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0. Introduction

Let n > 1 and let F' and G be Siegel modular forms of degree n and integral weight k. For
any positive integer N, we denote by ¢y and 1y the N-th Fourier-Jacobi coefficients of F
and G, respectively. If F' and G are cusp forms, not necessarily Hecke eigenforms, then we
define a certain Dirichlet series D;(s; F, G) associated with F' and G, which can be viewed

as a generalization of the Rankin-Selberg convolution series for elliptic cusp forms. Namely,
it is defined by

Di(s; F, G) :=((2s — 2k +2n) Y (én,n)N 7,
N=1

where ((s) is the Riemann zeta function and we denote by (x, *) the Petersson inner product
defined on the space of Jacobi cusp forms of degree n — 1, weight k£ and index N. We easily
see by an analogy of the standard Hecke’s method that D;(s; F, G) converges absolutely for
Re(s) > k + 1.

Furthermore, T. Yamazaki ([13]) proved by using the Rankin-Selberg method with a
certain non-holomorphic Eisenstein series of Klingen-Siegel type that D;(s; F, G) has the
following analytic properties:

Fact I. (cf. Theorems 3.4 and 3.5 in [13]) Let I',,1(s) := ¥ (27) "% (s)[(s — k+n), where
['(s) is the gamma function. Then the function

D(s; F, G) :=Tx(s) Di(s; F, G)

is holomorphic on the entire complex plane except for simple poles of residue (F,G) at s =k
and s = k—n, where we denote by (x, %) the Petersson inner product defined on the space of
Siegel cusp forms of degree n and weight k. Furthermore, it satisfies a functional equation

Di(s; F,G) =212k —n—s; F, G).



Here we note that the type of the functional equation of % (s; F, ) is same as that of
the Hecke L-function L(s, f) associated with a non-vanishing cuspidal Hecke eigenform f of
degree 1 and weight 2k — n.

On the other hand, let n and k be positive even integers satisfying that £ > n + 1. For
a normalized cuspidal Hecke eigenform f of degree 1 and weight 2k — n, we consider the
so-called Ikeda lifting of f into the space of Siegel cusp forms of degree n and weight k.
Namely, there exists a cuspidal Hecke eigenform I, ;(f) of degree n and weight k& whose
standard L-function is equal to

n

) [[L(s+ k=1 f).

=1

We note that the Ikeda lifting coincides with the Saito-Kurokawa lifting in the case of n = 2.
The main result in this paper is the following:

Theorem. Letn and k be positive even integers satisfying that k > n+1. If f is a normalized
cuspidal Hecke eigenform of degree 1 and weight 2k — n, then

Dl(S; In,k(f)7 ]n,k(f)) = <¢17 ¢1> C(S —k + 1)C(S —k + n)L(S> f)a (1)
where ¢y is the first Fourier-Jacobi coefficient of I, 1(f).
We easily see that the gamma factor I';, x(s) is a constant multiple of

n/2—1
[T (s—&+2i+1)Te(s — k+ DTr(s — k + n)Tc(s),

=0

where we denote by T'r(s) and I'c(s) the gamma factors of ((s) and L(s, f), respectively
(cf. §5 below). Therefore the equation (1) agrees with Fact I.
By comparing residues at s = k on the both sides of (1), we also obtain the following:

Corollary. Under the same assumption as above, we have

(_1)n/2+1 ﬂ_k . 2%t p . <]n,k(f)a In,k(f)>
(k—1)! By, (¢1, ¢1)

where B,, 1s the n-th Bernoulli number.

= L(k, f), (2)

The equations (1) and (2) are generalizations of the well-known formulae for the Saito-
Kurokawa lifting, which were obtained by W. Kohnen and N.-P. Skoruppa ([9]). We also
obtain a new proof of them in the case of n = 2.

This paper consists of the 5 sections as follows: The first §1 and §2 are devoted to the
reviews of the Ikeda lifting (cf. [6]) and some basic facts on Jacobi forms of integral index (cf.
[11] and [12]), respectively. In §3, we study certain linear operators acting on the graded ring
of Jacobi forms and their adjoints with respect to Petersson inner products. In particular, we
prove some multiplicative relations between them, which play important roles in the proof
of the main theorem in §4. Finally, in §5, we comment on a contribution to the Ikeda’s
conjecture on periods of the Ikeda lifting (cf. [7]).
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Notations. We denote by N, Z, Q, R and C the set of natural numbers, the ring of rational
integers, the field of rational numbers, the field of real numbers and the field of complex
numbers, respectively. For any commutative ring R, we denote by M,, ,(R) the set of m xn
matrices with entries in R, and especially write M,,(R) = M,,,(R) and R" = M, (R). We
denote by 1,, 0, € M,,(R) the unit matrix and the zero matrix of size n, respectively. Let
GL,(R) be the group of all invertible elements of M,,(R), and S,(R) be the set of symmetric
matrices of size n with entries in R. For any integral domain R, let H,(R) be the set of
half-integral symmetric matrices of size n over R, that is,

Hu(R) = AT = (tij) € Sn(Q(R)) [t € R(1 <i<n),2t; € R(1<i#j<n)}

where Q(R) is the quotient field of R. If R = Z, we denote by H,,(Z)>o and H,(Z)=o the
subsets of H,,(Z) consisting of all positive semi-definite and definite half-integral symmetric
matrices, respectively. For any commutative ring R, matrices X € M,,, ,(R) and A € M,,(R),
we write A[X] =X AX € M, (R), where X denotes the transpose of X. For any rq,--- ,r, €
R, we denote by diag(ry,- - ,7,) the diagonal matrix with entries rq,--- ,r,, that is,

™ 0
diag(ry, -« , 1) ==

0 n

For any A € M,,(R), we denote by tr(A) and det(A) the trace and the determinant of A,
respectively.

Let S,, Sn, Gy, I, be the proper subgroup of the real general symplectic group and its
integral subgroup, the real symplectic group and the Siegel modular group, respectively.
Namely,

» = GSp!(R) = {M € My, (R)|'MJ,M = vJ, for some v > 0},
n = Sp N Mg, (Z),

n = Sp,(R) = {M € My, (R) |'MJ, M = J, },

n = Sp,(Z) = Gy N Mg, (Z),

Dl n

O]

where J, = (°p 7). For any M € S,,, we denote by v(M) the similitude of M, that is,

'"MJ,M = v(M)J,. For any N € N, we denote by Fo(n)(N) a congruence subgroup of I,
defined by
[Ny ={(45) € I|C =0, (mod N)}.

