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THE MOTION OF ELASTIC PLANAR CLOSED CURVES
UNDER THE AREA-PRESERVING CONDITION

SHINYA OKABE

ABSTRACT. We consider the motion of an elastic closed curve with constant enclosed
area. This motion is governed by a system involving fourth order parabolic equations.
We shall prove that this system has a unique classical solution for all time and the
solution converges uniformly to a stationary solution together with its derivatives of any
order.

1. INTRODUCTION

The variational problem for the total squared curvature functional defined on curves
has been studied since the middle of the 18th century. Euler considered this problem
for curves of a fixed length, and its solution is called an elastica. Since then, there have
been many studies in this field, for example, on a closed elastica ([6], [7]), a buckled
elastic ring ([2], [15]), a L?-gradient flow for the total squared curvature ([13]), a curve
straightening flow ([8], [9], [10], [16], [17]), the motion of an elastic curve ([5]), as well
as an area-preserving elastica in spectral geometry ([11], [18], [19]). In this paper, we
consider the motion of an elastic curve under two constraints, which can also be viewed
as the gradient flow towards area-preserving elasticae.

Let us consider a simple closed curve made of springy wire in the plane. The inner
domain enclosed by the wire and its exterior are filled with two kinds of incompressible
viscous fluids F; and F,, respectively. The wire is expected to change its shape so as to
decrease its bending energy as efficiently as possible. On the other hand, by the assump-
tion of incompressibility, the area of the inner domain is preserved. We are interested
in the following question: “Clan the wire change its shape so as to decrease its bending
energy and preserve its enclosed area? Moreover, if it can, what shape will the wire become
eventually?” The purpose of this paper is to analyze the dynamics of such a wire.

We regard the wire as a closed plane curve v : S; — R? where S} := R/LZ and L
denotes its length. The motion of 7 is governed by the gradient flow for the total squared
curvature

(1.1) E(y) = 7{/@2(3) ds

subject to the following two constraints:

(C1)  « is inextensible;
(C2)  the area enclosed by ~ is preserved.
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2 SHINYA OKABE

Here, x and s denote the curvature of v and the arc-length parameter, respectively. We
call F the elastic energy of v. By the area enclosed by 7, we mean the signed area defined
by (3.3).

We shall derive in Section 3 the following system of equations that governs the gradient
flow for the elastic energy E under two constraints (C1) and (C2):

)
oy 9w 0 v\ oy
§_7ﬁ+%{0_aﬁ oa [ T

2 2 2., 14 3., 12 2

(@T) _0% 9% ial I L W

8x2 072 ox? ox3 02
L 627 827 3
\ /0 {(n @>v—(n@> +Apde=0,

where v(x,t) and A(t) are unknown scalar functions. Here ¢ denotes the time variable
and n(z, t) denotes the unit normal vector of y(z,t) given by the formula n = R~y with
R= (1 0 ) where ' is the unit tangent vector of ~.

We find (y(x,t),v(x,t), A(t)) which satisfies (GT) with an initial data. However we
impose an initial condition only on v: y(z,0) = vo(z). When 7y(x) is not a circle, we do
not prescribe v(z,0) = vo(x) and A(0) = Ay, because y(x,t) determines v(x,t) and A(¢)
uniquely (see Lemma 4.1). On the other hand, when vy(z) is a circle with radius r, for
any continuous function \o(t), (y(z,t),v(x,t), ( ) = (yo(x), 1/r% = Xo(t)r, No(1)) satisfies
(GT). Therefore we do not prescribe initial data for v(z,t) and A(¢) either in this case.

The main result of the paper is stated as follows:

Theorem 1.1. Let vo(x) be a smooth closed curve with length L, enclosed area Ay and
rotation number 1. In addition, assume that vo(x) is not a circle. Suppose that vo(x) sat-
isfies |(0v0/0x)(x)| = 1. Then (GT) has a unique classical solution (y(x,t),v(z,t), A(t))
for allt > 0, and the solution v(x,t) satisfies |(0v/0x)(x,t)| = 1. Moreover, whent — oo,
(y(x, 1), v(x, 1), Mt)) converges to a solution ((z),0(x),\) of the equation

([ 9 9 92712\ 9y
—aﬁ+5;{( 2|5 )ax}+A -0
v |92y ] 2yt |83y 0%y
AE __ - D R I L
(AE) < Ox? + Ox? Ox? O3 " o2

L 82’}/ 327 3
/0{(71-@)1)—01-@) + A p de =0,

When ~y(z) is a circle, we have the following.

i the C'* topology.

Proposition 1.1. Let yo(x) = d+r (cos%,sin %), where d is a constant vector and r
is a positive constant. For each continuous function A\o(t), (GT) has a unique solution
(y(z,t),v(z, t), A1) = (yo(x), 1/r% — Xo(t)7, Mo(t)) . Moreover, this (y,v,\) also satisfies
(AE).
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We mention here results which are closely related to this paper. A. Polden ([13])
considered the L2-gradient flow for the elastic energy without a constraint. The regularity
estimates for a solution of (GT), which are used in Section 5, are inspired by [13]. Y.
Wen ([16], [17]) considered the flow of closed curves with fixed length along the negative
L2-gradient flow of the elastic energy. On the other hand, N. Koiso ([5]) considered the
motion of an elastic closed curve in R3, i.e., the negative gradient flow of the elastic
energy subject to the single constraint (C1), which is the inextensibility condition. The
derivation of the system of equations (GT) is similar to that of [5]. The gradient flow
in [5] is governed by a system consisting of the first two equations in (GT) with A = 0.
He proved that this system has a unique classical solution for all ¢ > 0, and the solution
converges to an elastica as t — oo in the C'* topology.

A difference between this paper and [5] is the area-preserving condition (C2), which
brings an additional unknown function A(¢). By (C2), we immediately see that a circle
is singular to our problem, i.e., if the initial data ~o(z) is a circle, in order to keep the
length and the area constant, y(z,t) must be a circle of the same radius for all ¢ > 0
because of the isoperimetric inequality. Therefore we stated our results separately. When
Yo(x) is not a circle, imposing the second constraint (C2) raises two new mathematical
questions. First, it is natural to ask whether the system (GT) has any solution at least
on a short time interval or not. One of the main contributions of this paper is to give
an affirmative answer to this question. Indeed, we can construct a mild solution in the

space C ([O,T]; (W4P(S1))? x W22(S1) x R) with p > 3 and show that it is a classical
solution. (For the definition of W% see Section 2.) In doing so, we decompose v(z,t)
as v(x,t) = u(x,t) + A(t)w(z,t) and obtain the expression
B fOL {—k(x, t)u(z,t) + K3(x,t)} dx

L+ fOL k(z, t)w(z,t)dr

(1.2) A(t)

where u(z,t) and w(x,t) are determined by ~(z,t) uniquely. The denominator is positive
whenever 7(z,t) is not a circle (see Lemma 4.1.) Hence the existence of a unique mild
solution is guaranteed for 7' > 0 sufficiently small by the continuity of x(x,t) and w(x,t)
in the case where () is not a circle. A second question is whether the denominator in
(1.2) vanishes in finite time (or converges to 0 as ¢ — 00) or not. We shall prove that
the denominator is bounded away from 0 (see Lemma 5.4), hence the solution exists for
all t > 0 and remains bounded. We note that the isoperimetric inequality plays a crucial
role in the proof of Lemma 5.4. The convergence of the solution as t — oo can be verified
in a way analogous to that in [5].

As mentioned above, there are many studies on the variational problem for the energy
(1.1). For closed curves, Langer and Singer [6] have completely classified the closed
elasticae and determined the knot types of elasticae.

There are a few studies on an area-preserving elastica, which corresponds to the sta-
tionary problem for our problem. For example, it has been studied by K. Watanabe
([18], [19]). In [18], he has proved the existence of a minimizer v, which is a smooth
simple closed curve and has an even number of axes of symmetry, under the assumption
412 /25m < M < L? /4. Here, L and M denote the perimeter of vy and the area enclosed
by 7, respectively. In [19], by assuming 0 < L?/4m — M < &y, where d, is sufficiently
small, he proved further that the minimizer v is an oval with four vertices. Recently,
Matsumoto, Murai, and Yotsutani [11] derived explicit representations of the curvature x
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of v for each n > 2, where ~ is the solution of this variational problem and n is a number
of axes of symmetry of v. They assume the rotation number of v to be one. Since the
Euler-Lagrange equation in terms of x becomes

d’k 1
(13) @_'_5’%3_“1’%_“2:0
where p; and ps are the Lagrange multipliers, x can be represented by Jacobian elliptic
functions. We shall prove in Section 3 that (AE), which is the stationary problem for
(GT), is equivalent to (1.3).

