(4.1) and (4.2) conclude (i).
By calculations similar to those in the proof of (i), we have inequalities in (ii).

5 (q1H2+q2H2)mHoo:q1Hoo+q2Hoo?
In this section, we study the following problem (cf. [5]):
(@1(2)H? + go(w)H?) N H> = q1(2) H> + go(w)H> ? (5.1)
Theorem 5.1 If ¢i(2) is a finite Blaschke product, then the equality (5.1) holds.
Proof Let deg(qi1(2)) = k < +o00. Since
0(2)H? + () H* = u(2) H* & (H*(2) © 01 (2) H*(2)) @ qa(w) H* (w),

we have f = q1(2)g @ q(w) b, @es(2)hi(w) for any f in (qi(2)H? + go(w)H?) N H*,
where {e;}*_, is an orthonormal basis of H%(z) © q1(2)H?(2), g is in H? and every h;(w)
is in H?(w). We note that every e;(2) is a bounded rational function. Since

/Tfei(—Z) doy = / (ql(Z)g © ga(w) ) ej(2)hy (w)> ei(2) doy

_ / 1 (2)9e:(2) don + 3 aa(w)hs(w){es (=), (2

= g(w)hi(w),
we have
|hi(w)| = [g2(w)hi(w)| = '/fm dor| < [|fllssll€i(2)loo-

Therefore every h;(w) and g are bounded. Hence (q;(2) H*+qo(w)H*)NH>™ C q1(2) H®+
g2 (w)H>. Trivially, (q1(2)H? 4+ q(w)H?*) N H® 2 q1(2)H™ + go(w)H>. Hence (5.1)
holds.

Next we give another approach to this problem. Consider two bounded linear maps
01 and 0y defined as follows:

& H*—= H*¢ H?, 01(f) = (—2(w) f, qu(2) f)
0+ H?@H? — qi(2)H? + g2(w)H?, 65(f, 9) = 01 (2) f + g2 (w)g.
Then the following sequence is exact:

0 — H2 -2 M2a H? 2 ¢(2)H? + go(w)H? — 0.

11



Indeed, it is easy to check that Im 0; C kerd;. We show that kerd, C Im ;. Let
(f,g) be in ker d5. Then
(@) f + @2(w)g) F,G) = {0,G) = 0
for any ' and G in H?. Set F' =1 and let G be an element in H? & ¢q;(z)H?. Then

(@ (2)f + @2(w)g)1, G) = (g2(w)g, G) = 0.

Hence go(w)g is in qi(2)H?, that is, ¢2(w)g = qi(2)g’ for some function ¢’ in H2
Furthermore, g = Tj  ¢2(w)g = T, a1(2)9" = a1(2)T}, g’ Setting h = Tp \d",
we have 0 = q1(2)f + @(w)g = @a(2)f + @(w) (¢1(2)h) and f = —g(w)h. Thus
(f,9) = (=@(w)h, qi(2)h) = 6:(h).

Thus, ¢ = ¢1(2) f1 + g2(w)g1 = q1(2) fo + g2 (w) go if and only if there exists a function
h in H? such that f; — fo = —g2(w)h and g; — go = q1(2)h. By this observation we have
the following:

Theorem 5.2 The equality (5.1) holds if and only if, for any function ¢ in H* having
a form ¢ = q1(2) f + q2(w)g for some functions f and g in H?, there exists a function h
in H? such that both f — qx(w)h and g + qi(2)h are bounded.

6 A Carathéodory type interpolation problem in two
variables

In this section, we consider the following interpolation problem:

e Given n + 1 analytic functions uy(2),... ,u,(2) in H*>°(z), can one find a function
¢ in H>™ whose power series begins with ug(z) + - - +u;(2)w? + « - - + u,(2)w™ and
lplloc <17

We set N' = H?/w"H H? = H?*(z) ® N,. Then N can be identified with H?(z) &
-+ +@® H?(z) (the direct sum of n + 1 copies of H%(z)). Assume that an operator 7" on A/
commutes with both 7, and S,,. Then
T, 0 T, 0
T = T on H*(2)@---@ H*(2).
0 T, 0 T,
Hence T;;T, = T,T;; for T = (T;;). Then, for every T;;, there exists a function ¢;;(z) in
H®>(z) such that T, (z) = Tij. Since T' commutes with Sy, that is, T" commutes with

the truncated shift operator on N,, with respect to the orthonormal basis {1,... ,w"},
T has the following form on H?*(z) & - -- @ H?(z2):
Tooy O o -0
T T e
T =C(Tpyes- o Do) = | 91 7900 (.) (.)
Touz) Tonatz) Tonaz) - Too(a)
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where ¢;(z) denotes ¢;o(z), for short.

Theorem 6.1 Let uy(z),...,u,(2) be given n + 1 analytic functions in H*(z). Then
I1C(Tug(z)s - - - > Tun()) || < 1 4f and only if there exists a function ¢ in Hjy whose power
series begins with ug(z) + -+ 4+ u;(2)w? + -+ + u(2)w™ and ||¢[loo < 1.

Proof Suppose that ug(z),...,u,(z) are n + 1 analytic functions in H*(z). We set
N = H?/(w"t H?) = H*(2) ® (H*(w) © w"T H?*(w)). Then T' = C(Tuy(2), - - - > Tun(2))
is a bounded linear operator on H?(z) @ --- @& H*(z) (the direct sum of n copies of
H?*(2)). Tt is easy to check T' commutes with 7, and S, Setting ¢ = T -1, we have
© =up(z) + - + u,(z)w™ and we showed T'= S, in the proof of Lemma 3.1.

