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ELLIPTIC DEDEKIND-RADEMACHER SUMS AND
TRANSFORMATION FORMULAE OF CERTAIN INFINITE
SERIES

TOMOYA MACHIDE

ABSTRACT. We give a transformation formula for certain infinite series in
which some elliptic Dedekind-Rademacher sums arise. In the course of its
proof, we also obtain a transformation formula for elliptic Dedekind-Rademacher
sums. When a complex parameter 7 tends to ico, these represent some classical
results which include the reciprocity formula for Apostol-Dedekind sums.

1. INTRODUCTION

Let Bj(z) be the first Bernoulli function defined by

Bi(z) == {z} —1/2 (if x is not an integer),
N [V (if  is an integer).

If p and ¢ are relatively prime integers with ¢ 75 0, the Dedekind sum s(p, q) is

(1.1) s(p,q) :=sign q Z B1 q )
i(lal)

Here {x} means the fractional part of a real number z, sign ¢ equals ¢/|g|, and the
summation runs through a complete residue system modulo |g|. R. Dedekind [De]
introduced this sum in connection with the transformation formula for the Dedekind
n-function under the group SLs(Z) of the two by two matrices with integer entries
and determinant one, and deduced from this his reciprocity formula which is a
special case of the following (transformation) formula studied in [Ca2, Eq. (4,5)],
[Ha, Theorem 2], [HH, Eq. (26)] and [RG]. If (24) is in SLy(Z) with ¢ # 0 and
cp +dq # 0,

(1.2)  s(p,q) — s(ap + bg, cp + dq) + s(d c)

1
= — Jsign ca(cp -+ da) +

( c cp +dg q )
12 \q(cp + dq) cq (ep+dg)c
Dedekind’s reciprocity formula is the case that a =d=0and —b=c=1.

The Dedekind sum has been generalized by many authors (see [Bec] and [RG]
for good pictures of their generalizations). For any nonnegative integer m with
m # 1, let By, (z) := By, ({z}) denote the m-t -th Bernoulli function where B,,(z) is

the m-th Bernoulli polynomial defined by Z z) X" = Xe*X /(eX —1). If a,b

n=
and c are integers with ¢ > 1, the generahzed Dedekmd Rademacher sum is

(13 Smn (; ’ g) ::%Bm(a S B ()

1
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T.M. Apostol [Apl] showed that the sums Smm((l) p 8) arise in the transformation
formula of certain Lambert series, and L. Carlitz [Cal] deduced from this a reci-
procity relation for the sums Smyn( (1) 2 g) which includes (1.2) and the reciprocity

formula for so-called Apostol-Dedekind sums Sy, (3% ¢). U. Halbritter [Ha] gave

a transformation formula for the sums Sy, , (% ¢) which includes them too. It is
noted that there are many proofs of the reciprocity formulas for Dedekind sums and
Apostol-Dedekind sums (for example, see [RG] for those of Dedekind sums, and see
[Ap2, Bec, Ber3, Fu, Ha, HWZ, Mi, NOS, Ta] for those of Apostol-Dedekind sums),
and that a special case of Apostol’s transformation formula is Ramanujan’s formula
(cf. [Ber4, p.275, Entry 21(i)]). The monograph [RG] of H. Rademacher and E.
Grosswald is the standard reference for Dedekind sums.

T. Arakawa [Arl, Ar2], B.C. Berndt [Berl, Ber2, Ber3], S. Iseki [Is] and J.
Lewittes [Le| also gave transformation formulas which are considered as general-
izations or analogues of Apostol’s transformation formula. Arakawa’s [Arl, Ar2]
which is deduced from Berndt’s [Berl] uses the infinite series

(1.4) (e, s,y,x) = Z e(mz) _e(yma)

— ml=s 1 —e(ma)
In their transformation formulas, Berndt let « to be a complex number with positive
imaginary part, but Arakawa to be an irrational real algebraic number. If s is an
integer with s < —1, then Arakawa’s transformation formula with z = y = 0
becomes the same form of Apostol’s and consequently yields Carlitz’s reciprocity
relation.

