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Abstract

The aim of this paper is to give a natural definition of the weighted Besov
spaces and the weighted Triebel-Lizorkin spaces. The highlight of this paper is
that we form an atomic decomposition for the class even wider than the class A,
due to Muckenhoupt.
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1 Introduction

The class A is a class of weights that has been studied for a long time. The pioneer
of this field is Muckenhoupt as is well-known [?]. However, in Riemannian geometry we



need to deal with weights of exponential growth. That is, we often encounter weights
such as E(z) = e*l. Since the A;-condition ME < ¢ E fails, we have to say that the
Aj-condition is superfluous. In [?, ?] Lemarié and Rychkov introduced a wider class
of weights called Aj-local class and generally Ap-local class. Historically speaking, the
research has been done for the weight satisfying

0 < w(z) < C exp(C |z — y[ ) w(y) (1)

for all z,y € R”. When 0 < 8 < 1, Schmeisser and Triebel investigated the weighted
function space as above in [?]. If § = 1, then it was investigated by Schott [?]. The
class we are going to investigate covers the one satisfying (77).

By “weight” we mean a locally integrable and positive function. Given a weight w,

we write w(Q) := | w(x)dx. Before we present the definition of the A},OC—Weights, let

us make a view of the classical Aj-weights. Let M be the Hardy-Littlewood maximal
operator defined by

1
M(z) = Q?B%e ol /Q ) dy.
Te

Let 1 < p < oo. The A,-constant is a constant given for a weight w which is defined as

1

o (Y@ (v @\
)= e (450 ( Q )

when 1 < p < oo and

Muw(z)
w(z)

when p = 1. The Ap-class is a class of weights w characterized by the condition

Ap(w) = esssup,cpn

M f(z)Pw(x) dz < cw/ |f(z)[Pw(x) dz, for all f

]Rn

when 1 < p < oo and
/ w(z)dr < cw/ |f(x)|lw(z)dz, forall fand A >0
{Mf>2} A Jrn

when p = 1. Here the constant c,, essentially depends on n, p and the A,-constant of

w. In fact Buckley [?] gave the sharp estimation ¢,, < C, p Ap(w)zj%l when 1 < p < o0,
where C), ), is a constant depending only on n and p. Let 0 < p < oo. Then it is
convenient that we introduce

I gl ([ et )

Recall that we have defined A, = U A, in the classical case. For the property of
1<p<oo
these classes of weights we refer to [?].



The class A}fc deals with the local maximal operators whose definition is given by

1
Merf@)i= s o [ |y > 1,
Q : cube ’Q‘ Q

z€Q, U(Q)<r

where ¢(Q)) means the side length of Q). For the sake of simplicity we write M)y := M<;.
We say that a weight w satisfies the Al°°-condition, if
Myocw(x)

Al (w) := sup —=X " < 0.
! z€eR? w(:v)

Let 1 < p < oo. A weight w satisfies the A;’C—Condition, if
_ 1 p—1
—1
Aéoc(w) = sup (w(Q)) . (w ’ |(Q)> < 00.

Q : cube ‘Q| |Q
z€Q, {(Q)<1

Let 1 < p < oco. Below we denote by A}DOC the set of all weights w for which the
A})OC-Constant Aéoc(w) is finite. As is the case in the classical theory, define

AL = | Ay~
1<p<co
From the definition it is easy to see
APC C APC C APC C ALY,
whenever 1 < p < g < o0.

The aim of this paper is to form the atomic decomposition of the functions in the
Besov spaces and the Triebel-Lizorkin spaces weighted by an A!%¢-weight. Let us recall
the definition of the non-weighted Besov spaces and the non-weighted Triebel-Lizorkin
spaces. We refer to [?] for exhaustive details. Following the notation in [?], we define
Np:={0,1,2,...}. Let 79,7 € S be the functions satisfying

xXB@2) <70 < XB4) and XBunB@) < T < XBE)\B(1)

where B(r) := {y € R" : |y1]® + |y2> + ... + |yn|> < 7?}. Here and below we denote by
x4 the indicator function of a set A C R™. For j € N we set 7;(x) := 7(277T1z). Let
0<p<o0,0<q<ooandséeR. Then we define

Q=

If = Bygle=| D 2% F (ry- Ff) : Lyl
J€No

If = Fpg

= > 2 YF (- FAHIY] L

J€No




Therefore it seems natural that we define the norms by

Q=

If = Bywl = Y 29| F (r; - Ff) « LY
J€No
1
q
17 Eel=| | S e Fne )| s
J€ENp

for f € & under the same notation. However, this definition does not work. The
primary concern about this definition is that the definition is independent of the ad-
missible choice of 7 and 79. This is an obstacle in our definition above. Therefore, to
overcome this difficulty we need to alter our point of view.

Furthermore, it is not enough to guarantee the completeness of the function spaces,
if we stick to the Schwartz distribution &’. We need to consider S, and S, instead. S,
is a set defined as follows:

Se :={p€C™ : qn(¢) < oo for all N € N},

where the seminorm ¢ is given by

an () :== sup (sup BM'\C’)%(JJ)I) :
OAGNO rER™
la]<N

The family {gn}nen topologizes S.. Then S, carries a structure of a locally convex
space whose topology is induced by the family {gn } yen. S, is defined as the topological
dual of S,.

