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Abstract

For implicit second order ordinary differential equations, uniqueness for solutions does
not hold in general. In this paper, we give a sufficient condition that implicit second order
ordinary differential equations have the unique geometric solution around a point.

1 Introduction

An implicit second order ordinary differential equation (or, briefly, an equation) is given by the

form P
Y Y
F < — 1 =0
<‘/Ll7y7 dx, dx2> )

where F'is a smooth function of the independent variable x, of the function y. It is natural to
consider F' = 0 as being defined on a subset in the space of 2-jets of functions of one variable,
F : U — R where U is an open subset in J?(R,R). Throughout this paper, we assume that
0 is a regular value of F. Tt follows that the set F~1(0) is a hypersurface in J%(R,R). We
call F~1(0) the equation hypersurface. Let (z,y,p,q) be a local coordinate in J*(R,R) and
& C TJ*(R,R) be the canonical contact system on J*(R, R) described by the vanishing of the
1-forms oy = dy — pdxr and ay = dp — qdx. It is worth noting that the field of planes £ is an
Engel structure on the 4-dimensional manifold J?(R, R).

If FF = 0 satisfies F;, = 0F/dq # 0 at zy, by the implicit function theorem, we can locally
rewrite this equation in the form ¢ = f(x,y,p), where f is a smooth function. This explicit
form ¢ = f(x,y,p) is more convenient than the original one, because there exists the classical
existence and uniqueness for (smooth) solutions.

*Dedicated to Professor Goo Ishikawa on the occasion of his fiftieth birthday.
2000 Mathematics Subject classification: 34A09, 34A26, 34C05
Key Words and Phrases. implicit second order ordinary differential equation, uniqueness, geometric solution,
complete solution



Here a smooth solution (or, a classical solution) of F' = 0 around z; is a smooth function germ
y = f(x) at a point to such that (ty, £(to), f'(t), f"(t0)) = 7 and F(x, f(x), f'(x), f"(x)) = 0.
In other words, there exists a smooth function germ f : (R,¢;) — R such that the image of
the 2-jet extension, j2f : (R ty) — (J?(R,R),2), is contained in the equation hypersurface.
It is easy to check that the map j2f satisfies (j2f)*ay = (j2f)*as = 0 (i.e. j*f is an Engel
immersion germ).

More generally, a geometric solution of F' = 0 around z, is an Engel immersion germ
v : (R, t0) = (JA(R,R), z9) such that the image of  is contained in the equation hypersurface,
namely, 7' # 0, v*a; = v*az = 0 and F(y(t)) = 0.

By definition, the classical solution is also a geometric solution. Hence for explicit equations,
there exists the unique geometric solution around z;.

For implicit second order ordinary differential equations, however, uniqueness for geometric
solutions does not hold in general (cf. Example 4.2). In this paper, we give a sufficient condition
that uniqueness for geometric solutions of implicit second order ordinary differential equations
hold. The main result is the following.

Theorem 1.1 Let F(x,y,p,q) = 0 be an equation at zy. If F, + pF, + qF, # 0 at zy, then
there exists the unique geometric solution around z.

We remark that we gave an existence condition for a complete solution (two-parameter
family of geometric solutions) in [1, 8, 9]. As a consequence, if the equation F' = 0 satisfies
Fy + pF, + qF, # 0 at z, then there exists a geometric solution around zy (cf. Proposition
2.1). Therefore we may prove that uniqueness for geometric solutions under this condition.

In Section 2, we give basic notions for implicit second order ordinary differential equations.
In Section 3, we prove Theorem 1.1. In Section 4, we give examples of implicit second order
ordinary differential equations. In the Appendix, we consider implicit first order ordinary
differential equations and give the corresponding result of Theorem 1.1 by using the Legendre
transformation.

All map germs and manifolds considered here are differential of class C*.

2 Basic notions

In this section we give basic notions for implicit second order ordinary differential equations.
First we define the notion of complete solution (cf. [1, 3, 8, 9]). By the definition of parametrized
version for smoothness of the solutions (i.e. smooth solutions), a smooth complete solution of
F =0 at z, is defined to be a two-parameter family of smooth function germs y = f(t,r, s)

such that of o f
F <t7 f(t, r, 3)7 E(ta T, 3)7 ﬁ(ta T, S)) =0

and the map germ j2f : (R x R?, (tg, 70, 0)) — (F1(0), 29) defined by

. 0 0?
Jif(t,r,s) = <t,f(t,7“, s), 8_{(t’ r,s), a—t{(t, r, 3)>

is an immersion. It follows that the equation hypersurface is foliated by a two-parameter family
of classical solutions like as explicit equations.



