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Abstract

We study the motion of N point vortices with N € N on a sphere in
the presence of fixed pole vortices, which are governed by a Hamiltonian
dynamical system with N degrees of freedom. Special attention is paid to
the evolution of their polygonal ring configuration called the N-ring, in
which they are equally spaced along a line of latitude of the sphere when
it is unstable. When the number of the point vortices is N = 5n or 6n
with n € N, the system is reduced to a two-degree-of-freedom Hamilto-
nian with some saddle-center equilibria, one of which corresponds to the
unstable N-ring. Utilizing a Melnikov-type method applicable to two-
degree-of-freedom Hamiltonian systems with saddle-center equilibria and
a numerical method to compute stable and unstable manifolds, we prove
numerically that there exist transverse homoclinic orbits to unstable pe-
riodic orbits in the neighborhood of the saddle-centers and hence chaotic
motions occur. Especially, the evolution of the unstable N-ring is shown
to be chaotic.

PACS: 47.32.C-,47.52.4j,47.20. Ky
Keywords: Hamiltonian system, point vortex, flow on sphere, chaos, Melnikov method

1 Introduction

We consider an incompressible and inviscid fluid flow on a sphere, which is
often used as a model of planetary flows. Since the vorticity, which is defined
as the curl of the velocity field, is conserved along the path of a fluid particle,
the point on the sphere with non-zero vorticity evolves as if it were a material
point, which is called a point vortex.  Thus for a given initial non-zero vorticity



region, approximating it with a set of the N point vortices, we can reduce the
Euler equations to 2/N-dimensional ordinary differential equations, which are
referred to as the N -vortex problem. Many references of this subject are found
in the book of Newton[15].

Let (©,,,¥,,) denote the position of the mth point vortex in the spherical
coordinates. We assume that all the point vortices have an identical strength,
which is fixed to the unity without loss of generality. Then the equations of the
N point vortices are given by

N . .
@m _ 1 sin ©; 51.n(\IJm — ;) ’ (1.1)
Z 1 — cos Oy, cos O — sin O, sin O cos(V,, — V)
j#Em

1 i cos Oy, sin ©; cos(V,, — V) — sin O, cos O
47 8in ©,, el 1 — cos Oy, cos O —sin O, sin O cos(V,, — V)
I 1 Ty 1
A1l —cos®,, 4ml+cosO,,’

B =

m=1,2,...,N, (1.2)

The last two forcing terms in the equation (1.2) represent the flow fields induced
by special point vortices that are fixed at the north and the south poles, whose
strengths are denoted by I'1 and I's respectively. They are formally introduced
in order to incorporate an effect of rotation of the sphere locally.

Equations (1.1) and (1.2) define a dynamical system in the 2/N-dimensional
phase space Py,

X =(01,0y,...,058, U, Uy, ..., Uy) € Py = [0,7] x (R/27Z)" .

Solutions of (1.1) and (1.2) exist globally in time since the self-similar collapse
of the identical point vortices never occurs[12]. As we will see in §3, the dy-
namical system can be rewritten as a Hamiltonian system whose Hamiltonian
is represented by

N N
1
H=- i E E log(1 — cos ©,, cos ©; — sin O, sin © cos(V,,, — ¥;))

m=1m<j

I < Iy

- 4—1 E log(1 — cos ©,,) — 4—2 E log(1 + cos ©,,) (1.3)
s T

m=1 m=1

in the X-coordinates (see also [15]). In particular, the Hamiltonian (1.3) is
constant along solutions of (1.1) and (1.2). We note that the quantity I =
Zan:1 cos Oy, is also invariant due to the invariance of the Hamiltonian with
respect to the rotation around the z-axis.

Here we pay special attention to a polygonal ring configuration of the N
point vortices aligned at a line of latitude of the sphere, called the N-ring. Such
a polygonal alignment of coherent vortex structures often appears in numerical
simulations of planetary flows[8, 18, 19], but their interaction is too complicated
to track their evolutions for a longer time. While the N-ring is one of the

simplest models to approximate the evolution of such coherent structures, it is



a relative equilibrium for (1.1) and (1.2) and its stability has been extensively
investigated[3, 4, 13, 20].

A goal of the present study is to describe how the N-ring evolves when
it becomes unstable under the influence of the pole vortices. However, it is
generally difficult to describe the evolution of the N point vortices for large IV,
since the dimension of the phase space Py becomes quite large. One treatment
for this difficulty is to reduce the high-dimensional system to a low-dimensional
one, in which orbits are regarded as those embedded in the full system. That
is to say, if a chaotic solution were found in the reduced system, it would really
exist even in the original non-restricted system.

In the present paper, with the systematic reduction method given in [22],
the N-vortex problem on the sphere can be reduced to two-degree-of-freedom
Hamiltonian systems for N = 5n and 6n with n € N. In the reduced two-
degree-of-freedom Hamiltonian systems, the unstable N-ring acquires a special
property; The linear stability analysis [20] shows that the N-ring corresponds
to a saddle-center equilibrium in some cases when it becomes unstable. That
is to say, among the four eigenvalues of the linearized system for the N-ring,
the two are real, and the other two are purely imaginary. According to the
Lyapunov center theorem [14], there exist a one-parameter family of unstable
periodic orbits, which may have transverse homoclinic orbits yielding chaotic
dynamics [9, 26], around the saddle-center. We show that this type of chaos
occurs in the reduced systems, by applying a Melnikov-type techniques for[27]
for N = 6 and by using a numerical technique of [30] for N = 5 as well as
N = 6 with assistance of a standard computer software called “AUTO” [6].

The Melnikov analysis is a familiar method to prove the existence of trans-
verse homo- or heteroclinic orbits to periodic orbits in time-periodic perturba-
tions of single-degree-of-freedom Hamiltonian systems [9, 26]. It has also been
extended in several directions (see, e.g., [11, 24, 25] and references therein) but
almost all of such extensions are still limited to perturbations of integrable or
partially integrable systems with homo- or heteroclinic orbits. However, in the
technique of [27], there is no such a restriction on applicable systems, and in-
stead we just assume that there is a saddle-center equilibrium with a homo-
or heteroclinic connection on an invariant plane. In addition, unlike the other
Melnikov-type techniques, we do not have to compute an infinite integral but
only have to estimate a limit of a function in order to check a criterion for the
occurrence of chaos. Owing to these advantages, the method is comparatively
easily implemented by numerical means and actually made good use of in the
present article.

On the other hand, Champneys and Lord [5] presented a numerical tech-
nique to compute homoclinic orbits to periodic orbits in Hamiltonian systems
and implemented it for a two-degree-of-freedom system via “AUTO”. The tech-
nique has been recently extended to homo- and heteroclinic orbits to “general”
nonhyperbolic trajectories in [30] and to stable and unstable manifolds of nor-
mally hyperbolic invariant manifolds in [31]. We apply the numerical technique
of [31] to compute the stable and unstable manifolds of periodic orbits near
saddle-centers for N = 5 and 6.

The paper consists of seven sections. In the next section, we derive four-



dimensional reduced systems from the N-vortex problem by means of the re-
duction method proposed in the preceding paper [22, 23]. The reduction is
successful when the number of the point vortices has the factor either 5 or 6,
ie. N =5nor N =6n with n € N. In §3 we reformulate the reduced systems
by introducing some symplectic transformations so that our numerical tech-
niques given in §4 are applicable. In §4 we review the Melnikov-type technique
of [27] and describe our numerical methods to detect transverse homo- or het-
eroclinic orbits to periodic orbits near saddle-centers. In §5 and §6, we apply
these methods to the reduced systems for N = 6 and N = 5 respectively, and
show the existence of chaotic orbits. The final section gives a summary and
some discussions.

2 Four-dimensional systems in the N-vortex prob-
lem

We reduce the 2N-dimensional system of (1.1) and (1.2) to four-dimensional
systems following the reference [22]. First, we review the results of the linear
stability analysis of the N-ring [20, 21]. The N-ring configuration at the line of
latitude 6y is represented by

2mm
@m:007 \IJm:T, m:17...,N.

