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Remarks on analytic smoothing effect for the
Schrodinger equation

T. Ozawa ! and K. Yamauchi 2

Dedicated to Professor Masatake Miyake on the occation of his sixtieth birthday

Abstract

We study analytic smoothing effect of solutions to the Schrodinger
equation with Cauchy data decaying exponentially at infinity. The do-
main of analyticity in the space variables of solutions is described under
weight conditions on the data in the terms of the corresponding supporting
functios. The domain of analyticity in the time variable is characterized
by means of weight conditions of Gaussian type on the data. A general-
ization of various isometrical identities related to the analytic smoothing
effect is introduced.

1 Introduction

We consider the regularity of wavefunctions given by solutions to the Cauchy
problem for the free Schrodinger equation

1
10yu + EAu =0,

where v : R x R® 5 (¢,2) — u(t,z) € C, 0y = 0/0t, and A is the Laplacian
in R". For any Cauchy data ¢ € L?(R") at ¢t = 0, the equation is solved as
u(t) = U(t)¢ by means of the free Schrédinger group U(t) = exp (i5A) in
L2(R™).

In this paper we study smoothing properties of the wavefunctions u away
from the initial time ¢ = 0. There is a large literature on this issue (see for
instance [AHS]|, [HK1], [HK2], [HS1], [HS2], [MRZ], [Nak], [OYY], [RZ1], [RZ2],
[T1], [T2] and references theirin). One of the basic tool is given by the gen-
erators of Galilei transformations J = J(t) = x + itV = U(t)zU(—t). On the
basis of the relation J(£)U(t) = U(t)z, we sce that for any ¢ € (z)” ' L? the
corresponding solution u(t) = U(t)¢ satisfies d;u(t) € (x) L? for any ¢t # 0,
j=1,...,n, where (z) = (1 +22)/2, 22 =23 + .- 4 22 for z = (z1,... , ).
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Similarly, for any m € N we see that the condition ¢ € (z)~™ L? implies that
0%u(t) € <x>|o“ L? for any t # 0 and any multi-index a with |a| < m. This
implies in particular that for any ¢ € ﬂ (x)™™ L? the corresponding solution
m>1
u(t) = U(t)¢ satisfies u(t) € ﬂ H7. c C™ for any t # 0. This means that
m>1
solutions become smooth instanfly if the data decay faster than polynomials in
the sense of L?, even though there is no regularity in the data.

There arises a natural question what happens if the data decay exponentially
in L?. The first study in this direction was done by Hayashi and Saitoh [HS1]
in one space dimension. Roughly speaking, they proved that for any data of ex-
ponential decay in L? the corresponding solution is analytic on a strip including
the real line with width proportional to |¢| for ¢ # 0 and that for any data of
Gaussian decay the corresponding solution is entire for ¢ # 0. The method of
proof depends on a power series expansion.

The purpose of this paper is to generalize the theory in any space dimension
by a different approach. Our method of proof depends on the Fourier-Laplace
transform. As a result, a simple relation is given between domains of analytic-
ity in space and exponential decay conditions on the Cauchy data in terms of
corresponding supporting functions. Moreover, domains of analyticity in time
are characterized on the basis of Gaussian decay conditions on the Cauchy data.

2 Analyticity of solutions for Schrodinger equa-
tions

Our argument begins by describing analytic continuations of solutions for Schrodinger
equations. For t € R™ let U(t) be the free propagator, i.e.

U(t) = explig ) = 5 exp(~ig )3,

where § denotes the Fourier transform. For t € R\ {0}, U(t)¢ with ¢ € L' + L?
has the representation

U(t)¢) (x) = (M()DH)FTM (t)¢) (x),

where § is understood to be a bounded operator from L' 4+ L? to L™ + L2,
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with

1 . —n
( +Z\/{t) if t >0,

i r=d W V2
( — \/—7> if ¢ < 0.
(See [C], [SS], for example.)
It is therefore natural to define
) = xp (362 ) i) ( §) (2.1)

for t € R\ {0} and ¢ € C" as an analytic continuation of U(t)¢, where (? =

¢-C= Z CJZ. To describe the analyticity of (2.1) in ¢, we introduce
j=1

Definition 1 For any bounded convex set Q C R™ with 0 € Int ), its supporting
function vq is defined by

Ya(x) =sup{z-p;pe}
for x € R™.
Example 1 vo(z) =alz| for Q = {z e R"; |z| £ a, }.