On the other hand, various elliptic analogues of Dedekind sums have been studied
by many people ([As, Bal, Ba2, Eg, FY, It1, It2, Sc]). Recently the author [Ma] has
introduced elliptic analogue of generalized Dedekind-Rademacher sums which we
call elliptic Dedekind-Rademacher sums, and has obtained their reciprocity formula.
His elliptic analogue and the others have had no transformation formula in which
themselves appear.

The purpose of this paper is to give a transformation formula for certain in-
finite series in which not all but some elliptic Dedekind-Rademacher sums arise.
Our transformation formula is considered as an elliptic analogue of Arakawa’s with
s € Z and s < —2, because it reproduces Arakawa’s when a parameter 7 in the
upper half plane tends to ico, and the infinite series in it satisfy a modular prop-
erty on the parameter 7 under SLy(Z). In the course of its proof, we also obtain
elliptic generalizations of Carlitz’s reciprocity relation and a part of Halbritter’s
transformation formula.

The paper is organized as follows: We introduce elliptic Dedekind-Rademacher
sums and certain infinite series in Section 2 and 3 respectively. In Section 4, we give
our transformation formula. Section 5, 6 and 7 devote the proofs of propositions
in Section 2, 3 and 4. Section 6 also includes a transformation formula for elliptic
Dedekind-Rademacher sums which reproduce a part of Halbritter’s transformation
formula.

2. ELLIPTIC DEDEKIND-RADEMACHER SUMS

In order to define the elliptic Dedekind-Rademacher sums which arise in our
transformation formula, we introduce Kronecker’s double series and their generating
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function. Let 7 be in the upper half plane, and e(z) := e*™@. If ¢ = e(7), Jacobi’s
theta function 6(z;7) is defined by

1

5)

(2.1)  O(z;7) = Z e(%(m + %)27- + (m+ %)(x + 5

meZ

=iq"/%(e (* N TT (= e(=2)g™) (1 = e(2)g™)(1 = ™)

m=1

which is an odd and quasi periodic entire function:

(2.2)

O(—x;7) = —0(x;7), O(x+1;7)=—0(z;7), O(x+7;7)= —e(—% —2)0(z; 7).
Let ¢'(x;7) denote the derivative of 6(x;7) with respect to x. For any vector
# = (2/,2) in R? \ Z2, Kronecker’s double series B,,(¥;7) and their generating
function F(&; X;7) are defined by

(2.3)

271'1)me L

. 0'(0;7)0 x+xT+XT > Bm_'
F(7; X57) == e(zX) (9(_17 (+ a7 7)0(X Z
’ =0

Let @ be a vector in Z?. We find from (2.1) that the function F(Z; X;7) with
respect to X is meromorphic with only simple poles on the lattice Z+ 7Z, and from
(2.2) that

(24) F(@X +1;7)=e(@)E(TX;7), F(@X+7;7) =e(z ')F(f'X;T%
(2.5) F(-%;-X;7) = —E(&; X;7), E(Z+a, X;7) = F(T; X;7).

We deduce from (2.3) and (2.5)
(2.6) B (—%;7) = (=1)"Bn(%;7), Bm(Z+d;7) = B (Z;7).

Put g = e(7). We also have explicit expressions of Kronecker’s double series (see
[Ma, Eq. (9)]):

( @) — e(—aT)g’

27) Bu(@ (Z v ym e(—z7)g?

S e(z7)q’ m-1_ (=" +27)
B e A e R

Jj=1
So By (&#;7) and By(T; T) are continuous at ¥ € R?\ Z? and discontinuous at & € Z2,
but the others are continuous at every ¥ € R2.

