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REMARK ON THE SCATTERING PROBLEM FOR THE KLEIN-GORDON
EQUATION WITH POWER NONLINEARITY

HIRONOBU SASAKI*
DEPARTMENT OF MATHEMATICS, HOKKAIDO UNIVERSITY,
060-0810, JAPAN.

ABSTRACT. We consider the scattering problem for the nonlinear Klein-Gordon equa-
tion. The nonlinear term of the equation behaves like a power term. We show that we
can define the scattering operator on a suitable 0-neighborhood of the weighted Sobolev
space, which improves the known results in some sense. Our proof is based on the
Strichartz type estimates.

1. INTRODUCTION

This paper is concerned with the scattering problem for the nonlinear Klein-Gordon
equation of the form

u— Au+u = F(u) (1.2)

in R x R™. Here,u is a real or complex-valued unknown function(®fx) € R x R™,
0 = 0/0t andA is the Laplacian ilR™. For somep > 1, the termF : C — R satisfies

F(0) =0, (1.2)
[Fwr) — Flua)| < hwr — gl (fua] + hual)” (1.3)
wherea < b denotesa < Cb. If F = 0, then we call (1.1) and its solutiaine free

~

Klein-Gordon equatioranda free solutionrespectively. An example of the nonlinearity
isF =+ u

Before we mention the scattering problem, we review the Cauchy problem for the non-
linear Klein-Gordon equation

?u—Au+u="Fu), (t,x) €RxR",
u(0,x) = edpf(x), x € R™, (1.4)
ou(0,x) = ed3(x), x € R™

2000Mathematics Subject ClassificatioRrimary: 35P25, 35L70; Secondary: 35Q40.
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The local theory (see, e.g., Reed [17] and Sogge [20]) gives that (1.4) is locally well-posed
in H'(R™) if we have

oo 00 ifn=1,2
P 1+4/(m—2) ifn>3.

If there exists some scalar potentidht) such thatvV(u) = —F(u) andV(0) = 0, then
we have the energy conservation law

2

given by the same arguments as in Ginibre—Velo [6] (see also Ozawa [15]). Using (1.5)
and the same argument as in Cazenave [4], we see that the time-local solution to (1.4)
becomes a time-global solution ¥ > 0, or if ¢ > 0 is sufficiently small. For more
generalF, Lindblad—-Sogge [7] proved that (1.4) has a unique, time-global solution if
1<n<3,1+2/n<pande > 0is sufficiently small.

Ewﬁzaﬂzjn(hmuﬁ+%wuﬁ+%uﬁ+vmodx (1.5)

In order to treat the scattering problem, we mention some notationvPsity/T — A.
Fors,w € Rand1 < r < oo, we define the weighted Sobolev spatg™ by w*(1 +
[x|*)™/2L"(R"), and we seHs, = H5° andH® = HS. We denotdHs"NH')& (Hs N
%) by X(s,w). A norm of a Banach spackis expressed bj-|A||. For a positive number
b and a Banach space we denote the bajla € A;||alA|| < 6} by B(5;A).

An operatorS is defined as the mapping

S:B(&;X)>d_— by € X(1,0)

if the following condition holds for somé > 0 and for some Banach spakec X(1,0).

Let Z be some suitable subspace@{fR; H') N C'(R;L?), and letu, (t) be free solu-
tions whose initial data arep., respectively. For any_ € B(5;Z), there uniquely exist
a functionu € Z and a datap € X(1,0) such that

t— 1w

w(t) = u_(t) + J sin F(u(t))dt (1.6)

w

and
w(t) — ue () H']| + ||oqu(t) — dqus(t)L?| — 0 as t— +oo.  (1.7)

We call that (S, X) is well-defined” if we can define the operator B(5; LX) — X(1,0)
for somed. Let us call the spacg “the solution space” for (1.1).