Vg(x):azmj\forQ:{;cER";—a§$j§a,j:1,...,n}.
j=1

Proposition 1 Let Q C R™ be a bounded convex set satisfying 0 € Int Q). Let
¢ satisfy ¢ € L' + L. Then for any t € R\ {0}, the function ¢ — u(t, ()
defined by (2.1) is an analytic continuation of U(t)¢ on R™ + it(Int ).

Remark 1 If €7¢ € L' + L™, then ¢ € L'. See the proof of Lemma 1 below.

Proposition 1 follows from the following lemma.

Lemma 1 Let 2 C R™ be a bounded convex set with 0 € IntQ2 and let vq be
the supporting function of Q. Suppose that e’2¢ € L' 4+ L™ and let ¢ be the
Fourier transform given by

(36) (¢) = (2m) 2 / exp(—iC - 2)p(x)dz,

where ( =&+ e C* and (-x =€ -x+in-x € C. Then F¢ is analytic on
R”™ + i(Int(?).



Proof.  Assume that (o = & + iny € R™ + i(IntQ?) and that § > 0 satisfies
)

B(no; ) C IntQ2. Then, n + mx € Q for each x € R\ {0} and n € B(no,6/2).
x

As (n+ (6/2|z|)x) - ¢ < yo(z) by definition, we see that

n-z = va(@) = (6/2)|]
for any x € R™. Therefore

|z exp(n - )|
|z| exp(va(z) — (0/2)]2)|4]
|z exp(—(8/2)z|)e*¢| € L'

| exp(—iC - )¢

HA A IIA

since €?2¢ € L' + L™ and |x|exp(—(6/2)|x|) € L' N L*°. Similarly, exp(—i( -
r)¢ € L. By differentiating under the integral sign,

0
G50 =0

around ¢p. By Looman-Menchoft’s theorem (see [Nar] for example) §¢ is ana-
lytic on R™ + ¢(Int{2).

Remark 2 If e?*’¢ € L' + L for some a > 0, e®lel¢ belongs to Li for
any R > 0. Lemma 1 ensures that §¢ is an entire function provided e**!"¢ e
L'+ L.

In the view of (2.1), it is natural to define

ur, ) =exp (3-¢2) - in) 2 @nre) (£) (2.2

T

for 7 € C\ {0} and ¢ € C™ as an analytic continuation of u(¢,() defined by
(2.1). In fact:

Proposition 2 Let a > 0 and let ¢ satisfy e“‘”“'|2¢ € L' + L*>®. Then the
function (1,¢) — u(r,C) is analytic on ((C \ B (£, ¢ )) x C™, where

4a’ 4a
i 1
B<4a,4a) —{TEC,

<1l
~ 4a

Remark 3 u defined by (2.2) can be a double-valued function out of the factor
(i1)~"/? provided n is odd. To be more specific, U(t)é is connected with —U ()¢

through a mutual continuation on ((C \ B (ﬁ, ﬁ)) x C™ provided n is odd.

7
r_

4a

For the proof of Proposition 2, we introduce



Lemma 2 Let ¢ satisfy eamz(b € L' + L™ for some a > 0 and let
(@(7)) () = exp (ir]z|*) d(x).
Then the function
{reC; 37> —-a} xC"> (1,{) — (F2(7))(¢) e C
s analytic.

Proof.  As for the analyticity with respect to ¢ we have only to check e®'l® (1) €
L} for any R > 0 because of Lemma 1.
Let 7 =t +4s. Then,

M (@(r) (x) = exp (Rlz| +ir|z[?) ¢(x)
= exp (zt|x\2) - exp (R|x| —(s+ a)|a:|2) . ea‘””‘2¢(x).

Since e?l*"¢ € L' + L>, e®I'1®(7) belongs to L provided 7 > —a. Thus
F(®(7)) (¢) is analytic in (.
0
The analyticity with respect to 7 is given by the fact that FS (®(7)) =0,
T

which is shown by differentiating under the integral sign. Here we use the
estimate

= |l (@) (@)] £ ol exp (b~ a) faf?) - e ()
for 0 < b < a and 7 € C with &7 > —b. Hence we have shown the analyticity

of F((7)) (¢)-

Lemma 2 yields the following Lemma 3 since $(1/27) > —a if and only if
|7 —i/(4a)| > 1/(4a). Proposition 2 follows directly from Lemma 3.