We denote the Siegel upper-half space of degree n by H,,, that is,
H, ={Z=X+VvV-1Y €S5,(C) | Y >0 (positive definite)}.

For any M = (45) € S, and Z € H,, we put M(Z) := (AZ + B)(CZ + D)™'. Asis
well-known, this defines an action of S, on Hl,,. In particular, the group G,, acts transitively
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on H,,. For any k € Z, a holomorphic function F'(Z) on H, is called a (holomorphic) Siegel
modular form of degree n and weight k if it satisfies the following two conditions:

(i) F(M{Z)) =det(CZ + D)*F(Z) for any M = (AB) € I,

(ii) If F has a Fourier expansion of the form

F(Z)= Y AT)exp2rV/=1t2(TZ)),
TeHn ()

then it satisfies that A(7T) = 0 unless T" > 0 (positive semi-definite).

(If F satisfies the stronger condition A(T") = 0 unless 7" > 0 (positive definite),

it is called a Siegel cusp form. )
We denote by My (I5,) and Si(I,) the C-vector spaces of (holomorphic) Siegel modular forms
and Siegel cusp forms of degree n and weight k, respectively. We note that if n > 1, then the
condition on Fourier coefficients in (ii) follows from the condition (i) (Koecher’s principle).
If £, G € My(I,) and FG € Sox(I},), then we can define the Petersson inner product of F
and G by

(F, G := /F . F(Z)G(Z)det(Y)F""ldXdy,

where Z = X + /—1Y € H,. As is well-known, the Petersson inner product defines a
hermitian inner product on Si(I7,). For further details on the facts of Siegel modular forms
set out above, see [1] or [4].

For any prime number p, let Q, be the field of p-adic numbers, and let Z, and Z, be
the ring of p-adic integers and the group of p-adic units, respectively. Let ord,(x) denote
the p-adic order. For any complex number z, we put e(z) := exp(2my/—1r) and e™(x) :=
e(mz) (m € N), and for any p-adic number x, we put e,(z) = e(z’), where 2’ denotes the
fractional part of x.

1. Review of the Ikeda lifting

Let n be a positive even integer throughout this section.

For any B € H,(Z) N GL,(Q), we denote by
Dp = (—1)"?det(2B)
the disciriminant of B. Then ®5 =0, 1 (mod 4) and we write
Dp =05 f5°
with the corresponding fundamental discriminant 0 € Z and fg € N. Namely, 0p is the
absolute discriminant of the quadratic extention Q(v/®Dp)/Q and fz = \/g

o’

1.1. The Siegel series
For any B € H,(Z), we define the Siegel series by

b(B; s) := Z e(tr(BR)) - u(R)™?,

ReS,(Q)/Sn(Z)
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where p(R) is the product of denominators of elementary divisors of R.

Let k£ be a non-negative even integer. For any Z € H,, and s € C, put

EM(Z, s) =" det(CZ + D) "|det(CZ + D) |7* det(Im(Z))",
{¢, D}

which is called the non-holomorphic Siegel Eisenstein series of degree n and weight k, where
{C, D} runs over a complete set of representatives of the equivalence classes of coprime
symmetric pairs of size n. As is well-known, the non-holomorphic Siegel Eisenstein series can
be expressed by using the Siegel series and the so-called confluent hypergeometric function.

Remark. If k£ is an even integer such that k& > n + 1, then for any B € H,(Z)~o, the
B-th Fourier coefficient A, x(B) of the (holomorphic) Siegel Eisenstein series E, (Z) :=

E,i")(Z, 0) € My([},) is given by

2k i/2
n nKk—(n—1)n @
Awn(B) = ()t ] s
1=2k—n+1

(det B)F==D/2p(B: k).

To investigate the Siegel series, for a prime number p and any B € H,,(Z,), we define the
local Siegel series by

B )= 3 eun(BR) py(R)
ReSn(Qp)/Sn(Zp)
where p,(R) = prdr#(E) Then we easily see that

b(B;s)= [[ b(B:s)

p:prime
for any B € H,(Z).
For any B € H,(Z,) N GL,(Q,), we define a polynomial ~,(B; X) € Z[X] by

n/2

W(B; X) = (1= X) [J(1 = p"X%) - (1 = p"*x(p)X) ™,

i=1

where xp is the Kronecker character corresponding to Q(v/®p)/Q. Then there exists a
polynomial F,(B;X) € Z[X] whose constant term is equal to 1 and

bp(B; 5) = 1p(B; p~°) - (B p™°).
Thus for any B € H,(Z) N GL,(Q), we have

b(B; s) = L(Sn/_Qn/2’ x5) 11 E3B;p)

¢(s) [T ct2s —20) "™
=1
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where L(s, xp) is the Dirichlet L-function associated with yp.

One of the authors ([8]) proved that F,(B; X) satisfies a certain induction formula via
the theory of local dencities. By using this, we can explicitly compute F,(B; X) for any
B € H,(Z)NGL,(Q) and any prime number p. He also proved in [8] that for any B € H,,(Z),
the polynomial F,(B; X) satisfies the functional equation

F,(B; p_(n+1)X—1) _ (p(n—l—l)/QX)—20rdp(fB)Fp(B; X).
Thus the Laurent polynomial
ﬁp(B; X) — X—ordp(fB)Fp(B; p—(n+1)/2X)

is reciprocal, that is, l:;p(B; X) € CIX + X!]. In particular,

Fy(B: X' = Fy(B; X).

It follows that deg F,(B; X) = 2ord,(fg). Moreover, if pf f5 then

F,(B; X)=F,(B; X) = 1.

1.2. The Ikeda lifting
Let k be an even integer such that £ > n + 1. Let

f(z) =) a(N)e(Nz) € Sy—n(ln) (2 € Hy),

N=1

be a Hecke eigenform normalized as a(1) = 1. Then the Hecke L-function associated with f
is defined by

Lis, f) =S a(NN" = [ (- a(p)p +p* 02),

N=1 p:prime

For a prime number p, let oy, € C be the p-th Satake parameter of f. Namely, o, is an
algebraic number satisfying that

1

ap+ap— _ a(p) p—k-&-(n—l—l)/Q.

Then we have

L(S, f) _ H {(1 . appk—(n+1)/2—s)(1 _ a;l pk—(n+1)/2—s)}—1'

p:prime

We note that oy, is uniquely determined up to inversion.