It may be interesting to look on our problem as a lower dimensional analogue to Can-
ham’s variational problem for the total squared mean curvature (the Willmore functional)
of a (two dimensional) closed surface. Canham [1] proposed this variational problem as
a model of the shape of a red blood cell. See also [4] for a dynamical aspect of this
variational problem.

This paper is organized as follows: In Section 2, we state several lemmas often used in
this paper without proof, which have been proved in [5]. In Section 3, we formulate our
problem and derive the system of equations (GT). The proof of Theorem 1.1 breaks into
the following three parts: In Sections 4 and 5, we prove the short time existence and long
time existence, respectively; finally, we prove the convergence of the solution of (GT) in
Section 6. Moreover, we prove Proposition 1.1 also in Section 6.

Acknowledgments. The author would like to thank Professor I. Takagi of Tohoku
University for many useful suggestions.

2. PRELIMINARIES
First, we define several notations as follows:

S VA <l SN W e
T T T o T T e
We sometimes use these notations for short. Let us define W™?(S}) to be the usual
Sobolev space on Si, i.e. the Banach space of functions whose distributional derivatives
up to order m belong to L?(S}).
We shall state several lemmas often used in this paper without proof. These lemmas
have been proved in [5].

Lemma 2.1 (N. Koiso [5]). Let a(z) and f(z) be continuous functions on S} and assume
that a(x) > 0 and ||al|;. > 0. Then, —v" + av = f has a unique solution. Moreover, the
solution v satisfies

(2.1) max [v] < (2L + [lall2) [ f]l 1 »
T€ES
dv
(22) mave | 2 <201+ L) 11

Lemma 2.2 (N. Koiso [5]). Let v be the solution of —v" + av = f on S}. Suppose that
a > 0 and there exists a positive constant 0 such that ||a||pr > §. Then the solution v
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satisfies

N
(2.3) [l enre < € (1+ alldn ) 1 llen
(2.4 Jollwesaa < C (14 lall¥oz) I e

where N and C' depend only onn, L and 9.

Lemma 2.3 (N. Koiso [5]). Let v be an RY walued function on Si. Then we have

..
L2 .

sup [uf? < 2ol (anm T

xESi

Moreover, when fOL vdr = 0, it holds that

ox

ov
sup [of* < 21[v]| 2 || 5=
xeSi L?
For integers 0 <1 < 5 < k, it holds that
& O (k—3)/(k—1) ok w (5—1)/(k—1)
027 || ;2 — || 027 2 0k || ;2

For integers 0 <1 < j <k and j > 0, it holds that
9 9iqy || Q=) =1)/2(k~1)
]

a7 oz’
Lemmas 2.1 and 2.2 are simple modification of Lemmas 4.1 and 4.2 in [5]. We change
St =R/Z into S} = R/LZ. We omit the proof.

(2(G=i)+1)/2(k—1)

o
oxk

sup
mESi

L2 L2

3. FORMULATION

Let vo(z) be a smooth closed plane curve parametrized by the arc-length parameter
x € S}, sothat |v/(z)] = 1. Let L and Ay be the length of 7 and the signed area enclosed
by 7o, respectively. (For the precise definition of Ay, see (3.3).) By the isoperimetric
inequality, L and Ay satisfy L? > 47 |Ag|. We consider the smooth deformation ~(-, )
of the curve 7y depending on the time variable ¢ > 0. Let y(z,t) denote the position at
time ¢ of the point which was initially located at vo(z): v(x,0) = v(x). Suppose that
v(z,t) satisfies two constraints (C1) and (C2). Since x is the arc-length parameter of 7o,
the inextensibility condition (C1) is expressed as

@(x,t) = 1.

ox

This in turn yields that x is the arc-length parameter of v(-,¢) for any ¢ > 0, and hence
the length of ~ is given by L. Then the elastic energy E is given by
————($,t)

(32) B - [ |5

dz.
Moreover the signed area enclosed by ~y(x,t) is expressed as

(3.3) Ay(z. 1)) = —% /0 (@, t) - y(x,t) da.

(3.1)

0%y
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Here n(z,t) denotes the unit normal vector of 7(z, t), by which we mean that n = Ry’ with
= ((1) _01) v(z,t) is a simple closed curve and it is parametrized counterclockwise,
then (3.3) gives the posmve area.) Thus the area-preserving condition (C2) is given by

(3.4) —%/0 n(x,t) - y(x,t) de = A,.

We consider the gradient flow for the elastic energy (3.2) under the constraints (3.1) and
(3.4). First we derive “the direction” that maximizes the decrease of the elastic energy.
Since

d L o2y 0% Oy Loty Oy
—F =2 —(x,t) - =—=—=—(x,t)dr =2 —(z,t) - —(x,t)d
GP0@n =2 [ Do i wd=2 [ - Fetds
“the direction” % is given by ¥ = —~v®. However this direction does not fulfill two

constraints (3.1) and (3.4). Therefore we wish to modify “the direction” by adding some
terms. The condition (3.1) implies 4" - 4" = 0. Hence, # needs to be in the space

on 0y
) S =o}.

On the other hand, since fOL n-ydr = fOL RY - ydx = — fOL A Rydx = fOLf'y Ry dx =
fOLﬁ ndx the condition (3.4) holds if and only if (0v/0t,n);. = 0, where (u,v);. =
fo x) dz for u,v € L*(S};R?). Hence we define the vector space W by

W(t) = {n e L*(SL:R?) | (n,n(-)),. = 0}
If y(z,t) satisfies the constraints (3.1) and (3.4), then 4 € V(¢) N W (¢) for all ¢ > 0. The

orthogonal complements of V and W with respect to the L? inner product are given by

n = i <§(x, t)?(a:, t)) for a certain scalar functionﬁ} ,
x

V(t) = {77 € WH(SL;R?)

Ox
= {n € L*(S;;R?) | n = A(t) n(z,t) for a certain scalar function A},

V= {n € WH(S;R?)

respectively. Since (V N W)L = V<L + W there exist some scalar functions &(x,t) and
A(t) such that —y® + (£9/)" + An € V. N W. Therefore we have

( 0y 9w 9 [ 0y
a—‘@wx(% Tan,

Py 0% [ 0y on)| 9y
{‘%*@(% )“ax} o =

Lot o (.0
/ {—a—xz—i-a—x(faz)-i-)\n}'nd:ﬁ:o,
0

vy

— =1
Ox ’

\

where the second and third equations mean ¥ € V and 7 € W, respectively. We claim
that these equations are equivalent to the system (GT). First we consider the second
equation. We use the relations obtained by differentiating (3.1) up to four times with
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respect to x and the Frenet-Serret formula: +” = kn and n’ = —k+'. Then the second
equation becomes as follows:
282 6272 B 8372 825_ 6272_/\/” 32’7_0
Ox? \ | 0x? ox3 Ox? ox? oxr2

Setting v = £ + 2|7"|*, we have the second equation of (GT).
Next we turn to the third equation. By the Frenet-Serret formula, we can transform
the left-hand side of the third equation as follows:

L 4
/ {—%4—;; (ggv) —i—/\n} ndx—/ {Iﬂ)—/i —I—)\} dzx
0

L 02,}/ 62")/ 3

Remark 3.1. Since we derive the second equation of (GT) as a mecessary condition
for the inestensibility condition (3.1), we need to check that a solution of (GT) satisfies
the condition (3.1). On the other hand, a solution of (GT) satisfies the area-preserving
condition (3.4) if and only if the third equation of (GT) holds.

Therefore we obtain (GT) as desired.

We now prove that (AE) is equivalent to (1.3). By the first equation of (AE), we have

0= {—W‘) + ((v -2 !7”!2> ’/>/+An} ' (W" ) * < —2h >

Then the first equation of (AE) becomes as follows:

3 !/
Y+ ((C -3 Iv”lz) v’) +An =0,

where C' is a certain constant. Therefore we obtain

’ 1
0= {—7(4)+ (( |7”| ) ’) +)\n}-n:—m”—§/<3+0/<+)\.

This equation is nothing but (1.3).

4. SHORT TIME EXISTENCE

In this section, we shall prove that (GT) has a unique classical solution on some time
interval [0, 7). As a first step, we shall construct a mild solution of (GT). For this purpose,

we use a successive approximation method in C ([O,T]; (WA (S1))? x W22(S1) x R
with p > 3 and the contraction mapping principle. Before describing the successive

approximation scheme, we show that v(x,t) and A\(¢) are determined by the second and
third equations of (GT) for each time t > 0.
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Lemma 4.1. Suppose that y(x,t) satisfies |v'(x,t)| = 1. Then

_ v |9y Pyt | P
0r? 0z2 0x2 oz3 ox?’

