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UNIQUENESS OF CONSTANT WEAKLY ANISOTROPIC
MEAN CURVATURE IMMERSION OF SPHERE S? IN R?
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TGraduate School of Mathematical Sciences, University of
Tokyo, Komaba 3-8-1 Meguro-ku, Tokyo 153-8914, Japan,
email:labgiga@ms.u-tokyo.ac.jp;iDepartment of Mathematics, Zhejiang
University, Hangzhou 310027, PR China, email:jzhai@zju.edu.cn

ABSTRACT. We prove that the constant anisotropic mean curvature immersion of
sphere S? in R3 is unique, provided that anisotropy is weak in the sense that the
energy density function is close to isotropic one.

1. Introduction

G. Wulff (1901)[W] formulated the following generalized isoperimetric problem
”Find a set minimizing the surface energy with fixed volume” and conjectured that
the answer is a dilation of the Wulff shape. A. Dinghas (1944)[D] gave a formal
proof. J. Taylor (1978)[T] gave a rigorous proof for very general surface energies
based on geometric measure theory. The minimizer of the generalized isoperimetric
problem (Wulff’s problem) is also unique up to translation (see [DP], [F], [FM],
[KoP], [M] and [S] for detail). The anisotropic mean curvature of the boundary of
the Wulff shape is constant([So|, [G]). However, the converse problem seems to be
open unless the energy is isotropic. The following problem (uniqueness conjecture of
Wulff shape) is proposed by the first author [G] in 2002 and also by F. Morgan [M]:
if an embedded compact hypersurface has a constant anisotropic mean curvature,

is the hypersurface a boundary of the Wulff shape up to translation and dilation?
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2 CONSTANT ANISOTROPIC MEAN CURVATURE IMMERSION OF SPHERE

It is well known that in the isotropic case, only round sphere is the constant
mean curvature embedded compact surface ([A]) in any dimensional Euclidean
space and the constant mean curvature immersion of sphere S? in R3 (proved by
Hopf in 1951, see [Ho]). In the proof of Aleksandrov(1956), the isotropy is essential
to use the moving plane method. On the other hand, in higher dimensions, the
result for immersed case fails even for the isotropic case, as shown by the constant
mean curvature immersions of Wente and Kapouleas([We], [K]). In this paper, we
consider a similar problem where the surfaces have anisotropic structure depending
on their normal direction. Particularly, we give a positive answer to the uniqueness
conjecture of Wulff shape for the immersions of sphere if the surface energy density
is close to isotropic one.
Related to our result, Morgan [M] proved that in R?, an immersed closed rectifi-
able curve in equilibrium for fixed area must be the Wulff shape, where smoothness
assumptions on the anisotropic structure are not needed. A local version of constant
anisotropic mean curvature (CAMC) curve with boundary in plane is considered by
Mucha and Rybka in [MR]. They proved that the local CAMC curves can be glued
up and a uniquely defined closed curve can be obtained and up to a translation it
is the Wulff shape.
Note that the mean curvature is the change ratio of surface area per change of
volume enclosed by the surface. If the surface has anisotropic structure, it is natural
to consider surface energy instead of area. Let v denote the anisotropic structure
of a surface M. Suppose v : R3 — R¥ satisfies
(1)twice differentiable in R*\ {0};
(2)positive homogeneity of degree 1:Vr >0, ~(rp) = ry(p);

(1) (3)strict convexity : Icj > 0,s.t.¥p € S?,Vn € R*\ {0},if n-p = 0, then
n-(Vyv(p) = cglnl”*.

These conditions are equivalent to say that the Frank diagram
Franky = {p e R’ : ~(p) <1}

has C? boundary with positive principal curvatures( see [G]).
The restriction v|g2 of the function v on the image of the Gauss map n of the

surface M, is called the surface energy density and the surface energy of M is
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defined by
| Ao
M

where do denotes the surface element. The change ratio of the surface energy per
change of volume enclosed by M is called the anisotropic mean curvature of M,
which is a generalization of the mean curvature.