Let

h(r) = 3 o(N)e(NT) € Si 1y oLV (4) (7 € Hy)

N>1,
(=1)k="/2N=0,1 (mod 4)



be a Hecke eigenform which corresponds to f under the Shimura correspondence, where
we denote by S+ (n1y/2L0 (1)(4)) the Kohnen’s plus subspace of cusp forms of half-integral

weight k& — (n — 1)/2 with respect to Fél)(él). We note that h(7) is uniquely determined by
f up to constant multiplication. Further details on elliptic modular forms of half-integral
weight and the Shimura correspondence, see [10].

For any B € H,,(Z)~¢, we put

Ap(B) = e(opl) 5~ T Fo(B; ay).

plfs

As mentioned above, the p-th Satake parameter oy, of f is determined up to inversion. But

we have that Af(B) is independent of the choice of o, since ﬁp(B; X) is invariant under
X — XL

Then we shall introduce the Ikeda lifting:

Fact II. (cf. Theorems 3.2 and 3.3 in [6]) Assume that n and k are even integers such that
k>n+1. If f € Sop_n(I1) is a normalized Hecke eigenform, then

La()(2)= )  AiB)e(te(BZ)) (Z€H,),

BeHn(Z)>0

is a Hecke eigenform in Sy(I7,) whose standard L-function is equal to

n

)] LGs+k—1i f).

i=1
We call it the Ikeda lifting of f.

Remark. (i) We note that the proof of Fact II shows that the Ikeda lifting is injective.
Indeed, if f1, fo € Sop_n(I1) are distinct normalized Hekce eigenforms, then their eigenvalues
with respect to Hecke operators T (p) are distinct for at least one prime number p. Hence
I, 1(f1) and I, 1(f2) belong to different eigenspaces for the local Hecke algebra at p of degree
n, and therefore they are orthogonal with respect to the Petersson inner product.

(ii)) The above construction has an analogy to the following relation between the el-
liptic Eisenstein series and the Siegel Eisenstein series: for the elliptic Eisenstein series
E1ok—n € Mop_p(I1), the Cohen Eisenstein series Hjy_(n—1)/2 € M (e 1)/2(F(1)(4)) is a
Hecke eigenform corresponding to Ej ox—, under the Shimura correspondence We denote
the Fourier expansion of Hj,_(,—1)/2 by

Hy_(n1yy2(7) = > ¢(N)e(Nt) (1 € H,).

N>0,
(— )k n/2N=0,1 (mod 4)

Then for any B € H,(Z)~o, the B-th Fourier coefficient A,, ,(B) of the Siegel Eisenstein
series B, , € My (I7,) is described as

A k(B) = E(n, k) e(jop)) 5502 T By (B; p*0H072), (3)

plfB



where
n/2

E(n, k) =2"2¢(1— k) [ C+2i —2k)7"

i=1
2. Jacobi forms of integral index
2.1. Jacobi groups
Let Hy ,(R) be the real Heisenberg group of characteristic (1, n), that is, the set
H,,.(R) := R* x R = {[X, x]| X € R, x € R}
with the following group-structure: for [X;, ;] € H1,(R) (i = 1,2),
(X1, k1] * [Xo, ko] == [ X1 + Xo, k1 + Ko + X1,'X5).

Since the group S, acts on Hy ,(R) by

(X, k] - M = [v(M)"'XM, v(M)'k] ([X, 5] € Hi,(R), M € S,),
we can define the semi-direct product S := S, x Hy ,(R), that is, the set

Sp x Hy (R) := S, x Hy ,(R)

with the following group-structure: for g; = (M;, [Xi, ki]) € S, X Hin(R) (i =1,2),

g192 ‘= (M1M2; ([Xlu f<31] : Mz) * [X2; Féz})
= [My My, v(My) 7' X\ My + Xy, (M) kg + kg + v(Ms) ™1 X1 My J,'X5).

For simplicity, we denote any element of S by [M, X, x] = (M, [X, k]) with M € S,
X € R*™ and k € R.

Remark. For any g = [M, X, ] € S/, we write M = (4 5) and X = (), p), in which

n

A, B, C, D are n X n matrices and A, p are n-vectors. Then we define ¢’ by

v 0 0 0 1 Ak pu
, o400 B 0 1, w 0,
91001 0 00 1 0 |

0 C 0 D 00, - 1,

where v = v(M). Then we easily see that ¢’ € S, 11 and the correspondence g — ¢’ defines
an injective group-homomorphism.

We also define two subgroups of SJ by G := G, x H; ,(R) and I/ := I, x Hy ,(Z),
where H; ,(Z) := H; ,(R) ® Z. we call G the Jacobi group of characteristic (1, n).



Let k and m be non-negative integers. For any [M, X, k] € S/, we decompose M and
X into n x n blocks (& B) and n-vectors (A, u), respectively. For any function ¢(7, z) on
H,, x C™, we define

(Dl mM, X, 6])(7, 2) = ™ (6 + T[N +2X% + A — (C7+ D)7 C (2 + A7 + p)])
x det(CT + D) o(M(7), v(2 + AT+ p)(CT + D)),

where we write v = v(M). Then for any g; = [M;, X;, k;] € S (i =1, 2), we have

(D, m 91) |k, me 92 = Olie.m (9192),

where we write v = v(M;). Moreover, we denote the actions of M € S, and X € Z*" by

¢|k,mM = ¢’k,m [Ma 07 0]7

and
¢’mX = ¢’k,m [12n> X: 0]7

respectively. Then for any M, M’ € S,, and X, X' € Z*", we have
(D1, m M)k, mp M = @, m (MM'),
(@lm X)|m X' = @lm (X + X),
(@11, m M)l (v X M) = (Bl X) 1o, M,

where we write v = v(M).

2.2. Jacobi forms

Let k and m be positive integers.

Definition 1. A holomorphic function ¢ on H,, x C" is called a (holomorphic) Jacobi form
of degree n, weight k£ and index m if it satisfies the following two conditions:

(i) ¢lr,my =0 foranyye I},
(ii) If ¢ has a Fourier expansion of the form

o(r, z) = Z co(T, r)e(tr(TT) +r'%),

TeHW(Z), reZ™

then it satisfies that cs(7, r) = 0 unless 4mT — frr > 0.
(If ¢ satisfies the stronger condition c4(T, r) = 0 unless 4mT — frr > 0, it is called a
Jacobi cusp form. )
We denote by Ji m(I7]) and J»P (I7]) the C-vector spaces of the (holomorphic) Jacobi forms
and Jacobi cusp forms of degree n, weight k and index m, respectively.

