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The characterizations of weighted Sobolev
spaces by wavelets and scaling functions *

Mitsuo Izuki T

October 9, 2006

Abstract

We prove that suitable wavelets and scaling functions give characterizations and
unconditional bases of the weighted Sobolev space L”*(w) with A, or Ag’c weights.
In the case of w € A, we use only wavelets with proper regularity. If we consider the
case of w € A};’C, we obtain the results by applying wavelets and scaling functions
in Cégr}lp(R"). We also construct the greedy bases for L”*(w) by normalizing the
unconditional bases in both of two cases.

Keywords and Phrases. A, weight, AE)C weight, wavelet, scaling function, weighted
Sobolev space, unconditional basis, greedy basis.

1 Introduction

We can characterize the L*-norm of f € L*(R") by the wavelet coeflicients appeared in the
wavelet expansion of f with the wavelet basis. In particular, if we use the wavelets with
proper decay, proper smoothness or compact support, then they give characterizations and
unconditional bases of various function spaces (cf. [1, 9, 10, 15, 18, 24]).
Now we would like to explain the study on weighted L? spaces L”(w) := LP(R", w(x)dx)

(1 < p < o). Lemarié-Rieusset showed that the Daubechies wavelets give a characteriza-
tion and an unconditional basis of L”(w) with w € A,. Here A, means the Muckenhoupt
A, class. He also considered for the case of Ag’c, which is an extension of A,,. As aresult,
he proved that a characterization and an unconditional basis of L”(w) with w € Aij’c were
given by means of the Daubechies wavelets and the Daubechies scaling functions ([15]).
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TDepartment of Mathematics, Faculty of Science, Hokkaido University Sapporo 060-0810, Japan.
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2 Mitsuo Izuki

After that, Aimar, Bernardis and Martin-Reyes showed that the similar result to [15] was
valid for 1-regular wavelets in the case of A, ([1]).

In this paper we study the weighted Sobolev spaces L”*(w) := LP*(R", w(x)dx) (1 <
p<o,seN)withweA,orwe A};’C. We shall need smoother wavelets and scaling
functions in order to get the characterizations and the unconditional bases of L”*(w). As
a consequence, we have the similar results to the studies on L”(w) shown by [1] and [15].

Additionally we would like to comment on the construction of greedy bases. As noted
in [10], the characterizations and the unconditional bases of L”(w) given by wavelets and
scaling functions enable us to construct the greedy bases in L”(w). The same method is
applicable to L7*(w), that is, we can construct the greedy bases in L”*(w) using wavelets
and scaling functions.

Let us explain the outline of this article. In Section 2 we explain the fundamental the-
ory on wavelets associated with an MRA. Next we define two classes of weights, namely,
A, and A};’C in Section 3. We introduce two kinds of bases in Section 4. One is an uncon-
ditional basis, and the other is a greedy basis defined by Konyagin and Temlyakov ([13]).
In Section 5 we define L”(w) and L”*(w). In Section 6 we state the density of Ceomp@®™)
in LP*(w), where C comp(R") means the space of all infinitely differentiable functions with
compact support. We describe some known results on L”(w) in Section 7. Our results are
contained in Section 8, 9 and 10. We characterize LP*(w) with w € A, by wavelets in
Section 8. On the other hand, we consider the characterization of L”*(w) with w € AlpOC
by wavelets and scaling functions in Section 9. Lastly, in Section 10, we construct the
unconditional bases and the greedy bases in L”*(w) by applying the results in Sections 8
and 9.

Throughout this paper, s means a positive integer, 1 < p < oo and p’ means the
conjugate exponent of p, i.e., p’ satisfies 1/p + 1/p” = 1. We shall also note that the

Fourier transform of a function f is defined by F[f](£) := f f(x)e ™ *dx.
Rn

2 Wavelets and scaling functions
First let us recall the definition of wavelet ([18, 24]).

Definition 2.1 Let {y¢ : 1 < e < 2" — 1} be a sequence of functions belong to L*(R"). We
define

W) = 2Py (x = k) = 2Py (Y~ ko D= k) (o= (e ) €RY)

foreachl <e<2'-1,jeZandk = (ky,---,k,) € Z". The sequence {y° : 1 < e <2"—1}
is called a wavelet set if{t//ik 1 <e<?2"-1, jeZ, k€Z"} forms an orthonormal basis
in L>(R"). Then we say that {l,[/ik 1 <e<?2"-1, jeZ, k € Z" is a wavelet basis in
L*(R™) and that each ¢ is a wavelet.
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We shall point out that a sequence of closed subspaces of L>(R") called MRA gives
wavelets.

Definition 2.2 An MRA (multiresolution analysis) is a sequence {V} ez of closed sub-
spaces of L>(R") such that
(@) V;C Vi forall jeZ
®) | v, =2®".
JEZ
© )V =1k
JEZ
(d) f € V; holds if and only if f(27/x) € V, for all j € Z.
(e) f € Vi holds if and only if f(x — k) € V, for every k € Z".
(f) There exists a function ¢ € V, such that the system {@(x — k)}iezn is an orthonormal
basis in V. We call ¢ a scaling function of {V}jez.

Given an MRA ({V;};cz with a scaling function ¢, we can construct the associated
wavelet set {¢¢ : 1 < e < 2" — 1} such that {wik 1 <e<2'"-1, k € Z' forms an
orthonormal basis in W; for each j € Z. Here W; is the orthogonal complement of V; in
Vi+1. Then the wavelet basis {z//j’k 1 <e<?2"-1, jeZ, k € Z" and the sequence
{@mrtkezn U {;bj’k :1<e<2"-1, j>m, k €Z"} are orthonormal bases in L*>(R") for any
fixed m € Z.

In the case of n = 1, we can write the wavelet explicitly using ¢ as follows. The
function ¢ defined by

) = ) (D <@l = D,¢(/2) > ¢Qx+ 1+ 1) (1
I=—o0

is a wavelet in L?>(R) such that {i ikkez forms an orthonormal basis in W; for all j € Z ([9,
18, 24]). Here < -,- > means the L’-inner product. If a scaling function ¢ has a certain
smoothness or a compact support, then the wavelet ¢ given by (1) has similar properties.
It also clearly follows that /(- — ) is a wavelet and that {(/(- — ) jx}kez = {¢jk}kez fOr any
l,j € Z. Here we shall give remarkable examples of scaling functions and wavelets in
L*(R).

Example 2.3
(a) Meyer constructed a real-valued scaling function ¢ such that ¢ € S(R) and supp F [¢] C

—37, %‘ﬂ], where S(R) is the Schwartz class. Then the wavelet ¢ given by (1) satisfies

that ¥ € S(R) and that supp ¥ [¢] C {%n <|él < %7‘(} We say that ¢ is the Meyer scaling
function and that i is the Meyer wavelet (cf. [18, 24]).