Suppose G C R? is a domain,
z(u,v):  (u,v) € G+ x(u,v) € R?

and M := {z(u,v) : V(u,v) € G} is a surface in R3. Moreover, suppose z is

conformal, i.e.
(1.2) Ty 2y =0, |14)% = |20|%

To obtain the constant anisotropic mean curvature (CAMC) equations, we con-

sider

H(®,(M)) = / Y (na ) (1)) AH(y)
(1.3) (M)

_ /G (e, a1y (0t 0)) s X |l

where for any smooth vector field X (z) of R? satisfying X (z) = 0 on 9G,
O (M) :={z+tX(x): Ve M},

and ng,(ar)(y) is the unit normal vector of surface ®;(M) at y € ®,(M). We use
n(x) denoting the unit normal vector of surface M at x € M.

By direct calculation, we have
(1.4)

oo (@ ()

7i =0 t

= /GVp'y(n(x(u, v))) - [Xu(z(u,v)) X x4y (u, v) + x4 (u, v) X Xy(2(u,v))]dudv
= (—1)/G(X(w(u,v))'n(x(uaU)))H(fli(%v))lxu(u,v) Xy (u, v)|dudv,

where the anisotropic mean curvature of surface M at x is defined by

(1.5)
oy Balu,v) X 9, Vpy(n(z(u, v))) — 2o (u,v) X 0 Vpy(n(z(u,v)))
Ha(u,v) =(=1) |y (1, v) X x4 (u,v)] '
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Notice that this quantity can be expressed in concise form as in [G, p.61]
H(z) = —divar (Vpy(n(z)),
where div), is the surface divergence. Denote

(1.6) v(p) = [p| + eni(p), Vp € R®.

Then (1.5) can be written as

(1.7)

1

§ACI} = H(z)(xy X y) +€(zy X 0, Vpm(n(z)) —xy X 0, Vpy1(n(x))), VY(u,v)e€G.

Suppose H(z) =1 on M. We get the CAMC equations
(1.8)  (my x O Vpy(n(x)) — xy X 0, Vyy(n(x))) + @y X 2, =0, V(u,v) € G.

It can also be written as

1
§A$ =Ty X Ty + €(zy X 0, Vpy1(n(x)) — 20 X 0, Vpy1(n(x))), VY(u,v) e G.

If e =0, (1.8) is the CMC equations. It is well known that only round sphere is
the embedding compact CMC surface or the constant mean curvature immersion
of sphere S? in R3, and Wente torus are immersed CMC surfaces in R3. In this
paper we shall use the global inverse function theorem to prove the similar results

for small e.

Main Theorem. Suppose

inf y(p) > ¢{(>0), sup [Vpn(p)l <ef, sup [Virn(p)l < cf.
IpI=1 lpl=1 Ipl=1
There is ro = ro(cg, 3, c¢)) (> 0) depending only on ¢}, ¢3 and ¢] such that if

—1ro < e<Ty

then the CAMC immersion of sphere S? in R3 is unique.

Remark. Koiso and Palmer [KoP] have showed that for a large class of rotation-

ally symmetric energy functionals, the only stable equilibria supported on parallel
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planes are either cylinders or a part of the Wulff shape. Particularly, in the case
of v(p) = ~(p3) for all p € S?, the only closed embedded CAMC surface is the
Wulff shape up to translation and homothety. In [KoP1], they proved that ex-
cept for CMC surfaces, there exist no closed surfaces with non zero volume whose
mean curvature is a linear function of their height above a horizontal plane. In [Z],
without the assumption of the weak anisotropy the uniqueness of closed embedded

CAMC surface in R? is proved.

Let us explain the strategies of the proof. Define
(19) Pla) = {32 — 2y x 2} : {(2s X BTy (n(x)) — 20 x BT, (n(2)))).
Here for any two vectors a = (a1, as,as) and b = (by, ba, bs),

a:b= (al/bl,ag/bQ,ag/bg).

Denote
P(z) = a(x) : b(z),
(1.10) a(x) = %A:C — Ty X Ty

b(x) = (zu X B Vp71(n(2)) = 20 X 0V p71(n(2))).