Remark. (Koecher’s principle) If n > 1, then the condition on Fourier coefficients in (ii)
follows from the condition (i).



As the first important example of Jacobi form, we consider Fourier-Jacobi coefficients of
Siegel modular forms of degree n + 1. Let F' € My([,4+1) has a Fourier expansion

F(Z)= Y AB)e(t(BZ) (Z€H,),
BeHn+1(Z) >0
/
and we put Z = 2 72_ ) with 7 € H,,, 2z € C" and 7 € H;. Then we have the so-called

Fourier-Jacobi expansion (of type (1, n))

F(( Z j_ >) = Ni;od)zv(ﬂ 2)e(NT'),

where

on(r, 2) = TeHn(zZ):,reZ", A (( t{% ’”42 )) e(te(Tr) + 1), @)

ANT —trr>0

We easily see that the N-th coefficeint ¢n € Ji n(I77) for each N € N. In particular, if
F € Si(Ih41), then on € JWP (1))

As another example, if k is an even integer satisfying that k£ > n+ 2, then for any N € N,
we define the Jacobi Eisenstein series of degree n, weight k and index N by

Qil(:}v(ﬂ z) = Z (LU nY)(1, 2) (T €H,, z€C"),

VGFr{,o\Fv{
where we denote by 1 the constant one function and we put
Frl],o = {[(élE;)? (A p), K] € F;”C:On, )‘:O}'

We easily see that the right-hand side of the above definition is absolutely convergent and
¢\ € Jin(I)).

Remark. For any N € N, we denote by e,(cn) € Ji. n(I7)) the N-th coefficient of the above
Fourier-Jacobi expansion of the Siegel Eisenstein series E,i1 p € My(l},41). In the next
section, we shall introduce the fact that there exists a certain relation between QE,%V and

egf%\,, which was proved by S. Bocherer ([2]).

At last, we shall introduce the Petersson inner product defined on the space of Jacobi

forms. If ¢, ¥ € Jp m(I}]) and ¢ € J5% (I7]), then we can define the Petersson inner
product of ¢ and ¥ by

(p, V) = / o(1, 2)¢(7, 2) det(v) "2 exp(—4mmv [y]) dudvdady,
L\ (Hy, xCn)

where 7 = u++/—1lv € H,,, 2 = z + vV—1y € C". As is well-known, the Petersson inner
product defines a hermitian inner product on Jk(ilflp(F ).

10



3. Certain linear operators acting on Jacobi forms

In this section, we assume throughout that k is even. Here we shall introduce certain linear
operators acting on Jacobi forms, which shift indices by some integers.

3.1. Hecke operators

As discussed in [11] and [12], the Hecke ring of the pair (I},, S,) acts on the graded ring
@ ka(ﬂ;}), where S, = S, N My, (Z). Let M € S,. Decompose the double coset I}, M1},

meN
into the left cosets:

d
LM, =| | 1.M; (disjoint union).
i=1
For any ¢ € Ji .,(I7), we define the action

d
Blim(LM I, i= p (M) DR DN gl M.
i=1

It is obvious that the right-hand side of the above is independent of the choice of represen-
tatives { M, }.

Remark. The above action is equal to the one given in [11] and [12] up to their normalizing
factors.

Lemma 1. If M €5, and ¢ € Jy, (L)), then ¢l m(IMI},) € Jimun (13).

Proof. We write ¢ = ¢|y.. ([, MI},) and v = v(M). For any [M’, X, k] € I/, we can
decompose it into the following form:

(M', X, k] = [M', 0, 0][12,, X, 0][1a,, O, &].
Since the action of [1a,, 0, ] is trivial, it suffices to prove the following two transformation
formulae:
(1) Y|k, mw M =1 for any M' € I,,
(ii) Y|y X =1 for any X € Z?".
If {M;} is a complete set of representatives for I,\ I, M I, then so is the set {M;M'}. Since
(¢|k,mMi)|k,muM/ = ¢|k,mMiM/7

we have
d
Ul my M =IO (] M)t M

i=1

d
— V(n+1)k/2—n(n+1)/2 Z ¢|k7meLM/
=1

=1
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On the other hand, since vXM; ™! € Z*" for any X € Z*", we have
<¢|k,mMz)|muX - (¢’m VXMi71)|k,mMi

Therefore we have 9|, X = 1. When n = 1, the condition on Fourier coefficients follows by
the explicit formulae for their actions on Fourier coefficients, which was given in [3]. O

3.2. The operators V,(N), U,(N) and their adjoints with
respect to Petersson inner products.

For any N € N, we define two linear operators on ¢ € Ji. ,,(I/) by

Va(NYg:= > Blim(TuMT,)

MEe\Sa(N)/Iy
— N(n+1)k/2—n(n+1)/2 Z ¢|k,mM,
METR\S,(N)
Un(N) ¢:= ¢|I~cm(Fn(N : 12n)Fn)
— N(ntDk=n(n+1) Bk m(N - 1a,),

where S,(N) := {M € S, |v(M) = N}. From Lemma 1, it is obvious that the above
operators are linear mappings such that

Va(N) = Jem(1)) = Timn (1))
and

Un(N) : Jem()) = T 2 (1)
Furthermore, we easily see that

Va(N) 2 TS (L)) = T ()
and

Un(N) = TSP () = T e (1))

k,mN?2
by the explicit formulae for their actions on Fourier coefficients.

Remark. When n = 1, the operators V;(NN) and U; (V) are equal to the operators Vy and
Uy given in [3] up to their normalizing factors.