(b) For each positive integers N > 2, Daubechies constructed a real-valued scaling func-
tion such that

0e C"™@®) and suppe =[0,2N — 1], (2)
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where r(N) > 0 and lim N'r(N) =1-1log3-(2log2)™" =~ 0.2075. CA(R) is the set of all

functions f such that D f are (1 — [A])-Holder continuous, and [A] means the maximal
integer that is less than A for 4 € (0, co) — Z. Now define the function ¥ by

p(x) = ) (=D <@l =D,0(/2) > 2(x = N) + 1+ 1)

|=—0c0

2N-1

= > D <@ =D,¢(/2)> p2x = 2N +1+1). 3)

=0

Then y is a wavelet which satisfies that v € C"™(R) and suppy = [0,2N — 1]. We say
that ¢ is the Daubechies scaling function and ¢ is the Daubechies wavelet (cf. [6, 16]).

Next let us consider the case of several-variables. We can get wavelet sets directly
from an MRA {V} ez in L*(R™) with a scaling function ¢, however, it is difficult for us to
describe the desired wavelets explicitly with ¢ in general ([18, 24]). We shall introduce
the construction of wavelets in L?(R) by tensor products. Let ¢° be the scaling function
of an MRA in L*(R), ¢' be the wavelet ¢ in L*(R) given by (1) with ¢°, and E := {0, 1}" —
{0,---,0)}. For x = (x1,--,x,) e R"and e = (ey,-- -, e,) € E, we define

p) = [ [0, w0 =[x )
v=1 v=1
2 R
and V; := span{yp j,k}kean for j € Z. Here span{¢;}rez» means the set of finite linear

combinations of elements in {¢;}rez». Then {V;};cz is an MRA with the scaling function
©. Moreover {°}.cr is a wavelet set such that {wik :e € E, k e Z"} forms an orthonormal
basis in W, for each j € Z.

3 A, weights and A} weights

We consider the following two classes of weights in this paper.

Definition 3.1 Let w € L, (R") such that w > 0 a.e. and w™"/?~D e L} (R").
(a) We define the class of weights A, which consists of all weights w satisfying

1 1 pl
A = - o —1/(P—1)d 0,
p(w):= sup 15 W(Q) (IQI fQW(” y ) <

and say thatw € A, is an A, weight. Here w(Q) := f w(x)dx and |Q| means the Lebesgue

0
measure of Q.
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(b) We define the class of weights A][f" which consists of all weights w satisfying

1 1 7~
AlOC = - _f —l/(p—l)d) 0, 5
p W) |§|1<F]1:, | QlW(Q)(| ] QW(y) y| < ()

loc ; loc :
and say that w € AJ¢ is an A weight.

Remark 3.2

(a) For example, |x|* € A, for —n < a < n(p — 1) (cf. [23, Section IX. 4]).

(b) The class of Aij’c weights is independent of the upper bound for the cube size used in
its definitions. Namely we can replace |Q| < 1 by |Q] < rin (5) forany 0 < r < co. In
fact, if we define

loc,r - L L -1/(p—-1) )P_l
A (w) |SQl|1£, |Q|W(Q) (IQI LW(Y) dy
Q:cube

for each r > 0, then it clearly follows that A}?C”(w) < A},?C’l(w) if 0 < r < 1. On the other
hand, Rychkov gave the estimation that A}fc”(w) < r‘PeC’Ag’C’l(w) if r > 1, where ¢ > 0 is
a constant depended only on n, p and Aifc(w) (ctf. [20]).

(c) We shall also remark that A, & A°. In fact, e™ € AX* — A, for r € R - {0}.
(d) We have that w € A, if and only if w'/®""D € A,. In fact, it clearly follows that
Ap(w) = Ay (W™ =D)P~1 The same result is true for the case of A},

The next lemma is obtained from [20, Proof of Lemma 1.1], and states an useful
relation between A, and A};’C.

Lemma 3.3 letaeR r,t>0andw € A}?C. We define

. u if wuelltin+a),tm+a+r))
(1) 3= 2t(m+a+r)—u if uelttm+a+r),tim+a+2r))

form e Z and u € [t(m + a), t(m + a + 2r)). We also define {w;},cz» to fulfill that

wi(x) = w(t, (x1),---,1,(x,)) if xE€ 1—[ [t(l, + a),t(l, + a + 2r)),

v=1

and that each wy is a 2trZ"-periodic function on R" for all | € Z". Then it follows that
Wikiezn C A, with A,(w;) < 3"PAS"" (w) for every | € 7",

4 Unconditional bases and greedy bases

Let us begin with introducing two kinds of bases. Let X be a Banach space, X* be the dual
space of X and A be a countable index set in this section.
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4.1 Unconditional bases

It is known that there are several equivalent definitions of an unconditional basis in a
Banach space ([11, 17]). We adopt the definition of an unconditional basis by [24, Chapter
7] in this paper.

Definition 4.1 Let {x,,},,ca be a sequence of elements in X and {X;}rca be a sequence of
elements in X*.

(o8]

(a) We say that the series me is unconditionally convergent in X if the series Z Xo (i)
meA i=1
convergesin X forallo :N — A, a Il to 1 and onto map.

(b) We call {x,,, X} mea an unconditional basis in X if the following three conditions are
satisfied:

(1) {Xm> Xintmea is a biorthogonal system, i.e., Xi(xy,) = Oy Here 6, means Kronecker’s
delta, that is, 6, = 1 and 6, = 0 if m # k.

(ii) Span{ammer = X.

(i1i) There exists a constant 0 < C < oo such that < C||x||x for every x € X

D Enl)x,

meB

X
and every finite subset B C A.

Remark 4.2 Let {x,, X,.}.ca be an unconditional basis in X.
(a) ([24, Theorem 7.7 (1)]). The series Z Xn(x)x,, converges unconditionally in X to x

meA
for every x € X.

(b) ([24, Remark 7.2]). We see that the functionals {X;};c4 C X* are determined by the
vectors {X,,}mea € X from two conditions (i) and (ii) in Definition 4.1 (b). Thus we often
say that {x,,},.ea 1s an unconditional basis in X.

4.2 Greedy bases

We define a Schauder basis first.
Definition 4.3 We say that {x;};7, C X is a Schauder basis if there exists an unique
sequence {c(x)};2, C C such that x = Z cr(X)x; in X for all x € X.

k=1

We introduce two kinds of bases defined by Konyagin and Temlyakov.

Definition 4.4 Let {x;};>, be a Schauder basis in X such that ||xi||x = 1 for all k € N. We

call {x;};2, a greedy basis for X if there exists a constant 0 < C < oo such that for every
x € X there exists a permutation p of N which satisfies

|cp(1)(x)| > |cp(2)(x)| > 2> |Cp(N)(X)|
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and

N
X = Z oty (X)Xp(h)

<Cinf ||x=ylly,
= yEZN

X

for every N € N, where Xy := {Z a,x,:a, €C, A <N, A C N}.
veA

Definition 4.5 Let {x};7, be a Schauder basis in X such that ||xi|lx = 1 for all k € N.
We say that {x;},, is a democratic basis for X if there exists a constant 0 < D < oo
independent of P and Q such that

<D
X

>

keP

3w

keQ

X
for any finite subsets P, Q C N with the same cardinality §P = §Q.

