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BOUNDARY BEHAVIOR OF SOLUTIONS OF THE HELMHOLTZ EQUATION

KENTARO HIRATA

ABSTRACT. This paper is concerned with the boundary behavior of solutions of the Helmholtz
equation inR™. In particular, we give a Littlewood-type theorem to show that the approach
region introduced by K@nyi and Taylor (1983) is best possible.

1. INTRODUCTION

Letn > 2 and let us denote a typical pointR* by = = (x4, ...,x,). The usual inner
product and norm are written respectively(asy) = x1y; + - - - + x,y, and|z| = \/(z, ).
The symbolO(n) stands for the set of all orthogonal transformation®énLet A > 0. We
consider the Helmholtz equation

(1.1) Au = Xu inR",

where A = 9%/02? + --- + 9?/022. It is known that the Martin boundary for positive
solutions of (1.1) can be identified with the unit sphéref R", and that every positive
solutionu of (1.1) can be represented@as- Ky for some Radon measureon S, where

(1.2) Ku(zr) = / MoV du(y)  forz € R™.
S

See [4, Corollary to Theorem 4] and [9]. Letdenote the surface measure 8n Since
Ko(zx) — 400 asxz — oo (cf. Lemma 2.1), we investigate the behavior at infinity of
the normalization s/ Ko. Lete = (1,0,...,0) and letQ2 be an unbounded subsetRf
converging tce at oo in the sense that:/|z| — e| — 0 asz — oo within 2. We writeQ(y)

for the image of2 under an element @(n) mappinge to y. Then{Q(y) : y € S} makes

a collection of approach regions. By the notatiofy) > © — oo, we mean that — oo
within Q(y). Koranyi and Taylor [9] considered the following approach region. drof 0
andy € S, define

Auly) = {:(: ER": |z — |aly| < om/|x]} .
Theorem A. Leta > 0 and let;, be a Radon measure ¢ Then

K d
—'u(x) = ﬁ(y) foro-a.e.y € S.

1.
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This result corresponds to Fatou’s theorem [5] for the boundary behavior of harmonic
functions in the unit ball or the upper half spacédf(see also [8, 12] for invariant harmonic
functions in the unit ball ofC"). The result corresponding to Nagel-Stein’s theorem [11]
was established by Berman and Singman [3]. The potential theoretic extension was due to
Gowrisankaran and Singman [6]. These results show that there exists an unbounded subset
(2 of R" converging tce atoo such that

and that % y
i Fopy = 2 _
Q(y}laglﬂoo o () = da(y) foro-a.e.y € S,
whenever: is a Radon measure ¢ Berman and Singman also showed the following (see
[3, Theorem B and Remark 1. 13(a)]).

Theorem B. Let(2 be an unbounded subset®tf converging tce at co and satisfying

‘:c — ]1:\6‘ B

(1.3) lim sup = +o00.

Q3Sz—00 \/ ’.CL"
Suppose in addition th&t is invariant under all elements @¥(n) that preserve the point
Then there exists a Radon measuren S such that

lim sup ﬂ(x) =400 foreveryy e S.
Qy)3z—00 LT
Note that the second assumption@rman not be omitted from their construction even if
“lim sup” in (1.3) is replaced by Hm”.
The purpose of this paper is to show the following Littlewood-type theorem. See [10, 1,
2, 7] for harmonic or invariant harmonic functions.

Theorem 1.1. Let~ be a curve inR™ converging te at oo and satisfying
(1.4) T el

Y3r—00 /|ZE|

Then there exists a solutianof (1.1) such thatu/ Ko is bounded inR" and thatu/Ko
admits no limits ag — oo along 7'y for everyT € O(n).

Remarkl.2 We indeed construet satisfying—1 < u/Ko < 1 and

= +00.

Tl}g&glﬂi %(m) =—-1 and :}11391;_1)12 %(m) =1
for everyT € O(n). Note that Tim” in (1.4) can not be replaced byitn sup” as mentioned
above (cf. [3, 6]).

The proof of Theorem 1.1 is based on our previous work [7] for invariant harmonic func-
tions in the unit ball ofC", which was a refinement of Aikawa’s method [1, 2] for harmonic
functions in the unit disc or the upper half spacerRdf In Section 4, we remark that our
construction and estimates are applicable to show Theorem B.
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2. LEMMAS

The symbolA denotes an absolute positive constant depending onlyamd the dimen-
sionn, and may change from line to line. The following estimate is found in [3, Lemma
4.1].

Lemma 2.1. There exists a constanf > 1 such that

%eklml|x|(1—n)/2 < Ko(z) < Aeklx||x|(1—n)/2

whenevefz| > 1.
The surface ball of centere S and radius- > 0 is denoted by
Qy,r) ={reS:|z—yl<r}
Then we observe that

@) IRRACIULE

wherer,,_; is the volume of the unit ball dR"~!. Moreover, there exists a constaht> 1
such that

(2.2) %r"‘l <o(Q(y,r)) < A"t foro<r<2.