Proposition 1. For any N, m € N, let V)(N) : J0 (1)) — J5P (L) be the adjoint of
Vi (IN) with respect to Petersson inner products, that is,

(Va(N) ¢, ¢) = (¢, VI (N)¥)
for any ¢ € Jlf,ljflp(F,{) and ) € chfg\,(f’g) If ¢ € chffg\,(]"g), then
V*(N)gp = N™(nDk/2-n(n+5)/2 Z Z 77Z)|k,mN(iM) e

N
X€Z?™ INZ2™ MeT,\Sp(N)
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Proof. By easy calculations, we have for ¢ € kalflp(FJ ),

1
Vn(N)¢ — Nk/?—n(n-l-l)/Z Z ¢W|k,mN (\/—NM),
MET,\Sp(N)

where ¢.(7, 2) := ¢(7, cz) (c € C). We denote by S (N) the set of all primitive elements in
Sn(N), that is,

*

S/(N) = {M € 5,(N) | ged(M) = 1},

n

then we can rewrite the above formula as

Vn(N)Qb: Aﬂc/?—n(n—l—l)/2 Z Z ¢\/ﬁ|k,mN(\/%M>’

N'|N, Melu\S, (N')
N/N'=0
: uN » N . :
where the notation N O0” means that w782 perfect square. For any d; € N(1 <7 < n)
satisfying the conditions
dl|dz+1 (1 §Z<TL), dnlj\/v7
we denote
[dlu e 7dn]N = diag(dh U adnaN/dl) U 7N/dn>
and B B
Su(N; dy, -+ dy) :={M € Sp(N)|sd(M) = [dy,--- ,dn]n},

where sd(M) is the symplectic divisor matrix of M. Then we can decompose S, (N’) into
the form

S,(NY) = || SuVildy,-e- dy).

da|-+|dn|N’

We consider the map I, — S,(N’; 1,dy,--- ,d,) defined by
M [1,dy, -+ ,dy)n - M.
We easily see that this map induces a bijection
Ko(N'; 1,da, -+ du)\Tyy — T\So(N'; 1 da, -+, dy),
where
Ko(N'; L,da, -+ dy) =T N [1,do, -+ dp] i Dn[l doy -+ di]
is a congruence subgroup of I;,. Hence we have

Vn(N) ¢:Nk/2—n(n+1)/2 Z Z

N’|N, dal|-|dn|N’
N/N'=0

Z ¢\/ﬁ|k,mN<\/§V—/[1,d2,--. o] M).

MEKn(N/a 17d27"' ’dn)\Fn

Here we note that

1
(ﬁ\/ﬁ’k,mN(W

[, ds,- - ,dn]N/) € TS (Ku(N's 1,dy, -+ ,d,)7),

13



where

Kn(Nl; 1,d2,"' ,dn)J = K’n,(N/; 17d27.“ 7d ) X Hl:n(Z)

The above argument shows for any ¢ € J (1), o € J. 00 (1),

(Va(N) ¢, ) = NF/2n(mbn/z 5= 37 >

N'|N, dal|-|dn|N' MEKn(N';1,d2,+ dn)\I'n
N/N'=0

<¢\/N’k,mN(\/Lﬁ[17 d27 e 7dn]N’) ’k,mNMa ?/1>

_ NE/2-n(n+1)/ Z Z ([ : Ku(N'; 1,dy, -+ ,dy)]

N'|N, da|-|dn|N’
N/N'=0

1
X<¢\/ﬁ|k7mN<ﬁ[17d2y e adn]N’>a V),

where in the last line, we have made use of the fact that

<¢|k,m’M7 w> = <¢7 ¢|k,m’M71>

for any m’ € N and any M € Sp,(Q) x Hy,,(Q). It is easy to check the above formula by
using the standard techniques as in the case of ordinary modular forms. Since

1 _1 cus
w\/ﬁ—1|k,m<ﬁ[1ad2a e adn]N’> € Jk,mp(Ké(N/ﬂ 17d27 e 7dn)J)7
where
K!(N'; 1,dy, - ,dy) ==L, 0 [L,do, - ,dp|n D[l day - -+ d] s
and
(6l (=l do, - i), )
VN lk,mN \/ﬁ y 02, sy Un|N" |
1 1
= (6 Yyl lh e sdaly) ),

we have

1
ol (il das o dal). )

= NI, K/(N'; 1,dy,--- ,d,)] "
-1
X Z Z <¢7 1/}\/ﬁ71|k,m< N/[17d27 e ,dn]N’> M’mX>

XeZQn/N/ZZn MGK/L(NIZ 17d21"' adn)\Fn

Hence, by a similar argument as above, we have

(Va(N) 6, 9) = (¢, N¥2nooz 5™ 50 wﬁwk,m(j—NM) [ X).

Xez? /NZ* MeI,\S.(N)
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The second function standing on the right-hand side in the above formula is, in fact, in
Jo?(I]). Therefore we have proved that

VIV U= NS S (M X

X€Z2™ INZ2™ MeT,\Sn(N)
Finally, we note that

1
@ZJW*l = N_nk/Q ¢|k,mN <\/_N : 12n>a

we complete the proof of Proposition 1. O

Proposition 2. For any N, m € N, let Uz(N) : J,"00, (1)) — JO0P(I]) be the adjoint of

Un(N) with respect to Petersson inner products. If ¥ € J5 (7)), then

* —(n=1)k—n(n 1
UZ(N) g = N==Dbontts) 5™y <ﬁ . 12n>|mX-
Xez2n [NZ2n
Proof. By a similar argument in the proof of Proposition 1, we can give U*(N) by the

following: for any ¢ € J. 0 . (I7)),

Up(N) ¢ = NF00) N ] X,
Xez2n /NZ2»

where ¥y-1(7, z) = (7, N~'2). Finally, we note that

1
@/}N*l = N_nk¢|k,m]\f2 <N ' 12n>7

we complete the proof of Proposition 2. O

Remark. Renewing the definitions of V*(N) and U;(N) as the operators given by the
formulae in Proposition 1 and Proposition 2, we also obtain

Vi (N) 2 Tz (1) = (1))
and
Un(N) : Jk,mNQ(Fﬁ]) - Jk,m(Fﬁl)-
For the subsequent use, we shall give the action of U’ (V) on Fourier coefficients, explicitly.
Corollary. For
Y(r, 2) = D (T )e(tr(Tr) +1'2) € Ty (1),

TEHW(Z), reZ™,
AmN2T —Yrr>0

we have
NEOD (V) 2)
1
= Z {N‘” Z cy(T — R(tﬂ" —2\), N)\)} e(tr(TT) +r%).

TEHA(Z), rezn, AEZ™ /2mNZ",
AmT—trr>0 A=r (mod 2mZ™)

Here we note that 'rr — A\ € 4m™M,,(Z) if X =r (mod 2mZ").

15



Indeed, we have

Ui (N) ol 2) = NF2009 0y e (r A4 20 %) ¢ (n ZHTHM>
A, WEZ™ /NZ™

_ Nknnt3) Z Z Z e(N~1r 1)

AEZ" INZ™ AmN2T —lrr>0 p€Z™ /NZ™

xcy(T, r) e(tr({T + NN "'r + mA)}r) + (N7'r +2mA) 2).