Theorem 4.6 we describe next becomes the key in Section 10 later.

Theorem 4.6 ([13, Theorem 1]). Let {x\};> | be a Schauder basis in X such that ||x|[x = 1
for all k € N. Then {x;},., is a greedy basis if and only if it is an unconditional and
democratic basis.

Remark 4.7 ([13, Section 3]). Konyagin and Temlyakov give some examples of bases,
which are not democratic but unconditional, or which are not unconditional but demo-
cratic.

5 The weighted L? spaces and the weighted Sobolev spaces

Definition 5.1 Let w € Llloc(R") with w > 0 a.e.. The weighted L? space LP(w) :=

LP(R", w(x)dx) is the space of all measurable functions f with

l/p
W llzrowy = ( |f(X)|pw(x)dx) < o0,
Rl’l

Remark 5.2 Letw € L (R") withw > 0 a.e..
(@) (LP(w), || - llzrowy) s @ Banach space.
(b) In addition, if w satisfies w™!/®"D e L} (R"), then LP(w) C L} (R").

Definition 5.3 Let w € LIIOC(R") withw > 0 a.e. and w™"/?=D ¢ LIIOC(R”). The weighted
Sobolev space LP*(w) := LP*(R",w(x)dx) is the space of all measurable functions f
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satisfying that f € LP(w) and weak derivatives D f € LP(w) for every a = (ay,- -, a,) €
Z' with || < s. Here

o n
DY = —— and |a|:= Zozv.
v=1

= @ @,
Ox{' -+ 0xy"

Letw € L] (R") withw > 0 a.e. and w™/?"D e L} (R"). Then L*(w) is a Banach
space with the norm

1l = D ID Fllzrg-

lal<s
Remark 5.4 (cf. [23, Section IX. 4]). For any w € A,,, it follows that
(1 + |x)™™w(x)dx < oo.
Rﬂ
Thus we see that S(R") C L”*(w).

In the case of w € A, we can replace || - [|1r.s(y) as follows.

Theorem 5.5 Let w € A,. Then there exists a constant C > 0 depended only on n, p,
A,(w) and s such that

Cllfllzrsny < Il + D D Fllio

1Bl=s
forall f € LP*(w), i.e., | lson + D IDPOllre is equivalent 1o | - llvsq,
1Bl=s

We can obtain Theorem 5.5 above by the same arguments as [9, Theorem 6.4 in Chap-
ter 6] applying the next result given by Kurtz ([14, Theorem 4]).

Proposition 5.6 Letw € A, and m € C"(R" —{(0,---,0)}). Suppose that

sup RZI™" f |D“m(x)[Pdx < oo
R>0 R<Ix|<2R
for all |a| < n. Then the operator T defined by [T f] = mF [ f] is bounded on LP(w).

We recall the definition of the Hardy-Littlewood maximal function.

Definition 5.7 Let f € L' (R") and B(0,r) := {y € R" : |y| < r} for r > 0. The Hardy-

loc

Littlewood maximal function of f is defined by

Mf(x):=su
R T T

lf(x=yldy (x€eR").
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Proposition 5.8 (cf. [2]). Let 1 < g < oo and w € A,,. Then there exists a constant C > 0
depended only on n, p, q and A,(w) such that

M £ il |y < € NI M|

forall (f,);., with

o0 plq /p
Ay = [ fR (Zm(x)w) w(x)dx] < oo,
"\v=1

6 Density of C2. (R") in L7*(w)

comp

We will need the following densities to obtain characterizations of L”*(w).

Theorem 6.1 ([19, Theorem 1.1]). Let w € A,,. Then C¢,

comp

(R™) is dense in L"*(w).

Theorem 6.2 Letw € A1°C Then C2 (R") is dense in LP*(w).

comp

We can easily prove Theorem 6.2 by the same arguments as the proof of [19, Theorem
1.1] with the following uniformly boundedness stated in Lemma 6.3.

Lemma 6.3 Letw € A“’c and n € L3, ,(R") with non-negative, radial and decreasing as
a function on (0, ). Deﬁne n:(x) = t7'n(x/t) for t > 0. Then there exists a constant
C > Odepended on n, p, A}fc(w) and 1 such that ||n; * fllppoy < C I fllppon forall0 <z <1
and f € LP(w).

Here we say that a non-negative and bounded function 7 is radial and decreasing as a
function on (0, o0) if 1 satisfies (a) n(x) = n(y) if |x| = |y|, and (b) n(x) < n(y) if |x| > |y|.
The next lemma describes a relation between such 7 and the Hardy-Littlewood maximal
function M (cf. [7, Proposition 2.7], [21, p.63]).

Lemma 6.4 Let 17 be a function in L'(R") which is non-negative, bounded, radial and
decreasing as a function on (0, 00). Then |, * f(x)| < |Inllp@nMf(x) for all t > 0 and a.e.
x € R"

Proof of Lemma 6.3 Let us take J € N so that suppn C [-J,J]" and denote H,; :=
l—[[tlv, t(l,+1))fort>0and /€ Z". Forall0 <t < 1and f € L”(w), we get that

v=1

mx f(x) = Z’?r * (f 'XH/,/)(X) - Zf

lezZ! lezn ¥ Hri

rn(S2) rody.
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Here remark that suppn ((- —y)/t) C l_[ /(=S +1,),t(J+1,+1)] =: B;;foreach [ € Z"
v=1

and y € H,y, i.e., suppn; * (f')(H,,/) C B;;. On the other hand, for all x € R" and

0 <t < 1, there exists an unique L = L(x,?) € Z" such that x € H,;. Additionally write

K(L):={leZ":L,—J<I,<L,+Jforalll <v<n}. Then we obtain that n, = f(x) =

Z n; * ( f- )(Ht,,) (x). By Holder’s inequality, it follows that

IeK (L)

s FOIF < 3 s (£ xm,) 0 4L < @7+ 170D e (£ xm,) )]

leK (L) lez"

2J 1"<P—‘>f
@Iyt | )

" lezn

@1+ 1y Y fB o+ (£ -, 0] i,

lez?