Note that from (1.2) and (1.1)(2),

a(x)//b(x)/ /(@ X 22).

If P(z) is restricted on conformal map z, then P(z) can be regarded as a nonlinear

operator from C?T%(G,R3) to C*(G,R). The equation (1.8) can be written as
(1.11) P(z) =e.

We calculate the differential operator DP(Z)y of P at Z. Let © = z+ty. Because
(1.12) P(x)b(x) = a(z),

we have

o (P + )b(E + 1)} = Jomo {a(z +19)),
(DP(z)y)b(z) + P(z)Db(z)y = Da(x)y.

(1.13)
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Suppose Z is a solution of the CMC equations (i.e. (1.8) with e = 0). The

differential operator of P at T is
(DP(2)y){Zu x 0uVp11(n(T)) + Tu X 0 Vp1i(n(Z))}
(1.14) ={%Ay—yu X Ty — Ty X Yo},
Yy € C*T(G).

Notice that DP(Z) being invertible implies that there is a neighborhood V' of 0 in
R, such that for any € € V there is a unique solution x € C*T%(G) of (1.8) in a
neighborhood of z.

Furthermore, we shall use the following global implicit function theorem to ob-
tain the global uniqueness of CAMC for all € satisfying the condition of the main

theorem.

Global Implicit Function Theorem. [CH] Suppose Y, Z are metric spaces, Y
is arcwise connected and Z is simply connected. If ® :' Y — Z is continuous and
proper, and local invertible at the all points of Y, then ® is a homeomorphism from

Y to Z.

In section 2, the space of CAMC immersions of sphere S? in R3 is defined, which
satisfies the conditions of the global implicit function theorem. In section 3, we
shall prove the local invertibility of the map P. In section 4, we introduce the
definition of weak CAMC surfaces and give some regularity results for the weak

CAMC surfaces which will be used in section 5 to prove that the map P is proper.
2. The metric space of CAMC immersions of sphere S? in R?

We consider the case G = S? where G is a parameter space of a surface. We
shall use local conformal coordinates on G = S2. In particular, we shall always
identify S? with C U {oco} via the the stereographic projection to give a conformal
structure on S2.

Let
(2.1) Z ={ec C*(S*,R): dz(e,0)<r}
where r > 0,

(2.2) dz(e,€) = e = €llca(s2) + le(p) — €'(p)l, p=1(1,0,0),
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and the metric of S? used to define the distance of C*(S?,R) is induced from the
Euclidean space R3.

The domain of the operator P
Dom(P) := {x € C*T*(S?,R?) : z is an immersion of S$? in R*}

and the metric of S? used to define the distance of C?T*(S5?% R3) is induced from

the Euclidean space R3.

Definition 2.1. For any x, = € Dom(P), we call that x and T are equivalent,

denoted by x ~ Z, if there is a vector b € R3, such that
(2.3) M =M +b, M :=Image(z), M’ := Image(T).

Define Y ={x: [z] € Dom(P)/ ~, z is conformal and P(z) € Z}.

Remark. (1) If Image(x)=Image(Z), we can think that z is equivalent to Z up
to a change of parameter space. Notice that for a fixed CAMC surface in a fixed
coordinate space x, by selecting different parameter space, there are many different
equivalent expression.

(2)If x is a solution of the CAMC equation with respect to (), then for any
constant vector b € R3, x +b is also a solution of the CAMC equation with respect
to v(-). On the other hand for all rotation R of R3, Rz is also a solution of the
CAMC equation with respect to y(R~!-). So x is equivalent to Rx in the sense that
up to a rotation R, (z,7(-)) is equivalent to (Rz,y(R™1-)). Notice that the value
of P(x) with v(+) is equal to the value of P(Rz) when ~(-) is replaced by y(R™!.).

Let

d(z,7) = Y |lz = Zllciracs2) + |z — Zllo(s2),

(2.4) 0=y=2

dy(z,2) = inf Y |z = Z|cireis) + Iz — Zllcs2)-
z€[x],z€[T] 0<j<2

It is easy to see that d and dy are metrics of Dom(P) and Y respectively.

