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Isometric Composition Operators Between Two Weighted Hardy Spaces
By

Takahiko Nakazi*

Abstract. We study isometric composition operators C; between two weighted
Hardy spaces H?(v) and H?(u) when v is a radial measure. The isometric Cy is related
to a moment sequence and such a ¢ is studied by the Nevanlinna counting function of ¢
when g is the normalized Lebesgue measure on the unit circle.

81. Introduction

Let D be the open unit disc in the complex plane C. We denote by P the set
of all analytic polynomials and H the set of all analytic functions on D. Let u be a
positive Borel measure on D with u(D) = 1. HP(u) denotes the closure of all analytic
polynomials in LP(du) for 0 < p < co. If du = df/2m, then HP(u) = HP is the classical
Hardy space. If du = 2rdrdf/2m, then HP(u) = LE is the classical Bergman space. HP
and LP can be embeded in H. In this paper, we assume that H?(u) is embeded in H for
a general p. H* denotes the set of all bounded analytic functions on D. We also assume
that H* = H N L>®(dp).

For an analytic self map ¢ of D, the composition operator Cy is defined by
(Cof)(2) = f(¢(2)) (2 € D) for f in H. Throughout this paper, we assume that v
and p are positive Borel measures on D with v(D) = p(D) = 1. v is called a radial
measure if dv = dyy(r)df/2m for a positive Borel measure vy on [0,1]. Since df/2r =
do,—1d0 /2w, df /2w is a radial measure.

In this paper, we studied isometric composition operators from H?(v) into H? (1)
when v is a radial measure. As we show in the final section, our isometric composition
operator C, is related to an isometric operator 7" from H?(v) into H?(p) with 71 = 1 when
p # 2. We have a long history for such isometric operators (see [8]). The onto isometries
on H? or LP for p # 2 were described completely. Unfortunately into isometries have been
known very little.

* This research was partially supported by Grant-in-Aid for Scientific Research,
Japan Society for the Promotion of Science.



Problem 1. For given measures v and i, does there exist an isometric composi-
tion operator Cy from H?(v) into H*(u) ? If there exists such a Cy, describe ¢.

A function F in H?(p) is called an inner function in H?(u) if
[ NPRdu= [ fdu [ [FRdp (f € P)
D D D

If ¢ is an inner function in H?(u) with /7 ¢dp = 0 for any n > 0 then there exists a unique
D

radial measure v such that C} is isometric from H?(v) into H?(p) where dv = dvg(r)df/2n
and 1 € supp vp. This is not difficult to prove. However we don’t know whether the
converse is true.

Problem 2. If a composition operator Cy is isometric from H?*(v) into H?(u)

then is ¢" an inner function in H?(u) with /7gbdu =0 foranyn >0 ?
D

A function ¢ in H* with ||¢]|c = 1 is called a Rudin’s orthogonal function in
H?(u) if {¢™;n =0,1,2,---} is a set of orthogonal functions in H?(u). If ¢™ is an inner

function in H?(u) with /deu = 0 for any n > 0 and ||¢]|c = 1 then ¢ is a Rudin’s
D

orthogonal function in H?(u) because P is dense in H?(u) by its definition. We can ask
whether the converse is true or not.

Problem 3. If ¢ is a Rudin’s orthogonal function in H?*(u) then is ¢™ an inner
function in H?(u) with /Jéd,u =0 foranyn >0 7?
D

When du = df/2m, Problem 3 was studied by several people, for example,
12],[3],]5],[6] and [10]. C. Bishop [2] and C. Sundberg [10] gave counter examples. Hence
there exists a Rudin’s orthogonal function which is not an inner function in H?(df/2).

Problem 3 has a strong conection with Problem 2. In fact, if Cy is an isometric
operator from H?(v) into H?(u) then by Theorem 1 ¢ is a Rudin’s orthogonal function in
H?(11). Conversely if ¢ is a Rudin’s orthogonal function in H?(u) then by Proposition 8
there exists a unique radial measure v such that C is an isometric operator from H?(v)
into H?(p).