The key idea by Rychkov is that we use the local means in [?] and considered the
subspace as a subset of S.. By way of the local means, Rychkov succeeded in proving
the validness of the seminorms. If we place ourselves in his framework of S, then we
are able to prove that the function spaces are complete.

Now let us present the correct definition due to Rychkov. Below for s € R we
denote by [s] the largest integer that does not exceed s.

Definition 1.1. [?] Suppose that the parameters p, ¢ and s satisfy
0<p<oo,0<qg<ooandseR.

Let ¢ € S with
XB(1) < 90 < XB(2)-

For j € N, we now set

i) = PMap(2z) — 20~ Dngp(29 1),



Assume that ¢g is taken so that Ly, > [s]. Let f € S.. Then define

1
q

If = Bywl = Y 27%||g; « f + LY
j€Np
1
q
1 s Fgl = || 32 2onigy e e o
J€Np

Bpq and Fyy’ are the sets of all elements f € S such that ||f : Byg | and ||f : Fpy'|
are finite respectively.

Having set down the definition of the weighted function spaces, we now describe
the organization of this paper. In Section 7?7 we collect some results of weights and
the maximal functions as well as the ones from [?]. In Section ?? we formulate and
prove the atomic decomposition, which is a heart in this paper. As an application we
reconsider local means discussed in [?]. As a corollary of the main theorem, we give
a simple but helpful remark on the local means in Section ??. Finally Section 7?7 is
oriented to applications, the multiplier result and the diffeomorphic properties.

2 Preliminaries

In this section we make a review of the class of A;JOC—Weights and the maximal
operators.

2.1 The weight class A%

As we have seen in Introduction, the definition of A;,OC can be obtained by replacing

“sup " by “ sup 7. We begin with the relation of Al°“(w) and the maximal
Q@ : cube Q@ : cube
zEQ z€Q, L(Q)<1

operator M<;.

Proposition 2.1. [?,?] Let 1 < p < o0 and w € A},OC. Then there exist two constants
co = co(p,n) >0 and ¢ = 1 (p, n,A}f’C(w)) > 0 such that
np2 p

M, f(x)Pw(x) dz < cor »=1 exp(cr r”)ALOC(w)P‘l/ [f(@)[Pw(z) de - (2)
R n

for all f with || f : Ly|| < oo and r > 1.

Proposition 7?7 was essentially proved by Rychkov [Ry]. As is mentioned, Buckley
gave the sharp estimate of the operator norm of M. By virtue of Buckley’s result, we
can obtain the present form.



It might be helpful to see that el*l e A;,OC \ A4, for ¢ > 0and 1 < p < 0.
Next, keeping this example in mind, let us see the speed of the growth. Rychkov
essentially showed the following proposition. Applying Proposition 7?7, we can improve
the estimate of the constant in the right-hand side of inequality (??) in Proposition ?7.

For a cube @ and r > 0, @) denotes the cube concentric with () and such that

I(rQ) =ri(Q).

Proposition 2.2. [?] Let w € A%,OC with p > 1. Then we have that for all ¥ > 1 and
all cubes Q with £(Q) <1,

w(rQ) < co r o1 exp(cy ™) Aéoc(w)ﬁ w(@Q),

where cg,c1 > 0 are the constants appearing in Proposition ?77.

Proof. By virtue of the definition of M<, f and Proposition 7?7, we have

w(r@) = /]R" xrQ(x)P w(x) dx

< [ 1Mz (i) @) w(a)dr

< cor »1 exp(er™) A;JOC(w)p%l / xo(x)P w(x) dx

n

np

=cor »1 exp(cpr™) A;,OC(w)P%l w(Q).
Thus, the proof is now complete. O
The following proposition is a tool that allows us to reduce the matter to the theory

of Ao-weights.

Proposition 2.3. [?] Let Q be a cube with £(Q) =1 and w € A)®® with 1 < p < oo,
Then there exists w € A, such that

Ap(w) < CA;JOC(w) and W =w on Q.
2.2 Local reproducing formula

In this section we consider the local reproducing formula.

Given a function g on R", L, denotes the maximal number such that g has vanishing
moments up to order Ly, i.e., / x%g(z) der = 0 for all a € Ng" with |a| < L. If no
Rn

moments of g vanish, then we put L, := —1. Rychkov proved the following reproducing
formula.



Proposition 2.4. [?] Suppose that ¢pg € C° with /¢0 #0. Set

0j(x) := 2" o (2 ) — 207" (27 )
for j € N. Let L € N. Then there exists 1o € C° such that Ly, > L and
F=Y wix¢jxfinS, (3)
J€No

for all f € S.,. Here we have set ¢;(z) := 2Mapg (20 ) — Q(j_l)”wo(Zj_lx) for 3 € N.