Thus we obtain that

IA

”771 * f”i”(w)

mes (f - xem,) ()] wiodx

Following Lemma 3.3, we obtain {w;};cz» C A, such that w; = w on B,; and
Ap(wl) < 3npAi;)C,tn(2]+l)"(W) < 3npA'll§)C,(2]+l)”(W)

for every [ € Z" and 0 < ¢t < 1. On the other hand, by Lemma 6.4, we see that
'Th * (f -)(HL,) 0] < ||7]||L1(R,1)M(f -XH,’,) (x). Hence we have that

W5 Flpy < QT+ D"Vl > f M (f - xm,) P wi(x)dx.
By

lez"

In addition, by Proposition 5.8, there exists a constant C > 0 depended only on n, p,
loc —

A¥¢(w) and J such that HM (f 'XH:,/)H <C ||f ')(HfJ”L,,(w[) =C ||f ')(HfJ“L,,(W). Thus we

have

LP(wy)

IA

CP@I+ 1Y, o S X

lez!
-1
CP(2J + 1)"» )IIUIIZI(R,,) 1A - O

||)7[ * f”i”(w)

7 Wavelets, scaling functions and L”(w)

In this section we introduce known results about the characterizations and the construc-
tions of bases of L”(w).
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Notation 7.1 )
(a) We define a dyadic cube Qj; := 1_[ [2‘jkv, 27k, + 1)) for je€ Zand k € Z".

v=1
(b) xr means the characteristic function of E for a measurable set £ C R”.

(¢) X = xjo.1y» that is, xjx = 272y, for je Zand k € Z".

Definition 7.2 Let r € N. A function f on R" is r-regular if for every m € N there exists
a constant 0 < C,, < oo such that |D® f(x)| < C,(1 + |x])™ for all x € R" and a € Z with
la| < r.

For example, the Meyer wavelet is r-regular (see Example 2.3 (a)). Moreover if we
take a large N € N sufficiently, the Daubechies wavelet described in Example 2.3 (b)
becomes r-regular.

Lemarié-Rieusset gave a characterization and an unconditional basis of L”(w) with
w € A, by the Daubechies wavelets in the case of one-variable. His proof is due to
the boundedness of Calderon-Zygmund operators on L”(w). Following the same method,
Aimar, Bernardis and Martin-Reyes showed that the result given by Lemarié-Rieusset was
valid for 1-regular wavelets. More precisely, they obtained the next theorem.

Theorem 7.3 (cf.[15, 1]). Letw € A, and {y* : 1 < e < 2" — 1} be a wavelet set
constructed by an MRA such that each y° is 1-regular. Then there exist two constants
0 < ¢ £ C < codepended only on n, p, A,(w) and {{)°}, such that for every f € L(w),

-1 o 172
Nl < (Z >3 w;,k>xj,k\2) < Cllfll -
LP(w)

e=1 j=—oo keZ"

Additionally the wavelet basis {wik 1 <e<2'-1, jeZ, k € Z" forms an unconditional
basis in LP(w).

On the other hand, Lemarié-Rieusset gave the next result. The result shows that we
need not only wavelets but also scaling functions which construct wavelets if we consider
LP(w) withw € A};C. Although he proved it in the case of one-variable, it is true in the case
of several-variables with obvious modifications applying tensor products. We call that ¢ is
the Daubechies scaling function in L2(R") if ¢ is given by (4) with the Daubechies scaling
function ¢° in L2(R). At the same time we say that {{/°}.cx is the Daubechies wavelet set
associated with ¢ if each wavelet * is given by (4) with ¢° and ¢!, where ¢! :=  is the
Daubechies wavelet in L*(R) given by (3) with ¢°.

Theorem 7.4 (cf. [15, Proposition 2 (ii)]). Let w € A, m € Z, ¢ be the Daubechies

p b
scaling function in L*(R") and {()¢}.cr be the Daubechies wavelet set associated with .
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Define

ZEzleet]

ecE j=m keZ"

1/p
Mp’w,m(f) = (Z ‘(f’ ()am,k> ||(vak||L1’(w) p] +
kezZn

LP(w)

Then there exist two constants 0 < ¢ < C < oo depended only on n, p, Ag’c(w), m and ¢
such that for all f € L (w),

A llzron < Mpywm(f) < Cllf oo

Additionally the sequence {@, i }xezn U{W;k ce€ E, j>m, k € 2"} forms an unconditional
basis in LP (w).

Applying the characterizations and the constructions of the unconditional bases above,
we can construct the greedy bases for L”(w). Namely the next theorem follows (cf. [10,
Section 6]).

Theorem 7.5
(@) Letw € A, and {y° : 1 < e < 2" — 1} be a wavelet set constructed by an MRA such
that each ° is 1-regular. Define

Fopim o

HE I gl

forl1 <e<?2'-1, je Zandk € Z". Then the sequence {Jej,k 1<e<?2'-1, jeZ, ke Z”}
forms a greedy basis for LP(w).
(b) Let w € AY*, ¢ be the Daubechies scaling function in L*(R") and {¢/*}ecr be the
Daubechies wavelet set associated with ¢. Define

e
Pk -~ ik

Ok 1= and Y ip =

@ iell oy 1 llraw)

fore € E, j>mandk € Z". Then the sequence {p, i }rezn U {l;ej,k ce€E, j>m, keZ"}
forms a greedy basis for LP(w).

In Section 10, we will construct the greedy bases for L”*(w) by means of wavelets and
scaling functions following the similar method.

8 The characterization of L7*(w) with w € A, by wavelets

8.1 Statement of the result

Following statements in [9, Chapter 6], we can obtain the next characterization of L”*(w)
with w € A, by wavelets.
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Theorem 8.1 Letw € A, and {y¢ : 1 < e < 2" — 1} be a wavelet set constructed by
an MRA such that each wavelet ¥° is (s + 1)-regular. Then there exist two constants
0 < ¢ £ C < oo depended only on n, p, A,(w), s and {{°}, such that for all f € LP*(w),

21 oo 172
[Z DN+ |< gy > Xj,k|2]

e=1 j=—oco keZn

cllfllrsowmy < < Cll fllzpswy-

Lr(w)

Remark that we need some improvements on [9] to obtain Theorem 8.1. We use
Theorem 5.5, Theorem 6.1 and Theorem 7.3 described already, in addition, Lemma 8.3
and Proposition 8.4 as follows. We shall introduce the class of functions R"(R") in order
to state them.

Definition 8.2 Let r € Z.. We define the class of functions R (R") which consists of all

functions f satisfying that there exist constants 0 < g,y < o0 and 0 < C, < oo for each
a € Z! with |a| < r+ 1 such that

@) f x*f(x)dx =0 forevery |a| < r + 1,

(i) |f(x)] < Ce.-0)(1 + |x])” @+styn,
(if) ID* £ < Co(1 +1x) " for every 1 <lal < 7 + 1.

For example, if ¥ is an (r + 1)-regular wavelet constructed by an MRA for some
r € Z,,then y¢ € R'(R") (cf. [18]).

Lemma83 Letr € Z,,{®°:1<e<2"-1}, {y*:1<e<2"-1} CRR") andw € A,
Define

-1 o 1z
W1 =Y Y S 7 < 05, > vl
=1 j=—oo kez"

If (Y}, is a wavelet set, then there exists a constant C > 0 depended only on n, p, A,(w),
r, {®°), and {¢°}, such that for all f € LP(w),

IW [ AQ)] (Dllry < C|W [ Y] D -

Hernandez and Weiss proved Lemma 8.3 for the non-weighted case using the non-
weighted version of Proposition 5.8 ([9, Theorem 4.9 and Theorem 6.21 in Chapter 6]).
By the same arguments as [9] with Proposition 5.8, we can get Lemma 8.3.