It is a relative equilibrium for the equations (1.1) and (1.2) with the constant
longitudinal velocity Vi(N),

Ty —Ty (T'y + Ty + 27) cos b 1 cosfy
47 sin® Oy 47 sin? 6, 2N sin? 6y

When we perturb the N-ring slightly,

Vo(N) =

2
Om(t) = O+ eOp(t),  Tn(t) = %—F%(N)H—egom(t), el < 1, (2.1)

the linearized equations for (6,,, ¢ ) are given by

N

; 1 Pm — Pj
O = - — —, (2.2)
m 4ws1n90§11—c052ﬁ(m—])
N
; 1 Om — 0;
Pm = : —~ + B0, (2.3)
" 47TS1H3(90;;nl—COSQWﬂ(m—j) "

where By denotes

B (Fl +Ts+ N — 1)(1 + cos? 90) + Z(Fl — FQ) cos 6y
47 sin® 6, .

By = (2.4)

Eigenvalues of the linearized equations are represented by )\i = +v/Emnm for
m=20,...,N — 1, in which
~ m(N —m) m(N —m)

Em = Nm = ———— + Bn. (2.5)

4Arsinfy 47 sin® 6,



Thus we have /\ﬁb = )\ﬁ_m form=1,...,N —1 and )% = 0. Accordingly,
the eigenvalues )\JE are simple and )\,“7—2 for m =1,...,M — 1 are double when
N = 2M, while all the eigenvalues A\ for m = 1,...,M are double when

2
N = 2M + 1. Furthermore, since the eigenvalues satisfy ()\Z:.t)2 < ()\jc) for

1<i<j< M, if ()\i)2 <0< (Afﬂ) holds for some k& € N, then the
eigenvalues A are neutrally stable for m < k, while A is unstable for m > k.
Thus, in other words, the stability of the N-ring agrees with that of the largest
eigenvalues )\]ﬁ.

Let the vectors ¥E and ¢ be defined by
PE = Vém §mcos T, {mcos2—7r(N—1)m
m 9 N ) ) N
27 27
£/ Nm, £/Nm cos ~ , £+/Nm €os N(N - 1)m> , (2.6)
2 2
¢;rt7, = ! <07 gm sin Wﬂ-ma I gm sin WT((N - 1)m
0, /T S0 2, -+, sin o8 (N = 1)m (2.7)
) TIm S1 N ) m N ) .

form=1,...,M = [N/2], in which [z] symbolizes the largest integer less than
or equals x. They are the eigenvectors corresponding to the double eigenvalues
)\;—2 form=1,...,M —1. As for the eigenvalues )\Jj\t/[, ¢]j\5[ are the corresponding
eigenvectors for N = 2M, while @b]j\} and ¢f/[ are those for N = 2M + 1. They
are available to express the evolution of the N point vortices as a linear basis
of the 2N-dimensional phase space Py, since the vectors (2.6) and (2.7) are
linearly independent. However, the number of the vectors (2.6) and (2.7) is
just 2N — 2, so we need to introduce two more vectors ¢, orthogonal to (2.6)
and (2.7), for this purpose, which are ¢* = *(1,---,1,41,--- ,41).

Next, we show how to obtain low-dimensional dynamical systems from (1.1)
and (1.2). For a point (01, -+ ,0On,Vq,--- ,Uy) € Py, we define the follow-
ing two discrete transformations. The first one is the rotation of the IV point
vortices around the z-axis by the degree QW”p, which we call the p-shift trans-
formation o:

op: O, =ONn_pim, ¥, =Un_pim+ Np, for m=1,...,p,
O, =Om_p, v —\Ilmp—kzﬂp for m=p+1,...,N.
(2.8)
The second one is the pole reversal transformation, which replaces the north
pole and the south pole by rotating them around the z-axis by the degree 7.
The pole reversal transformation for N = 2M + 1, 7, : (O, ¥,y,) — (O, 0! ),
is defined by

@/1:71'—@1, \Ifllz\Ifl,

2.
O =7~ Onomsz, Uh =20, Uy iy, for m#l 2D

Similarly, the pole reversal transformation for N = 2M, 7, : (O, ¥pp) —



(0,,"), becomes

@/1:71'—@1, \11/1:\111,

2.10
O =7 — Onopiz, Uy =2m 420y~ Up o, for m#1 210

With these discrete transformations we have the existence of the reduced dy-
namical systems [22].

Proposition 2.1. Let N =pq, (p,q € N). If opx(0) = x(0) for X € Py, then
op X (t) = X(t) for t > 0. Furthermore, the 2p-dimensional linear subspace of
PN}

X = Xo+ 3 (b, + apwig, + by by + b by )+ CH e, o b T € R,
k

is invariant with respect to oy, where Xo = (00, o, ..., 00,0, %r, e 2W”(N — 1))

The proposition claims that there exists 2p-dimensional dynamical system

for N = pq, which is symbolized by Py (c},). The o, invariant orbit in Py (o)
satisfies the following relations:

Oupim(t) = Onlt),  Tipin(t) = Tonlt) + =k, (2.11)

for k=0,...,g—1and m = 1,...,p. Note that the reduced system can be
obtained for every factor p of IV, the N-ring at any latitude 6y and any strengths
of the pole vortices.

Regarding the pole reversal transformations m. and m,, we also have the
following invariant dynamical systems.

Proposition 2.2. Let N = 2M + 1 and T'y = T'y. Then, if 1,X(0) = X(0)
for X € Py, then m, X (t) = X (t) fort > 0. Furthermore, the 2M -dimensional
linear subspace of Py,
M
X=Xo+) (bfof +bdp). b ER, (2.12)
k=1

s invariant with respect to mw,, where

X0 — T 7r027r 2nM 2w M 2
0_ 27“‘?27 7N7“‘7 N bl N PR N .

Proposition 2.3. Let N = 2M and T'y = T's. Then, if 7 X(0) = X(0)
for X € Py, then m.X(t) = X(t) for t > 0. Furthermore, the 2(M — 1)-
dimensional linear subspace of Py,
M-1
X=Xo+ > (il +b,0,), DbfeR, (2.13)
k=1

N

is invariant with respect to m., where Xy = (g, CTERERE N US-L 2W’T(N — 1))

R



The 7w, and 7, invariant dynamical systems are denoted by Py (me) and
Pn (o) respectively. Unlike Py (o)), they exist under the additional assumption
that the strengths of the pole vortices are identical. Furthermore, the invariant
linear spaces (2.12) and (2.13) can be defined only for the N-ring at the equator
and their dimensions are different. The 7, invariant orbit keeps the following
relations,

O1 =2, W1 =0, O, +Ox iz =7, Uyt Ux sz =0, for m# 1.
(2.14)

Similarly, the 7, invariant orbit holds

6, = g, U, =0, O, +On_mao=m, Yy, + Yn_pio =2m, for m # 1.
(2.15)

As a matter of fact, these relations are equivalent owing to ¥, € (R/27Z).
Combining the p-shift and the pole reversal transformations, we have more

propositions, which are used to obtain four-dimensional systems in the paper.

Proposition 2.4. Let N = 2M = pq, (p,q € N) and T'y = T'y. Then, if
opme X (0) = X(0) for X € Py, then opme X (t) = X (t) fort > 0. Furthermore,
the set of

X =Xo+ Y (fof, ~tidy,). U ER, (2.16)
k

is invariant with respect to o, where Xq represents the N-ring at the equator.

Proposition 2.5. Let N = 2M + 1 = pq, (p,q € N) and I'y = I'y. Then, if
opmeX (0) = X(0) for X € Py, then opm, X (t) = X (t) fort > 0. Furthermore,
the set of

X =Xo+ Y (of, +tidy,). U ER, (2.17)
k

is invariant with respect to o,m,, where X represents the N-ring at the equator.

Now, we derive low-dimensional dynamical systems with the above propo-
sitions. For the simplest case, where the dimension of the system is two, it is
sufficient to plot the contour lines of the reduced Hamiltonian to investigate
the evolution of the unstable N-ring, since it is integrable. The second simplest
case is a four-dimensional dynamical system with two degree of freedom, which
is no longer integrable. Then, the unstable N-ring possibly exhibits a complex
behavior. Among the p-shift invariant systems, it is Py (c2) whose dimension
is four, but it is integrable because of the existence of the invariant quantity
I. Indeed, Py (02) has already been investigated by the first author [20], which
showed the transition of the global structure of periodic orbits. Regarding
Py (m,) and Py (7e), the four dimensional reduced system exists for N = 5 and
N = 6. They are not integrable, since the invariant I is always zero due to
(2.14) and (2.15).