Lemma 3 Let e“mz(b € L' + L™ for a > 0. Then the function

((C\B <4ia,41a)> x C" 3 (1,¢0) — (FM(T)9) (f_) eC

s analytic.

Remark 4 It is possible to make (FM(7)¢) (C> with e?l*l*¢ € L' + L> not
T

be analytic on the outside of the domain mentioned in Lemma 3. The integral

/ exp (—py® — qy) dy
0



converges if and only if (p,q) € {(p,q);Rp > 0} U {(p,q); Rp = 0,3p # 0,Rq >
0} U {(0,q); Rg > 0}. Hence, for ¢,(z) = e~alel”,

E1r100) (£) = [ exp (=i ot o) a

converges if and only if

(ﬂ()é(C\B(4aZ;>>x(W

U {(t+is,§+in); :a,sfj:tnj,jzl,...,n}.

S
22 + 52)

Namely, (§M (7)¢po) <C> withT € B (ﬁ, i) is not analytic even if it converges.

3 An identity related to analytic solutions for
Schrodinger equations

We shall next consider identities by using the description of analytic continua-
tions of U(t)¢.

Theorem 1 Let a > 0 and let ¢ satisfy e?*°¢ € L2. Then U(t)p with t # 0
has an analytic continuation u(t,-) defined on C™, which satisfies that

2

2 N2
(2mat?) "/2// Rexp < 5 t2) exp (—2(5—;;”)) u(t,& +in)| d&dn
"R
2a 2 2
= 2 O vl = et (3.1)
a>0 ’
where J* = J*(t H t) = xp + ity and o = (aq,... ,ap) is a

multi-indezx.

Proof. For the sake of Lemma 3 the function U(t)¢ has an analytic continuation
described by (2.2). Let I be the LHS of (3.1), i.e

2 N2
I = (2mat?)~"/? //]R"x]R" exp (_QZtQ) ‘exp(—i(g—;tm))u(t,f-i- in)

This equals

2 . 2
ray e [ e (<50 ) (a0 (S57)] aean

= Cray 2 [[ e (L) (3M(06) €+ i) aean

2
dedn.




Let ¥ (t) = M(t)¢ and let ®.(z,2';&,7) be

2

(2%)_3"/2a_"/2exp( —e€? — —if-x+n-x+il- +n- x>w(t)(x)w(t)(x’),

where (¢ = (f for ¢ = (C1,... ,Gn), ¢ = ({], ... ,¢,) € C". These satisfy

k=1

I e ] o ettt
_ (zm)—nﬂ//mwexp( 2L

This converges to I as € \, 0. Let the integral of (3.2) be denoted by I,
As ®_(x,2;€,m) belongs to L' (R*"), I. equals

/n (/ (/ (/ q’f(f’fvf”'?f’ﬁ)dﬁ) df) d:c’> dar

by Fubini’s theorem.
We remark that

2
/ exp <727a) @Ay = (2am)™?exp (g(x + :c')z)

that

déd
) 30 (6 + i) Pdedn. (3.2)

’2

n/2 _E _\2 ax? azx
(2am) exp( 2(x x))e e
and that

—i&-(z—x’ n 1
/ exp (—e€?) e =72 d¢ = (m/e)"/? exp (—45(910 - x')2> .
These yield

/n (/n ‘P(%x’;ﬁm)dn) d¢

1

= (4me) % exp < <4€ + ‘2’) (z — m’)2) e (1) (x)es o (t) (')

1 o\ "™?
(£+3) 49 @ DO,

2

where f(t)(x) = e - ¢(t)(z) and W5 denotes the Gauss-Weierstrass kernel,
1.€.,

Wi(z) = (4n6) "™/ 2 exp <—Z;> .



-1
(See [M] for example.) By setting d(¢) = (i + 2a>

o= 6@ [ W F0W - 0@
= (6(e)/)"2 (F(£), Woey * F(£)) 1
Since f(t) € L?,

lim . = Lm(6(e)/e)™2(f(t), f(t)) -

e—0 e—0

[ 150@P
e o da.

We thus have
1= [ e jofa)f ds,

where the right hand side is rewritten as

Al ) a)lel )
O e IOl T DE Sy P

a>0 a>0

a)lel
= 2 P jwmeeu-numel.

a>0

N
= Y B emu el

a>0

This completes the proof. U

4 Generalization

We shall generalize Theorem 1 by the following statement. It is convenient to
use the notation

(La)plz) = / p(y)e**dy.

