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INEQUALITIES ASSOCIATED WITH DILATIONS

TOHRU OZAWA AND HIRONOBU SASAKI*

ABSTRACT. Some properties of distributions f satisfying z - Vf € LP(R™), 1 < p < oo,
are studied. The operator = - V is the generator of a semi-group of dilations. We first
give Sobolev type inequalities with respect to the operator z - V. Using the inequalities,
we also show that if f € L? (R™), x-Vf € LP(R™) and |z|*/?|f(x)| vanishes at infinity,

loc

then f belongs to LP(R™). One of the Sobolev type inequalities is shown to be equivalent
to the Hardy inequality in L?(R").

1. INTRODUCTION

In this paper, we study some properties of distributions f € D'(Q) satisfying x -V f €
LP(Q2). Here, Q C R™ is an open set, D'(Q) is the set of all distributions on Q, x -V =
Z?Zl xj0j, x = (z1,--- ,2,) € Q and 0;f is a weak derivative of f with respect to z;.
The operator x - V is well-known as the generator of a semi-group of dilations {7'(¢) }+>0
defined by

(T(t)g)(z) = g(e'z), ¢g:R*—C, zeR"
Let us recall the Sobolev inequality. For a Banach space A, we denote the norm of A
by || - |All. It is well-known that if 1 < p, p* < co and

1 1 1
-—=——— (1.1)
p pon
then we have the Sobolev inequality:
lglL? (R™)]| < C(p) [ ValL (RM)]. (1.2)
Remark that the constant C'(p) in (1.2) is independent of g. For any A > 0, we obtain
ATVPIRILPR™) || < ATVPHLC(p) | VALY (R

by substituting g(z) = h(Az) into (1.2). Therefore, we observe that (1.1) is a necessary
condition.
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2 T. OZAWA AND H. SASAKI

Throughout this paper, we consider the following Sobolev type inequality with respect
to the operator x - V instead of V:
lg|lLP(R™)|| < C'(p) ||l - Vg|LI(R™)]]. (1.3)

Substituting g(z) = h(Ax) into (1.3), we observe that p = ¢ is a necessary condition
to obtain (1.3). Later, we shall prove that (1.3) holds if 1 < p = ¢ < o0, f € L? and
x-Vfelr.

To state our results, we list some notation which will be used later. For 1 < p < oo, we
put LP = LP(R") and || - ||, = || - |L?||. For k =0,1,--- and for an open set 2 C R", We
denote by C2°(Q2) the set of all C'*°-functions with compact support in . For 1 < p < co
and for an open set Q C R”, let W,(Q) be the completion of C°(Q) with respect to

lgIW (@) = [lg|LP Q)| + [IVg| L (Q)]].
Let ¢ : R — R be an even, C*°-function satisfying
e 0< (<,
o ((r)=1if |r| <1,
e ((r)=0if |r| > 2.
We are ready to state our first result.

Theorem 1.1. Let n > 1.

(i) Assume that Q C R™ is an open set. If 1 <p < oo, f € Wy P(Q) and z-V f € LP(Q),
then we have

IFILPE)] < gHﬂf VLR (1.4)
(i) If 1<p<oo, f€LP andx-Vf € LP, then (1.4) holds. That is, we have
11l < Zlla - V£l (1.5)
(1) If f € CY(R™) and if there exist positive numbers € and R such that
suppf C {x € R"; ¢ < |z| < R}, (1.6)
then we have
Il <10 (2 - 97 (1)

The proof of Theorem 1.1 will be given in Section 2. We now list three remarks on
Theorem 1.1.

Remark 1. A constant function fo(z) := C # 0 is a typical example of a function which
dose not satisfy (1.4). Remark that

fo e WHWP(Q)\ WyP(Q) if 1 <p < oo and Q has a finite measure,
foe Ll \LP if1<p< oo.

loc
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Remark 2. The condition (1.6) is a necessary condition in some sense. For 0 < § < 1/2
and 0 < £ < R < oo, we define functions f; 5, f5. and f;j by

(Ino)~* m1 M—HSQ if 0 < |z| <R
f(Sl,R(x>: n ¢ n if 0 < |z| <R,

R R?
0 otherwise,
0 if 0 < |z| <e¢,
2 — -5 2
f&,e(x) (In 5)—1< £ <f> In = + 62 otherwise,
[} \e j?

fi(z) = ()7,

respectively. Here, (z) = (14-|z|?)"/2. Then we see that f3 ,, f7. and f} are C>-functions
vanishing at infinity and satisfy

suppf; p = {z € R"; 0 < |2| < R},
suppfi. = {x € R [z] > e},
suppf; = R".