Proposition 2.2. For eachy € Dom(P), there is a conformal representation, that
is, there is x € Dom(P) such that x is conformal and © ~ y. The sets Y and Z
are metric space with the distance function dy and dz respectively. Moreover, Y is

arcwise connected and Z is simply connected.
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Proof. Step 1. For each y € Y, for example, from [J] any C?T® immersed surface
M of S? in R3 has a C?*“ conformal representation.
Step 2. Y is arcwise connected.
Since for any « € Dom(P), there is 6 > 0 and a neighborhood O(z) of z in
C?r(§2 R3):
O(x) = {y € C***(S*,R%) . d(x,y) <4},

such that O(z) C Dom(P). So Dom(P) is locally arcwise connected. Then Y is
locally arcwise connected with respect to dy .

On the other hand, Dom(P) is connected, since there is no non-trivial subset
which is open and closed in Dom(P). Then Dom(P) is arcwise connected. Thus
Y is arcwise connected with respect to dy .

Step 3. Note that if e € Z and ¢’ € Z, then
te+(1—t) €z, Vtelo,1].
So Z is simply connected. [J
3. Local invertibility

It is clear that P is a continuous map from Y to Z.
Let

Z1 = {e = constant € (—r,7)} C Z,

and

le{.’BGYI P(.’L‘)GZl}

Remark that Z; is simply connected. Note that S? is the unique CAMC im-
mersion of sphere S? in R? w.r.t. € = 0, which is locally arcwise connected to each
possible components in Y;. So Y; is arcwise connected.

In this section, we shall prove that for any z € Y7, the differential operator of P

at x
(3.1) DP(z):Y — Z
is an invertible linear operator, where

(3.2) |lz|ly = dy (z,0), |||z :=dz(e,0).



GIGA AND ZHAI 9

Then by the local inverse function theorem (c.f. for example, [H]), P is invertible
in a neighborhood of z in Y.

First we note that from (1.13),

(3.3) DP(z)y = 0= Da(z)y — P(Z)Db(Z)y = 0,
that is,

1 _ _

§Ay—yu X Ty — Ty X Yo

_ _ Yu X Ty + Ty X Yy _
(3.4) = e{yu X 8vvp71 (n(l‘)) + Ty X 61)( |.T < T ‘ ) szfyl (n(x)))
_ _ Yu X -'Ev + -'Eu X Yy _

— X BTy (@) - 7 x 0, (ME T I O, ().
Lemma 3.1. Assume that e € Z1 and
(3.5) sup [V,m(p)| < 3, sup Vorn ()] < .

There is 7o = ro(ca,c)) > 0 such that i
3,C4
r < To,

then there is no non-constant solution of the equations (3.4) in'Y .

Remark. As in the remark after the Definition 2.1, if Z is a solution of the
CAMC equation with respect to 4(-), then for any constant vector b € R3, z + b
is also a solution of the CAMC equation with respect to (). Moreover y + b is
also a solution of (3.4). The operator DP(Z) is invertible in the sense that up to
a translation, (3.4) only has the zero solution. On the other hand for all rotation
R of R?, Rz is also a solution of the CAMC equation with respect to v(R~!). In
this case Ry is also a solution of (3.4) where Z and v (-) are replaced by Rz and
y1(R™1.). Notice that P(Z) with «(p) is equal to P(RZ) where v(p) is replaced by
v(R7p). The operators DP(Z) and DP(RZ) are invertible for v(-) and y(R™1:)
respectively.

Proof. For zg € C and o > 0, let n € C§°(Ba,(20)) be a cut-off function with

(3.6) 0<n<1, n=1 on By(z), |V77|§§.
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Multiplying (3.4) by ¢ = 7%y and integrating by parts, and noting that

/(% X Yy + Yo X o) - (0Py) = /(wv X (MY)u + (MY X Tu) - (1Y)

= —2/((ny)u x (ny)w) - 7,
(ny) - Alny) = (nAy + V- Vy) - (ny) + div(nly|*Vn) — (Vn - V(ny)) -y

= n*yAy — [Vn*ly|*> + div(n|y[*Vn),

we get

1

(3~ I} + D) = max 5 [ 1V
(3.7) c

< Selic} + 1) / ol

o B2o(20)\Bs(20)
If
vy L
(3.8) r(cg +¢y) < 7
and
7 1 v

(39) g [5(2) < 7 = (e + )

The inequality (3.9) is called a Caccioppoli’s type inequality (c.f. [Gi]).