Let us define the elliptic Dedekind-Rademacher sums. Let 7 be a rational num-
ber. There is a unique pare (n(r), d(r)) of integers with ged(n(r),d(r)) = 1,d(r) > 1
and r = n(r)/d(r). Let Ma(R) be the set of the two by two matrices with real num-
ber entries, and SMa(r) be its subset defined as follows:

28 s ={ (5 )= (5) e Malw|gntn - a7 ¢ 22},
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where # and 7 denote the vectors (a/,z) and (y',y) respectively. If Z = (I) is in
SMa(r), then the elliptic Dedekind-Rademacher sum is defined by

ey L ity it
(2.9) Shn(Esr) = a0 . j(zd(r))Bm( a0 7T)Bn (n(r) ) x,T),

where j denotes the vector (j',4). By continuity of Kronecker’s double series, the
elliptic Dedekind-Rademacher sum S7, . (Z;7) is continuous at = € SMa(r). In
particular, if m,n > 3, S7, ,(Z;7) is continuous at every E € My(R). The relation

between this sum and the sum S, (( ;2 (B.0) (<) ) defined in [Ma] is
mnA (z',z) ('U 7y) (Z ¥3)
g (D ()0 (@r).de)
(210) Sm n( ) Smn ((070) T g’ .
It is noted that the sums S7, (([1) 8 (b/fb) C C)) with & # b or ¢ # ¢ can not be
written in terms of S7, ,,(Z; r) or do not appear in our transformation formula.
To give some properties of the elliptic Dedekind-Rademacher sums, the cotangent
sum studied by U. Dieter [Di] is introduced:
1 / Jj+z Jj+z
7ba 3L, Y, == t( ) t( b - )a
c(a,b,c;z,y, 2) C;co 7(a ) ) cot( m( p y)
j(c

where the prime of the summation means excluding j such that aj% —x € Zor

b% — y € Z. For convenience, we shall use

Smn(557) = Smn (5" A e(Tir) = o(1,n(r),d(r); 0,2, y).

Y

If V.= (2%) is a two by two matrix, let V7 and j(V;7) denote (at + b)/(cT + d)
and c7 + d respectively. The elliptic Dedekind-Rademacher sum S7, | (Z;7) has a
modular property, and reproduces the sum S,, ,(y;r) when 7 tends to ico. We
shall prove these properties in Section 7.

/
PROPOSITION 2.1. Let r be a rational number, and = = (z, z) be a matriz
in SMa(r).
(1) If V is in SLa(Z), then
1

(2.11) S (Z57) = WSan( Vir),

where 'V means the transpose of the matriz V. In particular, S}, (3 0;7) is a
modular form of weight m +n if m,n > 3.
(ii) Let Re z denote the real part of a complex number z. Then we have

T, 1 z’ . o
(2.12) Re lim S}, (5;7) = Sm,n(y,"")—iC(y/,T) (m=n=12y€Z),
oo S (i) (otherwise).

3. CERTAIN INFINITE SERIES

Let a be an irrational real algebraic number and [ an integer with [ > 3. If
E= (g) ( / ) is in My(R) with ¢ Z?, the certain infinite series which appears
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in our transformation formula is defined by

(3.1) H] (B;a):= (-1 2m =) Z Tm’ ) lﬁ(—g’;a(rm' +m); 7).

Here the summation ranges over all elements in Z? with (m/,m) # (0,0), 1% denotes
the vector (m'/,m), and m - & means the inner product of m and Z, or m'a’ + muz.
By the following lemma, the series in (3.1) absolutely converges, that is, H] (Z; «)
is a continuous function at ¥ € R? and § € R? \ Z2.

LEMMA 3.1. Let s be a complex number, and N, \ nonnegative real numbers.
, DXPNON

The series Z WF(@ a(tm’+m);7) absolutely converges if Re s >
™m +m

m - xm)‘m)‘

—

Proof. Let I = Z ‘ F(=¢,a(rm’ + m);7)|, and Z,¢,7 be fixed.

(Tm’ +m)s

Since the functlon F F(#; X; ) with respect to X is meromorphic with only simple
poles on the lattice Z + 77Z, there is a positive real number C' = C(#, 7) such that
if X =7¢ + ¢ is a complex number with —1/2 < ¢’/ ¢ <1/2, then

| XE(y; X;7)| < C.