L 82’}/ 82’)/ 3
/0{(71'@)11—(7%@) +Apde=0,

has a solution (v(x,t),\(t)) for each time t > 0. If v(x,t) is not a circle, (4.1) has a
unique solution (v(x,t), \(t)). On the other hand, if y(z,t) is a circle with radius r, then
the set of the solutions is expressed as

(4.2) {(U,)\)‘U:%—AT, )\GR}.

r

2 4

(4.1)

Proof. Let k be the curvature of 7. Then (4.1) becomes as follows:
—0" + k%0 = k' — () = Ak,
L
L\ = —/ (m) — /{3) dz.
0

First, when + is not a circle, we show that (4.3) has at most one solution. If both (v, A)
and (0, \) satisfy (4.3), then we have

(4.3)

V" + K2V = — Ak,

(4.4) L
LA = —/ KV dzx,
0

where V := v — & and A := X\ — \. Integrating by part, we obtain

L 5 1 L L
/ {(v’) +I€2V2} d:z;:—{/ HV(ZI‘} g/ K2V2 da,
0 L 0 0

Hence V is a constant, so that V' = V;. By (4.4),
1 L 2
K*Vy = —/-zVo/ kdxr = Ln/ng,
0

L L

2

where n = (1/27) fOL/idiU denotes the rotation number of 7. (Note that the rotation
number n is invariant. See Lemma 5.1.) If Vi # 0, then k = 0 or k = 27n/L. Since 7 is
neither a straight line nor a circle, these relations are not possible. Therefore Vg = 0, so
that v = v. This implies A = .

Next, we shall prove the existence of a solution of (4.3). Let u(x,t) and w(z,t) be the
solutions of the equations

(4.5) —u" + 2=k — (), —u"+ Kw = —k.

Note that by Lemma 2.1 k determines u and w uniquely. Clearly v = u + Aw satisfies
(4.3) if and only if

(4.6) (L + /OL Kw daz) A= /OL (—ku + £*) dz.
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Therefore, if L + fOL rwdxr # 0, A is determined by (4.6). From the equation for w, it
holds that

/OL{(w')2+/<;2w2} dr = —/()L/-iwda: < L2 {/OL{(w’)Q—i—/isz} dx}%.

Hence we see that L—i—fo kwdz > 0. IfL—i—fO kwdr = 0, then fo {(w")? + k*w?} do =
fo k*w? dx. Thus we see that w is a constant function. Then, by (4.5), k(z ) (k(x)w+1) =
0. If k(zp) = 0 at some point xy, then x(x) = 0 in a neighborhood of x4, because
k(x)w+1 # 0 for x close to xy. Hence the set {x | k() = 0} is open. On the other hand,
this set is closed, because k(z) is continuous. Therefore, it holds either x(x) # 0 for any
r € St or k(x) = 0. But, if x(z) = 0, then v is a straight line, which is not possible.
Thus we see that k(z) # 0 for any x € S}. Consequently, we have x(z)w+1 = 0, so that
k(z) = —1/w. Since y(z,t) is a closed curve, y(x,t) must be a circle. Then, by (4.5), we
have u = k2, and hence v = k? — (A\/k). Then (4.6) holds for any A\ € R, because the
right-hand side of (4.6) is equal to 0. Therefore, in this case, the set of the solutions is

given by (4.2). If L + fOL kwdzx > 0, then A(t) is given by

fo —ku + K3 dx
L+ fo Kw da:
Thus the proof is completed. O

(4.7)

To construct a mild solution of (GT), we reduce (GT) to an integral equation. For
this purpose, we define a closed linear operator A = (9*/dz*) 4+ 1 on LP(S}) with domain
D(A) = W*P(S}), where p > 3. (The reason to choose p > 3 will become clear in the
proof of Lemma 4.11.) It is easy to check that —A generates the analytic semigroup e~*4
on LP(S}). Let v = (¢,%). Then (GT) becomes as follows:

( 8()0 o
5 = “Av e v,
81p B
I i §i4_ P,
8x2 022 ox? ox3 Ox?’
L 327 82’7 3

where f and g are given by

_ 0 *v|7\ 9 oL,
9 9*y|*\ o Dy
gmw’“’”‘a?{(“‘z o7 )a—x HAgy T

We choose a such that 3/4 + 1/(4p) < a < 7/8 and define the fractional power A®.
Let X* := D(A%). Since A has a bounded inverse, we can define the norm in X by
[ull @y := [[A%ul[ 5. Since 3/4 < «, it holds that X C W3P(S}1), so that there exists a



10 SHINYA OKABE

positive constant C'(a) such that [|-[|yys, < C(a) |||, (For the proof of these standard
facts, see [3] and [12].)

We now assume that the initial closed curve v5 = (o, ¥0) is not a circle, and (g, 1) €
(D(A))?. Then, by Lemma 4.1, we can define vy and Ay as the solutions of

2
"+ v =2 - ‘783)‘ — Ang - g,

L
== [ {ma )= (o5} e
0
Moreover, from the assumption on 7y, there exists a positive constant dy such that
L
L—I—/ (ng - 7)) wo dx > by,
0

where wy is the solution of —w” + |70 |2 w = —ng - Y". To construct a mild solution of
(GT), we define v;, v;, and A; inductively as follows:

a1 = ey + / e~ (0 (5), 5(5), v5(5), Ay (s)) ds,

Py = ety + / eI, (5),05(5), v5(5), Ay (3)) ds,

(SA) where v; and A; are the solutions of

‘ 4

2 3) |2
"+ e =2 = ] = Ay,

L
L\ = —/ {(n] . 7}’) v — (nj -73’)3} dz.

0
To prove that v;,v; and \; are defined by (SA) for all j, we prepare several lemmas. Let
us set f5() := f(p; (), ¥;(-);v5(-), A;()) and g;(-) := g(@;(-), ¥;(+), v;(-), A;(+)) for short.

Lemma 4.2. Choose € > 0 such that ||7"|| ;> — 2C(a)LP=2/%P¢ > 0. For this &, suppose
that [[¢; — ¢oll ) < € and [[¢; = ol|(,y < €. Then there exists a positive constant K,

\

depending only on |@ol|(y + [[Yoll ) and € such that

L 2 L 2
87]- / a’}/o
iy dr — : d
\/0 ’I’LJ 8:;52 w; axr ; N axz Wy ax

L
(49) / |nj . yj”wj — Ny - ’70//w0| dx
0

< sup |wo| |7 - 7" =m0 - 70" |1 + sup Jw; —wol [|m - ;"1 -
zeST zeSt

The right-hand side of (4.9) is estimated as follows. First, we have
I - " =m0 - 20" 0 < 115l e = 00”2 + ool [1405" = o'l 2
+ 11052 195" = 0"l 2 + 190" 22 05" = 00l 2

< C (ol + ¥l + <) =

(48) S Klg.

Proof. Note that



THE MOTION OF ELASTIC CLOSED CURVES UNDER THE AREA-PRESERVING CONDITION 11

We estimate sup, |w; — wp|. Since w; — wy satisfies

—(w; — wo)" + 7;"|” (w; — wp) = —wp (|7j"|2 - |70"|2> —(nj 7" =m0 %"),
by Lemma 2.1, we get

sup |w; — wo|
xeSi

-2 2 2
§2<L+H%Wm){smﬂde%ﬂ —hNImA+W%~%”—nm7JM;}-
z€SE,

But, we have

u|2

1957 = 10", < hos” = @013 + " = "0 < C,
5" ="l < es” = 0"l + 155" = "l s < 2C(@)LE- e
By the assumption on ¢, it holds that
17" l2 2 190"l 12 — 2C(a) LP=2/%e > 0.

By these relations, we see that there exists a positive constant C' depending only on
[€0ll(ay + [[¥0ll () and e such that sup,eg1 [w; — wo| < Ce. Consequently, we obtain (4.8).
O

Suppose that +; is defined by (SA). Then, by Lemma 4.1, A; is given by

_ Iy {_"J‘ S+ (- %’")3} da

L+ fOL n; - yjw;dr

b

(4.10) by

unless the denominator of (4.10) vanishes. Here u; and w; are the solutions of the equa-
tions

2 2
" " "
, —w +|’7j‘ w——nj~7j.