Q

Theorem 2 Let 2 C R™ be a convexr open set with 0 € IntQ2. Suppose that
p € LY(Q) is non-negative and that

suppp N = Q.



Suppose that Lap € L},. and assume that (£qp) |¢|*> € L'. Then, U(t)¢ with
t # 0 has an analytic continuation u(t,-) defined on R™ + itQ), which satisfies

that
o [ ot ( /| dg) an

- [ (a0 @o@)Pda (4.1

N2
exp <_Z(€+2tm)> u(t, & +in)

for any q € L*(Q) with |q| < p.

For the proof of this theorem we prepare two properties. In the following
lemma we assume that ) is a bounded convex open set with 0 € 2 and that p
is the same as above.

Lemma 4 (1) For p >0 let Q, be defined by the set
1
{y; -y €} } .
p

(2) Let Q, be the same as above. Then, for each 0 < § < 1 there exists a
positive constant C' = C(J) such that

Then, va, = pya-

Lap = Cexp (270, _,) -
Proof. The first part follows by the inequalities
1 <
y'x:p(;y-x):pm(m) fory € Q,
and

Yo, () for y € Q.

D=

1
y-x=—(py-z)=
p

(See [DS] for example.)
The second part is shown by the convexity of 2. In fact, by definition for
any x € R" there is y, € {2;_5/2 such that

(1-26/3)va(x) Sys -2 < (1—6/2)ya(x)
for each x € R™. Let C; = sup{ya(—x)/ya(z); x # 0}. Since

{ra(=2)/va(@);z #0} = {ya(@)/va(-2); 2 £ 0},



(4 is greater than or equal to 1. Let §; = 6/(3C1) and assume that z € Q.
Then

(Yo +2) 2 = yo-z—2 (—2)
(1-26/3)ya(z) — d1ya(—z)
(1-26/3 = C101)ya(x)

(1 =0)va(@) =0, ,().

v v

The convexity of 2 yields

Yo + s, T Q57215 € Q.

Therefore
[owemmay = [t +2) e 2+ ) -0)dz
> / Py + 2) exp (290, 4 (x)) dz
51
> oxp (v, (@) /Q Plys + 2)d (4.2)
51

A lower bound for the integral in the rightest hand side of (4.2) is essentially
given by Fatou’s lemma. Since the closure of £;_5/5 is compactly included by
€, there are a sequence {y,,} C Q1_5/2 and yo € Q such that

y:t j — yO

/ P(Yz; +2)dz — inf / P(Ys +2)dz; x € R 5.
Qs Qs

Therefore for 0 < 0’ < ¢; sufficiently large j satisfies that y,, —yo € Qs, 5. By
using the convexity of 2 this yields yo + Qs C yz; + (25, for sufficiently large j.
Hence

/ P(Yo, +2)dz 2 / p(yo + z)dz
Qs,

Qp

for sufficiently large j. Namely,

inf { / p(ys + 2)dz; x € R" } 2 / p(yo + 2)dz.
Qs, Q

s/

This with (4.2) yields

/ p(y)e** ¥dy = / p(yo + 2)dz - exp (270, _;()) -
Q Q

s/

10



We have thus shown the second part of Lemma 4. (]

Proof of Theorem 2.
In the case that Q2 is bounded, by the virtue of Lemma 4

exp ('79175) $eL?

for 0 < 6 < 1. Hence U(t)¢ has an analytic continuation defined on R™ + it).

In the case that ) is unbounded, Lemma 4 replaced 2 by 2N Bp yields the
analyticity of U(t)¢ on R™ + itQ) N Br, where Bp is the open ball with radius
R centered at the origin. Here we use

/Q p(y)e* Vdy = / p(y)e**dy.

QNBgr

Namely,

(Lansrp) 9> € L.

Tt is thus shown by the arbitrariness of R that U(t)¢ has an analytic continuation
u(t,-) defined on R™ + itQ if 2 is unbounded. We remark that u(¢,() can be
described by (2.1) for ¢ € R™ + itQ even if Q is unbounded.

We next show the identity in question. Let I be the LHS of (4.1). By the

representation of u
2
d§> dn

1= [ty < |

Latn ([ 1o e+ infac) an
where ¢(t) = M(t)$. Let U (z,2';¢,m) be

(2m) " q(n) exp (—e€? — i€x + nz + i€a’ + na') (1) ()Y (t) (')

and let I, be
/ ( / ( / ws(m';amdxdx') d£> an.
Q n R xR™

f= [t ([ e 10 (€ + il ae) an

~
I

0y~ gote (442

t

Namely,

Since

| e Guo e +imra 2 [ @) €+l ae

11



as € \(0, lslﬁ)l I, coincides with I.