Moreover, the reduced systems Py (o,m,) and P (o,7c) become four-dimensional

only when N = 5n or N = 6n, which we are going to confirm in what fol-
lows. Suppose that a system is o,me-invariant. Then, for N = 2M, it follows
from Proposition 2.3 that the 7 invariant space (2.13) is spanned by ¢f for
k=1,...,M — 1. In addition, N should have the factor p, i.e. N = pn for
n > 1. Then the dimension of the 0,7, invariant system is four, when

M-—-1 1 /pn p 1
RG]
Since [§ — %] > 3 for p > 7 and less than 2 for p < 4, we have p =5 and 6. In
the similar manner, only p = 5 is allowed for N = 2M + 1.
Thus the four-dimensional reduced dynamical systems embedded in the N
vortex problem are P5(7,), Pg(me), Py (057 ), Py (057,) and Py (o). Accord-

ing to Propositions 2.4 and 2.5, the linear subspaces of the reduced systems are
expressed by the four-dimensional set of

X = Xo+bf ¢, + b7 b, + b3 b3, + b; d3,,

which is the eigenspace corresponding to the eigenvalues A\ and )\étn. Hence,
If ()\ff)Q <0< ()\étn)2, the N-ring at the equator becomes a saddle-center
equilibrium in the four-dimensional system. Thus the reduced system acquires
the situation where the abstract theory of two-degree-of-freedom Hamiltonian
with saddle-centers[27] is applicable.

Let us finally note that the two-dimensional o3, invariant system Py (o37,)
is embedded in Py(o¢me) due to N = 6n = 3 x (2n). The coordinates in the
phase space is represented by

X = Xo+ b3 03, + by ¢, (2.18)

Since the two-dimensional dynamical system is integrable, a contour curve of the
reduced Hamiltonian corresponds to an orbit of the restricted N point vortices.
Furthermore, since gb;tn spans the eigenspace of )\étn, the unstable and stable
manifolds lie in the phase space (2.18). The two-dimensional system plays a
significant role in the application of the Melnikov analysis to Hamiltonian with

the saddle-centers for Py (ogme).

3 Symplectic Formulations

3.1 Equations for Py (og7.)

We reformulate the four-dimensional dynamical systems Py (o). It follows
from (2.11) and (2.15) that we have the relations for the ogm. invariant orbit,
which are represented by

O1 =0O6k-5=75, O2=0¢4, O3=0¢_3 ©O4=0¢_2=7,
Os = Ogp—1, O =0, Os+0Og=m, ©Oz3+0O5=m, (3.1)



and

g5 =2Z(k—1), Wepa=To+2Z(k—1), Wg_3= T3+ (k- 1),

Vo =2+2(k—1), Vg1 =Us+22(k—1), Vg =T+ 2Z(k-1),
Uy 4 Uy = 2r Uy + Uy = 2%, (3.2)

n?

fork=1,...,n.
Note that the equations (1.1) and (1.2) are written in a symplectic form by
using the variables p,,, = cos ©,, and ¢, = ¥,, as follows[15].

oH . OH

9 = = — =1,...,N. 3.3
DPm 8(]m’ qm apm’ m ) ) ( )

Introducing the following generating function W (P, ¢),

N
W(Pm7Qm) = qu1 + Z Pm(Qm - Qm—l)a

m=2

we define the symplectic transformation (py,, ¢m) — (Pm, Qm) by

pN = Pn, png—W:Pm—PmHformzl,...,N—l, (3.4)
ow
Q1= q1, szaT:qm—qm_lform:2,...,N. (3.5)

With the new variables (P, Q.,), we rewrite the equations for the ogme invari-
ant dynamical systems.

First, the relations (3.1) are restated in terms of p,,. For k = 1,...n, they
are equivalent to

Pek—5 = Pek—2 = 0,  Pek—4 = P2, Dék—3 = D3, Pék—1 = P5, Dek = D6
Pek—4 + Pk =0,  per—3 + per—1 = 0. (3.6)

With the new variables Py, pgr_5 = per_2 = 0 yields
Pog—5 = Pok—4, Pog—2 = Po—1, (3.7)
for k =1,...,n. It follows from pgr_3 + per—1 = 0 and (3.7) that we have
Pok—3 = For, (3.8)
for k < n. Noting that pgr_3 + Pek—1 = Pek+3 + Pek—1 = 0, we also have
Psias — Psgaga + Psi—1 — P =0, for k <n. (3.9)

On the other hand, pgx+4+psr = 0 implies that Pgg_4— Psi—3+ FPsr — Pok+1 = 0
for k < n, which is reduced to Pgr_4 = Pgr11 due to (3.8). For k = n, since
Pen = Pen, we have Pg,_4 = 0. Hence, we have

Pi=P =P = =Psp5=Pop—4=Popy1=-=FPsn-a=0. (3.10)



Furthermore, pgr—4 + Pek = Peks2 + Per = 0 is equivalent to Pgrio — Pgras +
Py, — Psi+1 = 0, which leads to Pgi = Psp43 due to (3.10). Substituting it into
(3.9), we obtain Pggyq = Pgr—1. Consequently, we have the following relations
of P, for the ogm. invariant orbit.

Pr=P =P = =PF_5=Fop—4 = Fsp41 == Fopn_4 =0,
Py =PFPs=Py="--= Psp_3=FPo, = Psp43 ="+ = Pspn—_3 = P,
Py=Ps=Po=-=Fs—o=Fep—1 = Popya = -+ = Psp—2 = Pop—1.

(3.11)

Next, we rewrite the relation (3.2) in terms of Q. It follows from Wgi_5 =

2%(16’— 1) and \Ifﬁk_4 = \Ifg—l- 2%(16’— 1) that we obtain Qﬁk_4 = \Ilﬁk_5 —\Ifﬁk_4 =

Uy = (2. Similarly, we have Qer—3 = @3, Qer—2 = Q4, Qor—1 = @5 and Qg =

Q6. The relations Uy + Vg = 27” and U3+ U5 = 27” yield U3 — Vo4 Uy — Vg = 0,
equivalently

Q3 = Qs. (3.12)
Moreover, the other relations ¥y = = and Wy + Uy = 27” are represented by
T 27
Qr+@e+@3+Qi= ", 201+2Q2+Q3+Q1+ 05+ Q6= (3.13)

Hence, it follows from (3.12) and (3.13) that Q4 = Q5. Consequently, we have
the relations of the ogm. invariant orbit for @Q,,.

Q1=0, Q2 +Q3+Qs=7,
Q3=Q6="=Qer—3=Qor = - = Qon—3 = Qon, (3.14)
Qi=Qs5="=Qer—2=Q¢k—1=""=Qen—2= Qon—1-

The Hamiltonian reduced by the g invariance with the identical pole vortex
points, say I'y = I'y =T, is given as follows [22].
n—1

6 6 n—
2
H = —%ZZZlog<1—cos®mcos@j—sin@msin@jcos<\I/m—\Ifj+%l>)
j 1

m=1m<j =0

log(1 — cos? ©,,). (3.15)

Substituting cos ©,, = Py = Pn— Py, sin©,, = \/1 —p2 = \/1 — (P — Ppt1)?
and the relations (3.11) and (3.14) into the above Hamiltonian, we obtain the

10



)

Hamiltonian H,(nb6 for Py (o¢me) with two-degree-of-freedom, which is

HT(LG)(P?H P47 Q37 Q4) =

n—1
n / 9 27 T
_%l_5010g<1— 1—P3COS<Q3+Q4+FZ—E>>

n—1
_n 1 (PP )2 m, T
Qﬂlzglog 1—+/1—(P3— Py) COS<Q4+nl -
n—1

1—\/1—P3200$ <Q3—|—Q4+2§l>)

(
> v
(
(

—%ni:llog 1= /1= (Ps — Pi)? cos <Q4 * 2?%))