="+ [ u =2 ] = [
Fix ¢; > 0 and €3 > 0 such that

5
wwp—%mﬂww%pw,%—m@>§.

Let us put €, := min{ey, e3}. By Lemma 4.2, we see that

9o

L
‘L—i—/ n; -y w;de| > —
0 2

whenever max {|[¢; — ol ) [¥; — Yol (0} < €. Therefore ;1 is well defined for this
Ex.



12 SHINYA OKABE

Lemma 4.3. Suppose max {[|¢; — ¢ol|(, » 15 — Yoll(oy} < €. Then there exist positive
constants Ky, K3, K4, K5 and K¢ depending only on ||300||(a)7 H¢0||(a) and e, such that

(411) |)\J(t) — )\0| S K2 Ex,

(4.12) sup |v(x,t) —vo(z)| < Kse.,
zeSt

(4.13) sup |v;'(z,t) — vy’ ()] < Kye,
zeS}t

(414> Hf] - fOHLp < K5 Ex;

(4.15) g5 = goll 1» < Ko ew.

Proof. First, we prove (4.11). By the assumption on €., we have
IXi(8) = Aol < (4/60%) (LIy + | I2])

where

?

3 3
b= H_nj .’Yj”uj + (nj "VJ‘H) + 10 - Y0 uo — (ng - ”Yo”) ‘ L

L L ,
I = </ 10 - 70" Wo d$> (/ {_nj -y uy + (ny ;") } dx)
0 0
L L ,
— (/ n; - w; dx) (/ {—no 0" + (1o - 0") } d:v) :
0 0

By the same arguments as in the proof of Lemma 4.2, we have max{l;, |l5|} < Ce,,
where C' is a positive constant depending only on [¢ol| () : [[¥0/ 4): and .. Therefore we
obtain (4.11). Next we turn to (4.12). Since v;—vy = (uj; —ug) +A;(w; —wo) +wo(Aj — o),
we obtain (4.12) by (4.11) and the estimates for sup, |u; — ug| and sup, |w; — wo|. By
virtue of Lemma 2.1, we get
max {sup [u;" —uo'[, sup [w;" —we'l} < C(llollay+ [1Yolla) » €x)ex-
zesS} zeS}

Therefore we obtain (4.13) along the same line as in the derivation of (4.12). Similarly, it
is easy to check that (4.14) and (4.15) hold. O

Let us put B := max{||fol|;», 90|10}, M = max{K5, Ks}. For u € X®, it holds that

Ca

e, < Sl @20, > 0)

C’1—04
«

Je = D, < == 4], (0 <a <)

(For the proof of these estimates, see [3].) We shall often use these estimates in the
following arguments.

Lemma 4.4. Let T be a positive number such that

maxc{ e~ — o], - [|e v — o] o} < % for 0<t<T
(4.16)

C €
® (Me, + B)T'-o < ==
T, (Me.+B) =7

Let @;,1;,v;, and X\; be defined by (SA). Then it holds that ¢; € C([0,7];X?) and
v; € C([0,TT; X*) and max {[|; — @oll 4 » 1105 = Yol 0y} < s for any positive integer j.
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Proof. We shall prove the assertion by induction. Suppose that the conclusion holds for
0 < n < j. By virtue of Lemmas 4.2 and 4.3, it is sufficient to prove (¢;+1,%j4+1) €
(C([0,T); X*))? and ||¢;j41 — Coll(ny < €+ and [|[Uj41 — toll(,) < €« First, we show that
wj+1 € X For this purpose, it is sufficient to check that

¢
F(t) := / e~ =94 f(s)ds € X°.
0
For p > 0, let us define

t—p
~t=)A 1 (5)d f <t<T
e s)ds or p<t<T,
- i16)
0 for t < p.

By Lemma 4.3, we have

wmw—ﬂmms/'Wfsﬂwﬁ|mdngMa+mp

Therefore F, converges to F as p — 0 uniformly on [d,T] for any 6 € (0,7"). Moreover,
we can check that A“F,(t fot P Ave=(t=9)4 f.(s) ds. Hence we get

t
AE,(t) —/ Avem =D f(5) ds

0 Lp

The right-hand side of (4.17) converges to 0 as p — 0 uniformly on [, T| for any 0 < 6 < T..
Since A® is a closed operator, it holds that

F(t) e X, A°F(t) = /t Avem =9 £ () ds

0
Therefore, p;11 € X® In the same way, we can prove ¥;1; € X% Moreover, it is
easy to check that (p;11,%41) € (C([0,T]; X*))?. Next, we prove the continuity of v;
and A; in ¢. By replacing 7o, vp, and Ao in the proof of Lemma 4.3 with 7;(s), v;(s),
and \;(s), respectively, we see that there exists a positive constant C' depending only on
160l (@) » [1¥0][ o)+ and & such that

max {|A; () — A;(s)], sup v; (@, 1) — v;(x, s)|, sup |v;' (@, 1) — v (2, s)[}
zesS} zesS}

< C (st = 24(5)ll iy + I5(8) = () | o)) -

Therefore the continuity of ¢; and ¢; in ¢ implies the continuity of v;,v,’, and A; in t.
Finally, we show that max{[|¢;11 — @oll 4y, [[¥j+1 — toll(ny} < €v. By the assumption
(4.16), we have

||90j+1 - SOOH

Jetn = gl + | [ (500 = 1 as

(4.17) ’ (iaa(Me* + B)p'~

+
(a)

IN

t
/ e_(t_S)Afo ds
0 (o)
t

§3+AGM—$WM@—MM“+AQﬁfﬁwmmﬁ

Ex C,
< —+

Me, + B)t'™* < e,.
Syt MetB)iTtse
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Similarly, we can prove ||¢;41 — ¢0||(a) < &,. The proof of Lemma 4.4 is now completed.

O

Let us set
(5, 45) = e o + /0 t e "I fi(s) ds,
Wopt) = o [ g )ds,
Ser = {n€CO,TLEXY) | 11— pollwy < e}

Sz = {n € CO.TX) | In— ol oy <. -

Let us define the norm [|ul|; := supyepry [u(t)|| (). Then, (S, 1, - [|7) and (Se, 2, - [|)
are Banach spaces. We define a map F : S, 1 X S., 2 — Se, 1 X S, 2 as follows:

Flpjbg) = (205, 105), Y(pj, ¥5)) -

We shall prove that F is a contraction map. To do this, we make use of the following
lemma.

Lemma 4.5. For any positive integers v and j, there are positive constants Ly and Lo
independent of i and j such that

(4.18) 1fi = fillr < Ln (H‘Pz - @j”(a) + [[vi — ij(a)) )

(4.19) l9: = 93110 < L (s = @3ll ey + 15 = ) -

Proof. By replacing 7y, vg, and \g in the proof of Lemma 4.3 with v;, v;, and \; respectively,
we obtain

(4:20) max {]X = Al sup [v; = vyl, sup v’ = v} < C (g = @3y + 103 = sl )

zesS} zeS}

where the positive constant C' depends only on [|¢o[ ), [[%oll(4), and &.. Thus we derive
(4.18) and (4.19) in the same way as in the proof of Lemma 4.3. O

We are now in a position to prove that F is a contraction map.

Lemma 4.6. For a positive constant T satisfying (4.16) and S—ZTPO‘ (L1 + Lo) <1, F
is a contraction map from Se, 1 X S¢, 2 into itself.

Proof. For any ¢ and j, by virtue of Lemma 4.5, we have

Cq o
120w i) = (25, i)l oy < T aTl Ly (o = @jlly + 1195 — ¥l 1)+

Ca

l—«

1 (i, 9i) — T2, ¥) | 0y < T Ly (lli — @jllp + 195 — ¥5ll) -

By the assumption on 7', we conclude that F is a contraction map. O

By these lemmas, we can construct a mild solution of (GT) as follows:
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Lemma 4.7. Suppose that T satisfies the assumption of Lemma 4.6. For ¢;,v;,v;, and
\; determined by (SA), there exist p € S., 1,0 € S.. 2,0 € C(|0,T];W?2(S})), and
A e C([0,T];R) such that

o= ety + / e~ =94 £(o(s), 1(s), v(s), A(s)) ds,

0

= eftA . te_(t_s)A s),1(s), v(s), A(s s,
(T b= [ (00,00, 0(s). M) d

—" + |'7”|2U -9 |’Y”|4 . ‘7(3)‘2 —A\n - ’7”,

L\ = —/OL{(n-y”)v— (n-y”)g} dx.