We also have the next proposition.

Proposition 8.4 Letw € A, and {®° : 1 < e < 2" — 1} € R'(R"). Then there exists a
constant C > 0 depended only on n, p, A,(w), s and {®°}, such that for all f € LP*(w),

W L5, AD Y] (Pllrawy < Cllf ey
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8.2 Proof of Proposition 8.4

In this subsection we prove Proposition 8.4. The next proposition and Lemma 8.3 will be
important.

Proposition 8.5 ([4, Theorem 1.2], cf. [3, 12]). Letw € Ap, A > nand {¢;} ez € SR").
Define ¢7,(f)(x) := sup {|¢j x f(x— (1 + 2j|y|)_/l} and assume the following:

yeR”
(i) There exists a constant a > 0 independent of j such that supp F [¢;] C {2/_” <€ < 2j+“}
forall jeZ
(ii) For each a € Z}, there exists a constant C, > 0 such that |D“¢[¢ j](§)| < C 2711 for
all¢ e R" and j € Z.
Then there exists a constant C > 0 depended only on n, p, A,(w), s, A and {¢;} ez such
that for every f € LP*(w),

1/2
{Z (21“'¢j~,3(f))2}

JEZ

< C Ml -

LP(w)

Let {°}.cr be the Meyer wavelet set constructed by tensor products (4) with the Meyer
scaling function ¢° and the Meyer wavelet ¢! in L>(R). By Lemma 8.3, there exists a
constant Cy > 0 depended only on n, p, A,(w), s, {®°}, and {“}, such that for every
fe L™ (w),

IW [5.AQ)] (Dllpny < Col|W [s, 0] D], -

Denote ¢(y) := 2/"y*(=2'y) for j € Z and e € E. Take A > n arbitrarily. Following the
same calculations as [9, Proof of Theorem 4.2 in Chapter 6], we have that

2
2 . .
D rw x| = Y| | F@IY @ kdz| xip(x)?
kezr kezn 'YR"
2
= > || @282 k- 2dz| xjux)
kezn 'Y R"

¢ % FQI[ X0, ()

»

kezZn

Z { sup |¢5 * f()’)|2}/\/Qj,k(x)
keZn yeQjk

2
{ sup ¢§*f(x—z)|}
|z1<27/ Vn

S ¢5’ * f(x— z)| 2
u P —— .
|Z|S2‘?\/ﬁ (1 + 2/|z))*

IA

IA

IA

sup (1 + 27)z))*
|2l<2/ vn
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2
= (1+ va) o571 (H).
Namely we obtain that

o 172
W s 0] () < (1+ Vi)' [Z { > (2”¢j-3*(f))2}] .

ecE \ j=—o0

Now remark that {¢;} ez C S(R") satisfies the assumptions of Proposition 8.5. Hence
there exists a constant C; > 0 depended only on n, p, A,(w), s, A and {/*}, such that

W L5, 01l D]y < (1+ V) @ = DC Ml

Consequently we get

W L5, (9%)] (Pl < (1 4+ VA) @7 = DCC Ifllpsy - ©

8.3 Proof of Theorem 8.1

Theorem 7.3 and Proposition 8.4 shows the right-hand side inequality. We will prove the
left-hand side inequality. By Theorem 5.5 and Theorem 7.3, we have only to estimate
101, o, for all B € Z; with || = s and f € L*(w). By the duality, it follows that

||Dﬁf||Lp(W) = Sup{'fkl Dﬁf(x) : g(x)dx
2 n

gl oy < 1},

where v := w™!/?~D_ Following Theorem 6.1 and the right-hand side inequality, it suffices
to prove that

' f D f(x) - g(0dx| < C [ W[5, 1Yl (D)
o

for all f, g € S(R") with ||gll;,,) < 1, where C > 0 is a constant independent of g, f and
g. Because {1//;’,( :1<e<2"-1, j€Z, ke Z" forms an orthonormal basis in L>(R"),
we obtain that

fR n DPf(x)- g(x)dx fR f- DPg(x)dx

gl g 21
= ‘fRn {Z Z Z <f,¢’§,k>'//;,k(X)}-{Z Z Z <Dﬁg,ﬁ>m}dx

e=1 j=—oo0 kezZ" e=1 j=—oo0 keZ"

2"-1 oo
= |25 0L ), < Fv>< De >

e=1 j=—oo0 kezZ"
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0

‘< FoWin >< 8, 275(DPY°) i >‘ . f X i(x)2dx
RYI

27 < fowia s ) < 8, 0P > x| .
e=1 j= ookeZ”

Therefore by the Cauchy-Schwartz inequality and Holder’s inequality, we have that

fR n DPf(x)- g(x)dx

IA

| Wls w3 (000 - W [0.{De] [ (900
1W L5, 1wl (D)o, [W]0-{DP0} | ()

IA

e

Now let {'* : 1 < e < 2" — 1} be a wavelet set constructed by an MRA such that each V*
is 1-regular. Following Lemma 8.3 and Theorem 7.3, we get

[wlo. (0%} g, = ColW L0090 @)y < Cullllry < C.

where C( and C, are constants depended only on n, p, A,(w), s, {¢*}. and {¥*}.. |

9 The characterization of L”*(w) with w € A?C by wavelets
and scaling functions

In this section, we characterize L”*(w) with w € A}SC by wavelets and scaling functions
with proper smoothness and compact support.

9.1 Statement of the result

‘We have the next main result.

Theorem 9.1 Let w € Ag’c, ¢ be the Daubechies scaling function in L>(R") and {y°}.cx
be the Daubechies wavelet set associated with ¢. Suppose that ¢, V¢ € ngélp(R”) for all
e € E. Define

Vs Aw k] (f) = (ZZZIZ]‘<wak>X,k|]

ecE j=0 kezZ"

and

1/p
Ny (f) = (Z |< foeox > ||<,oo,k||mw)|”] + [V Is WDl i -

kezn
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Then there exist two constants 0 < ¢ < C < oo depended only on n, p, A};’c(w), s and ¢
such that for all f € LP*(w),

cllflzrsony < Ny (F) < Cllfllzeso-
We need the following proposition in order to prove the characterization above.
Proposition 9.2 Let w € A};’C and {Y¢}.cg be a set of functions in R*(R") with compact

support. Then there exists a constant C > 0 depended only on n, p, A};’C(w), s and {¥Y*} .
such that for all f € L”*(w),