Here the sum Z e(N~'r%) has the value N™ or 0 according as the condition r € NZ"
pmod NZ™
is satisfied or not. Replacing N~!r by r, we have

Un(N) (7, z) = Nkt 3= > cy(T, Nr)

AEZ™ INZ™ 4mT —trr>0

xe(tr({T 4+ ANr +mA)}7) + (r +2mA) 2)

=Nk N N ey (T, N)

XEZ™ /NZ™ AmT—trr>0

xe(tr ({T + ﬁ ('(r + 2mA) (r + 2mA) = 'rr) }7‘) + (r+2m\) %)

_ Nkfn(n+2) Z Z

AEZ™ /NZ™ AmT —Yr+2mA) (r+2mA)>0

cy(T — ﬁ (‘(r +2mA)(r + 2mX) = rr), Nr)e(te(TT) + (r + 2mA) 2)

_ Nk—n(n+2) Z Z

AmT—trr>0 \eZ" /NZ"
1
T (rr = (r = 2mA)(r — 2mA)), N(r — 2mA)) e(tr(T'7) + %),
m
where in the last line, we have replaced r by r — 2mA\. Replacing r — 2mA\ by A, we complete
the proof of Collorary. O

cy(T —

The operators V,(N), U,(N), V.*(N) and U} (N) satisfy the following multiplicative re-
lations:

Proposition 3. For any N, N' € N,

(1) Un(N)-Un(N) ¢ = Un(NN') ¢,

(i) Vu(N)-Vo(N")Y ¢ =V,(N')-V,(N) ¢ if ged(N, N') =1,
(iii) Un(N) ) Vn( ,) ¢ = Vn(N/> ) Un<N) ?,

(iv) Un(N) - Un(N)p = N*200m D g,

(V) Un(N)-Va(N?) ¢ = V,/(N?) - Ua(N) &,

(Vi) Un(N) - Va(N) ¢ = N*" D VE(N) o,

<

where ¢ € Jy, (L) and ¥ € Jy un(I7).

3
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Proof. The equations (i), (ii) and (iii) are trivial by the definitions. Furthermore,
the equaion (v) follows by the equaions (iv) and (vi). Hence it suffices to prove that the
equations (iv) and (vi) hold. By Proposition 2, for ¢ € Ji, ., (), we have

1
Un(N) - Un(N) 6= N2 57 gl (N o) v (5 + Lon ) I X

N
XEZQn/NZQTL

— N2k72n(n+2) Z ¢|mX
Xez2n /NZ2n
_ N2k:—2n(n+1) ¢

By Proposition 2, for ¢ € Jy,mn(I7)), we have
U:;(N) : Vn(N) ’QD = N_(n_g)k/Q—n(3n+7)/2 %

Z Z ¢|k,mNM|k,mN2 <% ' 12n>|mX

XeZ2n /N7z2n MeTI\S,(N)

1
_ Nf(n—3)k/2fn(3n+7)/2z Z Vlk.m (NM> | X

XeZ? [NZ*™ MeTIn\S,(N)
By Proposition 1, we have

Un(N) - Va(N) p = NEHD V(N 4,

n

Therefore we complete the proof of Proposition 3.0

3.3. Fourier-Jacobi coefficients of the Siegel Eisenstein series
and the operator U, (V)

In this subsection, we shall give some observations for Fourier-Jacobi coefficients of the Siegel
Eisenstein series and the Ikeda lifting.

Let k£ be an even integer satisfying that £ > n + 2. For any N € N, we denote by

e,(:%\[ € Ji. v(I7)) the N-th Fourier-Jacobi coefficient of the Siegel Eisenstein series F, . €

My (I41), that is,
Tz =
une((1 7)) = L bthtr etm)
N=0

where 7 € H,,, z € C" and 7/ € H;. As mentioned in §2.2, S. Bécherer ([2]) proved that
(n)

there exists a certain relation between e; 7 and the Jacobi Eisenstein series @,(gngv Here we
review such a relation and represent it in terms of the operator U, (N):
Fact III. (cf. Satz 7 in [2] and Theorem 5.5 in [11]) For any N € N, we have

ekN— Zak 1(N/d?) ZM )(d/a) D Up(d/a) € kN/d/a)

d?| N ald

where pu(x) is the Mdébius function and ox_1(m) = de_l for any m € N.
d|lm
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By using Fact III, we obtain the following fact on the Fourier-Jacobi coefficients of the
Siegel Eisenstein series and the Tkeda lifting;

Lemma 2. Let n and k be even integers satisfying that k > n + 1. We denote by ¢, €
J,;‘;ip(Fg_l) the m-th Fourier-Jacobi coefficient of the Ikeda lifting I, 1(f) € Sk(In) of f €
Sok—n(I1). If m and N are relatively prime, then we have

NI (N) € e = N [T 0y (N 02 e,

k,mN2 k,m
p|N

and
N k+(n—1)n U* ( )¢mN2 — Nk—(’fl-i—l)/? H \I/p(N, ap) §bm7

pIN
where U,(N; X) = \Ifén_l)(N; X) is a Laurent polynomial in X defined by

X+ X7(6+1)
X —X1!

o XX

T S

n—1 . o
TN X) =

if ord,(N) =6, and «, is the p-th Satake parameter of f.

Proof. By (i) of Proposition 3, it suffices to consider the case of N = p° (§ > 0) for any
prime number p. By Fact III, we have

el(;,l;nl) = op—1( e(n ) + Z Of— 1m/d Zr“ (d/a) i hn n—1(d/a) G(n 1)d/a)

d?|m, ald
d>1

On the other hand, by Fact III and (iv) of Proposition 3, we also have

pﬁ{—k—&—(n—l)n} U:;,I (pé) (n—1)

k, mp25

)
= 0}-1(m) {Z Uk—1(p2i)pi{_k+(n_1)n} Un_1(p) lei"m;)

_Zak ) 21 z{ k+(n—1)n} U* ( ) el(:m;)m}
+ Y opa(m/d®) > pla)(dfa) I, (dfa)

d?|m, ald
d>1
- n—1)n * n—1
ng—l(p26)p6{ Frt(nl) }Un—l(pa) Qzl(v,{m)/(d/a)Q}p%

Here, by the definition, we easily see

pi{kar(nfl)n} U,’:,l(pi) Qf(n—l)% _ pfi(nfl) @Iin—l)

k, mp ,m
and therefore we obtain

p6{7k+(n71)n} Uﬁ,l(p‘;) ) pé{kf(n+1)/2}\lfp(p6; pkf(n+1)/2) elin—l)

k,mp25 ,m
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By (3), (4) and Corollary of Proposition 2, the above equation implies the fact that the
Laurent polynomial F,(B; X) introduced in §1 satisfies the equation

28 &
—§(n—1) A mp P°A/2 . k—(n+1)/2
Y 2 Fp(( o T— (-t )P

rxezn—1/2mpdzn—t,
A=r (mod 2mZ"1)

_ pé{k—(n+1)/2}\1/p(p6; pk—(n+1)/2) ﬁp(< m 7’42 ) : pk—(n+1)/2) .