Let = be the radial projection ont§, i.e., w(z) = z/|z| for z € R™\ {0}. For a Radon
measureg, on S, we define the maximal functiol/., . with parameter > 1 by

M()M(f)ZSUp{M.T>L}
c AT

Lemma 2.2. Letc > 1 and letu be a Radon measure ¢h Then
Kp

o) < A (Il (@), e/ aD) + Hhoule) )

whenevefz| > 1.

Proof. Let|z| > 1. Since|z| — (z,y) = |z||7(z) —y|?/2 for y € S, it follows from Lemma
2.1 that

K,u 2
2.3 < Alg|@-1/ / DIl 3 gy ).
(2.3) 7o @) < Alz] L€ p(y)

Let@Q: = Q(7(z),c/+/|z|) and@; = z), je//|z)) \ Q7 (), (j — 1)e/+/|z]) for j =
2,...,N,whereN is the smallest mteger such thisie/ /| x| > 2. Then, forj=1,..., N,

/ e O/2lellr@ v gy () < e*(k/2>((j*1)c)2u(Q(w(:ﬁ),jc/w/!36\))-

J

Therefore the right hand side of (2.3) is bounded by

A(rx|<”-”/2< o), ¢/ VTD) + 3 et (jc>"-1M<c>u<m>).

j>2
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Since)” .., e/~ (je)n=l < A/e, we obtain the required estimate. O
For an integrable functiofi on S, we write K f = K(fdo) andM ., f = M (| f|do).

Lemma 2.3. The following statements hold.
() Letu be a Radon measure ¢gh Then
Kp
K—U(ﬂf) < AMgyp(z)

wheneverz| > 1.
(i) Lety € S,0 <r < 1landc > 1. Suppose thaf is a Borel measurable function on
S suchthatf = 10onQ(y,cr)and|f| < 1onS. Then

Kf(ty) > -4

Ko c
whenever/t > 1/r.

Proof. Lemma 2.2 withc = 1 gives (i). To show (ii), lety = (1 — f)/2. Theng = 0 on
Q(y,cr) and|g| < 1 0onS. Observe from Lemma 2.2 and (2.2) that/f > 1/r, then

Ky A A a(Q(y,p)) ¢ A
<—M < = PP > — V<
F_,U(ty) < (©9(ty) < : sup{ 1 p= i) S
SinceK f = Ko — 2K g, we obtain (ii). O

For a setF, letdiam E = sup{|x — y| : =,y € E}.

Lemma 2.4. Let~ be a curve inR™ converging tee at oo and satisfying1.4). Then there
exist sequences of numbeis; };>1, {b,};>1 and subarcs(v;},>; of v with the following
properties:

(|) 1<a1<b1<---<aj<bj<aj+1<bj+1<~-~—>+oo,

(i) a; < /|z| < bjforz e,

(i) b;_ydiamm(y;) <1ifj>2,

(iv) jEIJPoo a; diam 7(y;) = +o0.
Proof. Let {«;} be a sequence such that — +o0o0 asj — +oo, and let us chooséu; },
{b;} and{~;} inductively. By (1.4), we findi; > max{1, inf,c, 1/]z[} with

Vielr(x) —e|l >y forzeyn{/|z] > a1}
Let 1" be the connected componentof {+/|z| > a;} which converges tec, and let
1 €Y' N{y/|z| = a1 }. Then

diam(v') > |7 (z1) — €] > ey
ay

Let+” be a subarc of’ starting fromz; towardoc such that

1
sup v/|z| < 400 and diamn(y") > §diam7r(7’).
zey”



We takeb, > sup,..» /|7|. Lety; be the connected componentof {a; < \/|z| < b}

containingy”. Then

. Qi
d > —.
iam () > 20,

We next chooses, b, and~, as follows. By (1.4) and the fact that(xz) —e| — 0 asz — oo
along~, we finda; > b; such that

02
vzl

Repeat the above process to get> a, and~, such thatu, < +/|z| < by for z € v, and
diam 7(y2) > as/2as. Then (2.4) also yields that

(2.4) > |n(z) —e =

o forz € yN {\/|z] > ay}.
1

1
diam () < 2sup |r(x) —e| < —.
TEY2 bl
Continue this process to obtain the required sequences. O

3. CONSTRUCTION

Throughout this section, we suppose tha@f},>1, {b;};>1 and{v;},>1 are as in Lemma
2.4. Let

di : :
(3.1) l; = M, cj =y/ajdiamn(y;) and p; = 9,
Then, by Lemma 2.4,
(3.2) lim =0, lim 2 =0 and lim ¢ = +oc.

Jj—+oo Jj—+oo Ej Jj—+oo

Therefore, in the construction below, we may assumeghat ¢, for every; € N. For each
j € N, we choose finitely many poin{g/; }, in S such that

() 5S=U, Q5. 4),
() QY. 4;/2) N QyY . 4;/2) = Dif pu# v,

We define
(3.3) M= J{yes:ly—vl=0},
(3.4) G, = {:1: eR":qa; < +/|z] <bjandr(x) € Mj} )

Then we have the following.
Lemma3.1. 7+, N G; # 0 foranyT € O(n) andj € N.