IV [s, £l (Dllrany < ClFllzrsy-

9.2 Proof of Theorem 9.1

First we show the right-hand side inequality. The estimation of ||(V {wele] ( f)|| L (W)
shown by Proposition 9.2. We will estimate the first term of N, ( f) Let N > 2 be
the positive integer such that supp ¢ = suppy‘ = [0,2N — 1]" for every e € E. Denote

Gy = l_[[kv,kv + 2N — 1] = suppgo and v := w™/®=D_ By Holder’s inequality, we
v=1

obtain that

)4
Z |< [ ok > ||‘;00,k||LP(w)|

kezn

p
= Z |< S o >| : ||900,k||€,,(w)

kezn
p-1

< > If(X)I”W(x)dx-( f ox(0)I” v(x)dx) Ny W(G)

kezn Gy Gy
< el D | | FI W w(GOV(GY!

kezZn
< ||¢||LM(RH)<2N—1)"PA§;”’<2N‘“"<w>Z I weod
kezZ" k

< ||‘,0||Loo(Rn)(2N 1)n(p+1)Aloc(2N 1)"( )”f”L/’(w)

Next we prove the left-hand side inequality. By the duality, we see that

IID“fIILp(W)ZSHP{f DYf(x) - g(x)dx| = llgllry < 1}
g RIZ

for all f € LP*(w) and |a| < s. Thus, following Theorem 6.2 and the right-hand side
inequality, it suffices to show that

f D" f(x) - g(x)da| < CAZ ()
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forall f, g € C,,,(R") with [ig]l;»(,, < 1, where C > 0 is a constant independent of «, f

comp
and g. Because {¢g t}kezr U {(//j.’k ce€E, j>0, k € Z" forms an orthonormal basis in

L*(R™"), we obtain that

J(x) - Dg(x)dx

R2

‘ [Rn {Z < f,¢ox > pox(x) + Z i Z <f ;aik > lr//;,k(x)}
kez"

e€eE j=0 kez"

X {Z <D, @or > pox(x) + Z i Z < D%, Wj;k > wj.’k(x)} dx

kezZ" ecE j=0 kezZ"

D f(x) - g(x)dx

R

Z < fopox >< D g, 00x > + Z i Z <f, E”j,k >< D%, 1&3’,{ >

kezZ" ecE j=0 kezZ"

We estimate first. By Holder’s inequality, we see that

D < frgox >< D8 o >
kez"

2
1= o (X)|"dx < ||‘;00,k||LP(w)||SOO,k||Lp’(v)
Rl‘l

for every k € Z". We shall also remark that |< D%g, o 1 >| = |< g, (D)o >|. Using
Holder’s inequality again, it follows that

Z < foor >< D8, pox >
kezZ"

< Z |< fr 00k > llposllron < & (D*@ox > llwokllLr

kezZ"
1/p 1/p’
p v
< [Z |< frpox > ||‘;00,k||LP(w)| J : [Z |< g, (D®)os > llpollLr ) )
kezZ? lezn

Remark that supp ¢, supp(D“p)o; C G, for each [ € Z". Using Holder’s inequality once
more, we have that

D l< 8. (D00 > lgoullr
lez!

p/

’

p

: f |0, (I v(x)dx

G,

> f g(x) - (D"@lo(x)dx

lezn 1Y G

IA

p'/p
|g<x>|f”v(x>dx-( fG |(D" )0 ()| v(x)—w'dx) ‘ fG |0, (O v(x)dx

lezn Y Gi
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IA

P'Ip
r|n|e<1X ||D(I<P||1L7m(Rn)||60”IZoo(Rn) : Z f |g(x)|[3 V(X)dx . (f v(x)—[)/p dX) V(G[)
|sS Gl Gl

lezn

IA

max (1D gl e Il J@N = AR ) N gl v(x)dx

L@ )IPH oo gn
lezn VY G

= max ||[D%)|".. P (AN = 1D ARSCND o

nax 172 NN | | PN ) » wligll, o)

Hence denoting €\ := max|ID" ¢l llgllz=en (2N - 1y AR () we get

Z < fooox >< D, @ox >
kezn

1/p
p
<G (Z |< f. 004 > loillrin) ) gl -

kezZ

Next we estimate Z Z Z < WS >< Dg Yy >

e€E j=0 kez"
and Holder’s inequality, we obtain that

> i D < fs>< Dg >

eeE j=0 kez"
PPN AT A B P RER

ecE j=0 kezZ"

. By straightforward calculations

IA

f Z Z Z |2js <f, lpj,k >)(j,k(x) L pJllal=9) g, (Dalﬁe)j,k >)(j,k(x)| dx
R" eeE “j=0 kezr

[59)

Lﬂ Z Z Z |2js < [olin > X () < 8, (DY) jx >)(j,k(x)| dx

ecE j=0 kezZ"

< Vs )] (NX) - V[0, {D"}e] (9)(x)dx

Rn

[V L5, el (D] oy IV 104D V] D1, -

IA

Now remark that supp V[0, {D*y“}.] (g “Xoo) C H[ZV —2N + 1,1, + 2] =: E, for each
v=1

[ € Z". On the other hand, for all x € R”, there exists an unique L = L(x) € Z" such that
x € Qor. Denoting B(L) :={leZ":L,-1<1,<L,+2N—1forall 1 <v<n}, weget

p/

V00Dl @@ < D VI0AD L] (g xo,)(0)

lez?
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p
= | D) VI0AD"Y L] (g X0, ) ()
[eB(L)
< D VI0AD Y] g x| HBLY?
1eB(L)
< @N+ 1D V(04D )] (g - xo, )|
lezn
Therefore it follows that
[vioipwid @l
< @N+ 1@ f SVI0.AD" ] (8 - X)) v
lezZ"
= QN+ 1Dy f 2 VI0AD W (5 - x0 )0 v
kezn Y Qok jezn
= @N+1y Y f DV I0.4DY L] (g xo,) )| vx)dx
kezn ¥ Qok [eB(k)
< QN+ N f [VI0AD™ Y] (g xo, )| v(x)dx.
E;

kezn [eB(k)

By Lemma 3.3, we can construct {v;};cz» C A, such that v; = v on E; and A, (v)) <
3"p'Alp°,°’(2N ' (v) for every [ € Z". In addition, let {¥¢ : 1 < e < 2" — 1} be a wavelet
set constructed by an MRA such that each W is 1-regular. Following Lemma 8.3 and
Theorem 7.3, we have that

W (04004 k] 8 - xou ) [,
Co W 10, (%11 (2 oo

G ||g XQ(””U’ ) =G ||g .XQOJHZ"(V) ’

||(V {D Y} (g 'XQO,I)”Z”(W)

IA

)

IA

where 0 < C,,C3 < oo are constants depended only on n, p, Ag’“(w), s, {¥°}, and {¥¢}..
Now write Cs := (2N + 1)V ”C? ”Then it follows that

Ly < QN+ 10 Z Z Cs |l xoul;

LY (v)
keZ" leB(k)

V10, (D) ] o)