On the other hand, we consider the corresponding definition of parametrized version for
geometric solutions. Let T': (R x R, (o, 9, s0)) — (F1(0), z9) be a two-parameter family of
geometric solutions of F' = 0. We call I a complete solution at z, if

dx/ot Qy/ot Op/dt 0q/ot
rank | Oz/0r Oy/Or Op/Or 0q/0r | (to,ro,S0) = 3,
dx/0s 0Oy/0s Op/Os 0q/0s

where T'(t,r,s) = (z(t,r,s),y(t,r, s),p(t,r,s),q(t,r,s)). This condition means that I' is an
immersion germ, that is, the equation hypersurface is foliated by a two-parameter family of
geometric solutions. We say that an equation F' = 0 is completely integrable at z, if there exists
a complete solution of F' =0 at z.

Furthermore, an equation F' = 0 is of second order Clairaut type (for short, Clairaut type)
at 2o if there exist smooth function germs A, B : (J*(R,R), 29) — R such that

Fo+p-F,+q-F,=A-F+B-F,

and of first order type at z, if there exist smooth function germs A’, B' : (J?(R,R),z) — R
such that
Fop=A""F+B' - (Fo+p-F,+q-F,).

In [9], we gave an existence condition for the complete solution of implicit second order
ordinary differential equations.

Proposition 2.1 ([9, Proposition 2.2|) Let F(x,y,p,q) = 0 be an equation at zy. F = 0 is
completely integrable at zy if and only if F' = 0 is of Clairaut type, or of first order type at zy.

If FF = 0 satisfies Fy, + pF, + qF, # 0 at 2z, then F' = 0 is of first order type at z;. By
Proposition 2.1, there exists a complete solution at z; and hence a geometric solution around
20-

We call points z € F1(0) such that the contact plane &, intersects T, F~'(0) transversality
fails contact singular points. We denote the set of such points by ¥. = ¥.(F). It is easy to
check that the contact singular set is given by

S(F) ={z € F10)| Fu(2) + pF,(2) + ¢F,(z) = 0, F,(2) = 0}.
As a collorary of Theorem 1.1, we have the following result.

Corollary 2.2 Let F(z,y,p,q) = 0 be an equation at zy. If 2o ¢ X.(F), then there ezists the
unique geometric solution around zg.

The last part in this section, we define a dual equation of the original equation F' = 0. We
consider a transformation of J?(R,R). Let (X,Y, P, Q) be an another coordinate of J*(R, R)
by X = ¢,V =p—qu,P = y—pr+ (1/2)qz>,Q = z. We refer to a smooth mapping
E: J*(R,R) — J*(R,R) given by

1
E(z,y,p,q) = <q,p —qz,y —px + 5(1:1:2,:6)



as an Engel-Legendre transformation (or, briefly, E-L transformation) (cf. [8]). By defini-
tion, we have E- (XY, P,Q) = (Q,P+YQ + (1/2)XQ?* Y + XQ, X). If we apply the E-L
transformation to our equation F' = 0, we obtain a new equation

F*(X,Y,P,Q) = FoET'(X,Y,P,Q) = F(Q,P+YQ + (1/2)XQ%Y + XQ,X) =0

in the coordinate system (X,Y, P, Q).
If we calculate the partial derivatives at the point (X, Yy, Py, Qo) corresponding to (o, Yo, Po, 9o),
we can show the following.
F (X[];}/EMPU)QU)
(X07 YE)) P07 QO)
y )
) =

(F + pr + qu) (x[]a Yo, Po, qU)a
Fy(.’lf(), Yo, Po, qO)J
(x

Y XO;KbPO)QO
F)*((XOJYE]JPOJQO

F + Fp)(.’lf@, Yo, Po, qO)J
((1/2)332Fy + pr + FQ)(xOJ Yo, Po, qO)

3 Proof of Theorem 1.1

Let F' = 0 be an equation at zy. Suppose that Fy + pF, + qF, # 0 at z;. By Proposition 2.1,
there exists a geometric solution around z;.