There is a large literature on the scattering problem for (1.1). In particular, it was shown
by Strauss [21] and Pecher [16] thH&t X(1,0)) is well-defined if

1 4< < 0 ifn=1,2,
PI=T+T -SSPy o140 4 jin>3.

n—2
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Furthermore, Mochizuki and Motai [10] proved that there exists saraach thaf S, X)

is well-defined if
(n) = n+2+vn2+12n+4 -
yin = 2n

Now, we shall restrick to the Hilbert spac&(s,w). By using the method of [10] and
using thel P-L9 estimate in Brenner [2], we see thH&t X(s, w)) is well-defined ify(n) <
P <P,

p <P

s>2+i—l, w>l (1.8)
2 np 2p p
(for the proof, see Appendix A). For other results of the scattering problem for (1.1), see
[3, 9, 11, 13, 14, 19, 22]. In view of the conditions ©andw, there is a gap between
the two casep > p; andp < p;. In this paper, we shall fill the gap. Our result is the

following:

Theorem 1.1.Assume that. > 1 andy(n) < p < p;. Suppose thdt satisfies (1.2) and
(1.3). Then there exist some spateC ‘H and somes(p) < 5 + nip — % such that if

s > s(p)andw > % — 3, then there exist some positive numbgygndn_ satisfying
the following properties:
(i) For ¢y € B(no; X(s,w)), there uniquely exist € Z andd € X(1,0) such thatu
is a time-global solution to

¢
W) = wo(t) +J sin(t — T)w
0 w
and satisfies (1.7), wherg, is a free solution whose initial data is,.
Moreover, the operator8(ne; X(s,w)) > by — b+ € X(1,0) are well-defined,
injective and continuous.
(i) For &_ € B(n_;X(s,w)), there uniquely exist € Zandd . € X(1,0) such thatw
is a time-global solution to (1.6), and we have (1.7).
Moreover, the scattering operatd : B(n_;X(s,w)) > ¢ — b, € X(1,0) is
well-defined, injective and continuous.

F(u(t))dT

Remarkl. The above (i) implies that we can fill the gap of the conditions.df we put
h(p) = 2/(p — 1) — n/2, then we havér(p) < 1/p for y(n) < p < p;. Thus, the
conditionss > s(p) andw > h(p) are weaker than (1.8). From(p;) = 0, we can fill
the gap of the conditions of in some sense.

Remark2. From the inequality (3.5) and Remark 5 below, we see that the time-global
solutionsu given by the above theorem becomes time-global solutions to (1.1) in the
H~'-sense.

Remark3. The similar result for the Klein-Gordon equation with a cubic convolution

O~ A= | iyl hult,x - u)Pult, x)dy (1.9)

n
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has been given by Sasaki [18]. In view of the selection of the solution space, the case
(1.1) is more difficult than the case (1.9).

The contents of this paper are as follows: In Section 2, we give the key lemma to select
the solution space. For this purpose, we use the concept of the complex interpolation
method. In Section 3, applying the key lemma, we show Theorem 1.1 by using an estimate
in the Besov space and by applying the contraction mapping principle. We next remark
that the densely scattering operator for (1.1) can be defined on some suitable domain.

2. PRELIMINARIES

In this section, we prepare some lemmas which will be applied to prove Theorem 1.1.
We remark that ifi > 1 andy(n) < p < p;, then we have

4
2 <np+ % <o0. 2.1)
Forl < q,r < oo, We set

11 2 :
,_:_+_<1_B), p:LH(1_B>_
T 2 n q n q

The following lemma is essential to use the Strichartz type estimates:

Lemma 2.1. Letn > 1 andy(n) < p < p;. Then there exist some < q,r < oo
satisfying the following properties.

(1) We have

n+2/p 1
— = “(Z_-~-)<1 2.2
p=p(p) >\ 5 1~)<, (2.2)
2
L e L (2.3)
q T q T

(2) Let

Then there exists sonfiee (0, 1] such that
(1 S1—p B l_ s1
i (o) men (G e, 24)

1 1 s — ¢
), o plag 4B TP g (2.5)
T n T

<

N —
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Furthermore, ifl <n < 3, then we have
1 2 ( :
(25-5) + 2= (2.6)
p\p—1 2 p
Using the Strichartz type estimates in Nakamura—Ozawa [12] and [18], we see from
Lemma 2.1 that the following estimates hold:

Corollary 2.2. Letn > 1 andy(n) < p < p;. Suppose thaq andr satisfy (1) and (2)
in Lemma 2.1. Put

W=L9R;BY), W=LY"(R;BS ), W=LY(R;BY),  (2.7)

> Tr/p
whereB;, means the Besov spaBg ,(R™) (for the definition, see, e.g., Bergliistrom
[1]). Then we have

t
J w—1e:t1t wadT
—0o0

t
J w 1e:t1t wad"l'
—0oQ

WH < W],

Lo(R;HY) || < W]