=0
_%”glog | & Py(Ps— Py) — \/(1 — P2)(1 — (Ps — P;)?) cos <Q3 + 2%1))
_%g?gQ_g@_a»WM—%m—mraWw%%+m“€?»
—%jiélog <1 + P2~ (1 P2)cos <2Q3 +2Q4 + %ﬂl))

X" Zlog 1+ (Ps — P4)2 —(1—(P5— P4)2)COS <2Q4 + 2%Z>>

ST R og(1 - PR log(1 — (P — Pa)?).
(3.16)
Note that the Hamiltonian H 56) is identical to that for Pg(m.). As we explain in

the previous section, Py (ogme) contains the two-dimensional invariant system
Pn(o3me); in addition to (3.1) and (3.2), the ogm, invariant orbit satisfies

s
©1=0y, 02=0;5 ©63=05 ©O;+03=m, \I/2+\Ij3:ﬁ’
which are equivalent to

™

Po=P; =0, Q2=Q4, Q3+2Q4= (3.17)

n
Hence, substituting (3.17) into (3.16), we have the reduced Hamiltonian with
one-degree-of-freedom for the symplectic variables (Ps,Q3), say Héi) Since

Py (o3me) is integrable, the contour line of Héi) represents the o3m, invariant
orbit. Remembering that the phase space of the two-dimensional integrable
system is the eigenspace corresponding to the eigenvalues )\étn in the saddle
direction, we just plot the contour lines to obtain the unstable and the stable
manifolds for the unstable N-ring.

3.2 Equations for Py(os7.) and Py (o57,)

When N = 5n, there exist the four-dimensional dynamical systems Py (o057 ) for
even n, and Py (o57,) for odd n. The two systems give the same Hamiltonian,
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since the relation of 7, invariant orbit (2.15) is equivalent to that of 7, invariant
orbit (2.14) due to V¥, € (R/27Z). The o5m. and 57, invariant orbits satisfy
the following relations for £k =1,...,n:

™
Os—4 = 5 Os5r—3 = O2, Os,_9 =03, Os5,_1 =04, Op, =05,

O+ 05=m, O3+0,4=m,

and
2 2 2
Uy = g(k —1), VUsp3=Vs+ ;(k —1), VUsp_o=V3+ ;(k - 1),
2 2
\Il5k_1:\114+7(k:—1), \Il5k:\115+?(k:—1),

21
Uo+Ws5=—, Usg+VUy=—.
n n

With the same generating function W (P,,, ¢, ), we define the symplectic trans-
formation of variables (pp,, ¢m) — (P, @m). In the similar way in N = 6n, we
rewrite the relations in terms of (P, @), which are given by

Po=P=FPs=-=PFPsj_4=FPsp_3=Fsjy1 == FPsp_y = P5,3=0,
Pys=Ps=F=-=P5_o=PFPs5p,=FPspy3=-+-=PFP5, 0=PF5,, Py= P51,
QRQs3=Qs =" =Qsk—2=Qst == Qsn—2=Qsn, Qsp—1 = Qu,

Qsk—3=Q2, Qs4=0Q1=0, Q2+ Q3+ % =1,
(3.18)
Substitution of the relation (3.18) into the o5 invariant Hamiltonian leads to

the Hamiltonian Hy’ for Py (osme) and Py (osm,).
HT(L5)(]3§{P4,Q3,Q4) _
_%glog <1 - @cos <Q3_|_ % i % n %l))
n—1 1_\/@605(%4_%4_%[))

L+ P3(Ps — Py) — \/(1 — P})(1 — (P3 — P4)?) cos <Q3 + 2%1>>

(3.19)

The Hamiltonian H £5) is equivalent to that for P5(m,). Unlike Py (ogme), there
is no two-dimensional invariant dynamical system embedded in Py (o57.) and

12



(b) X"(t)

X

Figure 1: Phase portraits on the a-plane: (a) a hyperbolic saddle and a homo-
clinic orbit; (b) two hyperbolic saddles and a heteroclinic orbit.

Py (05m,), since the number “5” is prime. It indicates that it is not easy to
obtain the unstable and stable manifolds in the saddle direction.

4 Analytical and numerical techniques

In this section we give our analytical and numerical techniques to show that
there exist transverse homo- and heteroclinic orbits to periodic orbits near
saddle-centers and consequently chaotic dynamics occurs.

4.1 Melnikov-type method

Our analytical technique is the Melnikov-type method of [27] for two-degree-of-
freedom Hamiltonian systems with saddle-centers and its extension. We outline
the method in our context.

We consider two-degree-of-freedom Hamiltonian systems of the form

& =D, H(z,y), y=JD,H(zy), (x,y)cR?xR? (4.1)

where H : R? x R? — R is C"*! (r > 3) and J; is the 2 x 2 symplectic matrix,

0 1
n=(2 o)
We first treat a case in which a saddle-center has a homoclinic orbit in (4.1).
More precisely, we make the following assumptions on (4.1).
(A1) The z-plane, {(z,y) € R? x R?|y = 0}, is invariant under the flow of
(4.1), i.e., DyH(z,0) = 0 for any = € R%

(A2) There is a saddle-center at (x,y) = (xg,0) on the x-plane such that the
matrix JiD2H (zo,0) has a pair of real eigenvalues +X and the matrix
JngH (xo,0) has a pair of purely imaginary eigenvalues +iw (A, w > 0).

Assumption (A2) implies that there exists a one-parameter family of periodic
orbits near the saddle-center (x¢,0) by the Lyapunov center theorem [14]. In
addition, the system restricted on the x-plane,

@ = J,D,H(x,0), (4.2)

also has a hyperbolic saddle at © = xy. We also assume the following on (4.2).

13



(A3) The saddle = ¢ of (4.2) has a homoclinic orbit 2"(¢). See Fig. 1(a).

Let ®(t) and ¥(t) be fundamental matrices to variational equations in
the y-direction about the saddle-center (x(,0) and homoclinic orbit (z,y) =
(x"(1),0), i.e.,

n = JiDy H (w0,0)n (4.3)

and

respectively, such that ®(0) = Iy with I3 the 2 x 2 identity matrix. We call
(4.4) the normal variational equation (NVE) along 2" (). Then the limits

By = lim &(—t)T(t) (4.5)

t—+o00

exist (see Lemma 3.1 of [27] for the proof), and we set By = By B~'. Define
the Melnikov function M (to) as

M (to) = m(e1) — m(Bo®P(to)er), (4.6)
where 1
m(n) = 5n - DyH (w0,0)n, (4.7)

and “” represents the inner product e; = (1,0)" with T the transpose operator.
Under assumptions (A1)-(A3) we state the result of Theorem 1.1 of [27] as
follows.

Theorem 4.1. Let v be a periodic orbit sufficiently close to the saddle-center
(xg,0). Suppose that M(ty) has a simple zero, i.e., for some ty =ty
_ d _
M(to) =0, —M(to) # 0.
dtg
Then the stable and unstable manifolds of v intersect transversely on their en-
ergy surface, i.e., transverse homoclinic orbits to vy exist.

The presence of such transverse homoclinic orbits implies that there exists
a Smale-horseshoe and hence chaotic dynamics occurs [9, 26].

Next, we consider a case in which two saddle-centers have a heteroclinic orbit
in (4.1) and extend Theorem 4.1. In addition to (Al) and (A2), we assume the
following.

(A2’) There is another saddle-center at (x,y) = (x(, 0) with x{, # x( on the -
plane such that the matrix J; D2 H (2, 0) has a pair of real eigenvalues £\
and the matrix J1D§H (x(,0) has a pair of purely imaginary eigenvalues
+iw' (N, > 0).