Proof. By virtue of Lemma 4.6, using the contraction mapping principle, we deduce that
there exists a unique fixed point of F: ¢ € S, 1,9 € S., 2. We shall prove the con-
vergence of v; and A;. Let us define [|v|wz21 = sup,epoq [v(; ) lw22 and [[AMcr =
suprepo,r) [A(£)]. Then spaces (C([0, T]; W*2(SL)), || - w22r) and (C([0, T R), || - ler)
are Banach spaces. By (4.20) in the proof of Lemma 4.5 and the equation for v;, {v;}; and
{\;}; are Cauchy sequences in (C([0, T]; W22(S1), | - |wazr) and (C([0, T} R), || flo),
respectively. Hence, there exist v € C([0,T]; W?%(S})) and A € C([0,T];R) such that
v; — v, A; = Aas j — oo. Then it is easy to check that ¢, 1, v, and A satisfy (GT-I). O

\

Up to now, we have constructed a mild solution of (GT). Next we show that this mild
solution is actually a strong solution of (GT). We prove this assertion as follows:

Lemma 4.8. f(¢,v,v,\) and g(p, 1, v, X) are locally Hélder continuous functions from
(0,T) to LP(S}).

Lemma 4.9. ¢ and v belong to C([0,T]; X*) N CY([0,T); LP) and satisfy (GT).

Since these arguments are standard, we omit the proof of Lemmas 4.8 and 4.9. Next we
show that (¢, ) is indeed a classical solution of (GT). To prove the continuity of dy/0t
and 01 /0t, we make use of the following lemma.

Lemma 4.10 (D. Henry [3]). Let X be a Banach space and A be a sectorial operator on X .
Suppose that v : [0,T) — X satisfies ||u(t) —u(s)|| < V(s)(t—9s)* for0 < s <t <T < o0
and 0 < p < 1, where V(-) is continuous on (0,T) and satisfies fOT V(s)ds < oco. Then
there exist 0 < v < p and a positive constant C being independent of pu,v, and u(-) such
that

t
Ult) := / e~ 9 (s) ds
0
is a continuously differentiable function from (0,T) into D(A”) and satisfies

dU
%(t)

¢
< Ct™Y|ul| + C/ (t—s) "V (s)ds for 0<t<T.

) 0

Moreover, (d/dt)U(t) : (0,T) — X" is a locally Hélder continuous function.

We omit the proof. Using this lemma, we shall prove the following:

Lemma 4.11. ¢ and v are classical solutions of (GT).
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Proof. Let w(t) := C (¢ 47> 4+ ¢17*) with a < ¢ < 1. Then it is easy to check
that

1F(E+R) = FOllns gt +h) =gl < w(t)h?
with 0 < 3 <1 — a. Here we choose (3 close to 1 — a.. Let us set

t t
J1 = / eI (s)ds, Ty = / e~ t=94g(s)ds.
0 0

By using Lemma 4.10, we see that 0.J;/0t and 0Jy/0t are locally Hélder continuous
functions from (0,7) into X% for any 0 < 0 < 3 <1 —a < 1/4 —1/(4p). Since p > 3,
we can choose 6 such that 1/8 < 6 < . Then, we can check that dp/0t and dv/0t are
locally Holder continuous functions from (0,7 into X? with respect to t. Moreover, since
6 > 1/8, it holds that X% C C°(S}) with 0 < & < (1/2) — (1/p). Therefore d¢p /0t and
O /Ot are also locally Holder continuous on S}. With these preparations, we can deduce
the conclusion of the lemma by a standard argument. 0

We shall prove that the solution v(x,t) satisfies the inextensibility condition (C1). The
following lemma holds for any initial closed curve 7y with |y (x)| = 1.

Lemma 4.12. Let yo(x) be any C™ closed curve with |y'(x)| = 1. Then the solution
v(z,t) of (GT) satisfies |y (z,t)| = 1.

Proof. First we have

(4.21) % (7)) =27 {—7(5) +((v-2mP) ) + )\R’Y”} :

By the second equation of (GT), (4.21) becomes

O 1 o @ , -
= (0P) == (P) + X P av1I-?,
i=1
where Py, P, and P, are bounded functions and defined by
Fo=2 (”H — 4|y — 4y 7(4)> C P =2 49" 4¥), By=v =2y

Then, we can proceed in the same way as in [5]. O

5. LONG TIME EXISTENCE

We shall prove that (GT) has a solution «y(z,t) for all ¢ > 0. In this section, we assume
that v, satisfies
L2
7r

where L?/4r is the area of a circle with perimeter L. By the isoperimetric inequality,
Yo(x) is not a circle whenever (5.1) holds. Let v(z,t) be the solution of (GT) on [0,7),
where T' > 0. First, we prepare several lemmas.

Lemma 5.1. The center of gravity of vy(z,t) is invariant.
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Proof. The center of gravity of v is given by % fOL ~vdx. Since

% OLde _ /OL{_7(4) + ((U—2|7"|2> 'y'>/+)\n} dz =0,

we obtain the conclusion. O
Without loss of generality, we may assume that the center of gravity of vo(z) is (0,0).
Lemma 5.2. The rotation number of v(x,t) is invariant.

Proof. We have proved that (GT) with an initial data v (x) has a unique classical solution
(v(z,t),v(x,t), A(t)) for t € [0,T"). Therefore v(z,t) is regularly homotopic to vo(z). This
implies that the rotation number of y(x,t) is equal to that of v (z) for any t € [0,7). O

Now we suppose that the rotation number of yo(x) is 1, so that fOL kodx = 2m. Then,
by virtue of Lemma 5.2, fOL rkdr = 2mw. Next we shall derive an estimate of the elastic
energy ||7"||3.. Since v = kn, it holds that |7 . = ||x]|»-

Lemma 5.3. ||s||;2 is non-increasing. Moreover it holds that
42

L Y
where the equality holds if and only if Kk = 27/L a.e.

Proof. Since

(5.2) Irllz2 >

1d , 2 ! : :
A R <7<4> ~{(v-201) 7} - An,7> = — 413
L2
|k]| ;2 is non-increasing. To prove (5.2), we consider the strain energy fOL (k- 27“)2 dzx,

where 27/ L is the curvature of a circle with perimeter L. By Lemma 5.2, we have

L 2 2 L 42
OS/O (Fd—%) dx:/o H2dl’—%.

Hence we obtain (5.2). Moreover, if fOL k*dz = 472/ L holds, then fOL (k— 27”)2 dr =0,
and hence it holds that k = 27 /L a.e. O

If vy(z,t) is not a circle, by virtue of Lemma 4.1, \(t) is expressed as (4.7). To derive
the estimate of A(t), we make use of the following lemma.

Lemma 5.4. Suppose that 7 is a solution of (GT) on [0,T) for some T > 0. Then, it
holds that

L
(5.3) inf <L+/ KW dx) > 0.
te[0,T) 0

Proof. Otherwise, there would exist {t;}32, C [0,T) such that L + fOL kjwjdr — 0 as
J — oo, where k;(+) := k(-, t;),w;(:) := w(-,t;). Since w; satisfies —w;” + r;*w; = —x;,
we have

L L
(54) /0 Kljwj dx = —/0 {(U}j/)z + IijQ’UJj2} dzx.
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By the assumption,
L
(5.5) / {(wj’)2 + /<:j2wj2} de — L as j — 0.
0

Moreover, by (5.4),

L L 1/2
/ {(wj')2 - /-fj2wj2} dx < LY? {/ Kj2w,” d:):}
0 0
L 1/2
< L1/2 {/ {(wj,)2+/{j2wj2} d$} ’
0

and hence we see fOL kj?w;?dx — L as j — oo. Then, by (5.5), we deduce that
L
(5.6) / (w;')? de — 0 as j — oo.
0

By Lemmas 2.1 and 5.3, we have sup,cg1 [w;(z)| < (2L + HKJJHZ?) 7]l ;1 < Cy. There-
fore {w;} is uniformly bounded. Similarly, we obtain sup,cg [w;'(z)| < €. For any

z,y € S, it holds that
[ o) do| < Vie =l .
Y

(5.7) y(2) — wyy)| =
Hence we deduce that {w,} is equicontinuous. By the Ascoli-Arzeld theorem, there exists
{w; } € {w;} such that w;_ converges to wy as n — oo uniformly on Sj. Furthermore,
by (5.6) and (5.7), we have |wu(7) — woo(y)| = 0 for any z,y € Si. Therefore wy, is a
constant.