Furthermore, we have
e oW NL®(R;HY|| < [loMH(so, W)

n+2 2 n
So> —, W>—0 — —,
ng p—1 2

Proof of Lemma 2.1We show the lemma dividing into two cases.
(Case I;1 < n < 3.) Having in mind that

1 2 n <1
np\p—1 2 2’

we see froml 4+ 2/n < y(n) and (2.1) that there exist somgd € (0, 1) such that

4
np+1Tp —dpe +2(0—1), (2.8)
%—6+4p6<0 if =1, (2.9)

2/1
i(—Jr (p—])e) <1, (2.10)

n \p

. n 2 n 1
€<m'”{(n+2)p(p—n(p—1 _5)%}’ 1)

2
2pe_f_n—|;28 1 ( (2.12)
n n np
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We put
1 1 T 1 1+6
—:——8, _
a p r 2 pn
We shall prove only
0<% and $<1 forn =1, (2.13)
T p
- < = 2.14
n/1 1 1
=) <= 2.15
2(2 r)<q’ (2.15)
p p 1
1—= - — = 2.1
q<n(r 2)’ (2.10)

(2.2) and (2.4), because the others are easily given by (2.11), (2.12) and the assumptions
of p andn. If n =1, it follows from (2.9) that

4 4
P 6 idpe<0< P 44 dpe.
p—1 p—1
By (2.8) withn =1, we see tha2(0 + 1) < p < 2(0 + 2), which is equivalent to (2.13).
From (2.8) anch < p;, we have
4
np=(m+20+2)+ (19—131 —(n+4) —i—4p£> > (n+20+2).
Therefore, we obtain (2.14). By (2.1) and (2.8), we héwe+2(0—1) < 0. Thus, (2.15)
holds. The property (2.2) is given by (2.3) and (2.10).
We see that (2.16) is equivalentitdp — 1) — 2(1 + 0) — 2pe > 0. On the other hand,
it follows from (2.8) andp < p; that

4
nip—1)—2(1+8) — 2pe = p—f]— (n+4) + 2pe > 0.
Thus, (2.16) holds.
Since (2.4) is equivalent to

1+20_p>:p B(psi —p)

it follows from (2.3) that

Thus, we have
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Therefore, there exis{s € (0, 1] satisfying (2.4).

(Case ll;n > 4.) From (2.1), there exists somdec (0, 1) such that

np+ P 201 (2.17)
T—p
We put
1 1-6 6 1 1 1-98 0

q P Ty r72 pn n’
We shall show only (2.14), (2.16) and (2.2), because the others are immediately given by
the assumptions of andp, and by following the proof for Case I.
Sincenp > n + 20 + 2 holds even iln > 4, it follows fromp < 2 that

np>n+2(p—1)0+2,

which is equivalent to (2.14).
We can immediately see that (2.16) holds if we show that

PO <np—2—n. (2.18)
It follows from (2.17) that (2.18) is equivalent to
(mp>—(n+2)p—2)(p—2)+2(np—(n+4)) <0

which is true ify(n) < p < p; andn > 4.
Applying (2.17) top(p), we have

n+2 3 1\\* (n+2)?
o) = w{—“(p— (z*a)) T f
Since3/2+1/n > 1+4/nforn > 6, we obtain

(n+2)3/1en? if n=4,5,
sup )p(p)é{ (n2—4)/n? ifn>6.

pe(y(n),p1

< 1.

We next introduce some propertiessgfdefined in Lemma 2.1.

Proposition 2.3. Letn > 1 andy(n) < p < p;. Suppose thag andr satisfy (1) and (2)
in Lemma 2.1. Let; be a number defined in Lemma 2.1. Then we Bave 1,

— s < =+ — — — (2.19)
n
and

. 2
hm(li—+m)<1. (2.20)
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Proof. The property (2.20) can be easily shown. We prove the remaining properties di-
viding into two cases.
(Casel;1 <n<3)By(2.11),p >2and2/(p—1) —n/2 < 1/p, we obtain

(2 my, e _1/2 my nt2
p\p—1 2/ p p\p—-1 2 n

From (2.6), we have; < 1.
Moreover, we have
n+2 1 ( 2 n) p n 2 n

T (2.21)
nqg o p

p 2 mp 2p

forp > y(n). From (2.6), we see that the left hand side of (2.21) is equal t62) /nq+
s1. Hence, we obtain (2.19).