In [?] Rychkov actually proved (??) for f € D', where the convergence takes place
in D’. In this paper we have converted the assertion to the form of our convenience.

2.3 Maximal estimates

Next, we consider the maximal estimate. It was helpful to use Proposition 7?7 when
we prove that the definition of the non-weighted Besov spaces By , and the non-weighted
Triebel-Lizorkin spaces F , do not depend on the choice of 79 and 71 in Introduction.
It is helpful to introduce a notation. For a measurable function f, 1 < r < oo and
0 < n < oo we define

MO f(@) = M (|f]7) ()7, ME) f(@) = Mey (117) (2)7 and MD S = MO .

r loc

Let 0 < n < oo, E' a measurable set with |E| > 0, and f a positive function. Then

we write .
1 n
0= [7)"

Proposition 2.5. [?] Let f € 8’ be a distribution such that the support of its Fourier
transform is engulfed by a ball of radius v > 0. Then for 0 < n < oo there exists ¢,
independent of f and r such that

sup M <y M f(z).

yeR™ 1+ |ry|n

However, Proposition 7?7 does not work in this present situation. Because we are
convoluting functions with compact support, Proposition 7?7 does not do. Instead of
Proposition 7?7 we use the following maximal operator and the key estimate.

Definition 2.6. [?] Let f € S/, v € Ny and A, B > 0. Then define
Lo myap(y) = (1+2]y|)* 251

2. 1 pf (@) = sup (2 I@ V)]

yeR” mmA,B(y)



Instead of Propsoition 7?7, we use the following pointwise estimate. To formulate
our desired pointwise estimate, we need to introduce another definition. Let f be a
locally integrable function and B > 0. Then define

Kpf(z) = / e Bl f(y) dy,

n

provided the integral converges. Here and below we pick ¢g such that / ¢o # 0. Define

¢;(x) == 2" o(20a) — 20~ Dy (207 1)
for j € N. Keeping to the notations above, Rychkov proved the following.

Proposition 2.7. [?, Lemma 2.10] Let 0 < n < co. Then there exists a constant ¢ > 0
such that

G5apf@) < ey 2 A I, « ()" + Kpgllén « £ (@) }

k=v

provided A > n/n and B > 0.

Finally let us see the estimates of the maximal operator and the operator Kp.

Definition 2.8 (Weighted vector-valued norm). Let w € AL%C, O<p<oo,0<g<L o0
and {fj};en, a sequence of measurable functions. Then define

1
q

{fitsemo : (= D If : LY)°
J€N

I{fitieny = LRI = || Do 1A519] = Ly
Jj€No

Under this notation our key estimates can be formulated as follows :

Proposition 2.9. [?, Lemma 2.10] Let 0 < p < 00,0 < ¢ < 00,1 < u < 00, w € Al°°,
{fi}jen, a sequence of measurable functions and f € S,.

1. Assume that 0 < n < min (1, B). Then there exists a constant ¢ > 0 independent
u
of {fj}jen, such that

H My }jENo

[{a2n} s v

: lq(Lg’)

<c H{fj}jeNO Hlg(Ly)

: (4)

< |[{fidjem, © Ly )| 5)




2. Assume that B is sufficiently large. Then there exists a constant ¢ > 0 indepen-
dent of { f;}jen, such that

(KBS jeny + L) < ||t en, ¢ la(Ey)

[ TKB e, Lo < e [Uhjen, + ZE W)

)

3. Assume that ¢ satisfies /qbo # 0. Set ¢pj(x) := 27" (27x) — 20 Hng, (29 1y)
for j € N. Then there exists a constant ¢ > 0 independent of f such that

12705 anf : lg(L))|| < c[|2%¢y = f = 1(LyY)]], (6)

12°0) A f « Ly < cl[26u = f = Ly (™)

By using Propositions 77 and 7?7, Rychkov proved that the definitions of the func-
tion spaces Bpq and Fpy’ do not depend on the choice of ¢y.

3 Atomic decomposition

Having set down the preliminaries, we now formulate the atomic decomposition
theorem. Let us begin by fixing the notation of the dyadic cubes. Let v € Ny and
m € Z". Then we adopt the definition below to define the dyadic cube Q..

n
. m; mj—i-l
=TT |3 5|

Jj=1

Let us denote by ||f : C|| the sup-norm of a continuous funciton f.
Definition 3.1. [?] Let
d,p,seR K LeZ,d>1,0<p<oo, K>0and L > —1.
1. Let m € Z". a € CF is said to be an atom centered at Qq,, if a is supported on
d Qom and the following differential inequality is fulfilled :
|0% : C|| <1 for all @ € Ny" with |a| < K.

2. Let v € Nand m € Z". a € C¥ is said to be an atom centered at Qum,, if a is
supported on d Q),,, and a satisfies the following moment condition as well as the
differential inequality as above:

10%a : of <275 o1 all 0 € N™ with | < K

and

/ 2Pa(z)drz =0 for all § € Ng" with || < L. (8)
If L = —1, then it will be understood that the moment condition (??) above is
empty.