Next, we compute the value of wy,. By Lemma 5.3, {x;} is bounded in L*(S}). Thus,
{k;} contains a subsequence which is still denoted by {x;} for simplicity such that x; —
Koo Weakly in L?(S}). By Lemma 5.2, we have

L L
(5.8) 27 = / kjdr = (Kj, 1) 2 — (Koo, 1) 2 = / Koo d.
0 0

Moreover, we get

L
/ {Rjw; — KeoWoo } dx
0

(5.9)

< + —0 as j — 00,

L L
/ Kj(w; — weo) dx / Woo(Kj — Koo) dT
0 0

and hence fOL KooWoo dr = —L. By (5.8), we find that
L
21

Next, we consider the limit function k.. First, we prove that fOL kj?dr — 4An?/L as

(5.10) Woo =

j — oo. Since —w;” + k;*w; = —k; and fOL kjdr = 2w, we have fOL kifw;de = —2m.
Hence we obtain [ k;2we dz — —27 as j — co. Combining this with (5.10), we have

L 471'2
(5.11) / K% dr — - Jj — oo.
0
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Thus, by (5.11) and the definition of k., we can check that

(512 il < 2T
By Lemma 5.3 and (5.12), we deduce that fOL Koo? dr = 472/ L, so that k., = 27/L a.e.
Finally, we prove that 7; converges to a curve 7o, whose curvature is ko. Put v; =
(pj,1;). Let 0; be the angle between the tangent 7, and the x1-axis. Suppose 7;(0) =
(0,0) and 6;(0) = 0,6;(L) = 2. Then it holds that @;(x) = [; cos0;(o)do, ¥;(x) =
Jy sinb;(o)do, 0;(x) = [; kj(o)do. By Lemma 5.3, it is easy to check that {6;} is
uniformly bounded and equicontinuous. Therefore, by the Ascoli-Arzeld theorem, we see
that there exists {0;, } C {6;} such that §; converges to 6 as n — co uniformly on S7.
In what follows, we write 6; instead of 6;  for simplicity. On the other hand, it holds that

9](1‘) = </ija][0,x]>L2 B </f007][0,x]>L2 :/ Roo dO‘,
0

where Ij ) is the characteristic function of the interval [0, z]. Hence we have §; — 0., =
fom Koo do. Since koo = 2m/L a.e., it holds that 6 (x) = 2mx/L. We easily see that ¢,
and 1; converge to po = (L/2m)sin (2nrz/L) and ¢ = —(L/27)cos (2nz/L) + L/2m
uniformly on S}, respectively. Moreover, ¢,'(x) and 9;'(z) converge to cosf(x) and
sin 0 (z) uniformly on S}, respectively. Therefore we obtain

1 [* 1 [* L2

A(vj) = —5/0 n; -y de — —5/0 Moo * Yoo dT = o

This contradicts the fact that the area enclosed by 7(x,t) is preserved, and the proof is
now complete. 0

By virtue of Lemma 5.4, we can estimate A(t), v(z,t) and v'(x,t) as follows:
Lemma 5.5. There exists a positive constant C' such that

_‘} <C<1+H8x3 )

Proof. First, we estimate A. By Lemma 5.4, there exists a positive constant §; such that
L+ fOL kwdx > 6 for any t € [0,T). Then we have

(5.13) max{|)\|, sup |v|, sup

wGSi xGS

L
<o [ {imeulsin e <c <sup ul Il + sup 13" Hv”HE) .
0

zest zesSt

Here, by Lemmas 2.1, 2.3 and 5.3, we have

1
sup h//’ < \/_HPYHHLQ H’Y HL2 > 'Yo “7(3)“22’

zES
2 2
20 (14 1h)15)

-2 4

sup [u] < (2L + I0"I28) 21071 = |y
zeSt

Combining these three inequalities gives us an estimate for A\. Second we proceed to

estimate v. By the proof of Lemma 5.4, we know that sup,c g1 |lw| < C,,. Since v = u+Aw,

we obtain the estimate for v. We have also seen that sup,c g1 lw'| < C,,. By Lemmas 2.1,
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2.3 and 5.3, we can prove that sup,cg [u| < C (1 + HV(?’)H;) Since v' = v’ + \w', we
obtain (5.13). O

To prove that (GT) has a solution for all ¢ > 0, we make use of the following lemma.
Let us put H™ := W™?2 for short.

Lemma 5.6. Suppose that y(z,t) is a classical solution of (GT) and satisfies H7(3)”L2 <
Cy on [0,T] for some T > 0. Then, for any integer n > 3, there exists a positive constant

Cy depending only on Ci,7v9,n and T such that ||’y(”)HL2 < Cy on [0,T].

Proof. We prove the assertion by induction. Suppose that the conclusion holds for n > 3,
so that ny(”)HLQ is bounded on [0, 7]. Then,

1 d nt1) (2 n+1) < (n+1
(6:14) S [ = (U
(n)

_ <7(n+3)’ _,y(n+3) + ((U -9 |7//|2> 7/) + /\n(n—1)>
L2
Ly w2 1 2 N\ ol

<=5 "+ 5 H((v—2|v”\ )7’) 4 AR
L2

We shall estimate the second term of the right-hand side of (5.14). First, by Lemma 5.5,
a7 < € (14 IWOI) I < o
Second we estimate H(v'y’)(")HLZ. By Lemma 2.2, we get ||v||on-—> < C. Thus we have

(7)™

o S OO o+ o™ o + o7 ™2 2)

<C (1 + (o]l g + }}7(n+1)“L2) :

Hence it is sufficient to estimate [|v[| ;. and [|"+Y) HLQ. For i = 1,2, it holds that
9 < Ol Il < o)1

sup |757] < O[3, < C . < © Al
TEST

By these inequalities and Lemma 2.2, we have

N
BT
Hn—2

)

<C <1 + sup |7(3)‘ H,y(m—l)HL2 + sup ‘,7(4)‘ H,y(n)||L2> <C (1 + ||,Y(n+3)Hi/23> '
zeS] zeS]

2
el <€ (14 1"

<C (1 + Hh(?’)ﬂ

Hn—2

Therefore we obtain
N ||? (n+3)||4/3
o, <o (14 o).
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By the same arguments, we can estimate H (| % )(n)H , as follows:
L

w12
H (!7”!27’>( )H <C (1 - ”’V("”)lli/f) .
L2

Consequently,
d | )12 | . nt3) [14/3
I < =5 W+ 0 (1+ 112
1 2 1
< (345 o (14 g5)
Choosing ¢ so small that —% + %53/2 < 0, we complete the proof. O

By Lemma 5.6, if H'y(S)HLQ is bounded on any finite time interval, then (GT) has a
solution for all ¢ > 0. To prove that H7(3) H ;2 1s bounded, we prepare two lemmas.

Lemma 5.7. Suppose that v is a classical solution of (GT) on [0,T) for some T > 0.
Then it holds that

Rl
Y ox

Proof. For contradiction, suppose that there exists {t;}32, C [0,T') such that

(5.15) inf

te[0,T)

> 0.
I

1 %'l =0 as j— oo,

where v; := v(+,t;). By virtue of Lemma 5.3, we have

(5.16) | (msP)”

12 < C(l -+ sup |%‘ ||%//||L2) < Cvo
mES

By (5.16), we deduce that {v; - 7,'}; is uniformly bounded and equicontinuous. By the
Ascoli-Arzeld theorem, there exists {%n}jn C {%}j such that ~; ;' converges to 0 as

/
n — oo uniformly on S}. Therefore, since <‘7jn{2) = 27v;,-7;, » there exists a constant C

1. This implies that ~; converges
to a circle, which contradicts A = Ay < L?/4w. Hence the proof is now complete. O

Lemma 5.8. Suppose that v is a classical solution of (GT) on [0,T) for some T > 0.
Then there exist positive constants C’l and Cy depending only on vy and T such that

847 2
5.17 C.
(5.17) H(?:C? ozt || 2 M
Proof. In the proof of Lemma 5.3, we verified that
d 2 :

(5.18) 2 Ml == 19117 -
Since

. / / 1 m2\’
(5.19) v'vzv—§<!7|>,

the normal direction (¥)y of 4 is expressed as follows:

) 3 !
(5.20) (= =1+ (v=21F) 7" - 5 (W) o + An.
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Let us set T := —®) 4 (v -2 |’y”|2) v+ AR, so that I = 4. Since
(5.21) Ty =v—}I=Xxmn,

the normal direction (I') \ of I is given by

(5.22) M)y == =y +A(y-7)n
From (5.19) and Lemma 5.1, it follows that

[ ra) - /Oz{( 2P) s /}dx L
<|[{(o-30r) ofad e 3| [ () 2} o

L- / 3 L m2 s
=\ G )yde\+5 [ Wy de
0 0

L3
2

SO+ (1) -

: L :
Hence it holds that sup,cg |I'] < ‘%fo Fd:ﬂ‘ + [T 2 < €+ ||¥]l2)- Moreover, by
(5.21) and (5.22), we obtain