First we may assume that Fj, + pF, + ¢F, = 1 around z,. If y(t) = (x(t), y(t),p(t),q(t)) is
a geometric solution of F' = 0 around zj, then ¢'(¢) # 0. Hence we can reparametrize y(t) as
(z(t), y(t), p(1), 1).

Let v(t) = (z(t),y(t),p(t),t) and 5(t) = (z(t),y(t), p(t),t) be geometric solutions of F = 0
around 2. Suppose that y(tg) = Y(ty) = 2o. It is enough to show that ~(t) = 7(¢) for
to <t < ty+ e, where £ is a positive small number. If we differentiate the equality F'(v(t)) =
F(z(t),y(t),p(t),t) = 0 with respect to ¢, then we get z'(t) = —F,(z(t),y(t),p(t),t). By
integrating this equality,

o) = slta) + | ~Fyalt),u(®).p(0) )t

to
Since () is a geometric solution, namely y'(t) = p(t)2'(t) and p'(t) = t2'(t), we have
¢

ywzmm+/%wfw@pm=mm+/9ﬂmw

to to

It follows that

aw—ﬂn:kaﬂumwumw»n+ﬂ@wxmmﬂnwwm 1)
ym—anz_/ — BT (1)) dt
:L/p —u»ﬁ+/ (1) ((t) — B(8)) dt 2)

and

pm—mw=:[tww—%wMt
=:[t@ﬂmmmmmmw+ﬂmmamﬂmmw. (3)



Since F(z,y,p,q) is a smooth mapping, there exists some number K such that
| = Fy(a(t),y(t), p(t), 1) + Fo(z(2), y(t), p(t), )| < K(|lx(t) —2(t)[ + [y(t) —y(®)] + [p(t) — p(X)]),
where tg <t <ty + . Moreover since (¢) and 7'(¢) are smooth mappings, we put

— — _ ~
a=max{[to], [t +el}, b= max {p(t)}, c= max {2'(1)}

By (1),(2) and (3),
|(t) — 2(t)] + [y (t) — y(®)] + [p(t) — p(?)]

< tt | By at), y (1), pl0), 1)+ Fy(E(0),5(0), 5(0), 1)t
[ O] = Fa(0).00,0(0.0)+ EG0,50. 5000
- (W(m [ 1= Fe(o).500.p(0,0) + Fq(f<t>,a(t>,ﬁ<t>,t>|dt) i

+ - = Fy(a @), y(8), p(t), 1) + Fy(2(2), y(2), p(t), 1) |dt

t

If we put

L=max{l+a+bact, M= max {[z(t)—z()|+ |y(t)—yt)| +[p(t) - p(®)]},

to<t<tp+e

then it follows from (4) that

ol0) = FO] + n(8) = 701 + (o) - 5] < LKV (¢ -+ 50— 62) . )

Inductively, by put (5) into (4), we can get

n

ol0) = FO1 + (8~ 701+ () - 50 < K" S s () (-

for each n. Since

n

k=0

the inequality
(1) — z(8)| + |y (@) — y(®)] + |p(t) — p(t)] < %(t —to)"(L+¢ —to)"L"K"M

holds, where ¢ty <t < ty +e. Hence we get |z(t) — z(¢)| + |y(t) — y(t)| + |p(t) — p(t)] = 0. It
concludes that v(t) = () for tg <t <ty + . This completes the proof of Theorem 1.1 O



Remark 3.1 We can consider another proof of Theorem 1.1. We shall take small number ¢
which satisfies 0 < ¢ < =1+ /14 (2/KL). By (5), we have M < LK M (e + (1/2)e?). This
implies that M = 0. It concludes that v(t) = 7(t) for to <t <ty +e.

Remark 3.2 Since the E-L transformation is not an Engel diffeomorphism, we can not prove
by the same method of those of first order case, see Appendix.

4 Examples

We give two examples for completely integrable second order ordinary differential equations.
One is satisfied the condition of Theorem 1.1 and the other is not.