(A3’) The two saddles & = x( and x{, in (4.2) are connected by a heteroclinic
orbit #"(¢) such that

lim &"(t) = xo, lim &"(t) = x|
t——o0 t—00

See Fig. 1(b).
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Let ®'(t) and U(t) denote the fundamental matrices for the variational equa-
tions in the y-direction around the saddle-center (x{,0) and heteroclinic orbit
(£"(t),0) such that ®'(0) = I,. We also show that the limits

B_ = lim ®(—t)¥(t), B, = lim &' (—t)¥() (4.8)

t——o00 t—-+4o00

exist and set By = B, BZ!. Again, define the Melnikov function M (ty) as

~ A

M(to) = m(el) — m’(B0<I>(to)61), (4.9)

where !
m'(n) = 5n - Dy H (@5, 0)n. (4.10)

Under assumptions (A1), (A2), (A2’) and (A3’), modifying arguments in the
proof of Theorem 1.1 of [27] slightly, we prove the following result (see Ap-
pendix A for the proof).

Theorem 4.2. Let v and ' be periodic orbits sufficiently close to the saddle-
centers (xo,0) and (x(,0), respectively, on the same energy surface. Suppose
that M(to) has a simple zero. Then the unstable manifold of ~ intersects the
stable manifold of ~' transversely on the energy surface, i.e., transverse hetero-
clinic orbits from v to ' ewist.

Exchanging x( and x{, and applying Theorem 4.2, we can show that the
unstable manifold of + intersects the stable manifold of v transversely on the
energy surface. If the statement of the theorem holds in both the situations,
then the stable and unstable manifolds of the periodic orbits form a heteroclinic
cycle and consequently there exist transverse homoclinic orbits to each periodic
orbit [26]. Thus, using Theorem 4.2, we can detect the occurrence of chaos
when two saddle-centers have a heteroclinic connection.

As shown in §3, there exists a two-dimensional invariant plane in Py (og7,)
while not in Py (o5m.) and Py (o5m,). Moreover, the invariant plane possesses
a saddle-center equilibrium and homo- or heteroclinic orbits for a certain range
of ', as we see for Pg(m) in §5. Hence, some transformation recasts the Hamil-
tonian system (3.16) into the form (4.1) satisfying assumptions (A1)-(A3) (and
(A1), (A2), (A2’) and (A3’)) for Pn(oeme). Thus, Theorems 4.1 and 4.2 are
applicable to Py (ogme) although it is not to Py (o5me) and Py (o57,).

4.2 Numerical computation of criteria for chaos

It is generally difficult to obtain analytical expressions of the homo- and het-
eroclinic orbits x"(t) and #"(¢) as well as those of the fundamental matrices
W(t) and U(t) to the variational equations in the y-direction, all of which are
required to compute the Melnikov functions (4.6) and (4.9). Hence, to esti-
mate the Melnikov functions below, we have to rely on numerical computations
including these solutions.

We consider the heteroclinic case: Assumptions (A1), (A2), (A2’) and (A3’)
hold and two saddle-centers (x,y) = (z, 0) and (x(, 0) have a heteroclinic orbit
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(2"(t),0) Note that we can treat a homoclinic connection in a similar manner
if we just set &y = x(,. For simplicity, we assume that the matrices DiH (xo,0)
and D2H (x(), 0) are diagonal. This is the case in Pg(m.) as seen in §5. We write

2 _(m1 O 2rrr oy (M1 O
DyH(:co,O)—<0 m2> and DyH(:BO,O)—<O ml ) (4.11)

The fundamental matrix ®(¢) is given by

[ma .
cos wt — sinwt
m
O(t) = T ! , (4.12)
—4/ — sinwt cos wt
ma

where w = /mimy. The fundamental matrix ®’(t) is also given by (4.12) if w
is replaced with w’ = /m/)m,.

Let v and vg (resp. v] and v)}) be (column) eigenvectors for the negative
and positive eigenvalues of the Jacobian matrix .J; D2 H (x¢, 0) (resp. J1D2H (x},0)).
Then the stable and unstable subspaces E® and E" (resp. E’ and E™) for
x = x (resp. for x = x()) in (4.2) are spanned by v; and vy (resp. v] and v}).

For « € R?, we uniquely determine aj, a;- € R, 5 =1,2, such that

T = a1v1 + vy = v + ). (4.13)

Note that £ € E¥ or E® if a1 = 0 or as = 0 and so on. Let S and S’ be 2 x 2
matrices whose (j, k)-components are given by v; - v; and 'v; - v}, respectively,

and let T T /T /T
l v l v
S o1 1 s _ar—1 1
(zE)‘S () (tf)‘s () .

Since we have - v, = a1 S1+ S, = oS, + 055, for k = 1,2 due to (4.13),

we have
aq l;r O/l l,sT

Let T > 0 be a sufficiently large constant. We approximate the heteroclinic
orbit & (t) by solving (4.2) numerically under boundary conditions

Ly (@(=T) —x0) =0, 1, (2(T)—=zp) =0, (4.16)

with x(—T) and x(T") sufficiently close to ¢ and @), since the stable and un-
stable manifolds are, respectively, well approximated by the stable and unstable
subspaces near « = x( and (. To obtain an approximation of the fundamen-
tal matrix W(t), we numerically solve the NVE along &"(t) under two initial
conditions

n(—-T)=e1 and n(-T)=es, (4.17)

where e; = (0,1)T. Finally, using the approximations

~

B_=&(T), By=9%(-T)¥(T), By=d(-T)¥(T)d(-T),  (4.18)
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we compute (4.9) as follows:

2
N 1 1 A ~ m
M (tp) :§m1 — §m’1 (bn coswty — biay /m—; sinwt())
2
1 . .
— —mj <b21 cos wty — baay | ™ gin wt0>
2 my

:%[(ml — Bo) — By cos(2wty + 7)), (4.19)

where 7 € [0,27) is some constant, Bjk is the (j, k)-component of the matrix By
and

1 . . . .

2 / 2 ! 2 / 2 /

Bo = Y. <b12’”1’”1 + biymami + byymaimg + 521’”2’”2) ;
mo

/ /
MMMy
B = \/53 -
myo

Here we used the fact that |Eo| = by1boy — byaby; = 1 via the Liouville theorem
(e.g., §27 of [2]) for (4.3) and (4.4) since tr(J;DZH(&"(t),0)) = 0. Hence, if
ﬁl > |m1 - ﬁ0|7 i'e'7

A = D2ymym)| + b3 mam! + blamyml 4 b3y maml — mimg —mimb > 0, (4.20)

then the Melnikov function M (to) has a simple zero and by Theorem 4.2 the
unstable manifolds of periodic orbits near (xg,0) intersect the stable manifolds
of periodic orbits near (z(,0) transversely.

To compute (4.20), we numerically solve (4.2) and (4.4) under the boundary
conditions (4.16) and (4.17), respectively, and calculate the matrix B by (4.18).
Numerical solutions of the boundary value problem along with estimates of B
and A are easily continued with the parameter I' by the numerical continuation
tool “AUTO97” [6], if once a solution is obtained for a special value of I'. To
obtain the starting solution, we take a point that is very close to x( and satisfies
the first equation of (4.16) as x(—7"), and solve (4.2) and (4.17) as an initial
value problem using an adequate numerical method. (See §5 for more details
on our concrete approach.)

For the case of the homoclinic orbit (t), setting x(, = xo and applying
the same argument, we see that if

A = b3ym3 + (b3, + bly)mima + b3;m3 — 2mymsg > 0, (4.21)

where b, is the (j, k)-component of the matrix By, then M(ty) has a simple
zero and by Theorem 4.1 the stable and unstable manifolds of periodic orbits
near (xg,0) intersect transversely. We also use “AUTO97” to compute the
criterion (4.21) in §5.

4.3 Numerical computation of stable and unstable manifolds

As stated in §4.1, the Melnikov approach can not be applied to Py (o57.) and
Py (05me) since they contain no invariant plane. However, even in those cases,
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we can compute the stable and unstable manifolds of periodic orbits near saddle-
centers by the numerical method of [30]. Using this approach, we show that
the stable and unstable manifolds intersect transversely and chaotic dynamics
occurs for Pg(m.) and Ps(m,) n §85 and 6. We briefly review the numerical
method in our context.