(Case ll;n > 4.) Fromp > 1, we obtainp < 1. By (2.17), we havdl — 0)/p =
2/(p —1) —n/2. Thus, we see that

1/ 2 b1 1— 2

_C___E)+B:_. 9+lﬁ**90_2)

p\p—1 2) p p P p n 2
n

+2 1

n  p?
where we have uset/p > 1 — p/2 in the last inequality. Sincén + 2)/np? < 1 for

p > v(n), we see that; < 1.
We have (2.21) even il > 4. Since—(p — 1)(p — 2) < 1/4 for all p € R, we obtain

L -2 <p
n

forp > 1. By (2.18), we have foy(n) < p < p1,

2
~ 0 - 1)(p—2) <np-n-—2,

which is equivalent to

n—|—2+n—i—2 1_1_3 <n+2 n.
ng n 2 np 2p

Hence, we have (2.19). O
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3. PROOF OFTHEOREM1.1

In this section, we shall show Theorem 1.1. We prove only (ii) because (i) can be shown
similarly. Suppose that > 1, y(n) < p < p;, and thaf- satisfies (1.2)—(1.3). Let and
r be positive numbers satisfying Lemma 2.1,(1) and (2). We again defnels; by

p:n_—{_z E_l , $1 = max l L_E +g,p .
n T p\p—1 2 1)

We assume that € (0, 1] satisfies (2.4). The spac¥¥, W andW are defined as (2.7).
We denotéV N C(R; H') N C'(R; L?) by Z. Put

s(p) = —— + s1.
n

From Proposition 2.3, we see that

s(p) <n/2+4+2/np—n/2p

and
]llTrQ] s(p) < 1.
Set
O(w)(t) = u_(t) + J MF(u(T))dT.

Let us show thatDd is a contraction on some suitable complete metric spaces Eor
s(p) andw > 2/(p — 1) —n/2, it follows from Corollary 2.2 and Appendix B that

|IZ] S IbIX(s, W) + [Fw) W] + [[F)W]. (3.1)
To estimatd(u), we remark useful results (for the proof, see, e.g., Cazenave [5] and [1]).

Proposition 3.1. Let0 < o < Tand1 < o, 1,0 < o0. If T/ax = 1/0¢; + (p — 1)/ 2,
then we have

IFOWBE] S [lulBg, ([l (3.2)

Proposition 3.2. Lets € Rand1 < «,n < co.
(1) f1 < < 2, then we hav®; , — Hg — Bj,.
(2) If 2 < & < oo, then we havé;, , — Hi — B .
B) Ifs;eR,1 <o < ooand

$q S
then we have | — B .
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Let us go back to the proof of Theorem 1.1. By Lemma 2.1 and Proposition 3.2, we
have
BS' < BSMP 1T BP 172

T

wherel/r; = 1/r—B(sy —p)/nandl/r, = 1/r— sy /n. It follows from (3.2) and the
above embeddings that

IF@)IW| S [[F(w)[L? B3, |

< uWIf[fuitoerP!

S uwip.
Similarly, we see from (2.4) that

IF() W] < J[wL9B, f[[[wiLer |
S uwir.
Therefore, by (3.1), we have
[@(WIZ|| < Co(llbIX(s, W)l + ulW]P), (3:3)

whereC, is dependent only on andp.

We definer by
1 1 —
T:T+BS1 p.
T T n

From (2.5),s; > p and Proposition 3.2, we see that
LF— B,
By the above embedding, it follows from Corollary 2.2 that
| @ (wy) — @ (uy)|LIL" N L2

< IF(w) = Fup)[LYP (B, P A B 0|

< IF(wr) = Fua)ILYPL7P || 4+ |[F(wy) — Flug) ILYPLY.
By (2.4) and the definition of, we see from (1.3) that

1@ (ur) — @ () |LIL" N LZL?|

p—1
< Collwy = wal L7 (maxfus W) (3.4)
Let||d_[X(s,w)|| < &. From
[F(w)(t2) — Fu) ()l H | £ fult) — ()| (suplu(OIH' ) (35)

and Appendix B, we find thabu € C(R; H')NC'(R; L?). By (3.3) and (3.4), we see that
if & > 0 is sufficiently small, therd is a contraction on a complete metric sp&¢eé; Z)
with a metricd (uy, u;) = |ju; — wp|LIL" N L*®°L?||. Thus, there exists unique solution to
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(1.6) onB(2C,||d_|X(s,w)]|; Z). We can prove that the solution is also uniqueZofsee
Nakamura [11]).
We take