_ P P
= CY el

Namely we get

DY < fs < Dty > < Cal|V [5 10 (D) Nl -

e€E j=0 kezn
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Consequently we have that

f D" f(x) - g(x)dx| < max{C, C4N,, () - gl ) < max{Cyi, C4YN, (f). O
R}l

9.3 Proof of Proposition 9.2

Let ¢ be the Daubechies scaling function in C(,, (R") with suppy = [0,2N — 1]" for
some positive integer N > 2 and write f(x) := f(x)¢(x — ) for each [ € Z". Then we have
Z @(x —1) = 1by [9, Proposition 3.14 in Chapter 5] or [24, Proposition 2.17]. Thus we
lezn

get the decomposition that f = Z fi- Here we can take m € N so that supp ¥ C [-m, m]".

lez!
n

Then we see that supp V [s, {¥¢}.] (f1) C n[lv —m,l,+2N +m] =: D, foreach [ € Z".
v=1

On the other hand, for all x € R”", there exists an unique L = L(x) € Z" such that x € Qg ;.
Denoting A(L) :={leZ": L, +1-2N-m <1, <L,+mforall 1 <v < n}, we get that

p p
VIsAFLIO@P < D VIELIH@| =] D, VIs{¥LIHE)
lez" leAL)
< DL IVIS LI AP - AL
leA(L)
< @mA 2NNV s, (F L] (AP

lez?

Therefore it follows that

IV [, {9} OO ooy

IA

(2m + 2Ny ™D f DUV s AP (AN w(xdx

R" jezn

(2m+ 2Ny "D X f DV I AP DN w(xdx
kezn ¥ Qok lezn

(2m + 2Ny "D Y f DIV s (¥ (AP w(xdx
kezn ¥ Qok e Ak)

IA

(2m + 2N)" P~ Z Z [V s, ()] () w(x)dx.

kezn [eAKk) ¥ D

By Lemma 3.3, we get {w;};ez» C A, such that A,(w;) < 3”1’Ai§)°’2n(m+N y (w) and w; = w on
D, for all [ € Z". Thus we obtain that

1V L5, (2] (P < @4 2N)" 05" NV s, (0 ()l -

kezn 1eAk)
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n

Denote G, := 1—[[1,,, l,+2N — 1] = supp ¢(x — ). Then we see that w; = w on G; for every

v=1
[ € Z". Additionally by Proposition 8.4, there exists a constant Cy > 0 depended only on
n, p, A}?C(w), s and {¥¢}, such that for each k € Z" and [ € A(k),

IV s, A9}l (DI W Ls, 49V DI oo

b
< Collfill oy = Co ZIID“(ﬁ)IILp(W,>J
lal<s )
. CO(Z Z(Z)D‘*f—D“‘ﬁ(soc—l)) ]
lel<s | B<a LP(w)
<

C Z Ll |Daf(_x)|p wi(x)dx = C, Z Ll |Daf(x)|p w(x)dx,

lal<s lal<s

where C; > 0 is a constant depended only on n, p, s, Cy and ¢. Thus we obtain that

IV s, (¥ Y] (Do)

1/p
< {(Zm +2N)"?V. Cy - (2N - 1)"2m + 2N)" Z |ID* f||§,,(w)}
l|<s
< Gl fllzesowys
where C, > 0 is a constant depended only on n, p, A?C(w), s, {¥¢}. and ¢. O

10 The unconditional bases and the greedy bases of L7-*(w)

As mentioned in [10], in the case of weighted L? spaces L”(w), if we have the character-
ization and the unconditional basis of L”(w) by wavelets and scaling functions, then we
can establish the greedy basis given by them following the same statements as [5]. In this
section, we show the similar arguments are applicable to L7*(w).

Theorem 10.1

(@) Let w € A, and {y° : 1 < e < 2" — 1} be a wavelet set constructed by an MRA such
that each ¢ is (s + 1)-regular. Then the following (al) and (a2) hold:

(al) The wavelet basis {!//j.’k 1<e<2'-1, jeZ, ke Z”}forms an unconditional basis
for LP*(w).

(a2) Define

e
—_— /’k
Weih =
SRR (2 7
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forl1 <e<?2'-1, jeZandk € Z". Then the sequence {:,;ej’k 1 <e<?2"-1, jeZ, ke Z”}
forms a greedy basis for LP*(w).

(b) Let w € A};’C, ¢ be the Daubechies scaling function in L>(R") and {(/¢}.cr be the
Daubechies wavelet set associated with ¢ such that ¢, y° € C g;nﬂp(R”) foralle € E. Then
the following (bl) and (b2) hold:

(bl) The sequence {@o i}z U { j’k ce€E, j>0, k eZ" forms an unconditional basis
for LP*(w).

(b2) Define

e

P0,k ik

Qo =
||800,k||LI’~S(w)

and g, = ———
P s

fore € E, j>mandk € Z". Then the sequence {@olreze VY e € E, j 20, k€Z"}
forms a greedy basis for LP*(w).

Proof of Theorem 10.1 We have only to show (b). (a) is proved by the same arguments
as the proof of (b) below.

To begin with, we shall prove (bl). It suffices to check the following two conditions:
() There exists a constant 0 < C < oo independent of f, A and B such that ||TA,B Fll s w =
Cllfllzpso for all f € LP*(w) and all finite subsets A € Z" and B C E X Z, X Z", where
Tapf = Z (fs o) pok + Z <f, l/’j‘,k> ik

keA (e.jk)eB

(II) LP*(w) = span{@g i }rezn U span{:,bj.’k ceckE, j>0, kez}

We show the condition (I) first. By the orthonormality and Theorem 9.1, we obtain

L7 (w)

|| Tasfll ey S NowTanf) < Ny () < Cllfllirsons

where 0 < ¢ < C < oo are constants appeared in Theorem 9.1.
Next we check (II). We shall prove that lim N;,W( f—=Tapf) =0, since

A7 B S EXZ,XZ"

c|\f = Tasf|,. o SNou(f = Tapf) forall f € LP*(w) by Theorem 9.1. Now define

1/p
Ni(f) := {Z <7200 0l ] and  No(f) = ||V s W] D -

kezZn

Then we have N (f—Tasf) = Ni(f=Tapf)+No(f=Tapf). We omit the detail because
it is obvious that the orthonormality of the system {@ x }xezn U {l//ik cec€kE, j>0, keZ
with regard to the L*-inner product, the boundedness of N,(f — T4 pf) for each v = 1,2
and Lebesgue’s dominated convergence theorem give us the desired result.

Secondarily we prove (b2). The proof we give here is essentially same as [10, Section
5.3], and based on [5, the proof of Lemma 4.1]. We prepare the following two lemmas in
order to get (b2).
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Lemma 10.2 Let w € A};’C. Then w satisfies the dyadic reverse doubling condition, i.e.,
there exists a constant 1 < d < oo independent of I and I’ such that dw(I’) < w(l) for all
dyadic cubes I, I' with I' & 1.