For each ¢, we will use two Borel measures py, on D and pye on [0,1]. For
a Borel set F in D py(E) = u({z € D;¢(z) € E}) and for a Borel set G in [0,1]

1) (G) = u({z € D;| ¢(2) |e G}.



§2. General case

In this section we assume that v is a radial measure, i is an arbitrary measure
and ¢ is an analytic selfmap with |||l = 1. We say that {a,} is a moment sequence of
1

o, a positive Borel measure on [0,1], if a,, = / rdvy (n=0,1,2,---).
0

Theorem 1. Suppose dv = dvy(r)df/2m. Then Cy is an isometric operator from

H?(v) into H*(p) if and only if /Egb”ggmdu =0 (n # m) and {/D|gz5|"d,u} is a moment

sequence of 1.
Proof. If Cy is isometric, by the polarization formula

5nm/ ™ dg( —/Eznémdyz/ﬁgb"qgmdu

because v is a radial measure. Hence

1
/5|¢|2"du :/0 r'dyy (n=0,1,2,---).

It is elementary to see that x = /1 — (1 — x?) Zan " and Z|an| (1—2%)" <

oo (0 <x <1). Hence by Lebesgue’s dominated convergence theorem
Lislan = [ zan (1= |6)"de = zan/ ~ [6[%)"dn
1
= Z an/ (1 —7r?)"dyy = / Z an(1 —73)"dyy = / rduy
n=0 0 [ — 0

o
because < > |an| < oco. Similarly, as

n=0

< Z]anl and

Zanl—]gb\ Zanl—r )2
n=0

1
2t = \/1 — (1 — 2%+2) we can show that /7|¢|2"+1du = / " dyy (n=0,1,2,--).
D 0

Thus {/|gz5|”d,u} is a moment sequence of 1.
D
Conversely if /7¢"<;3md/vc =0 (n# m) and {/|q§|”du} is a moment sequence of
D D
Vg, then

2

du—Zlanl / |6 dp

k

D and”

>

= Z |an|2/ r*dyy =
n=0 0

n
= nZ:OanZ




Hence Cy is isometric. [

Theorem 2. If dv = dvy(r)df /2 then the following conditions are equivalent.
(1) Cy is an isometric operator from H?(v) into H*(p).

(2) vo = M|¢>|

(3) / r)dvy = / F(|¢|)du for any Borel nonnegative function F on [0,1].

Proof. (1) = (2) If G is a Borel set in [0,1], then v(G) = inf{ry(V); G CV, Vis
open in [0,1]} because v is a Borel measure. Hence there exists a sequence of continuous
functions { f,,} such that f,, — x¢ a.e. vp on [0,1] and || finllec <7 <00 (M =1,2,--").
By the Stone-Weierstrass theorem,

/o1 Jm(r)duo = /Efm(lcﬁl)du (m=1,2,--")

1 _

because / rdyy = /7|gz§|”d,u (n=0,1,2,--+). Thus (G) = p({z € D ; |o(2)] € G}).
0 D

(2) = (3) is clear. (3) = (1) is a result of Theorem 1. [J

The following theorem shows that we can solve Problem 2 in the Introduction
when C, is onto.

Theorem 3. Suppose dv = dvy(r)df/2r. If C, is an isometric operator from
H?(v) onto H*(p) then ¢™ is an inner function in H?*(u) for any n > 0.

Proof. Let F € P then there exists f E H?(v) Such that FF = f o ¢. Let
f= Zaj since Z|a3|/ r¥dyy(r) < oo, F = Za]gbj and Z|aj| /|¢|23du<oo By

7=0
Theorem 1, for any f >0

L Pl dn = ao [ 6P dp = [ Fay [ |6 dn

D D D D

because /7 ¢du = 0. This implies that ¢* is an inner function in H?(u) for any ¢ > 0.
D

When dv = dyy(r)df/2m, if C, is an isometric operator from H?(v) into H?(u)
then C, is isometric from H?(v) onto H?(ug).