From the Definition 2.1, there is a CAMC surface in [Z] ( still denoted by )
such that Z(zp) = 0. So if o is small enough, then we have (3.9).

On the other hand, it is easy to see that for any vector b € R3, if y is a solution

of (3.4), then y — b is also a solution of (3.4). So we have

Clel(e + )
G [V -pP < SEEA v b
Bas(20)\ B (20)

Particularly, we may take b = y(z1) for a fixed point z; € Boy(z0) \ By(20). Then
the Poincére inequality can be applied to the right of (3.10). Note that n = 1 in
B, (z9) we get
(3.11) [ ke [ VP,

By (20) Ba2o(20)\Bo (20)
where the constant C' is independent of o. If we take € such that

1

Clel(e] + ) < 5.
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then we get

1
(312 [ owesg VP
BU(Z()) BQU(zO)\BU(zO)
For k =1,2,3,..., using (3.12) step by step, we get
(3.13)

_ 1
B, jor(20)] / IVyl* < |Byjan(20)| 7 (55)" / IVyl|?.
2
B, 5k (20) B2 (20)\Bo(20)

Taking k — oo in (3.13), we get |Vy(z9)| = 0. Thus y must be constant. [J

The Lemma 3.1 implies

Corollary 3.2. P is locally invertible in Y atxz € Y1 CY.

4. Regularity of weak CAMC surfaces

In next section we shall see that the limit of CAMC surfaces is a CAMC surface
in weak sense. So we need to discuss when a weak CAMC surface is a regular one.

Define

(4.1) E(x) = /’y(n(x))|xu X Ty| + Q(x) - (T4 X xy)dudv

for z € HY2(S?,R?), where Q is to be determined later.

Definition 4.1. A map x € H“?(S?,R?) is called a weak CAMC surface if it is

weakly conformal
Ty Ty, =0, |z,*=l2,]% fora.e.(u,v) € S?,

and the first variation of the functional E at x equals to zero

(4.2)
/(mv X Vpy(n(x))) - ou — (xu X Vpy(n(z))) - op + (divyQ(x)) (24, X ) - pdudv = 0,

for all o € HY2(S?,R?), with Q(z) = 3z and div,Q(z) = 1.

Theorem 4.2. Suppose

i 2 su |vp’7(p)| ) 00
(4.3) ‘;Tl:flv(p)zcl(>0)a S < ¢3(< 00).
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Then the weak CAMC surfaces are continuous.

Proof. Step 1. Let p > 0, 8 > 0 and ¥ be a cut-off function with

1
1 t < ———
b f— 2 /8 1
(4.4) () = L v <o
0, t>
pP=t

For any fixed zp € CU {00} and o > 0, fix z1: |21 — 20| < o, let
4.5 = inf — .
(4.5) . SN LG C
Define the density of x at z; by
r—x(z
(46) )= [ )i, x o= dud
B(z0,0) p
Note that

4n) 20 = [ sE)ncnlzep T

Take

in (4.2). We have

R
( (Zl)) N

PPl — x(z1)]

= /(mv X Vyy(n(x))) - {ez, + ¢ (z — z(21))}

X V() - L+ 0 I o a(er))

(z — z(21)) - 2 (z — 2(21)) - (0 x V,y(n(2)))

pPr — z(21)]
(r —x(21)) -y

 PBlz—x(z)] (x —z(21)) - (zu x Vpy(n(z))) }dudv,

:/wn( Dew X 2o]20 + 9/

where p - V,v(p) = v(p) is invoked. Then

(4.8) "

— x(21)]
S dudv.

v

/ Ty X Ty) - (x — 2(21))0dudv
/7 Nzw X 2]{2¢ + 2¢]

Take

(4.9) 8 =2c].
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From (4.7) and (4.8),

21(p) — pI'(p)
(4.10) < - /(xu X ) - (x — 2(21))dudv

< =1(p).