For any real number z, let [[z]] and ((z)) respectively denote the integer and the
real number with —1/2 < ((z)) < 1/2, x = [[z]] + {((z)). By (2.4),

E(=i;a(rm’ +m); ) = e(—y'[[am/] — y[lam]]) E(=7; 7{{(am/)) + ((am)); 7),

thus we have

2w/ |N m? 1
I<C - .
Z | IT({am’)) + ({am))]
If X’ and X are real numbers some calculations show that
I
IrX 4+ X| > T
(3.2) T
17X’ + X > 2(]7| — [Re 7)| X' X]|.

1
X], X+ X[ > |7 Im (= =) [ X7,
T

Hence, there is a positive real number D = D(%, 7) such that the following inequality
holds.

1
(Z Z (XN |<S—*’—A>/2|<<am/>>|1/2|<<am>>|1/2

’ 1
T A+1Z [P 7 ((am?))| " ; Imls_X_A|<<Oém>>\)7

where the summation " ranges over all integers except zero. Since it was obtained

1 mte|({am))|

we complete the proof. O

in the proof of [Arl, Lemma 1] that the series Z converges if € > 0,

Let us give some properties of the infinite series H] (Z, ¢/; ). For any real number
x, let (x) be {x} if x is not an integer, and 1 otherwise. By using Berndt’s results
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[Berl, Ber3|, Arakawa [Arl, Ar2] gave his transformation formula for the infinite
series defined by

(3.3) H(a, s,y,2) = (e, s, (y), x) + e(s/2)n(a, s, (—y), —).
In particular, if [ is an integer with [ > 2,
(3.4)

> e(mx) + (—1)"te(—mz)

( | %(fﬂx;a)—i—i - ) (y € 2),
Ha,—l+1,y,:v = 7 me /e l’ [0
(6 trjasey 3 IR gz

1 e(max
where & (z; ) := Z % cot mma. In analogy to Proposition 2.1, the infinite

m
series H] (Z; «) has a modular property, and reproduces H(a, =l + 1, —y,z) when

T tends to i00. We shall prove these properties in Section 7 too.

PROPOSITION 3.2. Let « be an irrational real algebraic number, | an integer
!/
with 1 > 3, and 2 = g, 2) be a matriz in May(R) with (y',y) ¢ Z2.

(i) If V is in SLy(Z), then

(3.5) H] (Z;a) = WH}’T(E Vs a).
(ii) Set CL(z) = % io: e(mz) + (—T:Lgl_le(—mx)' Then we have
(3.6) "
( 1)l+1(2”)l( (o, =1 +1,0,2) + CL(x )) (y € Z),
Re lim H] (Z;a) = o
rieo (1)l+1(2:2>lH(a, —l+1,—y,x) (y ¢ 7).

4. TRANSFORMATION FORMULA

In this section, we give a transformation formula for the infinite series H] (Z; «)
in which the elliptic Dedekind-Rademacher sums S7, . (E; ) arise. For any matrix

V = (2}Y) in SLy(Z), let SM(V) be the subset of Mg( ) such that

(4.1) SMy (V) = {(5 i) _ (g,) € My(R)

It is noted that we use the same symbol SMy for a rational number r and for
a matrix V in SLy(Z) because SMa(r) and SMa(V) have a close relation, i.e.,
SMy (V) = SMa(—d/c) when ¢ # 0. If = = (g) is in SMy(V), ¢ is positive, and z
is a complex number, then a sum of elliptic Dedekind-Rademacher sums is defined
by

(4.2)

¥,dy + T ¢ Zz}.

! —
[+1 . k qr —Z d
(k + 1) (—i(V,2)) Sk+1,l—k< 7 ; c) (c¢>0),

k=-1

Nf‘\l
+ 1=
— =

R} (B, V) :=
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When ¢ is negative, R](E;z;V) also denotes R](Z;z;—V). It is a continuous
function at = € SMy(V) by virtue of continuity of elliptic Dedekind-Rademacher
sums. The transformation formula is

THEOREM 4.1. Let « be an irrational real algebraic number, I an integer with
1>3, and V a matriz in SLy(Z). If Z is a matriz in SMa(V'), then

(4.3) H (E50) = j(V;a) T H] (VE; Va) = R (S5 V).

To give its proof, we need the following two lemmas which shall be proved in
Section 5 and 6.