*

for T € H, 1(Z) and r € Z"! satisfying that 4mT — rr > 0. Since the above equation
holds for infinitely many &k (> n+ 1), it is also valid as Laurent polynomials in X. Therefore,
by substituting in X = «,,, we obtain

PRI g (09) bas = PP D2 (%) )

and we complete the proof of Lemma 2. O

4. Proof of the main theorem

As a preperation for the proof of the main theorem, we shall introduce a certain linear
operator acting on Jacobi forms of “odd”degree, which was defined by S. Hayashida.

Let n be a positive even integer. For any N € N, we define a linear operator D,,_1(N) =
D,_1(N, {c,}) through the following Dirichlet series with the Euler expansion:

Dy 1(N)N~*

N=1

n/2—1)(n —s n—1)n—1-2s1 "1
- H (1= Gplep) Vi (p) pr/2 002420225 Ly (p) pn-Dn—1=2s170

p:prime

where G(X) = GYY(X) is a Laurent polynomial in X defined by

n/2—1

[T (@ +xp @034 xp 02 >,
=1

1 if n =2,

and ¢, € C is an arbitrary constant for each p. It follows by (i) and (ii) of Proposition 3
that the above operator is well-defined. For simplicity, we ommit the set of constants {c,}
as above except for a few special cases.

Remark. When n = 2, the operator D;(N) is obviously independent of the set of constants
{c,} by the definition. More precisely, we have that D;(N) = V;(N) for any N € N.

By the properties of operators V,,_1(p) and U,_1(p), we have
D, 1(N): Jk,m(F;z]—l) - Jk,mN(Ffi—l)
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and
Dy (N) = JEP(I ) — Jeob ().

By Proposition 3, we also have the following multiplicative relations for D,_1(/N) and its
adjoint D _,(N) with respect to Petersson inner products:

Proposition 4. For any N, N' € N,

(i) Dur(N) - Up 1 (N') ¢ = Up_y(N) - D1 (N) 6,
(ii) Dn—l(N> ) Dn—l(N/> ¢ = Z =t Un—l(d> ) Dn—l(NN,/d2) P,

d| ged(N, N’)
(i) Uy_y(N)- Dyt (N?) 9 = Dy (N?) - Uyt (N) 9,
(V) Up_y(N) - Doy (N) ¢ = N¥20n Di (N 9,
where ¢ € Jy (L)1), ¥ € JOV(I])) and ' € J 00 (I ). In particular, the equations
(i) and (ii) imply that D,_1(N) and U,_1(N) are all commute.
Remark. The above equations (i) and (ii) are generalizations of the well-known multiplica-

tive relations for V4 (N) and U;(N), which were obtained in [3].

Proof. By the definition, it suffices to consider the case of N = p° (§ > 0) for any prime
number p. Here we note that it satisfies the following induction formula:

Da1(p) = Gyley) P2 02V, (),
anl(p(s) = anl(p> : anl(p(s_l) - p(n_l)n_lUnfl(p) : anl(p6_2> (5 Z 2)

Hence, by using of Proposition 3, we easily see the equations (i), (iii) and (iv) by the
induction. Therefore it suffices to prove that the equation (ii) holds. At first, by the above
induction formula, we have

min(4, 1)

Dy_1(p) - Dt (p°) = Z PO g i) D (P,

=0

On the other hand, since

[6/2] .
i i{(n—1)n— 0—1i i —2i
Dusl) = S0 (0 71) ) D),

]
=0

we have
Dy—1(p) - Duci(p°) = Dya(p°) - Dia (p).

By using these two relations, we have

min(d, €)

Dn—1(p5) D1 (pf) = Z pz‘{(n—l)n—l} Un—l(pi) ) Dn_l(p6+e—2i)
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for any € > 0. Indeed, if € > 2, then

Dy—1(p°) - Dyt (0°) = Dyt (0°) - { D1 (p) * Dot (p° ) = p" " U1 (p) - Dt (p°72)}
=Dpn1(p) - {Dn1(p°) - Dya (p°1)}
—p" Iy (p) - {Dn—1(p°) - Dt (p72)}

Therefore, by the induction on ¢, we have that the desired relation holds. O

S. Hayashida proved in his unpublished paper that all Fourier-Jacobi coefficients of the
Ikeda lifting are related by a linear operator which contained some information of an original
Hecke eigenform of degree 1. With his permission, we shall introduce it together with his
proof:

Fact IV. (S. Hayashida, 2004.) Let n and k be even integers satisfying that k > n + 1,
and let f € Sop_n(I1) be a normalized Hecke eigenform. For each N € N, we denote by
oy € JN (I 1) the N-th Fourier-Jacobi coefficient of the Ikeda lifting I, 1(f) € Sk(I},) of
[, and we put D,y ;(N) := Dyp_1(N, {oy}), where {cy,} is the set of all Satake parameters
of f. Then

¢N - Dn—l,f<N) ¢1-
Proof. T. Yamazaki ([11]) proved that the equation
ey = Duca(N, {p* 02 e

holds for infinitely many k(> n + 1). By a similar argument to the last argument in the
proof of Lemma 2, we can show that the values of Laurent polynomials E,(B; cp) satisfy
certain equations for D,,_;(N) with any set of constants {c,}. Therefore, by choosing {«,}
as {c,}, we have that the figure of the above equation is also valid for ¢, that is,

¢N = anl(Na {Oép}) (bl = anl,f<N) (bl-

Now we complete the proof of Fact IV. O
Finally, we shall prove the main theorem.

Proof of Theorem. Under the same notations as above, by Fact IV, we have the
Fourier-Jacobi expansion

(7 2))- Nian_l,f(N) 4r(r, 2) (N T,

where 7 € H,_1, 2z € C*! and 7 € H;. Hence, for Re(s) > 0, the Dirichlet series of
Rankin-Selberg type associated with I, 1 (f) is given by

Dl(s; In,k(f)? In,k(f))

= C(ZS — 2k + 2n) <Dn_17f(N> qf)l, Dn—l,f<N) ¢1> N~°

M+ 1

= ((2s — 2k + 2n) (D (N) - Dp1,5(N) g1, ¢1) N7°.