3. Define

Atomg := {{avm }veny, mezn @ each a,y, is an atom centered at Qum }

and

Atom := {{aym ey, mezn : {0 @um tven,, mezn € Atomyg for some ¢y > 0} .

Next, we give two sequence spaces to describe the condition of the coefficients.

Definition 3.2. Given a doubly indexed sequence A = {\,, }veny, mezn, define

A by,

mezZn"

= { Z )\,,mxl(ﬂ%} (L)
veNy

. {z Aumxﬁ’%} )
IZS

mezZmn

Here Xl(,% = Q%XQM- It is convenient to write a;ﬁq to denote either b;;],q or ;‘jq.

We are to show that any element in A,y can be decomposed into the sum given by

Z Z AvmQum -

veNg mezZn

Let us begin by showing that the sum makes sense at least in S., provided K and L in
Definition ?? are large enough. Below following [?] for example, let us set

n
= ——————n and Op ‘= Opp-

7P Win(1, p, q)

Lemma 3.3. Suppose that the parameters p,q and s satisfy
O<p<oo,0<g<ooandséeR.
Assume that w € Al°® with 1 < u < co. Let K, L € 7 satisfy
K> (1+[s])+ and L >max(—1,[op—s+ (u—1)n]).
Let {aym }veng, mezn € Atomg and X = {A\ym }veng, mezn € a,,. Then the series

p
dim > 0> Amam

v=0 meZm

converges in S..

10



Proof. By virtue of the Minkowski inequality it is trivial that

lmin(p,q) (L;;)) - L]I:(ll]) - lmax(p,q) (L;?U)

in the sense of the continuous embedding. Therefore, let us assume that a = b, that is,
we concentrate on the case of Besov type.

First let us check that the sum

Z AvmQum

meZ"

converges in the topology of S. for every fixed v € Ny. To check this, we note

Mol < cw(Qum) /7.

Now we invoke Proposition ?7. Then we obtain

w(Qum) > ¢ exp(—No 27 |m|)w (2" ?|m|Qum) > ¢ exp(—No 27" |m|)w(Quo),
where Ny and ¢ are numbers depending on the weight w. Therefore, the coupling

< S At ¢> = > [ Amtuml@)ota) da
mezn mezn Y R?
converges absolutely for all ¢ € Se.
In view of this we have only to prove
P

converges in S..

Pick a test function ¢ € S, again. Then by virtue of the moment condition we have

P P
<Z ( Z )\umaum> a¢)> = Z Z )\Vm /]R" aym($)¢ym(13) dx’

v=0 \mezZn v=0mezZn"

where ¢,,,, is given by

85$(2~m)

bl (x — 2*”m)5

bom(@) = o(2) = [

IBI<L
By the mean value theorem we have
|pum ()] < c2 VA sup [07¢(y)|

|v|=L+1
yed Qu'm

11



for © € dQym,. Thus, the pointwise estimate |am,(x)| < 2-v(s=n/P) g e R™ yields

€N|x||aum<$)¢um(x)| < C27V<Si%+L+1) sup eN\y|‘6’Y¢(y)| XdQum(x)

Iy|=L+1
yedQum
—v(s—24L+1
<c2 e )QN(éf?)XdQum(x)

Here N is a constant chosen as large as we wish. Below let us assume that N is
sufficiently large, say, N > 1. Adding the estimate above over m € Z™, we obtain

ST Pomvm(@)dum ()] < e () g (g) e N > omlXdQun (2)-

mezmn meZn"

Let us write Q(r) := {x € R™ : max(|z1],|z2],...,|zn|) < r}. Inserting this pointwise
estimate, we have

> [ Pt @)m(2)

mezZn

SCZ_V<S_Z+L+1)QN(¢)/ e NN Nomlxa @, (@) de

mezZ"

S02,,,(37%+L+1 Zexp _ok— 1]\[/ Z P\um\XdQum x) dw

mEZ”

Z Avmx o ()

mezmn

dz.

k=0

Here the constant ¢ > 0 depends on N. We define two auxiliary constants 0 < n < 1
and 1 < p < o0 by

p p
= ————— and ===14+(u—1)p.
(il oy y wi=g (u—1)p
Denote by 1/ the harmonic conjugate of y: p' = Ll Then we have
-
ol = 1
p—1 u—1

Keeping this in mind, we estimate the integral in question:
> Amx (@

/ du < </ >
e (/QH

12

> AmxUn (@

meZ™

v\
d:r:)

> AmxP (@

mezm™

0\
dm).




Applying the Holder inequality, we obtain

A(Q Z )\meQ

mezZn
YT Amx® (@)

27 T ( /
Q2 mezm
L
o (/ w(z)™ dx) (/
QeH) Qek)

. ! 1
Since w™ ™ = w” w1 € A% we see

dzx

n n

IA

w(z)" dm)

p

IN

Z AumXQym

mezm"

w(z) d:c) ’ .