As U, € L' (R'™),

- U (L (vt

by Fubini’s theorem. Since

/ exp (—e&?) emi@=tge = (m/e)"/? exp (_415(96 - x’)2>

= (2m)"We(z —2'),

we have

L ( | vt n)df) da' = [ aer =W =) D) - w(b) @)’
= qmWe=*(g9(n,1)) (z) (9(n,1)) (x),

where (g(n,t)) () = €™ - (¢(¢)) (x). By Young’s inequality the absolute value
of

<g(777 t)a WE * 9(77’ t)>L2

is dominated by

[ gty @) as

Rn

- / 1 ()| da.
R’IL

2
lg(n, t)|I72

Since q(+)|g|*(-,t) € LY(Q x R") and

[ ([ awiomo@fan)ar= [ o @iowian

we have

</Q a(n) l(g(n. 1)) (z)[” dn> de

(£aq) (z) |¢(z)|* da.

/ a(n) llg(n, )| 72 dn
Q

——

n

We also obtain

[l
— i

(/Qp(n) 1(g(n,1)) (2)]? dn) A

(Lap) (@) [¢(2)[* da.

n

/ p(n) lg(, &) 2 dn
Q

n

12



in the same way. Therefore ||g(n,t)||,. < oo for almost every n where p(n) is
not zero. Hence

We xg(n,t) — g(n,t)  inL? ase—0
for almost every n with p(n) # 0. This yields

<9(777t)a WE *9(77,75)>L2 — ||g(77?t)||L2 ase—0

for the same 1 above. Thus the estimate

la(n) (g(n,t), We % g(n,£)) 12| < p(n) lg(n, t)][|7

with Lebesgue’s convergence theorem yields

I. = /Q(n)<g( t), We * g(n,t)) - dn
— / ) lg(n,t)32 dn

- [ @ @6@ld asso0

Therefore

1= [ (200 @60 do.

This completes the proof. U

Remark 5 By setting p(z) = ¢(z) = (2ma) /2 exp (—2?/(2a)) and Q = R",
Theorem 1 reduces to Theorem 2.

Remark 6 The shape of € in Theorem 2 can be relaxed into a star-shaped
domain with respect to the origin. For each = € Q there is a bounded open
convex set containing x and the origin. This together with Lemma 4 yields the
existence of an analytic continuation u of U(t)¢ defined on R™ + itQ) satisfying
(2.1) in view of the uniqueness theorem of analytic continuations. By the same
argument as above we have the conclusion.

Corollary 1 Let a > 0 and suppose that

1/2
ﬁ sinh 2ax; e L2

2ax;
j=1 J

Then,

13



(i) U(t)¢ with t > 0 has an analytic continuation u(t,-) defined on R™+iQq,
where

Qat = (—at,at)" ={n=(n,... ,nn); —at <n; <at,j=1,...,n}.

2
d§> d

(i) wu(t,-) with t > 0 satisfies the following identity.

(2at)”/at (/n exp (—ZW) u(t, & +1n)

2t
QCL 2|e] 2
= JOU(t 2
B " sinh(2az;) 9
- / n 1:1 a2 | o(@)as.

Proof. Let p(z) = |Qq]". Then

- h2ax; (2a)?ll
2w yd sin J _ x?a.
/ H 2ax; §>:o [[j=1 (205 +1)!

a —

We have thus shown the corollary. |

Remark 7 We have some other examples for €2, p, ¢, £op and L£nq in Theorem
2 as follows:

(i)
Q = Qr=(-mn)"

p(z) = H | sin Nja;],

q(z) = Hsmej,

B n sinh 27a; 2N;

(Lap) (z) = E[tanh(ﬂxj/N) 4332+NJ-2’
" 9(—1)Ni+I N, sinh 27z
(2oq) (@) = J[ 25 j

2 2
4a:j +Nj

.
I
-

14



(i)

i
O

I
=

| cos Njz;],

j=1

q(z) = l_lcoijycj7
j=1
t 2sinh 27 ; N
(Sap) (@) = (200 + s )

3[11 4x% + N7 7" sinhmz;/N;

n . .
4(—1)Nig; sinh 27z

j:1 J J

Here N; € N for j = 1,...,n. The proof depends on a direct calculation.

Details are omitted.
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