2
[}
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Here, by (ii) and (iv) of Proposition 4 and by (iv) of Proposition 3,

D;kz—l,f(N) Dyt (N) ¢4
— NI (N) - Dy (V6
— N ktn—1n Zdn 1)n— lU* (N>’Un—l(d>'Dn—l,f<<N/d)2)¢1
d|N
_ N7k+(n71)n Z d2k7(n71)n71 U;:il(N/d) . Dn,Lf((N/d)z) (bl

d|N

=Y N (N/d)THIR UL (N/d) - Doy, 1 ((N/d)?) 61

d|N

Therefore, by Fact IV and Lemma 2, we obtain

Dy j(N) - Dyoy g (N) g1 =) d* " {(N/d) 0= Ur_ (N/d) dnyare }
d|N
=y d" Ny T W (N/d; ay) 6
dIN Pl (N/d)

Hence we have
Dy (5 LIn 1 (f), In,k(f))

= (1, 1) C(25 — 2k +2n) ((s — k + 1) ZNk (02 TT 0,(N; o) N7

pIN

= (61, 1) C(2s =2k +2n) (s —k+1) ][] Zpé{k VW, (0% ) p”

p:prime 6=0

Here
Z p6{k—(n+1)/2} \I]p(pé; O(p) p—5s
=0
B 1_|_p—s+k:—n
(1 _ Oéppkf(n+1)/2 pfs>(1 _ Oépfl pkf(n+1)/2 pfs)
_ 1— p72s+2k72n
(1= psth=m)(1 — gy ph-FD2 p=5) (1 — L ph= (e FD/2 sy’
Therefore

= §{k—(n+1)/2} 5. 5 C(s=k+n)L(s, f)
II >» 0% ) = (25 — 2k + 2n)

p:prime §=0

and we complete the proof of the main theorem. O

5. A contribution to the Ikeda’s conjecture

At first, we shall introduce some notations of L-functions.
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Let [ be a positive even integer. For a normalized Hecke eigenform f € S;(I), we put
£(s):=Tr(s)C(s),
A(‘S? f) = FC<S)L(S7 f)a
where T'r(s) := 77%/?I'(s/2) and T¢(s) := 2(2m)~°I'(s). Let L(s, f, Ad) be the adjoint
L-function associated with f, which is defined by

L(s, f, Ad):= J] {0 =p) A =alp™)(1 =0 p )},

p:prime

where «, is the p-th Satake parameter of f. Then we put
A(s, f, Ad) :=Tr(s+ DIlc(s+1—1)L(s, f, Ad).
Here we note that the following functional equations hold:

§(1—s)=&(s),
A<l - S f) = (_1>l/2A(S’ f),
A1 —s, f, Ad)=A(s, f, Ad).

We also consider certain modifications of £(s) and A(s, f, Ad) as
£(s) =Tr(s + 1)&(s) = Le(s)¢(s),
A(s, f, Ad):=Tr(s)A(s, f, Ad) =Tc(s)l'c(s +1—1)L(s, f, Ad).
T. Tkeda ([7]) gave the following conjecture on periods of the Ikeda lifting:

Conjecture I. (cf. Conjecture 5.1 in [7]) Let n and k be even integers satisfying that k >
n+ 1. Under the same situation as in §1.2, that is,

71)/2(F0(1)(4)) = Son(l1) — Sk(l})
h - f = n,k(f),

then there ezists an integer a(n, k) depending only on n and k such that

Sljf(n

n/2

Alk, f) [ A@i -1, £, Ad)€(2i) =

=1

ank <f7 f>< (f)?In,k(f)>
: ) - (5)

Remark. By some computer calculations, he also gave the following conjectural value of
a(n, k):
an,k)=m—-1)(k—n/2+1)

for general n.
By combining the equations (2), (5) and the facts that K(l, f, Ad) = 2%=(f f) and
£(n) = (=1)"?*1B, /n, we obtain

n/2—1

23k 2n+2 H 622 2Z+1 f; Ad)_2ank <<<b17 ¢;>’
=1
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) the first Fourier-Jacobi coefficient of I, x(f).

n—1

where we denote by ¢, € J'7F (I}

Here we note the fact that there exists a certain linear isomorphism between Jacobi
forms of even integral weight £ and index 1, and Siegel modular forms of half-integral weight
k — 1/2, which was discovered by W. Kohnen, M. Eichler and D. Zagier ([3]) in the case of
degree 1 and by T. Ibukiyama ([5]) in the case of higher degree:

Fact V. (cf. Theorem 1 in [5]) For any n, k € N, we denote by M;_I/Q(Fé")(ll)) and
S,:ilm(lﬂo(n) (4)) the generalized Kohnen’s plus subspaces of Siegel modular forms and Siegel

cusp forms of weight k — 1/2 with respect to Fé") (4), respectively. If k is even, then there
exists a C-linear isomorphism

J\ ~ n
Tea(]) 2 M (13" (4))
and its restriction to the space of Jacobi cusp forms also induces a C-linear isomorphism

TEP(I]) 2 8 (137 (4).

n

Moreover, the above isomorphisms are compatible with the actions of Hecke operators.

Let H € S | /Q(Fén_l)(él)) be a Hecke eigenform corresponding to ¢; under the isomor-

phism in Fact V. Then we have that there exists an integer 3(n, k) depending only on n and
k such that

<¢1> ¢1> = ﬁ(n, k) <H7 H>7
where in the right-hand side of the above, we denote by (x, %) the Petersson inner product
defined on the space SZ_I/Q(Fé”_I) (4)).

Remark. When n =2, since H = h € S;_l/Z(Fo(l)(ZL)) and (¢, ¢1) = 2%72(h, h), we have

already proved that Conjecture I is true with «(2, k) = k.

Therefore we can reduce Conjecture I to the following conjecture on the quotient of
Petersson inner products of two cusp forms of half-integral weights:

Conjecture. Assume the same situation as above, that is,

S w2 (L8P (4) 2 Sun(Ih) = S(L) — (L) = S (00 (4)
h « f = n,k(f) = ¢1 A H7

then there ezists an integer ~y(n, k) depending only on n and k such that

n/2—1~ _ H H
H ERi)A(2i+1, f, Ad) = 2V<””f>—<<h” h>>. (6)

(September 1, 2006)
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