So we have the monotonicity inequality

2
p27p/

I(p =) 1
;/pQ)Ze( 2(:1 )%7 plzvp>0

(4.11)

Step 2. Note that from (4.3)-(4.4), (4.6), we have

7 v -2 7
(4.12) tim 22) > gy S0 / Val*dudv > ==,
p—0 p p—0 {lz—=z(21)|<p/2} 8

where the estimate of the energy from below was proved by Griiter (see [Gr, Propo-

sition 2.5]).
Then
inf x(2) —x(z)| = p
z:u+iv€8B(zo,a)| ( ) ( 1)| P
(4.13) () 22
< 4( (7[) ))1/26(%1{) —0, as o—0,
olm

and for any z; € B(z0,0), 22 € B(zp,0), there are z; € 0B(zp,0) and 2 €
0B(zp,0), such that

(4.14)  Jz(z1) — 2(z2)] < fw(z1) — 2(21)| + [2(22) — 2(2)| + |2(21) — 2(22)].

As in [Gr] and [J, Chapter 2], for # € H'?(5?) with the finite integration [q, [Vz|?,
by Courant-Lebesgue lemma (see [J, p.2]), for any 6 € (0,1) there is o € (3,V/9)
such that for all 2| € 0B(z9,0) and 25 € 0B(z9,0), we can estimate |z(z]) — z(2})|
only by the integration [y, [Vz|*> and ¢. Thus we have the continuity of z. [

For e € (—r,r), let

(4.15) 7 (p) = Ipl + en(p)-

Lemma 4.3. Assume that

(4.16) sup [V (p)| < 3, sup Vorn(p)] < .
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Suppose x is a continuous weak CAMC surface with respect to ~v¢, and
03

417
(4.17) el < 200’

then x is the C**% regular CAMC surface.

Proof. Step 1. For any n € H%2(S% R3), for any open set Q C C, from (1.8),

we have

(4.18) /Q(:BUx@uvp”y(n(x)))-n—(xux@vvp’y(n(:ﬁ)))-ndudv:/Q(xuxxv)-ndudv.

Taking n = (z,§) and (z,€), in (4.18), we see that the sum of them is
(4.19)
/ E[0u (0, X xy) - OV py + Oy (T4 X Ty) - Oy Vpy]dudy

Q
_ / (0 X 2p) - Awtdudv
Q
+2 / (Tuy X Tyy — Tup X Ty ) - n(x)édudv
Q
+ 26/ (Tuw X Tyy — Tuw X Tyw) - Vpnr€dudv
Q

+ / [E0(Ty X Tyy) — Eu(Ty X Ton) + Eu(Ty X Tyw) — Eu(Ty X Tyy)] - n(x)dudv
Q

+ E/ [gv(xv X xvu) - 5u($v X mvv) + Sv(xu X xuu) - gu(l'u X xuv)] . Vp’)/ldUdU-
Q

Since x is conformal, from (1.2),

Tyy * Ty = Ty * Tywv) Tyv * Ty = Ty * Tyv,
Ly * Tyu = Ty * Tyw, Ty * Tyy = Ty * Tow,

1
[Tu X | = |my||T0| = Elvwﬁv
and from Ax//(z, X z,),
Tyy " Ty = —Tyv * Tyy  Tyy " Ty = —Tyy * Ty-

So we have

(=DIV|Vz[*]?
8|V |2

(4.20) (Tuw X Tuy — Tup X Tyy) -n(T) =
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Moreover, noting that Ax//n(x), we have
[Eo (20 X Tyu) = EulTy X Typ) + Eo(@u X Tuw) — Eul(Tu X Tuw)] - n(2)
= [—&u0p (T4 X Ty) — EuOu(Ty X Ty) + Epy X Az + A X 1] - ()

= [_gvav(l'u X xv) - guau(xu X x’u)] n(:c)