Proof. By (1), we findv with 7(Ty;) N Q(y%, ¢;) # 0. Sincediam 7(1y;) = diam 7 (v;) =
3¢;, we see that (Ty;) N M; # (0. Therefore it follows fronil™y; C {a; < /|z| < b;} that



LetRY ={y € S:{; — p; < |y —yj| < {; + p;} and define
(3.5) E; = JR.

Note thatQ(y, p;) C E; if y € M,. By Xr we denote the characteristic functionof
Lemma 3.2. The following properties for the abofé; } ;> hold.

N KX,

(i) lim (sup{ o, @) Vle] < bjl}) = 0.

(i) lim o(E;) =0

j—Foo

Proof. Since the value (RY) is independent of, we writes; = o(RY). For a moment, we
fix j and lety/|z| < b;_;. By Lemma 2.3(i),

KX
5 (x) < AM) X, (x)

g/hmp{Ezaaﬁrf?T@%T»:rzzv%a}

i 1
< Asup LNj cr > ,
B

where N; is the number ofs such thati?y N Q(7(x),r) # 0. If r > 1/y/|z|, thenr >
1/bj_y > diamn(y;) = 3¢; by Lemma 2.4. Therefor&’ N Q(r(x),r) # 0 implies
QyY,¢;/2) C Q(w(x),2r). It follows from (Il) that N; < A(r/¢;)"~". Hence we obtain
KXp, o;
(3.6) sup{ o () 1 V/]z] < bj_l} < Ag;fbjl'
Observe from (2.1) and (3.2) that
o _ (fj + Pj)n_l o(Qy, 4 +pi) (fj - Pj)n_l o(Qy, ;= py))
G £ (6 + )" lj (65 = ps)n !
— 0 asj — +oo.

This together with (3.6) concludes ().
Takingx = 0 in (i), we obtain

Ko

KXg,
Ko
Thus (ii) follows. OJ

o(E;) = o(S)

(0) -0 asj — +oo.

Proof of Theorem 1.1ln view of Lemma 3.2, taking a subsequencejof necessary, we
may assume that

KX |
3.7) KfmgrﬂmMM§mh




ando(Ej;) < 277. Theno (), U;s;, Ei) = 0. Forj € N, let

(=D if y € Uycie; Bis
{0 ity & Uicic; B
wherel;(y) = max{i : y € E;,1 < i < j}. Then we see that; converges--a.e. onS to
rigy = [V € U BN Ui B
- {0 ify & Usi Eiory € Ny Uisy B,
wherel(y) = max{i : y € E;} fory € U5, Ei\[, U;>,. Ei- Also, we have the following:

fily) =

|fj| <1, ‘fj+1_fj| §2XE].+1 ons; fj: (—1)J OnEj; Kf]—>Kf onR".

LetT € O(n). By Lemma 3.1, we find; € Ty N G, for eachj € N. Thena; <
|z < b andQ(n(z;), c;/a;) C Ej. If jis even, then Lemma 2.3(ii) and (3.7) give

Kf _ KFf K(fes1 — fr)
K—U(%‘) = K—O_(%’) +ZK—U(%)

k>j
Kf; KXg,
—E(%)_QZ Ko ()
k>j
>1— é —91-J
Cj
Similarly, if j is odd, then
Kf -
() < =1+ =421
KO_ (xj) + Cj +
Hence we conclude from (3.2) that
K K
%glgglfo K—Z(m) =-1<1= ;lgxsgg —(];(x)
Obviously,u = K f is a solution of (1.1) such thatl < /Ko < 1 onR™. Thus the proof
of Theorem 1.1 is complete. OJ
4. REMARK

Our construction and estimates in Sections 2 and 3 are applicable to show Theorem B.
Suppose that an unbounded sulisetf R™ satisfies the assumption in Theorem B. Then we
find a sequencéz; } in €2 converging ta: at co such that

|z — |a]e|
i—too ]y

Taking a subsequence ¢ff necessary, we may assume thatz; || (x;) — e < 1. Let
wj = {Te(z;) : T. € O(n) preserves} and letw = |J;w;. Note thatw is a subset of?

= +00.
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converging tce atoco. Leta; = b; = \/|z;| and define

TTr;) — € C;
@:%7 ¢; = \Jaylm(z;) —e| and p; =,

J
in place of (3.1). Then these satisfy (3.2) &td < 1/b,_,. Let M;, G, and E; be as in
(3.3), (3.4) and (3.5) respectively. Then the conclusions in Lemma 3.2 hold in this setting
as well. Note thatv; andG, lie on the sphere of center at the origin and radiy$. Let
T € O(n). Since{y € S : |y — Te| = 3¢;} C m(Tw;), we see that (Tw;) N M; # 0, and
soTw; N G; # (. Hence we observe the existencefasuch that

lim inf K—f(ﬁ) # lim sup K—f(x) for everyT € O(n).
o

Twaz—00 KO Twdr—00

ThusK f /Ko admits no limits as: — oo alongQ(y) for everyy € S.
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