(5.23) max{sup o= = My n) sup ’— —|7"|27'+)\(7-7’)n‘}
zeS} zeS}
<O+ (1) -
It follows from (5.20) that
(5.24) 1902 = 1)l 2
3 /
(4) _ _ " " 2 12 / o
> |10l = [ (o= 20) 7 - 5 () | - e

We estimate the right-hand side of (5.24). By (5.23), we have

Al < €A+ 1) + 7 o+ WY, <€ (0 Bl + VOIS

By Lemma 5.7, there exists a positive constant dy such that ||y - +'[|;1 > d2. Therefore we
have

- 1/2
(5.25) A< O L8 67 (T Il + (2] ) -
Next, we turn to the estimate of ||(v — 2 17| || -~ The inequalities (5.23) and (5.25)
imply
" 4)11/2

sup (L 111l 2) + AT sup y - mf < O (14 9l + 7@l 2 )

mGSi zesS}
Hence we get

2 2 1/2

|(o=2) | < || (=1 P) ||+ [P, < o (L e + @) -

Finally, we have

<2 sup |7//| ||,Y(3)HL <C || (4)“3/4.

2 !
H(|’V”| ) o4
L2
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Then, by Young’s inequality, we obtain

52 2 [ = € (1 1llze + IO = € @)%
> 2 1Ol - C 0+l - G
hence we find
(5.26) 1412 = Co [y 2 = &
Combining (5.18) with (5.26), we obtain (5.17). O

By Lemmas 5.6 and 5.8, we can prove the following lemma.

Lemma 5.9. Suppose that 7 is a solution of (GT) on [0,T) for some T > 0. Then there
exists a positive constant C' depending only on vy and T such that ny(?’)”L2 < C onl0,T].

Proof. By the Cauchy-Schwarz inequality, we have

d 2 "
e gl =2 (0 (o 21) ) )

2

L2

(5) |2 m2\ .\ /
< =[]} + <<v—2lvl>v) + An

L2
We shall estimate the right-hand side of (5.27). First, it follows from Lemmas 5.3 and 5.5
that ||[An’||,. < C (1 + @ Hi/23> We recall the following interpolation inequalities:

Ol < 2 IO < @
792 < VIR )2 < C V@55
=P W < V2IVIE2 V) < @
swp 0] < V2RO O < e O

By these inequalities, we shall estimate ||((v — 2 |” %)y

H ;2 as follows:
Iy lle = "l < € (14 [F@2)
07"z < € (14 1 95) < € (14 [/2]3%)
" "
H(Iv | ) .

[ @ < € (14 212) 179 < € @ I ) 17l

2/3
I2 s

<2sup [7'[* [4?] . < €[]
xESE

10, < st B e < 0O
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Therefore we get

d 2 2 11/6 2 2
O < =115 + € 1+ 1" + V@5 12115

11 2 g1 2 2
< (< B ) o v (14 5 I )

Choosing ¢ so small that —1 4+ 11£12/11 < 0, we obtain

d
(5.28) Ol < € (1 121 17117 -
By Lemma 5.3, H'y(?’)HiQ > 0. We divide the both sides of (5.28) by ||7(3)||i2 to have
d
(5.29) Zlog 1 9|[}. < © (1+ vI5.) -
By using Lemma 5.8, we obtain
d 2 d

v 10g |19+ C 72 < Cs.
Integrating both sides from 0 to 7', we obtain the assertion of the lemma by virtue of
Lemma 5.3. O

We now come to the main result of the section.

Theorem 5.1. Let vo(x) be a smooth closed curve with length L, enclosed area Ay and
rotation number 1. Suppose that vo(z) satisfies |vo'(z)] = 1 and |Ao| < L?/4w. Then
(GT) has a unique classical solution (y(x,t),v(x,t),A(t)) for all t > 0.

Proof. Otherwise, there exists a positive constant 7' such that ||y|ys»r — o0 ast — T.
Since v is a solution of (GT) on [0,T), by Lemmas 5.6 and 5.9, we see that there exists
a constant C' such that ||7(”)HL2 < C on [0,T] for all n > 0. This contradicts the
assumption. Therefore we complete the proof. 0

6. CONVERGENCE

In this section, we shall prove that the solution v(x,t) converges to a stationary solution
of (GT). We assume that 7o(z) is not a circle. We begin by preparing several lemmas.

Lemma 6.1. There exist positive constants C7 and Cy independent of t such that

ov vy
1 oz | [ = Hee
(6.1) max{|)\|,xS;1£ |v|,$8611£ 83:'} <y ( +H8t LQ) )
9 87 3/2
2 o2 =\ o], )
(6.2) j:fi ox%| — “ ( " H Ot || 2

Proof. In the proof of Lemma 5.8, we have shown (5.26). Then, by Lemma 5.5, we obtain
(6.1). Moreover, by (5.26), (6.1) and the second equation of (GT), we obtain (6.2). O

Lemma 6.2. For any non-negative integer n, there exist positive constants C' and N
independent of t such that

N

H") '

2k
(63) mwﬂmmﬂmmmm}sco+wg
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Proof. We prove the assertion by induction. From (5.26), it follows that ||v|| ;4 < C(1 +
%]/ ;2). Then, by Lemma 2.2, we have an estimate for ||v|| ;5. Suppose that the conclusion
holds for 0 < n < j. Then,

60 e <O+ | (o 21 7) T 4 Ao

L2
We estimate the right-hand side of (6.4). First, we get

H 2\

| sclhenn <o (1 1),
L2

|y
In the same way, we obtain

AR50 < € (4 17l2) (2 + I515-2) < € (14141

2 SClosss IWlses < C Ml lollses < C (1111 )

Therefore, by (6.4), we have H’W” HL2 < C(1+ H"yHZHI). Similarly, by using Lemma
2.2, we can prove the estimate of ||v|| 4. O

Next, we shall estimate dv/0t and 0A\/0t. By differentiating the second and third
equations of (GT) with respect to t, we have

(P ov |P[ov_ 0 (1P L0 (1] o (|2
o2 ot ' |ox2| ot~ ot \|lo22] | %o \ |o22 ot \ |93
0%y oN 0%y
(B1) o\ o >+E prek

Lfa 9% v\ ° v\ v O\
/{a("%)(*”("a—) +(”'@)a— [

Let Ou/0t and Ow/0t be the solutions of the following equations, respectively:

\

(P ou [ ou_ 0 (199,50 (19]) _ 2 (|9
0x? Ot ox2| ot ot \|0x2 ot \ | 0z2 ot \ |0z3 ’
E2
N pow jeafou_ o (|0 (o
ox2 Ot ox2| ot ot \|0x? ot ox2 )’

Since v = u+Aw, we now decompose ¥ as v = U+ A+ Aw. Substituting this decomposition
in the second equation of (E1), we have

A _ =g ) (e A —3(ny")) = (o) (75} do

6.5
(6.5) ot L+f0L(n~7”)wdx

By these expressions, we shall prove the following lemma.
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Lemma 6.3. For any integer n > 0, there exist positive constants C' and N independent
of t such that

1)) ov 0 Jv 07
«16) HHD{{‘Eﬁ- mESl at xeSl 8$ at } Cj(l_+" L2) Hzﬁ- H3
ov 0y
... (oI5 5,

Proof. First, we prove (6.6). By (6.5) and Lemma 5.4, we get ‘A‘ < C (I; + 1), where

. . 2
I = (Il g2 V1l 2 + Nl 2 1171 2) (Sup |ul + Al sup [w] + 3 sup "] ) :

zeS} zeS} zeS}
= 7"l 2 | sup [a] + |A] sup [i]
zest zeSt

By (E2) and Lemma 2.1, we can estimate w, w’, @, and %’ as follows:

max { sup [, sup [W'[} < C[9]l4;
wGSi xESi

max {sup [al, sup [i@'[} < C (L4 7] ) 1] s -
zeS} zeS}

Hence, by Lemma 6.1, we estimate I; and I, as follows:
. . 1/2 . .
1< C (Rl + Il) (2 1 + 13152 < C Q1 g2) 1l s
Iy < C L+ AN L2) 115 -