_ (_l)gvav’xu X xv|2 + £u 0Ty X $v|2
2 |y X 4|

= (_1){€vav|vx|2 + §u8u|vx|2}

Using the strict convexity (1.1)(3), for any non-negative &,

(4.21)

cg/Q |Vn(m)|2§|Vx|2dudv+% i %gdudv

—l—/QEU('?U\Va:P +fu8u\Vx\2dudv

< |/Q(a:u X Xy) - Ax€dudv

+ 2¢ /Q(:cuv X Tyy — Typ X Ty ) - Vpy1€dudv

T G/Q[gv(xv X Ton) — €0 X Too) + EolTu X Tun) — Eu(Fu X Tu)] - Vyyrdudo].
Note that x, - n(x) =z, - n(x) =0,

Az = (Az -n(x))n(x) = —(xy - Oun(z) + x4 - Opn(x))n(x).

Then

(4.22) |Az? < 2|z |*|Vn(z) .

Note also that

Loy Ly Ty X Ty
Lyy = (muv . mu)m —+ (xuv . IU)W + (acu,, . (Iu X xv)) |Z‘u X Ty 2
= (2, .xw)ﬁ + (24 a:uu)’ U|2 (24 - Opn(z))n(x)
Then
(4.23) |xw\2 < 2|Aa:]2 + ]:cu|2\Vn(:1;)]2 < 5\xu]2]Vn(:U)\2.

Thus by using (4.16)-(4.17) and (4.21)-(4.23), for any non-negative

¢ € H(S%RY)
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we have
(4.24)
L[V
cg/Q|Vn(x)|2§|Vx|2dudv+g/QWSdudv

+/ £,0,|Vz)? + £,0u|V|? dudy
Q
1
= /Q{grwmw:c)\ + 10le|eg | Va2 [Vn(z) [} + || [VE| V|| V2| dudo.

Take V = |Vz|?, and € = V*¢2. Then there is § > 0 such that for any e satisfying
(4.17), for all s € N and for all ¢ € H%2(S?,[-1,1])

5/ ]V2x|2VS§2dudv+s/ IVV 2Vt dudy

(4.25) @ @

gc/ VS+1|V§|2dudv+C(;/ V22 dudv,
Q Q

where the constant Cs only depends on §.

Step 2. Take 2 = B(zp,0). Since

/ VP2 dudy = / VL2 V| dudv
B(z0,0) B(z0,0)

~(—1) / (2 — 2 VAT + 2(s + DV 2V - (Va - V2a)
B(z0,0)
4 2VEHI(VC - Vadudy

< C; max |z — 2(z)] {Vst202 1 VS| V222 ¢ + VM VC)? Ydudw.
B(z0,0) B(z0,0)

From the proof of the Theorem 4.2, for any p > 0 there is a o9 > 0 which depends

only on p and [ |Vz|*dudv, such that for o < oy, we have

CsC1 max |z —z(z0)| < p,

B(zo0,0

and
/ Vi dudy < C / VEIV22 22 + VY VC P dudy
B(20,0) B(z0,0)

<Cu / VEHLVC? + VT2 dudy.  (by (4.25))
B(z0,0)

If we take p small enough then

(4.26) / Vs dudy < C / VSR V¢ P dudo.
B(Z(),O’) B(Z(),(T)
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Step 3. Denote w = V(2. Then by (4.25) we have for all ¢ > 1
/ |Vw|?dudv = / (VV)C? 4 2V ¢V P dudy
B(z0,0) B(z0,0)

g/ IVV|2¢ + 4V2¢2 V¢ P dudu

(4.27) Fzoo)

< C/ VZC|VC? + VAV + VAP dudy
B(ZQ,O’)

< O(/ V39 dudv) /9 |09,
B(z0,0)

17

From the a prior estimates (4.26)-(4.27), by using a calculus inequality given in the

Lemma 5.2 of Chapter 2 of [LU], we can estimate the C}.

loc

can prove that the continuous weak CAMC surfaces are C27¢ regular. [

5. Properness

norm of z. Moreover we

We prove that the map P is proper, i.e., for any compact subset of 71, its inverse

image is compact in Y. For € € (—r,r) , let
(5.1) v¥(p) = lpl + en(p), VpER.
Lemma 5.1. For any K > 0, let Yi denote the subset of Y satisfying

(5.2) / |Vz¢|* < K.
S2

Assume that

(5.3) sup [Vpy(p)| < 3.