/ w(z) ™ de < ¢ exp(Np.nuw - 2’“)/ w(ac)fﬁ dr < ¢ exp(Npyuw - 2°),
(2%) Q1)

where ¢ and Np ;4. depend on p,n, v and the Ag’c—constant of w. Recall that N is at
our disposal. Thus, we finally obtain

5 [ Pt @om(@)]do < ez 0T gy )

mezZm™

Z Avm@um, Ly

mezZ"

Now by the assumption, L is sufficiently large:

n p

Thus, we are in the position of adding these inequalities over v € Ny :

1
s—n+n+L+1>ap+un—n:ap—n<—1) > 0.
n

3 | ( S Aemtom( ) o) dz| < cqn(6) |1 : Bl (9)
v=0 mezn
This proves
P
Pll_I)I;OZ < Z Aumaum>
v=0 \mezZ"
exists in S.. [

Theorem 3.4. Suppose that the parameters p,q and s satisfy
0<p<oo,0<g<ooandseR.

Assume that w € Al°® with 1 <u < co. Let K, L € 7 satisfy

K > (1+[s])+ and L > max (—1, [0% — s+ (u— 1)nD
when Apyg denotes Bpyg and

K > (1+[s])+ and L > max (—1, [0%% —s+ (u— l)nD

S, W S, W
when Apg denotes Fpy .

13



1. Let f € Apg. Then there exist {aym}ven,, mezn € Atomg and X € a,, such that
f = Z Z AvmGum,
veENg mezZ"
with
I\ a)

P,q|

| <cllf = Apgll-
Here the constant d > 1 appearing implicitly in Atomyg is a fized large number.

2. Suppose that {aum}yeNO mezn € Atomg and \ € apq Then the series

= Z Z Avm@um

veENg mez"
belongs to Ay and satisfies the norm estimate

1= Apg T < elld = aygll.

Let us remark that if w = 1, then the conditions on K and L are exactly the ones
in [7].

Proof of 1. Denote by {¢,},en, the family described in Definition ??. We utilize the
idea in [?]. Let {t, },en, be taken so that

Z¢u*¢u=5

vENp

in S, and that Ly, > L. Here 6 means the Dirac delta distribution. Then we have

F=Dbvxtnxf=> Y Tunlf)

vENy veNg mezZn"

where ®,,,,(f / Uy(x — y)py * f(y)dy. If v € N, then it enjoys the same

moment condition as 1/1,, "and the order L of the moment condition can be made as
large as we wish. Observe also that ®,,, is supported on d Q,,, for some d > 1. Denote

Avm i= sup 2vemm/p)=vlel|gag,  (£) : C|. (10)
a€Np™
lo|<K
Define
)\Vm_l : (I)Vm if )\V’I’I’L 7é 0
Qum _{ 0 otherwise. (11)

Then we have from the observation above {aym }veny, mezn € Atom. Furthermore f is

decomposed as
f= Z Z Avm@um.-

veNg mezZn"

14



Let us see the size of coefficients. To do this we majorize the coefficient with the

* —
maximal operator which is given by ¢}, 4 5f(x) = sup w
Y yeR? mu,A,B(y)

Aum < sup sup 2¢(s—n/p)=viel 107 [Wu(z — )] ¢+ f(y)| dy
aeNg™ zeR™ Qum
la|<K
< cov(s—n/p) sup 6w % f(y)]

YEQum+Q(27v 1)

<2/ gup gy, x fx —y)]
ly|<c2—v

< 2/ pf ()

for all x € d Q. As a consequence

SN AmxB(@) <279 4 pf(2).

vENg mezZn
In view of the maximal estimate (??), which can be formulated as
1270 apf = Ly (o)l < cllf = Byl
under our notation, we obtain
A= Lyl < ellf = Fll-
Thus, f was decomposed as we wish. O

Proof of 2. We deal with the F-scale, the proof for the B-scale being similar. Suppose
that we are given

{aym}VENo,mGZn € Atom and \ = {)\Vm}ZIENo,WLGZ" € a;)u’q.

Assume that v > k > 0 or v = k = 0 for the time being and let us estimate ¢g * aym,.-
The same argument as the non-weighted case works to obtain

’2ks¢k *aym(x” < c27(ka)(L+1+s+n)+kV/pXCO 2V_kQum(x)7

for some ¢ > 0. For details of this calculation we refer to [?]. Keeping this in mind, let
us estimate

> 2% A&k * aum ().

meZ™

We adopt the following notations:

Qx,r) :=={y € R" : max(|y1 — 21, [y2 — @[, ..., [yn — zn|) < 7}
B(z,r) ={yeR" : |z —y| <r}.