¢+=¢_+J

—0o0

o/ (—w T sintw)F(u(t)) dt
(costw)F(u(t)) !

whereu is the unique solution to (1.6). Then we see 85X (s, w)) is well-defined (for
the proof, see, e.g., [18]). This completes the proof.
Remark4. Using the method to prove Theorem 1.1, we can define the densely defined
scattering operator on some 0-neighborhood ¢éee also [18]). Here,
Z ={v € Z; there exisff, g € S'(R"™) such that
v(t) = (costw)f + (w ' sintw)g, w'du(t) € C(R;H") N C'(R;12)}.
The detalil is the following:
Proposition 3.3. Assume that > 1 andy(n) < p < p;. Then there exist some positive
numbers,, . andd_ satisfying the following properties:

(1) Ifuy € B(00;Z), then there uniquely exist € Z andu,,u_ € Z such thatu is
a time-global solution to

W) = wolt) + L sin(t; T)w

flu(t))dr (3.6)

and we have (1.7). Furthermore, the operatdfs: B(60;Z) > up — uy € Z
are well defined, injective and continuous.

(2) If uy € B(d4;Z), then there uniquely exist € Z andu, € Z such thatu is a
time-global solution to (1.4) and we have (1.7).
Furthermore, the wave operatol/, : B(0+;Z) 2 uy — ug € Z are well
defined, injective and continuous.

(3) The numbers.. satisfyB(6_;Z) C B(60;Z), W_(B(6_;Z)) C B(d0;Z) and
B(6,;Z) C V. o W_(B(60;Z)). In particular, the densely defined scattering
operatorV, o W_: B(b6_;Z) — Zis well defined, injective and continuous.

APPENDIXA. MOCHIZUKI-MOTAI'S METHOD
In this Appendix, we show the following property introduced in Section 1:

Proposition A.1. Assume thak satisfies Condition (PW). Let > 1 andy(n) < p < p;.
Ifs > 5+ 2 — 3 andw > %, then(S, X(s,w)) is well-defined.

Proof of Proposition A.1We follows the method of Mochizuki—Motai [10], and we use
the LP-L9 estimate in Brenner [2] instead of the estimate in Marshall-Strauss—Wainger
[8]. Put

O=u + Jt MF(u(T))dT.
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Assume that

>n_|_2 n w>1
$> -+ —— ==, —.
2 np 2p p

Then there exist some< s; < 1 and2 < r < oo such that

- , n n
0<Tr<r<pr<2p, s=so+si, w>§—?,
wheresy = (n+2)(1/2—1/r)and1/¥ =1/ — (p — 1)/2p. Therefore, we see from
Proposition 3.2 that

BS' — LP(R™) foranyp < [r,2p], (A.1)
X(s1 + s, W) < BS TS0 @ BS oo (A.2)
LN (A3)

2 T

Put(t) = (1+t|?)"/2. By thelP-L9 estimate in [8] and (A.2), it follows from, < 1 that

t
| uIBE | S 1B+ | =) Pl B e

< () MV X (51 + s0, W)

~Y

t
+J (t — ) M2V () BSL || d.

pr’

Since0 < ¥ < r < pr'and
1 -1 1 -1 1
p LI,

VR

G 2p Foopr + T/

there exists1 € (pr’, 2p) such that
l p—1 1
T a T

Hence, we see from (3.2) and (A.1) that

IFu)BY S u(oB w87 < flult)iB ™.

If we define a norm-] by

] = sup<(t>“”/2*1/” [w/B;! ||>,

teR
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then it follows from (A.3) that

t
[Du] < [[dIX(s1 + so, W] + [P J (t — )y M2V gy T2 g,

S ld—1X(s1 4 so, W) || + [ulP.

Similarly, we obtain

' [6-X(1,0)] + | [[Ftur)) fade

SIo-x,00+ [ ol ar
< - X(1,0] + Rl

Using the same argument as the proof of Theorem 1.1, we see that the solution space is
{veH|vH|+ I < oo},

and that(S, X(so + s1,w)) is well-defined. O

APPENDIXB. INTEGRAL EQUATIONS

In this section, we shall list some properties for the integral type of (1.1).