Rewrite the Hamiltonian systems for P5(m,) and Pg(m.) as

2= J,DH(z), (4.22)

where z = (Q3,Qu, P3, Py) or (z1,y1,%2,%2), H : R* — R is the Hamiltonian
function and Js is the 4 x 4 symplectic matrix,

(0 I
n=(1, %)

Recall that Is denotes the 2 x 2 identity matrix.
As in [5], to compute a periodic orbit z = Z(t) near the saddle-center
zZ = Zs, we solve (4.22) under the periodic boundary condition

z(0) = 2(T), (4.23)
with T the period of the periodic orbit, while its phase is fixed at

Z4(0) = 249, (4.24)
with z; the j-th component of z, and the Hamiltonian constrained to be constant

H(z(0)) = h, (4.25)

where T is the period of the periodic orbit. We compute a trajectory z = z"(t)
on the unstable manifold of the periodic orbit Z(¢) by solving (4.22) under the
boundary conditions

z"(0) — 2(0) = eye", 2%(Ty) = =z, (4.26)

where e € R?* is an unstable eigenvector with unit modulus of the monodromy
matrix for Z(t), €, < 1 and T, are positive constants, and 2§ € R* is a constant
vector and represents an approximate point on the unstable manifold. Thus,
numerical continuation of the solutions z(¢) and z"(¢) for the boundary value
problem (4.22)-(4.26) gives the unstable manifold. Similarly, we compute the
stable manifold by continuing the solution Z(t) of (4.22) satisfying (4.23)-(4.25)
and a solution 2°(t) of (4.22) satisfying the boundary conditions

25(0) — 2(0) = ege®,  25(~T3) = 25, (4.27)

where e8> € R* is a stable eigenvector with unit modulus of the monodromy
matrix for Z(t), e; < 1 and T are positive constants, and a constant vector z{ €
R* represents an approximate point on the stable manifold. In the continuations
T, Tuss €uys, 240 OF zg’s are taken as the free parameters.

In the numerical computations of §§5 and 6, we make a small modification in
the standard version of “AUTQO97” so that the monodromy matrices of periodic
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orbits are provided at each step in the computation, as in [5]. Without the
modification, we have to solve the 4 x 4 matrix version of the four-dimensional,
linearized system of (4.25) around the periodic orbits to obtain the monodromy
matrices. Owing to this modification, the dimension of the system to be solved
is decreased by 16, so that we just solve an eight-dimensional system to compute
the periodic orbits and orbits on its stable or unstable manifolds. As the starting
solutions for the continuations by “AUTO97”, we take solutions of the linearized

System )
C = J2D2H(ZSC)C7 (428)
with the following forms:
Z(t) = 2z + eclege™ +ey%e™ ™), te0,T], (4.29)
and
2U(t) = Z(t) + eqefe™t, t€[0,T], (4.30)
or
25(t) = 2(t) + esele™t, te [-T,0], (4.31)

where g, A\, and +iw are the stable, unstable and center eigenvalues of JoD?H (2sc),
ey, ey and e(j)tc are the associated eigenvectors for Ag, Ay and diw with unit
moduli such that Re(ej®) = Re(e;©), and ¢, > 0 and T, s are small constants.
Equations (4.30) and (4.31) represent solutions of (4.28) such that z2"(t) — 2(t)
ast — —oo and 25(t) — Z(t) as t — o0, as well as Eq. (4.29) represents a small
periodic solution of (4.28) near zs.. Note that T = 2w /w and A\s = —\,, since
the system (4.22) is Hamiltonian. The values of ¢, = 1076, €us = 10~* and
Tus = 1072 are typically chosen in our numerical computations.

5 Detection of chaos in Ps(7,)

We apply the analytical and numerical techniques of §4 to Pg(7m.). As stated
at the ends of §2, Pg(7) has the invariant plane Pg(o37.), on which there exist
saddle-centers connected by homo- and/or heteroclinic orbits, as seen below.
We first introduce the following new symplectic transformation so that as-
sumption (A1) holds and the z-plane is invariant under the flow of (4.1):

1 1
r1=Q3, wT2=PFP;5— §P47 N =0Q3+2Q4—7, y2= §P4- (5.1)

Under the above transformation (5.1), the Hamiltonian (3.16) with n = 1 be-
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Figure 2: Phase portraits of (4.2) for Pg(m.). The positions of saddle-centers
are plotted as the filled circles e.

comes
1 [ 1 |
H(a:,y):—%log 1—+/1—(x2+1y2)? 51n§(;v1 + 1)
1 [ o1 |
— 5= log [14 /1 — (w2 + y2)? sin - (z1 + y1)
2 L 2 _
1T -1 ‘
— - log |1 —+/1— (22 — y2)? sin (21 — v1)
2 L 2 _
1 1
— - log |1+ /1 — (22 —y2)* sin 5 (21 — v1)
2m I 2
1 -
— 5o log [1+ (@8 = 43) = V(T = (o2 + 12)2)(1 — (@2 — 42)?) cos]
1 -
— 5o log |1 - (23 —13) + V(1 — (w2 + y2)?) (1 — (22 — y2)?) COSM}

— - log (14 (22 4+ y2)* + (1 — (22 + y2)?) cos(z1 +y1)]

— ﬁ log [1+ (2 — y2)? + (1 — (z2 — y2)?) cos(z1 — y1)]

- L tog{(1 — (2~ 1)1 (22 + ) (52)



On the x-plane the Hamiltonian (5.2) becomes
H(z,0)
g (1 =i )~ Lok (14 i 2
=——1lo — —z5sin— ) — —lo — x5 sin —
0 & 2 2 m & 2 2
1 1
— %log (1423 —(1—23)coszy) — %log (1423 + (1 —23) coszy)
1 I
~ 5 log 2(1 — x3) — p log(1 — x3),
and the x-component system (4.2) has hyperbolic saddles

(i) at 81 = (%77,0) and sg = (gﬂ‘,O) for T' < 3;

. 3 3
e e R G e

1 1
(111) at 85 = (O, m) and S — (O, - m) for I" > %

These hyperbolic saddles correspond to equilibria in (4.1) and have homo- or
heteroclinic orbits. The phase portraits of (4.2) are displayed in Fig. 2 for several
values of I'. They also indicate the dynamics on the invariant plane Pg(o3e).
As required in assumptions (A2) and (A2’), these equilibria are saddle-centers
in (4.1)

(") when 0 < T < 3 for s; and sy;
(ii") when —3(5 — V15)(= —0.28175...) < T < 0 for s3 and sy;
(iii") when I' > 1 for s5 and sg.
Finally, we see that assumption (A3) or (A3’) holds as follows:
(ia’) For 1 <T < % there are a pair of homoclinic orbits to each of s; and sy;
(ib”) for 0 < I" < 1 there are two heteroclinic cycles between s; and sa;

(ii’) for —1(5 — v/15) < T < 0 there are a pair of homoclinic orbits to each of
s3 and Sy;

iiia’) for I' > 1 there are two heteroclinic cycles between s5 and sg;
Y
(iiib”) for % < I' < 1 there are a pair of homoclinic orbits to each of s5 and sg;
(iv’) for I' = 1 there are four heteroclinic cycles between s; or s2 and s5 or sg.

We give a summary of this statement in Table 1.
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Table 1: Homoclinic or heteroclinic connections between saddle-centers on the
x-plane in Pg(7.). The symbol s, < s, indicates that s, and s, have a hete-
roclinic (p # ¢) or a homoclinic (p = ¢) connection.

r homo- or heteroclinic connections Fig. 2
ia’ 1<F<% S1 <> 81, 89 <> 8o (b)
ib’ 0<I'<1 81 < 8 (d), (e)
i’ —%(5—\/%)<F<O 83 <> 83, 84 <> 84 (f)
iiia’ r>1 S5 <> Sg (a), (b)
iiib’ $<I'<1 S5 <> S5, S — Sg (d)
v’ =1 S1 <> 85, 81 <> Sg Sg < S5, S9 <> Sg (c)

For each of these cases we apply the numerical method of §4.2 to compute
the conditions (4.20) and (4.21). First, we have each component of the second
derivative DgH(w, 0) as

82H(m 0) = 1525 — 2222 + 15+ 16(1 — 23) cos v + (1 — 23)? cos 224

oy 8m(1+ 22 + (1 — 23) cos x1)? ’

*H (2,0) = — 629 sin x1

o0y w(l+ 2+ (1 —22)coswy)?’