LEMMA 4.2. Let T and S denote the matrices <(1) }) and ((1) _01> respec-

tively. If V. € {T*,S} and = € SMy(V), then (4.3) holds.

LEMMA 4.3. Let z be a complex number, | a positive integer, and V, Vi, Vs ma-
trices in SLo(Z) with V- =VoVi. If 2 is in SMy(V') ([ SM2(V1), then

(4.4) RT(Z:2; V1) 4 j(Vi, 2)' "' RT(VIE; Viz; Vo) = RI(2; 2, V).

Proof of Theorem 4.1. Put G = {T*, S}. For any positive integer n, let U, be a
subset of SLy(Z) such that if V' € U,, there are n matrices V1,...,V, in G with
V =V, Va1 V1. If V is a matrix in SLo(Z), there is a positive integer n with
V € U, by [Ap3, Theorem 2.1]. We will prove (4.3) by induction on n. If n
is one, the claim has been shown in Lemma 4.2. Suppose that it is true when
V e U,_1. Let V be a matrix in U,,. Then there are two matrices V; and V5 such
that V1 € G, Vo € U,,_1 and V = V,V;. Since j(V;a) = j(V1; «)j(Va; Via), the left
hand side of (4.3) equals

H (Z;) = j(Vi;)' " H] (VIE; Vi) +
J(Vis @)~ (H (Vi3 Via) — j(Va: Vi) = H] (Va(ViZ); Va(Via)) )

Thus we obtain (4.3) with = € SMa (V') () SM2(V41) by virtue of Lemma 4.3 and the
induction hypothesis. The set SMa (V') (| SM2(V7) is dense in M3(R), so we also get
(4.3) with Z € SMy(V') by continuity of H] (Z; ) and R] (Z; a; V'), which completes
the proof. O

REMARK 4.4. When 7 tends to ico, R] (Z;2; V) represents fi11(—d,¢; z) in [Ca2,
Eq. (1.2)], that is, (4.4) is an elliptic generalization of Carlitz’s reciprocity relation
[Ca2, Eq. (1.11)].

By (2.12) and (3.6), we can reproduce a part of Arakawa’s transformation formula
[Arl, Ar2]. Since it is not a new result, we do not give the formula here.

Motivated by Knopp’s identity [Kn], J.A. Parson and K.H. Rosen [PR] gave a
formula for the sums Smyn( é 5 g) by looking at the action of the Hecke operators on
certain Lambert series studied by Apostol [Apl] together with the transformation
formula for these series. Aarakawa [Ar2] also obtained an identity of Knopp type
in a different way from theirs. For the identity, he not only considered the Hecke

x, cot mma
operators on the Dirichlet series {(s,a) = ), ————— with the transformation
m

m=1
formula for this, but also used the fact that the function £(s, «) for a real quadratic

number « can be analytically continued to a meromorphic function of s in the whole
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complex plane. It is noted that the Dirichlet series £(s,a) relates to the infinite
series H(a,1 —s,1,0) (see [Ar2, Eq. (2.2)]).

1
(4.5) E(s;a) = 2Z(1—|—e((1—s)/2)
where ((s) denotes the Riemann zeta function. We will end the section by posing
three questions.
Questions (i) Can we construct Hecke operators on the series H] (Z; ), and give
elliptic analogues of identities of Knopp, Parson and Rosen by using the action of
the Hecke operators together with the transformation formula for the series?
(ii) If « is a real quadratic number, can we analytically continue the series

> VD) p(—gialrm' +m);7)

Tm' +m)s

H0,1—5,1,0) 4 5(5)),

m/’,

to a meromorphic function of s in the whole complex plane, and produce an elliptic
analogue of Arakawa’s identity in a similar way of his?

(iii) Not all elliptic Dedekind-Rademacher sums appear in our transformation for-
mula. Is there a transformation formula in which the others arise?

5. PROOF OF LEMMA 4.2

We give a proof of Lemma 4.2. Its method is based on Siegel’s idea [Si] (see
[Ka]). Set

M M , M M
DRI D DD DETEED DN D DS
m’,m m'=—M m=—M m’,m m/=—M m:—]\/[(m/’m)#(o’o)
In order to prove Lemma 4.2, we need the following equation.