We first prepare some notation which are used in this section. Wevpsty/1 — A
andU(t) = e, Foranyt € R, we setj(t) = (0,t) or (—oo, t) or (t, co). For an open
intervall, and forg € L' (I; H™') andt € R, we set

W (1) = WL [T gl(t) L W U(t — 1)g(t)dr.

Throughout this section, we assume that L' (I; H™") satisfies

ge C(LH ) NL(p, (1/q,1/1). (B.1)
Here,(q, ) satisfies thatq, r) # (2, c0) and
1T 1 1 1 2 n n n+2 n+2
- — — - <=, —==—=, 20= — )
max(O,2 n)<r<2’ a2 3 .

We are ready to state the first property.

Proposition B.1. Suppose thal is a fixed open interval and that satisfies (B.1). For
anyt € R, we have

U(YL[T;gl(0) = WilL; gl(t) inH',
WU ()WL g](0) = Yol wgl(t) in L*(RM).
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Proof. We shall prove only the first equality because the second one is similarly shown.
From (B.1), we see from the Strichartz estimate in [12] that

Su
t

ku; ol(t) —J & Ut — 1)g(T)dr

H'|< CllglL(p, (1/d,1/7))|| < o0,  (B.2)

J w 'U(t —1)g(T)dT
I

and that

H]

= HJ w Ut —1)g(T)dT|H'
{l/>RinI

= oIl ({I"] > R}NL;B%)|| = 0 asR — oo.

Thus, we have for any € R,
YR =W, [(—R,R)NIgl(t) — YI;gli(t) inH'asR — oo. (B.3)

On the other hand l(t) is a bounded mapping froid~" into itself. Hence, we see from
(B.1) that

U(t)WE(0) = WE(t).
Therefore, it follows from (B.3) that

U)W (0) = U(t) lim WE(0) = lim U(t)WE(0) = lim WE(t) = W.(t).

R—o0

Let us consider the integral equation
u(t) =v(t) + J
J(t)

sin(t — t)w

" g(t)dt (B.4)

fort € R, whereu(t) is a real or complex-valued unknown functiofit) € H, fis a
given nonlinear term. By the above proposition, we can rewrite (B.4) to
1

w(t) = v(t) + 5 { U)W (to); 01(0) — U—0)Y- ] (to); 9] 0) |

oW, 1:61(0) — ¥ [(t0,1)01(0) ®.5)

wherety, € R\ {t}.
The following result is essential to prove Theorems 1.1:

Proposition B.2. Assume that is a time-global solution to (B.4). Suppose thaatisfies
(B.1). Then we have € ‘H and

ovu(t) = 0yv(t) + L( ](Cos(t —T)w)g(t)dt inL*(R"). (B.6)
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Proof. Since¥,(0) € H', we see that

1

wl(t) = v(t) + 5 { U (to); 01(0) — U—0Y- (1) gl (0) } €

and
dt'() = 3uv(t) + 5 { LY. T(t0); 91(0) — U(—t)¥- [ (to); g1 0) .
Putu =u —u'. Then
() = u" (ko) H'| = [u(t)]| < CllgILY ((to, ) BY)| = 0 asto — t.

Henceu € C(R;H").
It follows from (B.1) that

H(t —to) {Wal(to, 1 6)(8) — Wal(to, 1) 0l (k) } — w g (o)

2

= H(t — o)™ Jt {u(t —Tw 'g(1) — w“g(to)}dT

to

2
< sup)HU(t —1)g(1) — g(to) [H|

TE(to,t
< sup ||U(t—T)g(t) — U(t — T)g(to) [H"||
Te(to,t)
+ sup [[U(t —T)g(to) — glto)|[H||
TE(to‘t)

< sup {llg(v) — g(to) H"| + Ut — T)g(to) — glto) H | }
TE(to,t)
— 0 as|t—ty — 0.
Thus, we hav&/ . [(to,t); g] € C'(R;L%(R™)) and
0:W[(to, t); 0l (to) = w'g(to) in L2(R™).

Therefore, we obtain = u! + u' € C(R;H'") N C'(R; L*(R™)) and (B.6) holds. Using
(B.4) and (B.6), we see from the same argument as in (B.2utlaf. O

Remark5. Assume thatu is a time-global solution to (B.4). Suppose thasatisfies
(B.1). Repeating the same argument as the proof of the above proposition, we see that
ueHNB*R;H ) and

du—Au+u=g(t) inH.
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