15



Let n < min (1 = —) A trivial inequality (a + b)? < a? + b for 0 < 6 < 1 gives us
u

3=

Z ’)‘Vm’XcQ(Q—”m,Q—k)(x) < Z |>‘Vm| < Z ‘)\Vm‘n

mezn mezm™ mezZm™
x€B(27Ym,c27F) z€B(27Vm,c27F)

)
)

Therefore, it follows that

D PumlXeg@-rmar) <27 ( /
B(zw,co 27k

meZ™

Z )\VmXQUm y

meZL™

n(v—k)
=c2 B(xCOQ k) ( Z )\VmXQVm

mezZn"

n(u k)
< C2 <CO [ Z )\VmXQum] )

mezn

Inserting this estimate, we are led to

3 125 Ak # ()] < €27 200R) 1) [Z Avmxum] z) (12)

mezZ" mezmn

for some 09 > 0if v > k > 0 or v = k = 0, and some 1 which is slightly less than
min <1 P g)
u u

Let us turn to the remaining case when k > v > 0 with k # 0, which requires us an
elaboration. Let L > 1. Since we are assuming k& > 1, a suitable choice of ¢g allows us
to assume

¢k(l‘) — 2kn¢0(2kx) o 2(k71)n¢0(2k71x)
Foo(x) =1+cp |2/*F +eppr 2222+

As a consequence, we can assume ¢; = ALp for some L € Ny sufficiently large and
p €S. Once ¢ is decomposed as above, the same argument as the non-weighted case
again works and we obtain

1250 * apm(2)] < c2”ETIEZIRRDY o (@) < c27 P0Gy o, () (13)

for some dp > 0. We remark that the constants dp in (?7) and (??) can be assumed
identical if we replace them by smaller numbers if necessary. Therefore, going through
a similar argument, we obtain

Z ‘2ks)\vm¢k * an( )| < 02_260(V k <CO [ Z )\llmXVm] )

mezn" meZm

for k > v >0 with k #£ 1.
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In view of this estimate, an argument similar to the non-weighted case works for
the non-weighted case to obtain

SN Nmtvm ¢ 2| < e |2 [Z Aymxggg] D LY < elX s 1o
veNg meZm mezZ"
This is the desired result. O

Atomic decomposition for the weighted Hardy space

Bui considered the weighted local Hardy spaces in [?] for w € A. Let us present
the definition of h;,’ with w € Alc. For f € S!, we set

¢g f(x) == sup (¢o); * f(x),
jeN

where (¢o);(z) := 2/"¢o(27x) for j € N. We remark that ¢; and (¢p); are different.
Let 0 < p < oo. The weighted local Hardy space h;’ is a set of all f € S! for which the
seminorm

1 = Bl e= g f 5 Lyl
is finite. Rychkov proved the following equivalence with the class of the weight w
extended to the Al%°-class. We can say that the original function space h;’, which was
studied by Bui, is obtained by letting w € A.

Proposition 3.5. [?, Theorem 2.25] Let 0 < p < 0o and w € ASC. Then there exists
a constant ¢ > 0 such that

- 07 .
HIF RPN = Bl < ellf = byl
for all f € S..
Corollary 3.6. Let w € Ag’c with 1 <u < oo. Then any element f in hy admits the

following decomposition.
f= Z Z AvmGum

vENg mezZ™
where the coefficients {\um reny, mezn satisfies

1
2
2n
Z Z 2r ‘)\Vm‘QXQUm : L;)U S C||f : h;;UH
veNg meznr
and each a,m, € CK is a function satisfying
Supp(CLom) C dQom, HaaaOm : CH <1

for all multiindices o with |a| < K and

supp(apm) C dQum, [|0%wm = C|| < 2%+|a|1/7 / xﬁal,m(x) de =0

n

for all v € N and multiindices o, § with |a| < K and |5| < L. Here d > 1 is a fized
number and the integers K € N, L > op2 + (u — 1)n are chosen as large as we wish.

U u
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4 Local means for non-weighted case revisited

Let us now reconsider the local means for the non-weighted case. When we consider
the case when w = 1, let us abbreviate w to write

If = Apg =117 Ay gl
for example. In [?] Triebel has shown the following.
Theorem 4.1. Let 0 < p < 00, 0< ¢ < o0 and s € R. Then choose 19,7 € S so that
XB(2) < T0 < XB(4) and Xpa)\B@e) < T < XBE)\B(1)-
Define 7;(z) := 7(279"1z) for j € N. Given f € S, we set
If = By gll* = 12°F g - FF) 2 (L), 1 = Fpgll™ = 127°F (5 - FF) + Lyp(lg)l-

Let us use ||f : A; ||* to denote either ||f : B, ,
¢ > 0 such that

|* or ||f : Fj,II". Then there exists

s A< A,

whenever f € ' satisfies ||f = A |I* < oc.

<cllf Ay

5 (14)

If p,q > 1, the superfluous condition [|f : A7 [|* < oo can be dilated. For details
we refer to [?]. However, in general it had been essential that we assume || f : A [|* <
o0o. This is because of so called “absorbing argument”. However, having obtained
the atomic decomposition starting from the local means, we are now eliminate this
assumption in any case. That is, we have the following.

Theorem 4.2. Keep to the same notation as above. If f € S, satisfies || f : Aj || < oo,
then we have ||f = Aj || < oo and the norm equivalence (77) as well as f extends to
a continuous functional in S.