Furthermore, we observe that

. 195 o0 1 2 r3
1 - = .
5 H(l)l+ Iz Vool o0, s f&,R7 f5,57 s

Remark 3. The number p/n appearing in (1.5) is the best constant. In fact, if we take

| x|t for |z] < 1,
o ={ P s (19

then we have
(~2-+e)la] e ifla] <1
. p—— p
z-Vf.(z) { (_% _ €)|x’—"/77—5 if |z| > 1

in the LP-sense. Hence we see that

1l ;{(2_)” (2 )} p
Hx.Vfg||pZ2 P )7 p+5 T

as € — 0. Moreover, if we take g(z) = e’ then we have

ol _ 1
Jo- Vgl ~ n

Remark 4. If Q C R™ is bounded, then (1.4) implies the usual Poincaré inequality. See
[5, 8] for related results.
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As the application of the inequality (1.5), we give the following three propositions: The
first proposition is concerned with a function space £° := {f € L?;z-V f € LP} equipped
with a semi-norm

[FIEPI = - V7 £l
We shal prove that £P becomes a Banach space. Proposition 1.3, which is the second
application, indicates that if a function f € LI with -V f € L satisfies some decreasing
condition, then f belongs to LP. The third application Proposition 1.4 means that if n > 3
and p = 2, then (1.5) is equivalent to the Hardy inequality.

Proposition 1.2. Letn > 1 and 1 < p < oco. Then the semi-normed space (£7,]| - |£||)
becomes a Banach space. Furthermore, the embedding operator v : £° — LP has the norm

el — 27 = 2. (1.9)

Proof. By (1.5), we find that f = 0 if and only if || f|£?|| = 0. Thus, || - |£?|| is a norm of
£P. Let { fin}oo_, be a Cauchy sequence in £°. From (1.5), there exist f € L” and g € L?
such that

lim f,=f lmaz-Vf,=g9g

in LP. For any ¢ € C°(R"), it follows that
/ (z-Vf)pde=— [ fdiv(zp)ds
Rr Rr

= — lim fm div(zp)dz

m—oo Jpn

= lim (3: . me)apdx

m—o0 Jpn

= / gpdx.

Therefore, we have z - Vf = g € LP and £° is complete. By Remark 3, (1.9) holds. O

In Theorem 1.1, one of the main assumptions is that f € L. As we see in Remark
1 above, the last space is not generalized to L} . The following proposition shows a

sufficient condition for the condition that f € LP.

Proposition 1.3. Letn > 1 and 1 < p < co. Assume that f € D'(R") is measurable on
R"™ and that x - V f € LP. If there exists {¢;};2, C C°(R™) such that

(i) supp>y [| @1l oc < 00,
(i) limy_o ¢y(x) =1 for a.e. x,

(i11) o1 f € LP,
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(iv) liminfl_mH (z- qul)fH =0,
P
then f € LP.

Remark 5. In Section 3 below, we show some corollaries of the above proposition. In
particular, we shall show that if f € LT _satisfies x- Vf € L? and if ||"/?| f(x)| vanishes
at infinity, then f belongs to LP.

Proof of Proposition 1.3. By (iii) and (1.5), we have

leuflly < 2{ |l - Voo s+t V), }

for any [ > 1. Since x - Vf € LP, we see from (i), (ii) and the Lebesgue dominated
theorem that

tim |61z - V)= e - V]
By (iv), we hence obtain
. p
liminf {|¢fl, < Zllz -V £lp.

It follows from (ii) and the Fatou lemma that
191 = [ timint](0nf) (o)
Rn l—o0
<timint [ |(ouf)(o)'da
—00 Rn

~ timinf [,
Thus, we see that f € LP. O

The inequality (1.5) is equivalent to Hardy’s inequality if p = 2. To be more specific,
we have:

Proposition 1.4. Let n > 3. Then the following two statements are equivalent:
(a) For any f € CX(R™\ {0}), we have
2
17112 < =z 91 (1.10)

(b) For any g € C*(R™\ {0}), we have

2
Q_n—2

g T

]

(1.11)

|| 2
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Remark 6. The original Hardy inequality was given by [6]. Later, a lot of generalized
Hardy inequalities are studied (see, e.g., [1, 2, 3, 4, 7, 9]). In particular, it was shown
that

9

’ IVall,, g€W"R"), p<n. (1.12)

p n—p

The constant p/(n — p) is optimal. Since C>°(R™ \ {0}) is dense in W'?(R") for n > 3,
by using Theorem 1.1,(ii), the above proposition and (1.12), we can see that (1.11) holds
for any W12(R"). If we put g. = |z|f., where f. have been given in Remark 3, then we
have

loe/lelll, o {(E . _5>2 w2 +€)2}‘2 2

[(/]2]) - Vel 2
as € — 0. Therefore, the constant 2/(n — 2) is optimal.