PROPOSITION 5.1. Let a be an irrational real algebraic number, and s be a
complex number with Re s > 3. If 2/, x y' y € R\ Z, then

(5.1) (Z Z Z Z ) (Tm/ +m a(rm/ -E('::L) —y+-)7'n’ +n =0,

m’,m n',n n’,n m’,m

or the order of (m/, m) and (n',n) in the sum can be changed. Here Z,§, m and 7i
denote the vectors (', x), (v, y), (m',m) and (n',n) respectively.

We give the proof of Lemma 4.2 before showing (5.1).

Proof of Lemma 4.2. Let V be in {T*, S} and (Z: Z) = (Zi) in SMy (V). It follows
from (2.4) that

Hi (% ):Hl(“;y a+1),

thus we obtain (4.3) when V = T*. We will show (4.3) with V = S. Let [ be an
integer with [ > 4, and 2/, 2,9,y € R\Z. Since Y' = X! = (Y —X) Yo} xkyl-1-F,
we have

1
Yk;+1 Xk

11 1
Xlax+y (Y)HY+

M i

k’=0
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By substituting 7m’ + m and 7n' 4+ n for X and Y respectively, we get

Z Z(Tm +m )’ o e —a e

™’ +m)+71n' +n (—mn’ —n)!
n’ n m/ ,m
L T R DD ¥
= —a
L' +n) +1m’ +m P —e Tn’ +n) ’“1 Tm’ —k
= n',n m

On the other hand, L. Kronecker [Kr] showed that

B e(—1f - ©) ) k! (- )
B@EXT) = D, K e P = gt 2 Gt

Thus, by (5.1), the left hand side of (5.2) equals

> WF(—@OZ(TW’ i)+~ (i)

i (£ mY PETESY R
(Y ) e Loy 2T
o (Ze (Tn’—l—n)lE( x; a(Tn +n);7)+ (-1 1) B (7; )),

and the right hand side of (5.2) equals

2m t+1 21 I+1 . .
(k—i— 1>Bk+1(y§7—)Blk(x57)'

These yield (4.3) with I > 4 and V = S since the set {(;; j)‘x',x,y',y eR\Z}
is dense in Ma(R). In order to get (4.3) with I = 3 and V = S, we introduce
differential equations for Kronecker’s double series and their generating function

O O o
(rop + 75 E(E: Xi7) = 2miX E(F; X:7),
o 0

(7% + 81’)3 (Z;7) = mBp—1(%; 7).

If Re s >3 and z € {a/,z,y,y}, we see from Lemma 3.1 that the series

19/ e(m-T)
. F(—i / . )

m,zm 0z ((Tm’ +m)5*( gialrm’ +m); 7)

absolutely converges and its term wise differentiation is possible. So, by applying

0] 0
the differential operator T o0 + I to (4.3) with | = 4, we obtain (4.3) with
l=3. O
To give a proof of Proposition 5.1, the following lemma is introduced

LEMMA 5.2. Let y',y, A be real numbers, and Ny, N1, N5, No,m’,m integers. If
v,y & Z,\>0,N] < N) N < Ny and (m',m) # (0,0), then there is a positive
real number D = D(y',y, a, A, 7) such that

N N2

(5.3) ‘ Z > Tm’+m i) ‘ (|Tm + m[M +1)

™ +n
N e, )+ +

9
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Proof. First, we verify (5.3) when —am’ ¢ [Ny, Ni] and —am ¢ [N, Na]. Set
z =a(rm’ +m) and

,_ey) el
Toe(y) -1 " e(y) -1

Since e(n'y’) = a1 — a;,, and e(ny) = any1 — ay,, we find that

a form=z+10 +n.

Nj+1 No+1

(5.4) Z Zz+m+n7 Z 3 fnn/an

n’=N;| n=Ni n’=N{+1n=Ni+1 '—1,n—1
Ni+1 N, N3 Np+1 Ny Ny
DD 2 2 g RS 3 e,
Inr— Inr n

n’'=N|+1n=N; =N n=N;+1 fw n'=N} n=N;

If &€, 81, 61,8, and & are real numbers with & < &5, & < &, —am/ ¢ [£], &) and
—am ¢ [£1, &), then we have

(5.5)

1 1 /52 dy 1 1 /f2 du
_ — , _ _ ’
fae JTepe T+ foe foe . (B +TE + p)?