82H(m 0) = to(z2) + p1(x2) cosxy + pa(xa) cos 2x1 + us(xe) cos 3z,

oys ) Ar(1—23)2(1 + 23 — (1 — 23) cos 1) (1 + 22 + (1 — 23) cos z1)?’
where
po(z2) =2[(2T + 5)ab + (16T + 9)a§ + (28T — 1)z + (16T + 15)x3 + 2(T' — 1)],
p1(z9) =(1 — 22H)[(2T + 5)a5 + 6(5T + 7)x3 + (30T — 67)x3 + 2(I" + 2)],
pa(w2) = — 2(1 — 23)2[(20 + 5z + (4T — 5)a3 + 2(T — 1),
p(w2) = — (1= 23)*((20 + 5)a3 +2(T + 2)].

At x = s; for j = 1,2,...,6, the matrix D?/H(ac,O) is diagonal and has the
form of (4.11) with

5 2r
my = 471', ma = T )
for x = s1, 893
S A ~ 2('+2)(8T% 4 20T + 5)
LT o 27 (2l +1)2 ’
for x = s3, s4; and
8L +5 8T(T +1)2
mi =

TsT 1) T rEr )

for * = s5,s86. To obtain a starting solution for the boundary value problem
(4.2), (4.4), (4.16) and (4.17), we use a Fortran code called “DOP853” [10] to
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Figure 3: Computational results of A and A: (a) Homo- and heteroclinic orbits
to s1,5.6; (b) heteroclinic orbits to s; 256; (¢) upper and lower homoclinic orbits
to s3. A is plotted as solid lines, while A is plotted as dotted lines or “O1”.
The labels represent the subscripts of equilibria which the associated homo-
or heteroclinic orbit connect. Note that A has the same value for homoclinic
orbits to s9; and soi_1 and A has the same positive (resp. negative) value for
heteroclinic orbits from s; or s to s5 or sg and (resp. from s5 or sg to s1 or

82).

solve (4.2) and (4.4) as an initial value problem as stated at the end of §4.2.
The code is based on the explicit Runge-Kutta method of order 8 by Dormand
and Prince [7], and a fifth order error estimator with third order correction is
utilized. It also has a dense output of order 7. See [10] for more details on
the code. A small tolerance of 10~® or 107 is chosen in the computations so
that the numerical results are very accurate. For instance, the value of the
Hamiltonian energy changes by only 107'® at most for the numerical solutions.

Figure 3 shows the computational results of A and A. We see that A
and A are positive for except I' = 1. Hence, by Theorems 4.1 and 4.2, there
exist transverse homoclinic orbits to periodic orbits near the saddle-centers and
chaotic dynamics occurs for I' # 1. On the other hand, A is negative for a
heteroclinic orbit connecting s5 to s; at I' = 1, which means that the unstable
manifold of periodic orbits near the saddle-center (s1,0) does not intersect the
stable manifold of periodic orbits near (s5,0). Thus, the Melnikov theory says
nothing about the occurrence of chaos for I' = 1.

To demonstrate the theoretical results above, we compute the stable and
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Figure 4: Periodic orbits near the saddle-center (s1,0) for I' = 1.25: (a) Their
projections to the y-plane; (b) to the (y1,y2,x1)-space. The outmost periodic
orbit has Hamiltonian energy of H = 0.03.
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Figure 5: Stable and unstable manifolds of periodic orbits on the Poincaré
section {y2 = 0}: (a) For a periodic orbit near (s1,0) for I' = 1.25 and H = 0.03;
(b) for periodic orbits near (s1,0) and (s5,0) for I' = 1 and H = 0.04. The
solid and broken lines represent the stable and unstable manifolds, respectively.
In plate (b) the point “e” represents the periodic orbits on the Poincaré section.

unstable manifolds of periodic orbits near saddle-centers with the numerical
method of §4.3. Figures 4 and 5, respectively, show periodic orbits near the
saddle-center (s1,0) for I' = 1.25, and the stable and unstable manifolds of
periodic orbits on the Poincaré section, {(z,y) € R? xR? |y, = 0}, for ' = 1.25
and 1. In Fig. 5(a), the stable and unstable manifolds of the outmost periodic
orbit in Fig. 4 intersect transversely. In Fig. 5(b), the stable and unstable
manifolds of periodic orbits near (s1,0) and (s5,0) are displayed when the
saddle-centers have heteroclnic connections at I' = 1 (see Fig. 2(c)). We see
that the unstable (resp. stable) manifold of the periodic orbit near (si,0)
intersects transversely (resp. does not intersect) the stable (resp. unstable)
manifold of periodic orbit near (ss,0), as our theory predicts. However, since
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Figure 6: Poincaré sections (y2 = 0, g2 > 0) for chaotic motions obtained by
direct numerical simulation: (a) I' = 2 and H = 0.0995; (b) I' = 1.25 and
H = 0.03 or 0.0485 (near homoclinic orbits to s;2 or heteroclinic orbits to
s56); (c) ' =1and H = 0.0275; (d) I' = 0.75 and H = 0.0270425 or 0.003
(near heteroclinic orbits to s; 2 or homoclinic orbits to s5¢); (¢) I' = 0.25 and
H =0.0273; (f) I' = —0.01 and H = —0.0621567265.

the stable and unstable manifolds of the periodic orbit near (si,0) intersect
transversely as observed in Fig. 5(b), chaotic dynamics also occurs for T' = 1.
Finally, we give some direct numerical simulations for chaotic motions near
the saddle-center. Figure 6 shows projections onto the x-plane of trajectories
on the Poincaré section {y2 = 0} with initial points near the saddle-centers.
To obtain the cross section points from the trajectories, an interval [t,,_1,y]
of numerical integration such that yo(t,—1) < 0 and ys(t,) > 0 is searched
and the secant method is applied to the dense output for the interval with a
tolerance of |ya| < 107%. All these computations are performed by a software
called “Dynamics” [16] into which the C version of the code “DOP853” [10] is
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Figure 7: Chaotic orbits near homo- or heteroclinic orbits to the saddle-centers,
each of which corresponds to the Poincaré map in Figure 6: (a) s5 for I' = 2;
(b) s1 for I' = 1.25; (c) s5 for I' = 1.25; (d) s; and s for I' = 1; (e) s5 for
I' =0.75; (f) sy for I' = 0.75; (g) s1 for I' = 0.25; (h) s3 for I' = —0.01. Note
that the first and the fourth point vortices stay at the equator due to (2.15).

built in a manner explained in [29]. We also show actual chaotic orbits near
the 6-ring on the sphere in Fig. 7, which correspond to the Poincaré sections
in Fig. 6. Both of them clearly illustrate chaotic behavior near the homo- or
heteroclinic orbits to the saddle-centers.

6 Detection of chaos in P;5(7,)

For P5(7,), as stated in §3.2, the analytic technique of §4.1 is not applicable
since it has no invariant plane. Thus, applying only the numerical approach of
§4.3, we compute the stable and unstable manifolds of periodic orbits near the
saddle-center and detect the occurrence of chaos.
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Figure 8: Periodic orbits near the saddle-center (Qs,Q4,Ps,Py) =
(2m/5,127/5,0,0) for I' = 0.5: (a) Their projections onto the (Q4, Ps)-plane;
(b) onto the (Qg4, Py, Q3)-space.

The Hamiltonian (3.19) with n = 1 has an equilibrium at (Q3, Q4, P3, Py) =
(2w /5,127/5,0,0), which corresponds to the 5-ring at the equator

TTTTW 2 4 4 2
X = | -\ - —, -, — O— — —_— R
0 <2727272727 75777571-7 5777 57T>7

as in Proposition 2.2. It becomes a saddle-center equilibrium for 0 < I' < 1,

since the Hessian of the Hamiltonian H 55) at this point has the eigenvalues

\/83 +15v/5 — 1501 — \/(83 +15v/5)% 4 3000 (=51 — 151/ + 437
45 ’

which are purely imaginary for I' > 0 and real for I' < 0, and

+

\/83 +15v/5 — 150T + \/(83 +15v/5)% + 3000 (=51 — 15y/5 + 43T
457 ’

which are purely imaginary for I' > 1 and real for I" < 1.