Proof of Proposition 1.4. We first prove that the statement (a) implies (b). Put g = |z|f.
Then we obtain

2
9

al.- G RO FRY

A
—i—i——-Vg
|| [],

x| |l

where (-, ) denotes the inner product in L?. Since

{5y ¥o) =~ V) = (@ (5. 'g'2>_<%"9'2>’

It follows from the statement (a) and (1.13) that
: s
]

2 3 4 (
= — | (n—
o
Conversely, we assume that (b) holds. We put f = g/|z|. Then we have

|- Vfll2= , (1.13)

2

| |fL’|

which implies (1.11).

(lef) = If +2- VIR = IF12+2R%(f, V) + |z - VSII2

Since 2§R<xf, V)= —n||f]|2, we see from the statement (b) that

Hf||2_< —oy (Il VA = (n = DIfIIZ) -

which implies (1.10).
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2. PROOF OF THEOREM 1.1

In this section, we give a proof of Theorem 1.1. For this purpose, we prepare some
notation. For A > 0 and for g : R® — C, (6xg)(x) = g(Az). For A > 0 and for Q C R",
MY = {Ddwsw € Q). Let ¢ € C(R™) be a positive function such that [¢ = 1 and
supp C {x € R™; |z| < 1}. For A > 0, we set ()(x) = ((Alz|) and ¢y = A0 -1¢.

Proposition 2.1. Letn > 1 and 1 < p < co. Assume that 2 C R™ is an open set. If
f e Cx(Q), then we have (1.4).

Proof. For ¢ : Q0 — C, we put
3(w) = { o(x) ifx e,

0  otherwise.

Then we have

6d @ = [ |60 Pds

’(g(x)‘pdx
<A /\qs )| dx
= A"l olLP ()P (2.1)

For any A > 0 and x € (2,
(S = f) (@) = f(A\2) = f(a)

/
:/1 (5.7; Vf)( )do (2.2)

For any A > 1, we see from (2.1) and (2.2) that
(1= 2P IAL @) < [|onf - ﬂLP(Q)H

</A

(L= Xx""P) ||z - VL2 ()],

Lp Hda

a Pz - V| LP(Q)]|dex

:m\

which implies (1.5) by letting A — oo. O
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Proof of Theorem 1.1. We first show (i). There exists some {f;}7°; C C°(2) such that
fi— fin Wh(Q) as | — oo. Let A > 0. We observe from Proposition 2.1 that

I @ < 2|1 VoL@ +ioe - Vi@l
for all [ > 1. We easily see that
Hm G fi =G,
lliglo(-f VO fi = (z-VQ)f,
fim G(z -V fi) = lim (Ga) - (Vi) = Gz - V)
in LP(2). Hence we obtain

Il @l < 2{ )@ vy @+ - vnlee@| ).

Since
(2 V) ()] < { [EX VCHOO if A otie‘i’m;” 3 -
(1.5) holds as A — 0.
We next prove (ii). We have only to prove that
im G\(f x 02) = . -
lim - V(G(f % 92)) =2 Vf (2.5)

in L? because f) = (\(f * ¢y) € C2(R™). We obviously have (2.4).
It follows that

2 V(G en) = (@ VO or) + Gl V)(f xn)

= (z-VQ)(f*ox) + G((x- V) xor) + G(f * div(zen))
= [,\ —|—I[)\—|—[I[/\

By (2.3), we have lim,_ I, = 0. Repeating the same argument of the proof of (2.4), we
obtain limy_q I, = 0. Since [ div(zg,) = 0, we see that

(F < divlon)) (@) = [ (= 2) = Fa)diviue(v))dy.
Hence we obtain

|f * div(zen)ll, < sup [ f(- = 2) = fllplldiv(ze) ||y — 0

z[<A

as A — 0. Thus, we have limy_o [11, = 0.
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Finally, we show (iii). Since f € C*(R"™), we have

f(ez) — f(z) = /0 %f(eax)da = /0 ez - (Vf)(ex)da (2.6)

for any z € R™ and 6 > 0. Let 6y = In(R/¢) and let |z| > . Since |e%x| > R, we see
that f(ex) = 0. By (2.6), we have

0o
fle) = - / e - (Vf)(e*a)da

for any |z| > e. Thus (1.7) holds. O

3. APPLICATION

In this section, we show some corollaries of Proposition 1.3.

Corollary 3.1. Letn > 1 and 1 < p < oco. Assume that f € LV (R") satisfies v -V f €

loc

LP. If there exist sequences {p;}7°, C (0,00) and {R;};°, C (0,00) such that

(i) RR< Ry if <1<k,
(’LZ) limlﬂoo Rl = 00,

(iii)

p
lim inf(Rl il pl) / |f(2)|Pdz = 0, (3.1)
l—=o0 Pl Ri<|x|<R;+p;

then f € LP.