Corollary 1. Suppose dv = dvy(r)dl/2w. If C, is an isometric operator then z"
is an inner function in H*(u) for any n > 0. Moreover du = dvi(r)df/2m + dd,—odu1(0).
where vy is a Borel measure on [0,1] and py is a Borel measure on 0D. If vy does not
have point mass on {r = 0} then v = p.

Proof. By the remark above, C, is isometric from H?(v) onto H?(u1) because p, =
p. By Theorem 3, 2™ is inner in H?(y1) for any n > 0. Put Cy[0, 1] = {u; u is continuous on
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[0,1] and u(0) = 0} and Co(9D) = {f; f is continuous on D and f(1) = 0}. Since r"dpu
annihilates 2P+ 2P for any n > 0, for any j # 0, du L {r>"*le% n =0,1,2,---}. By the
Miintz-Szasz theorem [6], du L C’O[O 1]e? for any j # 0 and so du L Cy|0, 1] ® Co(0D).
This implies that du = dvy(r)df/2m + dd,—odp(0) where v is a Borel measure on [0,1]
and g is a Borel measure on T'. If 1 does not have point mass on {r = 0} then we may
assume that p; = 0 and so du = dvy(r)df/2n. By Theorem 2 vy = pp, and pp.) = 1
because dy = dvy (r)df/2r. O

§3. Radial measure

In this section we assume that v and p are radial measures, that is, dv =
dvo(r)df/2m and dp = dug(r)df/2m. Proposition 1 solves Problem 2 when v = p. By
Theorem 2, if Cj is isometric from H?(v) into H*(p), then for some positive integer k

1 1 o ,
/ log rdvy < k/ log rdpg +/ log W(ele)’de
0 0 0

as F(t) = logt, using the inner outer factorization of ¢. Proposition 2 gives an exact
formula for this.

Proposition 1. Suppose v is a radial measure. If Cy is an isometric operator
from H?(v) into H?*(v), then ¢™ is an inner function in H?(v) for any n > 0.

Proof. By Theorem 1, ¢(0) = 0 because v is a radial measure and so by Schwarz’s
lemma, |¢(2)] < |z| (2 € D). Since /7|¢(Z)|2dl/ = /7|z|2du7 |6(2)] = |2| a.e. v. For
D D
feP,

/Ef|¢|2"dy:/5fyz|2”du:f(o) /017“2"dV0:/Dfdl//D|gb|2"dy. 0

Proposition 2. Suppose v and p are radial measures, that is, dv = dvo(r)df/2m

and dp = duo(r)df/2n. Let ¢ = z8BQh where k is a positive integer, B is a Blaschke
21 it

product with B(0) # 0, Q(z) = exp —/ ‘ - i Zd)\(t) is a singular inner function and h

0o e*—z

is an outer function. If Cy is an isometric oprator from H?(v) into H*(u), then

/ log rdvq —k:/ logrduo+/ d,uO/ n(s, B — +
log [ B(0)] ~ po([0, 1A, 21]) + [ 1og w(el%rde/zw
where n(s, B) is the number of zeros of B on the closed disc {z € C ; |z| < r}.
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Proof. Let n(s, B) = n(s, BQh) is the number of zeros of BQh on the closed disc
{z € C; |z| <r}. Then, by Theorem 2 and [1, §2 of Chapter 5]

/01 log rduy
- | " du / 7 og [6(re®)[d8 /27 + po({1}) /02ﬂ10g]¢(ei9)]d0 om
- Ol_duo {logrk+/0Tn(8,B)f}+u0([0,1))log\B(0)Q(0)h(0)\

+ (1) [ loglo(e)las/2m
_ k/ollogrduo+/01duo/0rn(3’3)‘fj

~ [0, D)N(0,2]) + [ log ()1t 2m

+log [ B(0)]

becanse po({13) [ (s, B) = ~puo({1})log | BO)]. D

84. Special cases

In this section we assume that v or p is the normalized Lebesgue measure or the
normalized area measure. Proposition 3 solves Problems 1 and 2 when v is the normalized
Lebesgue measure on the circle and p is a radial measure. Proposition 5 solves Problem
2 when v is a radial measure or the Lebesgue measure on the circle. Corollary 3 solves
Problem 2 negatively when dv = 2rdrdf/2m and du = df/2x.