Example 4.1 Let F(z,y,p,q) = x — ¢" = 0 where n > 1. Then F, + pF, + ¢F, = 1 and
Y.(F) = 0. In this case, the complete solution T' : R x R?> — F~'(0) is given by

7’1,2 n
I(t = [ 2l o — ¢ntl t).
(t.7,5) ( Cnt e+ TSRt T

By Theorem 1.1 or Corollary 2.2, there exists the unique geometric solution of F' = 0 at each
point which is given by the complete solution.

Example 4.2 Let F(z,y,p,q) = p—¢" = 0 where n > 1. Then F, + pF, + ¢F, = ¢ and
F, = —ng"™'. Hence F = 0 is a first order type equation and X.(F) = {(z,y,0,0)}. The
complete solution T': R x R? — F~1(0) is given by

F(ta T, S) = (%tnl + 7, Qnin_lthfl + s, tn, t) .

In this case, we have the complete singular solution ® : R x R — X.(F) C F~1(0); ®(¢,a) =
(t,a,0,0). The definition and properties of complete singular solutions please refer to [1, 9].
For example, at least there is two geometric solutions of F' = 0 at the origin.

5 Appendix: First order ordinary differential equations

For implicit first order ordinary differential equations, we can prove the corresponding result
of Theorem 1.1 by using the Legendre transformation.

Theorem 5.1 ([2, 7]) Let G(z,y,p) = 0 be an implicit first order ordinary differential equation
at 2. If G, +pGy # 0 at 2, then there exists the unique geometric solution around z.

First we quickly review some notions for implicit first order ordinary differential equations
(cf. [5, 6, 10]). We consider an implicit first order ordinary differential equation

d
G ("I;? y7 d_i> = 07

where G is a smooth function defined on an open subset U in J'(R,R) such that grad G # 0
at any point 2o = (Zo, Yo, po) in U. Let (z,y,p) be a local coordinate of J'(R,R) and K C

6



TJHR,R) be the canonical contact structure on J!'(R,R). It is well-known that locally the
contact structure is given by the set of the kernel of the 1-form 6 = dy — pdzx.

A smooth solution (or, a classical solution) of G = 0 around zj is a smooth function germ
y = g(z) at a point ¢ such that (to, g(ty), ¢'(to)) = 20 and G(z, g(x), ¢'(z)) = 0. In other words,
there exists a smooth function germ g : (R, ty) — R such that j'g : (R, ) — (G7(0), z). Tt is
easy to check that the map j'g is a Legendrian immersion germ (i.e. (j'g)*0 = 0).

More generally, a geometric solution of G = 0 around zj is a Legendrian immersion germ
v : (R, to) = (G71(0), 20), namely, 7' # 0,7*0 = 0 and G(y(t)) = 0 for each t € (R, ).

A notion of Legendre transformation can be used to set up a dual relationship between
equations. We adopt another coordinate system (X,Y,P) of JH(R,R) by X = p,Y = ap —
y, P = z. We refer to a smooth mapping L : J'(R,R) — J'(R,R) given by

L(x,y,p) = (p,xp - y,ZL‘)

as a Legendre transformation (cf. [2, 4, 6, 7]). By definition, we have L='(X,Y, P) = (P, XP —
Y, X). If we apply the Legendre transformation to our equation G = 0, we obtain a new
equation

G*(X,Y,P)=GoL '(X,Y,P)=G(P,XP—-Y,X) =0

in the coordinate system (X, Y, P). If we calculate the partial derivatives at the point (Xy, Yy, P)
corresponding to (g, Yo, po), we can show the following.

G (Xo, Yo, Po) = (Gp + 2Gy) (20, Yo, Do),
Gy (Xo, Yo, o) = =Gy (w0, Yo, Do) (6)
Gp(Xo, Yo, Po) = (Ga + pGy) (o, Yo, Po)-

Proof of Theorem 5.1. Suppose that v : (R,#y) — (G 1(0),2) is a geometric solution.
Since the Legendre transformation L is a contact diffeomorphism (contactomorphism), L o7y :
(R, to) — (G*71(0), L(zp)) is also a geometric solution and vice versa. By (6), if G = 0 satisfies
G, +pGy # 0 at 2y, then G* = 0 satisfies G # 0 at L(z) so that there exists the unique
geometric solution of G* = 0 around L(zj). Since G = G* o L, we have the unique geometric
solution of G = 0 around zj. O
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