The proof of Lemma 10.2 is found in [8, p.141] or [22, Proof of Corollary 1.1]. We
also have the next estimate.

Lemma 10.3 Letrw € A};’C, ¢ be the Daubechies scaling function in L*(R") and {{/¢}ecr be
the Daubechies wavelet set associated with ¢ such that ¢, ¢ € ngrLP(R") forall e € E.
Define

0o ) 1/2
Vs k] (f) = [ D W@ Wy < £ s> x| |
ecE ezn

j=0 k

Then it follows that

|[Vis wrl || <1V W Pl < €[V s w0

LP(w) LP(w)

forall f € LP*(w), where 0 < ¢ < C < oo are the constants appeared in Theorem 9.1.

Proof of Lemma 10.3 Foreache € E, j > 0 and k € Z", we have that
Now @50 = 2%l gy = 2P w(Qi0) .
On the other hand, by Theorem 9.1, we obtain

CINS,L (W50 <

—1 A/s e
Lps Y(W) - N (wj,k)'
Namely it follows that

C™127 <w(Qjx)” 22 < 1S,

KALLP-S(w)
This estimation shows the desired result. O

Now let us return to the proof of Theorem 10.1 (b2).~Following Theorem 10.1 (bl)
and Theorem 4.6, it is enough to prove that {$g s }xez» U {x//ej’k ce€eE, j>0, keZ"is

democratic. We see that {¢g 4 }xez» U {w;k ce€E, j>0, ke Z" forms an unconditional
basis for L7*(w) by (bl). Thus for all f € L”*(w) we can write

f = Z ak(f)(;bo,k + Z Zn: Z bik(f)l;ej’k,

kezZ ecE j=0 kezZ"
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where ax(f) :=< f, ok > llgollerson and b, (f) =< fi465, > IS llersn. Now define

Lrw)

1/p
RGEI DS f,¢o,k>||¢o,k||u,«w)|”) +|[ Vs w0

keZ"
By Theorem 9.1, we see that

cligoillrsoy < N Lw(@or) = llgoillron < llwokllLrson-

Thus Lemma 10.3 gives the estimate that

M sy £ Npoo(F) < Cllfllzrsons

where 0 < ¢’ < (" < oo are constants depended only on n, p, A};’C(w), s and ¢. Then we

have
1/p oo 172
Nfllsen < [Z |ak(f>|f’] + [ZZZ W(Q) ™ 7B, (o]
kezZ" eeE j=0 kezZ" LP(w)
< Clfllwrson- (6)

Let us denote ¢y := @;x and {/FQ = Jej,k for a dyadic cube Q = Q;. Now we take
finite subsets A, C {Qox : k € Z"}, E, C Eand B, C {Qjx : j > 0, k € Z"} satistying
#A| + #(E; X B)) = A, + #(E, X B,) arbitrarily, and write g, := Z @r + Z Z ye, for

ecE, JeB,

v =1,2. Using (6) and 1 < §E, < §E = 2" — 1, we obtain

C'||g1||LP»V(w)
1/2
< (AP + (ZZWJ) Upy J
ecE| JEB) LP(w)
1/p
p/2
= (#A)" + (E)'"” - f ,[Z w7 Ax)] w(x)dx
U J JeB)
J'eB)
1/p
r/2
< (ﬁAl)l/p + (2" -2 (ﬂEl)l/p - f ) [Z w(J)_2/”)(J(x)] wx)dxy . (7)
U J JeBy

J'€B,

For each x € U J, Ji(x) denotes the minimal dyadic cube in B; with regard to the
JeBy
inclusion relation that contains x. Then we get

D w0 < Z w2, (8)

JeBy
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where Jy := Ji(x), J, is a dyadic cube satistying J,_; C J, and 2"|J,_| = |J,| for every
r € N. By Lemma 10.2, we obtain

w(J) 2dw(Jo) 2 >2d'w(Jp) =dw(Ji(x)
for all » € N. Thus we have

Do w) <Y (@ w @)= Cow( i), ©)

r=0 r=0

where Cy := (1 — d~*/7)~!. Following (8) and (9), we obtain

p/2
j‘ [wawwmﬂ mmus.f (Cow @) 7)™ wixpdx
U J’ JeBy U J
J €By JeB
ch? fUJw(Jl(x))_lw(x)dx. (10)
JeB)

Now we set J := {xe U J:Jilx) = J} for each J € B,. Then, since J ¢ J and
JeB

U J= U 7, it follows that

JeB) JeB)
f' w () w(xdx j‘~MthWmM
v 7

JeB, JeB

f w () wx)dx
7

JeB

Z f w ()™ w(x)dx
J

IA

JeB,

= #B (11)

Following (7)-(11), we have cllgillrsq) < ($A1)/P+CY2(2"=1)"2 ($E))""” (#B))""”. Hence
there exists a constant 0 < C; < oo independent of g;, Ay, E; and B, such that

gllrson < C1 (#A1 + H(E x B} (12)
On the other hand, applying (6) to f = g, and using 1 < §E, < §E = 2" — 1, we have

1/2
[Z 2 |w<f>‘””Xf|2}

ecEy JeB,

Cligallrsey = (HA)'7 +

L (w)
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1/p
p/2

w(y)dy

(#42)"" + (HE)""* f s (Z W)y ()

JeB;

J'eBy

(#42)"7 + 2" = 1P (4Ex)"

\%

1/p

p/2
X f ,(Z w(J)-z“’xJ(w] wdyp . (13)
U J JeB,

J'eB;

For each y € U J, Jo(y) denotes the minimal dyadic cube in B, with regard to the

JeB;
inclusion relation that contains y. Then we have

p/2
{Z w(J)‘Z“’xJ(y)] > w(h) ™ (14)

JeB,

Now using the same argument as (8)-(9), replacing ” By, —2/p and Ji(x) ” by ” B,, —1
and J,(y) ” respectively, we get

D WD) a() < Cow (LoD (15)

JeB;

where C is a constant depended only on p and d. Following (13)-(15), we obtain

C| g2l |LP~S(w)
1/p

\%

(#42)"7 + 2" = 1) ($E)'17 - f LGy W) s omw Gy
U J JeB,
J'eBy

1/p
(#A2)'"7 + @ = 1) GE)7 -GG ) w)! f w(y)dy]

JeBy J

(ﬁAg)l/p + C(/)—l/p(zn _ 1)—1/p (ﬁEz)l/p (ﬁBz)l/p )

Namely there exists a constant 0 < C, < oo independent of g,, A,, E; and B, such that
Callgallirsoy = {#A2 + H(E2 x By)}''” . (16)
Following #A, + #(E; X By) = #A, + §(E, X B,), (12) and (16), we get

||g1||L1’~‘(w) < C1C2||g2||Lp,x(W).
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Consequently we have proved that the sequence {@olkeze U{Y¢ e € E, j >0, k € 2"}

1s democratic.

O
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