Therefore we have an estimate for A. Since © = @ + Mb + Aw, by the same arguments, we
have (6.6). Finally, we prove (6.7). By Lemmas 2.2 and 6.2,

il e < 0(

"2

N
n> =2(y"- 4w = (77" + 15" g

1+ HVIIHM) UVllgnez 1wl 191 zmsz + ¥l gz (171 ns2)

(1 s ) (Wlizmss (L4 I ) 1l + I s 13 ms)
N .
< O (14 11l es ) 140 g
Similarly, we have
oll e < € (14 71102

il sz < C (14 1115mss) Il s
By virtue of these inequalities, we obtain (6.7). O

Next, we shall prove the following key lemma.
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Lemma 6.4. For any integer n > 0, it holds that

| o oy
/ i dt < oo.
0 axn at L2
Furthermore,
o" 0
il —0 as t— oo.
Ox™ Ot || ;2
Proof. We prove the assertion by induction. First we have
0
> loy|? 1 |||19*y 2
6.8 — — == < 00.
(6:8) /0 H ot 2 ; Ha:& ~ 9 U 0x2||,.| = °°

Next, we prove that ||¥]/;2 — 0 as ¢t — oo. Since the solution v(z,t) satisfies two
constraints, we have

(6.9) ;invmp=:<m§}{—w“%+((v—2VWF)¢)C+An}>H
— 172 = (7, (v =211F) 7'), + G M)

< 151+ 5up [o = 2 1P 51 N 0 17
< =I5 + € (U4 13D (1903 + 13 1470 )
<~ W1+ €+ 105) 132 171
<~ I+ C @+ Al 11

Therefore

(6.10) SR < 00+ Il s

By (6.8) and (6.10), we deduce that ||¥]| ;2 — 0 ast — oco. In particular, ||| . is bounded.
Hence, by (6.9), we have

1d L2 12
(6.11) S I < =5 I3+ C I
Integrating the both sides of (6.11) from 0 to co with respect to t, we obtain

1 [~ 1 [*d .. o
3 [ Wl de< =3 [T Sl dee [ e <o
0 0 0

Suppose it holds that
/OO‘ & oy 872 Oy
0

—0 as t— >

Oxd Ot dxi=2 Ot
for 2 < j < 2m, where m > 1. Then we have

dt < o0, H

2

d . am 2 m 2 0 Y @2m—-1) 9 .
(6:12) G I3 < - M@”Mﬁ%ﬂ( —2 ) ) T e

L2
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We estimate the second term of the right-hand side of (6.12). First,

‘ 8815 ((U — 21| >7,> (2m—1)||2

L2
2

o (2m—1) (2m—1) 2
<2 (— (v=21F) 7’) +2H((v—2lv”l2) i)

ot 2 L2

a 2

2 2 12

<Cllean |5 (v =20P)||  +Co—20P| . Il
H2m—1

But, by the assumption and Lemmas 6.2 and 6.3, we have |||/ 2m < C and

;<v—w|> 2

H2m—1

1/

s S C Nl n + C Il < € (14 [lan-2 ) < C.

< 2[|6llrams + C IV rzmer [l zramss < C Il r2mer

By these inequalities, we obtain
0 , 2m-1)||?
o7 ((v=20F) )
< C 3| + C Il
< CIAE e 1752 2+ C 13 N

L A i [Pl T e

< C ¥l 5zmer + C 1Al 5em

2
Next, we estimate H(@/@t) ()\n)(2m72)H ,- By the same arguments,
L

2 12
|55 m2]| <2 i om0, 2 s

< Gllem I +
e |h(2m+2 H1/4 H (2m—2) H3/4+02
C
Sl P L R
Consequently, we deduce that

d 5
Lo, < (<14 3) el 4 e+

By choosing ¢ = 4/5, we obtain
d 1

(6.13) 2 e < =5 152 e+ G 3 [ + Co
dt 2

@m| , - 0ast — oo. In

By combining the assumption with (6.13), we see that H7
particular, H’y(zm H is bounded. Therefore, integrating the both sides of (6.13), we

obtain
o
/]

H2m+2 @ 2
a$2m+2 at

dt < oo.
2
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This completes the proof. 0
To prove the convergence of y(z,t), we make use of the following proposition.

Proposition 6.1 (L. Simon [14], Theorem 3). Let 4(x) be a solution of (AE). Suppose
that 4(x) is not a circle. Then there are a constant 6 € (0,1/2) and C2™ neighborhood
U of 4 such that

for any v € U.

Proof. We consider the operator M : C4T1(S1) — C4(S1) defined by

oy 0 Py|7\ oy
M(’}/)——%—f—a—x{( —2 >8x}+)\n

0z
where a € (0,1/4) and (v, \) is a unique solution of the system

> |E(vy) — E@)["°

—o" P =2 = YO = A,

/OL{(n-”y”)v—(n-fy”)?’—i-)\} dz = 0.

Note that M satisfies the equality

(6.14) (M(©), s = L (€ +£0)

de o

for &, ¢ € C*(S}). Let Ly denote the linearization of M at 4, i.e.,

d
L (¢) = = M(5 + £0)
e=0

for ¢ € C*(S}). It follows from (6.14) and the definition of Ls that Ls is self-adjoint in
the sense that if ¢, v € C*(S}), then (Ls(¢), %) . = (¢, L5(¢));.. The operator Ly is

written as
d'¢ d d*y d*¢ *y]\ dé d¢
Lo(¢) = —22 4 D0 (. — 427, b2 ARZY 1A,
WO = T {(“ dx? d:z:2) i’ (” dz? ) dx}+ dr e
where (9, A) is a solution to the system
—" + |A//| 2|’Y”| ,3/(3)‘2 —S\’fL-’?”,

L
| {eaeame- @3} ar—o,
0

and (v, A:) is a solution of the system

—ol 4 [ e = =2(379") (0 - 4 [T) = 299 - ¢
) ~MRY A+ R ") = AR -4,
/ {2 7") ve + (RS- 4") 0+ (- ¢") 0
0
\ =3(n 4" (- 0") + (R¢/ -7} + A} dx = 0.
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Note that (9, ) and (v., \.) are uniquely determined, for 4 is not a circle. Moreover
(ve, Ac) is linear with respect to ¢ and satisfies max {sup, |v.|, sup, |V, |Ac|} < C' ||| s
Then, we can prove this proposition along the same line as in [14].

By using Proposition 6.1 and Lemma 6.4, we can prove the following theorem:

Theorem 6.1. Let vo(x) be a smooth closed curve with length L, enclosed area Ay and ro-
tation number 1. Assume that vo(z) is not a circle. Then the solution (y(z,t),v(z,t), A\(t))

of (GT) converges to a solution (y(x),0(z), 5\) of (AE) in the C* topology as t — oc.
Proof. First, by virtue of Lemmas 6.2 and 6.4, we see that |||/ .44 < C. By Lemma

2.3, we have sup,c g1 7™ | < C||7|| yn+1- Thus, the solution v(z,t) is bounded in the C'*

topology. Furthermore, it holds that |y(z) —v(y)| < /|z —y|||7]/:. Therefore, it is
easy to check that there exists {t;}; such that ¢; — oo and

v, — %, v — U as j—— o0 in the C topology,

Aj — A oas j — o0,
where v;(-) == v(-,t;),v;(-) == v(-,t;) and A; := A(¢;). Since (vy,v,\) satisfies (GT), by
Lemma 6.4, (4,0, A) satisfies (AE).

Next, we have to show that v converges to 4 in the C'*° topology. But, by using
Proposition 6.1, we can prove this assertion in the same way as in [5]. O]

We thus have completed the proof of Theorem 1.1. Concerning the case where 7o(x) is
a circle, we have stated the result in Proposition 1.1. We close the paper by giving the
proof of Proposition 1.1.

Proof of Proposition 1.1.  First, we show that vy(z) satisfies (AE). Since x = 1/r,
by Lemma 4.1, we see that wy = —r,uy = 1/r?, and hence vy = (1/r%) — A\or, where )\ is
any continuous function. Then it is easy to see that

!
—70(4) + {(Uo —2 |70”|2) 70/} + Aomp = 0.

Thus v, satisfies (AE). Second, we claim that the circle obtained by translating and

—

rotating  is not a solution of the initial value problem. Let us set 7o = C'(¢)+70(z+w(t)),
where C(t) is a vector valued function corresponding to translation and w(t) is a scalar
function corresponding to rotation. If 7, satisfies (AE), then C(¢) is a constant vector and
w(t) is a constant. However, 7y(x) = C + 7o(z + w) does not satisfy the initial condition
unless €' = 0 and w = 0. Therefore we have completed the proof. U
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