Suppose €; — € in Zy, {x9}; C Yg are CAMC surfaces with respect to <.

there is a subsequence, denoted also by {x%};, and x € HY2 such that
(5.4) Va2 — Va, strongly in LZ.

Moreover, x is a weak CAMC surface with respect to ~¢.

Proof. By the assumption (5.2)

/ Vz%|? < K, forall j.
S2

Then
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From (4.26) and the Step 2 of the proof of Lemma 4.3, there is a constant C(K) < oo

which depends only on K such that
(5.5) / V225 |2 < C(K).
52

Then there is a subsequence still denoted by {¢;} and z € L? such that
(5.6) Vz% — Vz, strongly in L2
Because for any ¢ € C§°,

/(xfj XX — Ty X Ty) - — 0, as j — oo,
then
(5.7) T X xy — x4y X x, in the sense of distribution.

On the other hand, for any ¢ € H%2, by the weak conformality and a x (bx ¢) =
(a-c)b— (a-b)c), we have

/{xfj X n(x¥) — xz, x n(z)} - pydudv

(5.8) = /{—a:f,j + Xy } - ppdudv

— 0, as j — oo.

Note that there is a subsequence {z%’};/, such that
(5.9) Va4’ — Vz, for a.e.(u,v) €S>

Then zx is weakly conformal.

Because v, € C?(R?\ {0}),
(5.10) Vo (n(z9)) — Voyi(n(z)), for ae.(u,v) € S?,
by (5.3) and Lebesgue convergence theorem, for any ¢ € H'2

lim /{a:fj/ X Vpyi' (n(x")) — xy, x Vpy¢(n(x))} - ppdudv =0,
(5.11) ’
lim /{xfﬁ' x V5" (n(z")) — xy x Vpy©(n(x))} - @ududv = 0.
J/
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The convergence of (5.7) and (5.11) imply that « satisfies (4.2) for all ¢ € C§°. For
any ¢ € H%2, there is ¢ € C§° such that

(5.12) ©r — ¢ strongly in  H'2,
By (4.2),

|/($u X Ty) - (pr — @;)dudv

(5.13) <2c] / V||V (pr — @) |dudy

<23 ||Vl 2|V (e — @)l L2

By the Lebesgue convergence theorem,

| / (0 X 20) - (9 — ) dudv| < 21|Vl 12V (9 — @)l 2,

so x satisfies (4.2) for all ¢ € HY2 and z is a weak CAMC surface in the sense of
Definition 4.1. [

Proposition 5.2. Suppose (4.3), (4.16)-(4.17). Then the weak CAMC surface x
obtained in Lemma 5.1 is C**t< regular. Moreover, for any K > 0, P : Y1NYx — Z,

1S proper.

Proof. From Lemma 5.1, if ¢; — € in Z; and {z%}; C Y are CAMC surfaces

with respect to 7%, then there is a subsequence, denoted also by {z%};, and x €
H'2 such that

Vz% — Vz, strongly in L2,

and z is a weak CAMC surface with respect to v¢. Moreover from Theorem 4.2
and Lemma 4.3, z € C?>T%. Note that Corollary 3.2 implies that the C?>** CAMC

surface w.r.t. ¢ is locally unique. So P is proper. [

6. Proof of Main Theorem
Since S? is compact and for any CAMC immersion M of sphere S? there is a
homeomorphism of S? onto M, we see that M is compact. For any p € S?, there

is an open neighborhood O(p) of p in S? such that

/ Va2 < oo,
O(p)
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where z is the conformal map from 52 to M. Then from the compactness of S2,

/ Val? < oc.
SZ

/ V2] < K
SZ

and x € Yg (c.f. Lemma 5.1, the definition of Yx). Thus from Proposition 2.2,

So there is K > 0 such that

Corollary 3.2 and Proposition 5.2, M is unique.
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