Proposition 3. Let i1 be a radial measure. Cy is an isometric operator from H?
into H*(u1) if and only if ¢™ is an inner function with L¢du =0 in H*(p) for anyn > 1
D
and H?(du) = H?.

Proof. If Cy is isometric, by Theorem 1 /7¢”g5md,u =0 (n # m) and we have
D

21
| :/ 12[2d6 /27 = /7|gb|2du <1.
0 D

Hence |¢(2)| = 1 a.e. g and so supp pu C 0D. This implies that du = dé,—,df/27 because
i is a radial measure. The converse is clear. [

Proposition 4. Suppose dv = dvy(r)d0/2n and Cy is an isometric operator from
H?(v) into H>.
(1) vo({a}) > 0 for 0 < a <1 if and only if d0/27({c; |p(?)| = a}) > 0.
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(2) dvy = db,—1 if and only if ¢ is an inner function in H?.
(3) vy is a discrete measure if and only if |¢| = > anxg, where 0 < a, <1, and

do/)2n(E,) = v({a,}) (n=1,2,---).

Proof. Since 1y(G) = df/2m{e’; |¢(e??)| € G}) for a Borel set G in [0,1] by
Theorem 2, it is easy to see. [

n=1

Proof. This is just (2) of Proposition 4.
Now we consider when dv = rdrdf/n or du = rdrdf/n.

Proposition 5. If Cy is an isometric operator from L? into H?*(u), then u({z €
D;|¢| =b} =0 and /5(1)— |p|) " tdp = 0o for any 0 < b < 1.

Proof. It is clear by Theorem 2. [

Corollary 2. If C, is an isometric operator from L2 into H?, then ¢ is not inner
in H?.

Proposition 6. Suppose dV = dvy(r)df/2rm. If C, 23 an isometric operator from
H?(v) into L2, then/ log rdvy = —— +/ 27’dr/ S, B +10g|B( )| — A([0, 27])
2 .
—|—/ log |¢(e)|df/2m, where the inner part of ¢ is zFBQ, B is a Blaschke procuct with
0
et + 2

2m
B(0) #0, Q(z) = exp —/ - d\ is a singular inner function. Hence if ¢ is a shricht
0o et —=z

1 1 2m )
function, then/ log rdvy = ~1 +/ log |p(e)|d6 /27
0 0

Proof. It is clear by Proposition 2. [

§5. Nevanlinna counting function

Suppose v or u is the normalized Lebesgue measure or the normalized area mea-
sure. We assume that ¢ is a non-constant function in H*> with ||¢||.c = 1. The Nevanlinna
counting function of ¢, Ny, is defined on D\{¢(0)} by

Z log
P(z)=w 2l
where multiplicities are counted and N,(w) is taken to be zero if w is not in the range of

¢. Corollary 4 seems to be interesting in spite of Corollary 3.
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Theorem 4. Suppose dv = dvy(r)df/2m. Then, C, is an isometric operator
from H*(v) into H? if and only if

Ny(z) = . log ﬂdVo( r)
for mearly all z in D.

1
Proof. The ‘only if’ part was proved in [6, Lemma 3]. If N,(2) = . log r‘dyo(r)
z z

for nearly all z in D, by the Littlewood-Paley theorem (see [3]),
2w P .
|6 (e b 2m
0
— 2nm L 2L LN (2] dA(2)
D

1 1
= Anmby,, | Tl (/ log Sdl/o(S)) dr
0 T T

1 S
= Anméb,,, / dvy(s / pmtn=l (log 8) dr
0 r

_ 4715%/ S (s).

(n+m)?

21 . 1
When n = m, / |p(e™)|*"do/2r = / s*"dvy(s) for n = 0,1,2,---. Hence by Theorem
0 0

1 and its proof, Cy is an isometric operator from H?(v) into H>.

Lemma. D\ {z € D ; ¢'(z) =0} can be decomposed into an at most countable
disjoint collection {R,} of “semi-closed” polar rectangles, on each of which ¢ is schricht.