If ||| <1 then ||S,|| < 1. Since ||S,|| = ||+ w"™H?|| by (i) in Theorem 4.1, there
exists a function in ¢ in HS® such that |[¢]|sc < 1. Then the power series of ¥ begins
with ug(2) + -+ - + up (2)w™.

Conversely, if there exists a function v in H® such that whose power series begins
with ug(2) + -+ + un(2)w™ and ||Y||ee < 1. Then ¢ — ¢ is in W™ H® where we set
p = ug(z) + -+ Fun(2uw", [|Sp] = [lo + 0" HT o < [[$]lee < 1 Dby (i) in Theorem
4.1 and S, can be identified with C(Tyy2), - - » Tun(z)) o0 H?*(2) & -+ & H?*(z). This
completes the proof.

7 A Nevanlinna-Pick type interpolation problem in
two variables

In this section we study the following interpolation problem:

e Let A\y,..., A\, be n distinct points in D and uy(w), ... ,u,(w) be n analytic func-
tions in H*°(w). Then, can one find a function ¢ in H* such that ||¢[/. < 1 and
e\, w) =u;(w) for j=1,... ,n?

To begin with, we prove the following lemma:

Lemma 7.1 Let \y,...,\, ben points in D and let p be a function in H. If p(\;, w) =
0 w-a.e. for every A; then ¢ is a function in q(2)H, where q(2) = [[j_, by, (2)-

Proof For any integer [,
oi(z) == /gp(z,w)@l doy
T

can be extended analytically to D with respect to the variable z. Since ¢(A;,w) = 0
w-a.e.,

) = [t @ do = [ [ e Bed doe = [ o0t doy o

13



Hence there exists a function (z) in H?(z) such that ¢;(z) = ¢(2)1i(z). Therefore

=Y wilu' =) )i’ = q(2) Y i)’

lEZ lEZ leZ

Therefore ¢ is in g(z)H?2. Since /q(z) is a bounded function on T?, we have the conclu-
siom.

Theorem 7.1 Let Ay,..., N\, be n distinct points in D and uy(w), ... ,u,(w) be n func-
tions in H*(w) such that ||uj(w)|le <1 for j =1,... ,n. Then the quadratic form

(1= T i) fitw), i)
> v

1<ij<n

is non-negative for any fi(w), ..., fo(w) in H*(w) if and only z'f there exists a function
@ in HZ° satisfying ||¢]le < 1 and o(Aj,w) = u;(w) forj=1,.

Proof We define an operator as follows:

Ak, (2) f(w) = ko, (2) T, ) f (W),

for every 0 < 4 < n and f(w) in H?(w). Then A is a bounded linear operator on
(H*(2) © q(2)H?(2)) ® H*(w), where q(2) = [}, bx,(2). Since every T, commutes
with T7; and

STA Ky (2) f(w) = STk ()T, ) f(w)
= Ak (2)T ) f (w)

A*Nikx, (2) f(w)

Ak, () f(w)

Hence A commutes with S, and T,,. By Theorem 3.3, there exists ¢ in H* such that
A =Sy, and we have ¢(\;, w) = u;(w). Indeed,

(Sykr, (2) f(w), kr,(2)g(w)) = ((z,w)kx, (2) f(w), kx; (2)g(w))

and

(Sukn (2)f(w), b, (2)g(w)) = (Akx, (2)f(w), by, (2)g(w))
= )



for any f(w) and g(w) in H?*(w). Hence (A, w) = u;(w). Moreover

<u—mm§:mumwmzy%@th
> Ui S (T ). T ()

1— N\, 1— N\,

Z'7j

Tyt T ) fiw), fi(w))

B §:<<_ 1— W\

i3

Hence we have ||A]| < 1 if and only if the quadratic form

(1= i) S0). ()

1<i,j<n

is non-negative for any fi(w), ..., fo(w) in H?*(w).

We suppose that ||A]| < 1. Since ||A|| = ||Sy]| = ||¢ + ¢(2)H || by (i) in Theorem
4.1, there exists a function ¢ in HZ° such that ||¢]|e < 1 and ¢ is in ¢ + g(z)H°. Then
oA, w) =Y\, w) = uj(w) for 1 <i <n.

Conversely, we suppose that there exists a function ¢ in HZ° satisfying [|¢|le < 1 and
w(Aj,w) = u;(w) for 1 < j < n. Setting

n

Zul H );\> and ¢(z) = Hb)\i(z),

j#l J i=1

we have ¢(z,w) — 9(z,w) is an element of ¢(z)H:° by Lemma 7.1 and ¢ is in H*. Let
A be the operator Sy acting on (H?(z) © q(2)H?*(z)) ® H*(w). Then, by (i) in Theorem
4.1, we have

[Al = ISyl = ¥ + ¢(2)HZ [l < [lplloo < 1.

Further, it is easy to check that
Ak (2) fw) = kx (2) Ty, ) f ().
Hence the quadratic form

(1= T T ) Filw) fi(w)
1— XA,

1<ij<n

is non-negative for any fi(w), ..., f,(w) in H*(w). This completes the proof.
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