Figure 8 shows periodic orbits near the saddle-center for I' = 0.5, and
Figure 9 shows the stable and unstable manifolds of the outmost periodic orbit
in Fig. 8 on the Poincaré section {P, = 0}. Compared with the results of
Pg(me) in §5, the behavior of the invariant manifolds is very complicated. This
is due to the fact that there is no invariant plane having a homoclinic orbit
in P5(m,). Nevertheless, we see that they really intersect transversely (without
self-intersections) and hence chaotic dynamics occurs. Figure 10 shows the
Poincaré section { Py = 0} for a trajectory with an initial point near the saddle-
center and its corresponding orbit of the 5-ring on the sphere, which clearly
demonstrate chaotic behavior.

+
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Figure 9: Stable and unstable manifolds of a periodic orbit on the Poincaré
section {Py = 0} for I' = 0.5 and H = —0.087; (a) In the (Q3, Ps, Q4)-space;
(b) their projections onto the (@3, P3)-plane; (c) onto the (Q4, P3)-plane. The
solid and broken lines represent the stable and unstable manifolds, respectively,

and the circle “o” represents homoclinic points. The dotted lines represents
the projection of the periodic orbit (not on the Poincaré section) onto the

(@3, P3,Q4)-space in plate (a).

7 Summary and discussion

We have shown the existence of chaotic motions in two-degree-of-freedom Hamil-
tonian systems with saddle-center equilibria derived from the N-vortex problem
on the sphere according to the reduction method of [22]. Utilizing the analytical
and numerical techniques proposed in [27, 29, 30, 31] for N = 6, we numeri-
cally proved that the stable and unstable manifolds of periodic orbits around
saddle-center equilibria intersect transversely and hence chaotic orbits exist.
We also have numerically shown that the unstable and stable manifolds of the
periodic orbits near the saddle-center intersects transversely and given some
direct numerical results to illustrate the existence of chaotic orbits near the
saddle-centers for N =5 and 6.

The analytical and numerical approaches we used depend on the structure of
the reduced four-dimensional system: For N = 6n, we make the best use of the
Melnikov-type analysis|[27] since the reduced system satisfies a key assumption
in the analysis, i.e., it contains a two-dimensional invariant plane consisting of
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Figure 10: (a) Poincaré section Py = 0 for a chaotic motion with an initial point
near (Qs3,Qq4, P3, Py) = (2/57,12/57,0,0) for I' = 0.5; (b) its corresponding
chaotic orbit near the 5-ring on the sphere. We see the only four trajectories
on the sphere, since the first point vortex in P5(7,) is fixed at the equator due
to (2.14).

Figure 11: Chaotic orbits of the perturbed 6-ring in the full 6-vortex problem
(1.1) and (1.2) up to t = 500 in the presence of the identical pole vortices: (a)
I =1.25; (b) T = 1.00; (c) T = 0.75; and (d) T = 0.25.

the stable and unstable eigenspaces. On the other hand, the Melnikov analysis
is not applicable for N = 5n since the reduced system has no such invariant
plane. Thus we rely on the direct numerical computation of the unstable and
the stable manifolds [31] to show their transverse intersection.

Finally, we discuss how chaotic orbits found in the reduced system appear
in the full 6-vortex problem on the sphere. We first note that if the 6-ring
corresponds to a saddle-center equilibrium in the reduced system Pg(m), then
(AF)? < 0 < (A)? and hence the maximum eigenvalue AJ becomes positive
since (A\f)? < (A\F)2. Thus, the eigenspace for A, which is not included in the
reduced system, give the most unstable directions, and inevitably affects the
dynamics of the full system. However, we expect that solutions of the full system
also exhibit chaotic motions since by the Poincaré recurrence theorem [1], they
must repeatedly return in neighborhoods of chaotic orbits in the reduced system
if they start there. Figure 11 shows numerical solutions of (1.1) and (1.2) with
the identical pole vortices when the 6-ring is slightly perturbed. We see that
chaotic motions occur in the full system, as we have expected. Moreover, for
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Figure Al: Orbits on the stable and unstable manifolds

I' = 1.25 and 1, the chaotic orbits of Figs. 11(a) and (b) seem to evolve around
those in the reduced systems in Figs. 7(b) and (d).

The Melnikov-type method was extended to three- or more-degree-of-freedom
Hamiltonian systems with saddle-centers in [28]. The reduced systems Py (7,)
and Py (me) in (2.12) and (2.13) are multi-degree-of-freedom Hamiltonian and
the IN-ring corresponds to a saddle-center equilibrium for a certain range of I'.
So the reader may think that it is also applicable to the IV vortex problem on the
sphere but this is not the case. For instance, Proposition 2.3 shows that Pg(m,)
is a multi-degree-of-freedom Hamiltonian system in which the phase space is
represented by

3
X=Xo+) (bfof +b,¢;). bR,
k=1

where X represents the 8-ring at the equator. The 8-ring becomes a saddle-
center equilibrium when the eigenvalues )\;f and A3 are positive and negative,
respectively, and the other eigenvalues )\éc and )\%E are purely imaginary, but the
eigenspace spanned by the eigenvectors for )\gt is not invariant for Pg(m.). (See
the list of invariant dynamical systems in Pg in [23].) Thus the Melnikov-type
method of [28] is not applicable. However, the numerical approach given in §4.3
is still available and numerical results in this direction will be reported in the
near future.

A Proof of Theorem 4.2

We outline the proof of Theorem 4.2, which is very similar to that of Theo-
rem 1.1 of [27].

Let z!(tito) = (®¢(tit0), e (t:00)) and 2i(t5t0) = (2E(t;to), Ye(tito)) be
orbits on the unstable manifold of a periodic orbit v near the saddle-center
(x(,0) and on the stable manifold of a periodic orbit 7’ near the saddle-center
(x9,0), respectively, such that they pass near (x,y) = (£"(—ty),0) and the
distances between v and (x¢,0) and between ' and (x(,0) are O(¢), where €
is a constant such that 0 < ¢ < 1. See Fig. Al. As in Lemma 3.2 of [27], we
can represent the orbits z¢"(t;tg) as

&!(t:t0) = &"(t —to) + O(?),  gl(tito) = €¥(t —to) B='(to)mo (A1)

30



for t € [—t2,0] and
@(ttg) = 2"(t —to) + O(?), Yi(t;to) = €W(t — to) BT ®(tg)no  (A.2)

for t € [0,t1], where t; and ¢9 are any positive numbers. Let d(to;no,€) be the
distance between the orbits 25" (¢;¢y) along the direction (D, H (z"(—tg),0),0)
at t = 0 (see Fig. Al). Using an argument given in §3 of [27], we can show that

L. _ M (to)
—dto; Mo, €) = D H (@ (—tg),0)] +O(e), (A.3)
where
M(to) = /_Oo D, H(&"(t),0) - g(&"(t), ¥(t) B='®(to)mo)dt (A4)
with

1
g(z.m) = ;D f(,0)(n,m), f(=y) = iD.H(y).
We easily prove the following lemma like Lemmas 3.3 of [27].

Lemma A.1. For any 1o, nj(# 0) € R? and t) € R, there exist real numbers
p,to such that

M (ty;m0) = p*M (to; no).

Let n(t) = U(t)A, for any fg € R2. As in the proof of Lemmas 3.4 of [27],
we have

d

E[Dzﬂ(wh(ﬂv0)(n(t)ﬂ7(t))] = —2D,H(z"(1),0) - g(z"(t),n(t)).  (A.5)

Hence

/OO Do H(&"(t),0) - g(@"(t), n(t))dt = m(n(~0c0)) —m'(n(c0)).  (A.6)

—00

Substituting n(t) = ¥(¢)BZ'®(ty)no into (A.6) and using (4.8), we prove the
following lemma.

Lemma A.2. We have
M (to;mo) = m(mo) — m/(Bo®(to)no). (A7)
In particular, for e; = (1,0)T

M (tg;e1) = M(to).

~ From Lemmas A.1 and A.2 we see that if M{(ty) has a simple zero, then
M (to;m0) does so for any nonzero ng € R2.  Applying the implicit function
theorem to (A.3) at e = 0, we complete the proof of Theorem 4.2. O
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