Remark 7. Taking p; = R, we see from the above Corollary that if we have z -V f € L?
and

lim inf/ |f(z)[Pdx = 0, (3.2)
R—oo Jpojz|<2R
then f € LP. If the left hand side of (3.2) is positive, then f ¢ L? (even if x - V f € LP).

Proof of Corollary 3.1. Set
1 for |x| < Ry,

A=\ (R for o> 1

We immediately see that

Sll>l£) |l =1 and zlilglo ¢i(x) =1 for ae. x.



10 T. OZAWA AND H. SASAKI

Since

%Q'(W) it Ry < |z| < Ri+ i,

0 otherwise,

x -V (x) =

it follows that

lip inf | (2 - Vo)

p
"< fim inf(Rl + ”l) / ()P = 0.
P =00 Pl Ri<|z|<Ri+p;

Thus, we see from Proposition 1.3 that f € L.

O

Corollary 3.2. Letn > 1, 1 < p < oo. Assume that f € L} (R™) satisfies x -V f € LP.

If we have either of the following three conditions, then f € LP:
(i) It follows that

lim  sup |z["P|f(z)| = 0.
R—00 pojg|<2R

(3.3)

(i) p =1 and there exists some spherically symmetric, unbounded open set A such that

I "|f(z)] = 0.
e f ()]

(3.4)

(isi) n = 1, p = 1 and there ezists some unbounded open set A such that —inf A =

sup A = oo and (3.4) holds.

Remark 8. If
llirlninf |:c]"/p\f(x)\ > 0,

then f & LP even if x - Vf € LP.
Proof of Corollary 3.2. We first prove (i). It follows that

[ w@pa= [ (@) el
R<|z|<2R R<|z|<2R

p
g( sup \xrn/prfo:)\) [ el
R<|z|<2R R<|z|<2R

P
glnz( sup !x\”/p|f(:v)!> (/ dw)
R<|z|<2R sn-1

— 0 as R— oo.

From Remark 7, we have f € LP.

We next show (ii). There exist {p}°, C (0,1) and {R;};°, C (0,00) such that

hmlﬁoo pPr = 0, Rl S Rk if 1 S l S k?, liml_wo Rl = oo and
Ai={r e R R < |z| < R+ p} C A.
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Then we obtain

R
Lt / f(@)|de
Pi Ri<|z|<R;+pi

R Ri+py
< Lt P ( sup |a:|”|f(x)|> (/ dw) / rtdr
Pi Ri<|z|<Ri+p Sn-1 R
. R+ 1
< ( wp o If(:v)|) (/ dw) o, L
l2|> Ry, €A §n—1 P R,

— 0 asl— oo.

Applying Corollary 3.1, we see that f € L.

Finally, we prove (iii). There exist {z;}72; C R and {r;};°, C (0,1) such that

1 <@g 1 < xopyq forany k >1,
—1 > a9 > Topyo forany k> 1,
1| — 0 asl— oo,
{reR|lz—x| <r}CA foranyl>1.

Set
( C(l‘) if x < 0,
b1(2) = 1 it0 <z <a,
! C(Lﬁh) if x>
T 1,
\
4
C(W) if v < xop,
Par(z) = 4 1 if xop, < <0,
\ ¢2k_1(gj) if ¢z > 0,
( Pk () if 2 <0,
b (@) = 1 it 0 <o < xopq1,
* ¢ T = Zokin T T2k1 ) if 4 > o
o 2%k+15
\

where £k =1,2,---. Then we have
sup [|¢f[oc = 1,
1>1

o f € LP for any [ > 1,
llim oi(x) =1 forall zeR.
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Furthermore, we see that

4 .
0 if © < o — 7ok,

x [T+ ok — Tk .

=M =22k 2k H o —rop <z <ux

Ton ( Ton 2%k 2% ST S Tog,
xT - V¢2k+1 = 0 if Tor <X < XTok41,
T (T — Togy1 + Topt1 .
if z <z<gzx T
Tobil ( Y 2%+1 S TS Tog1 + T2k,
\ 0 if ¥ > wopy1 + ropt,

for any k£ > 1. Thus, we obtain
Iz Vo) £,

— o + T Tok T +r Tok+1+Tr2k+1
< M/ |f(z)|dz + M/ |f(z)|d
T2k Tok—T2k T2k+1 Tok41

— 1
e A 1
T2k T2k \wop—rok<z<To)
1
4 Tkt T T2kt Fopi1 - ( Sup yg,;Hf(g;)ydx),
T2k+1 Tok41 \wopt1<e<zopt1+T2k+1

Hence we observe that

iint| (e )], =0
From Proposition 1.3, we have f € L. O
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