Proof. It is known in [9, p186]. OJ

Corollary 3. Suppose ¢ is a finite-to-one map. Then Cy is not an isometric
operator from L? into H?.

Proof. By Lemma, there exists the inverse v, of the restriction of ¢ to R,. Let
w € ¢(Rj,). If ¢ is an £ to 1 map, then there exist jo, - - -, jo such that ¥, (2) = ¥;,(2) =
.-+ =1;,(#) = w. Hence there exists a small disc A in ¢(R;,) such that

1
Zlog| zﬂ%h@(ﬂ

z=¢(w)

for all w € A. Therefore there exists a subdisc Ay in A such that Ny(z) is harmonic on
Ay. On the other hand, by Proposition 5

|22 — 1 1
N, =2 1 dr = log —.
o) =2 (o ) i = L2 s

8



This contradicts that Ny(2) is harmonic on 4. O

Theorem 5. Suppose @ 18 a contractive function in H* such that ¢ is a finite-
¢

to-one map and |p| = ZanE where 0 < ajjaﬁl, ZXE =1 and Ej; is a measurable set
j=1

in 0D where 1 < ¢ < oco. If the inner part of z — ¢ zs a Blaschke product for each z € D,

then Cy is not an isometric operator from H*(v) into H* for any dv = dvy(r)df/2m if

0#1.
Proof. Suppose Cj is an isometric operator from H?(v) into H? for some dv =

dvy(r)df/2m. By Proposition 4, vy is a discrete measure and df/27(E;) = vo({a;}) (j =
1,2,--+). Since ¢(0) = 0, by Lemma 2 in [6] and Proposition 7

21 . 1
Ny(z) = /o log |z — ¢(e)|df/2m + log —

||
= ‘ llogﬂdyo( T)
for z € D\{0}. If |2| < ay, then
. 1og mdyo Z <10g )yo {a;})
> 1

+ Z vo({a;}) log a;

Jj=1

= > wl{a})log
7=1

||
= 10g—+21/0 {a;})loga;.

Hence if |z| < a; then

2 . &
/0 log |z — ¢(619)|d¢9/2ﬂ' = Z vo({a;})loga; = a.
j=1
If ay < |z| < ag, then
r o0
‘ |log mdvo Z (log ) v({a;})

;VO {a;}) log Z ({a;})loga;

/:” log |2 — 6(e)|d0/2r = —vp({ar}) log i S w(fa;}) loga,

2l =

1
= [log — + 7.
||



where 3 # 0
For each z € D, put

2= ¢(¢) = ¢:(Q)h=(¢) (C€ D)

where ¢.(¢) is inner and h.(¢) is outer. Since ¢ is a finite-to-one map, ¢, is a finite
Blaschke product by hypothesis and so

oty (C) = ﬁ ¢~ ()

j=1 1- bj (t)C

(t e D).

Then, since ¢(0) = 0,

o(t) = (=1)" (H bj(ﬂ) hew(0) (¢ € D).

j=1
Put D, = {t € C;|t| < r} for 0 < r < 1. If both ¢ and ¢’ have no zeros on 9D, then there
is a division {D?}1<;j<, of D, such that ¢ is one-to-one on DJ for 1 < j < n. For, ¢ is
conformal in a neighborhood of each point on 0D, and so arg ¢ is increasing on, dD,.. Put
¢; = ¢ | DI and b;(t) = ¢;(p(t)) for 1 < j < n. Then b;(¢) is analytic except ¢'(t) = 0

J

when ¢(¢) in ¢(D,). Hence hy (0) is analytic except ¢/(t) = 0 and | J{t € D;b;(t) = 0}
j=1

when ¢(t) in ¢(D,). Since ¢(0) = 0,{t € D;|o(t)| < ai} is a nonempty open set. We can

choose r such that {t € D;|p(t)| < a1} N@(D,) # O. If |p(t)| < a1, by what was proved

above,

21 .
o = [Tlogle(t) - o(e)do/2x
0
2 X
= /0 10g [y (€)|d /27 = 1og [hy(s) (0)]-

Hence |hg)(0)] = e®. and so he)(0) is constant on D,. If a; < |¢(t)| < as, by what was
proved above,

log — = [ log |6(t) — é(e)|d8/2
Flog 1o+ = [ log|o(6) — 6(e)]dd/ 2

21 .
= | 10g 1o () d82m = log s (0)
and so |hy)(0)] = €7|¢(¢)]°. Since there exists 0 < r < 1 such that {t € D;a; < |§(t)| <
as} N ¢(D,) # O, this implies that |¢(t)| is constant there and so ¢ is constant on D.