Proof. Starting from the assumption |[f : Aj || < oo, we are able to obtain the atomic
decomposition described in this paper. However, the atomic decomposition is exactly
the one in [?] for the non-weighted case. Therefore, from the atomic decomposition in
[?] we conclude f € S" and |[f : A5 [|* < oco. O

5 Applications

Now we investigate the key properties of the function spaces Apg. We shall deal
with the multiplier inequality and the diffeomorphic property. To do this, it is helpful
to use the lifting property. In [?] Rychkov proved the following.

18



Proposition 5.1. Let w € A%, Suppose that the parameters p,q and s satisfy
O<p<oo,0<qg<ooandséeR.

Then there exists tg = to(w,n) > 0 depending only on the dimension n and the weight
w such that

Lf:fe Ay o (1—t?A)sf e AS o

s an isomorphism whenever t < typ.

It is not so hard to see

Proposition 5.2. Keep to the same assumption on the parameters p, q, s and the weight

w as Proposition 77. Then
Q. AS,Ww s—|al,w
0% Apy — Ay

is a continuous linear operator.

Proof. Let f € Apg. Then by Theorem ?7 we are in the position of forming the atomic

f= Z Z AvmGum.

veENg meznr

decomposition of f:

Here the coefficients {Aym }reny, mezn are subject to some condition, to which we do
not allude for the sake of simplicity. And the collection of functions {a,m }ven,, mezn
belongs to Atomgy. Note that the smoothness of a is obtained as much as we wish.
Therefore, we obtain {0%aum }rveny, mezn € Atomg and

aaf: Z Z Avm 0 aym

veNg mezZn
is again an atomic decomposition for 9% f in A;;}M,w and we obtain the desired result.
O

5.1 Pointwise multiplier
Let us denote by C™ the Banach space of CM-functions f for which the norm
M M

If = CMl= ) Jof = M| (15)

aceNp™

|| <M

is finite.

Theorem 5.3. Suppose that w € A¢ and that the parameters p,q and s satisfy

0<p<oo,0<g<ooandséeR.
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Then there exist constants ¢ > 0 and M > 0 depending only on the parameters p,q, s
and the weight w such that we can define the pointwise multiplication h - f naturally
and

lh-f: A3 <cllh: CM|-||f : AsY

| (16)
for allh € CM and f € Ay .

Proof. Assume that w € A°® with 1 < u < co. First we begin with the regular case.
That is, let us assume
s>opa + (u—1)n.

Then we remark that there is no need to postulate the moment condition on atoms.

Let f € Apg. Then we can decompose f as follows:

[ = Z Z AvmGum

vENg mezZm

where {a,m }venymezn € Atomg and the collection of coefficients A := { A\, }oeng, mezn
satisfies
A= apgll <cllf = Al (17)

As we have remarked, we do not have to pose the functions on the moment condition.
Therefore the decomposition

h-f= Z Z )\um(h'a’ym)

veENg mezZn

satisfies {h - aum }reNymezn € Atom as well as the estimates of coefficients (77). It
follows from the Leibnitz rule that there exists a constant ¢ > 0 independent of the
functions f, h such that

{e|lh + CM7 h - aym Yveng mezn € Atomg,

once we exclude the trivial case when h = 0. Therefore, we obtain

h-f o A5

gl <clh s CMI- X s gyl <ellh - CYI-IIf = AZZIL

Thus, the theorem is proved when s is sufficiently large, say s > opa + (u — 1)n.

Now we pass to the general case. To do this, fix the parameters p, g and the weight
w. We set
S =8pqw:={s€R : (?7?) holds for s}.

Assuming that w € Alfc, in the paragraph above, we have shown that
(021 + (u—1)n, oo) CS.
Therefore, to complete the proof, it suffices to show that

s, s+1leS=s—-1€5.

20



We utilize Proposition ?? and fix the constant tg = tg(w,n) of Proposition ??. Let
t
fe AS Y. Then set g = (1 — t2A) 1 f with ¢ = %p. Then we have by virtue of the

aforementloned proposition that
lg = APLRUI < cellf = ARl (18)
Furthermore, we have

hef=h-(1-1?A)g=1-1A)(h-g)+2>> 9;h-d;g+1*Ah-g.
7=1

Therefore, we obtain

[h- f

e | @ =2A)h-g) = AP+ Y 1050059 = AU+ AR g = ALY
j=1

<c|lh-g: AR+ D lloh- 059 -
j=1

Since we are assuming s,s 4+ 1 € S, we obtain, together with Proposition 77,

Ih-g = ASER) <cllh s M- g = AsEEll,
10;h - Bjg + A5l < cllh+ CM|| - [|105g + AsERCl < cllh = CM|| - |lg + AsEt|
and

1AR-g = ApZte < cllh s CM-llg = Al < ellh s CML- g = AR

Here M’ € N is a large integer.

Inserting these estimates and (?77?), we obtain

| [ -1l
which establishes s — 1 € S. O

- 11F = Ayl

5.2 Diffeomorphic property

Finally in this paper we consider the diffeomorphic property of the function space
Ay . We take up the composite of the elements in Ay and a diffeomorphism on
R™. To deal with the Sobolev-like spaces, we need to postulate some conditions on the
diffeomorphisms we are going to take up.