This contradicts that ¢ is a finite-to-one map. Therefore Cy is not isometric. [

If ¢ is a one-to-one map then it is known [4, Theorem 3.17] that the inner part
of z — ¢ is a Blaschke product for each z € D. Hence we need not such a hypothesis in

10



Theorem 5. Unfortunately we could not prove it in general, that is, for a finite-to-one
map.

86. Rudin’s orthogonal function

In this section, we study Rudin’s orthogonal functions. By Theorem 1, if Cy is
an isometric operator from H?(v) into H?(u) then ¢ is a Rudin’s orthogonal function.
Proposition 7 implies the converse. This was proved by the author [6] when du = df/2r.
The proof is valid for an arbitrary p. However we give a new proof due to K. Izuchi.

Proposition 7. If ¢ is a Rudin’s orthogonal function in H?(u) then there exists
a unique radial measure v such that Cy is an isometric operator from H*(v) into H*(p)
where dv = dvy(r)df/2m and 1 € supp 1.

Proof. Put vy = pe and dv = diydf/2m, then Theorems 1 and 2 imply the
proposition. [

Corollary 4, Suppose ¢ is a finite-to-one map and ¢ is a Rudin’s orthogonal
‘

function. If the inner part of z— ¢ is a Blashke product for each z € D and |¢| = ZanEj
j=1

¢
where 0 < ajjaﬁl, ZXEJ' =1 and E; is a measurable set in 0D where 1 < { < oo, then
j=1
|¢| =1 and so ¢ is a finite Blaschke product.

Proof. If ¢ is a Rudin’s orthogonal function, then by Proposition 7 and Theorem
5, ¢ =1 and so ¢ is a finite Blashke product. [

In Corollary 4, if ¢ is one-to-one map then the inner part of z — ¢ is a Blaschke
product (see [4.Theorem 3.17]). Hence we can take off such a condition. However in such
a case Corollary 4 is not new. In fact, P. S. Bourdon [3] showed that if ¢ is univalent and
a Rudin’s orthogonal function then ¢ is just the coordinate function z.

87. Final remark

The research in this paper gives more general one. Suppose 0 < p < oo and
p # 2. T is an isometric operator from HP(v) into HP(u) with 71 = 1 if and only if
T = C, for some ¢ in H* with ||¢|c = 1 and Cy is an isometric operator from H?(v)
into HP(u). For the ‘if’ part is trivial. For the ‘only if’ part, if 7" is isometric and
T1 = 1, then by [5, Theorem 7.5.3] T(fg) = T'f - Tg a.e. u and | Tf|lc = ||f]|oc for

11



all f € P, g € P. Hence if ¢ = Tz then ¢ belongs to H*® and ||¢||.c = 1. Therefore
Tf=Csf (feP)andsoTf =Cysf (f € HP(v)). When p # 2, if C, is an isometric
operator from H?(v) into HP (1), then Cy is an isometric operator from H?(v) into H?(u).
For by [5, Theorem 8.5.3|, for all f € P and g € P

[ Cof - Cagan = [_sadp

and ||Csfllooc = ||fllo- This implies that C, is an isometric operator from H?*(v) into
H?(p).

We give two open problems :
1) Are there any isometric Cy from L? into H? ?
y ol a

(2) When vy is a discrete measure and not a dirac measure, are there any isometric
Cy from H?*(v) to H? where dv = dvy(r)df /27w ?

Acknowledgement. The author wishes to express his sincere gratitude to the

referee for his many helpful suggestions and advices. In particular, he formulates and
improves the original Theorem 2 to the present one.
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