Definition 5.4. A homeomorphism 1 on R" is said to be a regular CN-diffeomorphism,
if the following conditions below are fulfilled.
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1. ¢ € CN, where OV is a Banach space normed by (?7?).

2. Denote by Ji the Jacobian matrix. Then 1) satisfies

inf [det(J4) ()] > 0.

Let ¢ be a regular CV-diffeomorphism. Then observe that 1~! is a regular CV-
diffeomorphism as well. Denote by CN the set of all CV-functions with compact
support. Then define

By:feCl — foypeCN.

Then we see By, is an isomorphism on C¥.
Theorem 5.5. Suppose that the parameters p,q and s satisfy

O<p<oo,0<g<o0and seR

and let w € A})%C. Assume that ¢ : R® — R"™ is a reqular CN -diffeomorphism. If N
is sufficiently large, the mapping By, defined initially on CN . can be extended to an
isomorphism on Ay .

Proof. Let w € Afc with 1 < u < co. By symmetry we have only to prove
Ifouw : Az

Assume first that s is large enough, which allows us to disregard the moment condition.
Let f € Ay and form its atomic decomposition :

f: Z Z AvmQum,

veNg mezZn"

[ <cllf = Apgll

where A = {Aum freNy, mezn € ay, and {aum}reng, mezn € Atomyg.
First of all, let us see that the sum

F = Avm * Qum © P
> 2

veENg mezZnr

converges in S, and belongs to A,’g. To do this, we observe that there exists a constant
¢ > 0 such that
Mo —a'] < [(x) — P(a)] < |z — | (19)

for all z,2’ € R™. Therefore, the distorted dyadic cubes {¢(d Qum)}ven,, mezn are
nicely separated. A geometric observation using (??) shows that there exist I € N and
D > 1 independent of v € Ny with the following property :

1. For each v € Ny, Z" is partitioned into a disjoint union of I subsets:
zr=my [IMms [T T Mmr-
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2. For each v € Ny and i = 1,2,..., I, there exist an injection o : M; — Z" such
that
w(d Ql/m) - DQI/OLZ-V(m)

for all m € M/, where D is a new constant that depends only on d and .

Let i and v be fixed for the time being. Set M := af(MY). Let us regard each o
as a bijection from M} to M : with inverse ;. For each m € M ;’ , we define

Xim = Aygr(m) and Eim i= @y gy (m) © .

If m € Z" \ M, then define

~i

Nm:=0 and @ :=0.

With this preparation in mind, we decompose the sum according to the partition above.

I
g E Aym'aumo¢:§ § § Avm * Qum © P
vENg mezZ™ =1 vENg meM;
I .
_ E E E 3N At
- )‘Vﬁalzm
i=1 \veNo meM;

> Y Nmim

1 \veNgmezZ”

Il
.MN

7

Note that {Eiym},,eNo,meZn € Atom for each 7 = 1,2, ..., I because there is no need to
take into account the moment condition. Therefore, each summand in the parenthesis
belongs to A,g. Thus, we see that

F = Z Z Avm * Qym © P (20)
vENg mezZ™
belongs to Ay .

Once we prove that I is not dependent on the choice of the atomic decomposition
EXT)

of f, it follows from the estimate of the coefficients that f € Apg — F € Apg is
continuous. To prove that F'is independent of the choice of the atomic decomposition
we may assume that p, g are finite and hence the convergence

Z Z AvmGum

vENg mezZ"
takes place in the topology of Apg. This is because of the embedding
s+e,w s, w
Apss™ C Ay
and we are assuming s is sufficiently large. In this case we can use

(Fom) = (f,noy™" - |det(Jy)| ),
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where we used the fact that f can be extended continuously to the functional on C.
Note that (??) converges in the topology of Apy. Therefore C¥ is dense in Apy. As
a result the composition mapping is extended to a bounded linear operator provided s
is sufficiently large.

Now let us pass to the general case. To do this we set
S = Spqw:=1{s €R : Theorem ?7 holds for s}
with the parameters p,q and the weight w fixed.
What we have struggled to prove can be summarized as follows:
[a,00) C S
for some a > 0.
Let f € Apg with s < . Then by Proposition ?? we obtain

h= -2 A)2hfe ATRPRY |[hs AR < e f = ARl

a—s
where L is a constant larger than and t is a small parameter as before. Then

f=0-A)h=Q1-tA)hoyyoyy™)= Y ¢o-0%Mhor))oy.
a€Np
|a|<2L

Here gga belongs to C™' that depends only on ¢ and a. Therefore, we obtain

for=>" ¢a-0*hov)oy .
a€EeNp
laj<2L

If we invoke Proposition 7?7 and Theorem 7?7, we obtain

Ifo s Ay <c > |da-0%(hotp) : AS¥|| < clhoy : Ast2hbw].

a€Np
lal<2L

Now that s + 2L € S and hence we have
L
|hot : A;l’f Y <clh : A;ZM’“}H.

Putting together these observations, we obtain s € S. O
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