1 1 1 / /52 dp/dp
— — + =27
faeo T foo  foe . G+

Let A = A(y,7) denote (14 2|7])/(le(y’) — 1||e(y) — 1|), and I be the left hand side
of (5.3). It follows from (5.4) and (5.5) that

du’du NJ d'u/
(5.6) I< A( TEY . —
- |z+7u +ulr I T+ N

N3 du N3 du
Jr/ —2+/ LN Tz / 1>+ ~N! + 4|2
1 |z +Ti 4 N Ny 12+ TN+ p N 12+ TN+
1 1 1 1 )

+ + +

|fN{,N1‘ |fN{,N2‘ |fN§,N1‘ |fN§,N2‘

Put ' = am’ and t = am. Since

/Né du' 1 [ '+ 4/ +Re ( )(t+N)} Nz
arctan ,
w'=Nj

lz+7W + N2 |72[Im 1|t + N| Im 1|t + N
/N2 dp 1 { t+p+Re (1)t + N) ] peh
= arctan )
N, |2+ 7N +p? |Im 7|[t) + N| [Im 7|t' + N| u=N

we can find from (3.2) and (5.6) that there is a positive real number B = B(y, 7)
with

I<

B(( 1 ) 1 Yo, . L
lam/ + Nj|Y/2  |am/ + N§|V/27 N am + N1[/2 ° Jam + Na|'/2

1
e N T Tam vy T lem ) |am+N2\)'
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On the other hand, by the theorem of Thue-Siegel-Roth in the diophantine approx-
imation theory, there is a positive real number C = C(a, A) such that

k
‘a—ﬂ> (k,l€Z, 1> 0).

O +2
It can be assumed that C is more than one. We deduce from this

<CIPM +1) <o 41?2 (k1 e Z, (k1) # (0,0)).

1
lal + k|
Thus we have

I< 8BC(lm/‘(k+1)/2|m|()\+1)/2 + |m/|)\+1 + |m|)\+1 + 1)

which together with (3.2) implies (5.3) with —am’ ¢ [N7, Ni] and —am ¢ [Ny, Na].
It is remarked that if m’ = N{ = N, =0 or m = N; = Na = 0, one can also prove
(5.3) in a similar way.

In order to complete the proof, we consider the case when —am’ € [Ny, Nj]
and —am ¢ [Ny, Ns]. Let [z] denote the integer part of a real number z, i.e.,

= [z] +{z}. Em' #0, then —am’ ¢ [N], [—am’]] and —am’ ¢ [[-am'] + 1, NJ],
and if m’ = 0, then —am’ ¢ [N{, —1],—am’ ¢ [1, Nj] and —am’ € [0,0]. Thus this
case is reduced to the case studied above, and verified. The other cases are also
proved the same way. |

We are in a position to prove Proposition 5.1 now.

Proof of Proposition 5.1. Since Re s > 3, there is positive real numbers A, sg with
Re s — A — 1 > sp > 2. Let € be an arbitrary positive real number. Since the series

/ T
Z |7'm n m|30 Ze % converge, there are positive integers L and
M such that if |mg, |mo| < M, (mf, mg) # (0,0) and N > L, then
1
Y o < ’Z / =9 / ‘<€'
= |[Tm/ 4+ m|so e a(tmi +mo) +1n' +n
or m>M or |n|>N

A calculation shows that

‘(Z Z Z mz:) (tm/ +m)*s a(Tm’f(Z).z—?Tn’—i—n‘

m’,;m n’,n In/|<N
and |n|<N
=X + X)X e(ii - )
|m’|>M |m!| <M In/ >N Tm +m a(7m1+m)+7n/+n

or |m[>M  and |[m|<M  or |n|>N

Let I be the left hand side of the above equation. By (5.3), we get

/ 1
I<D ! Ay _
,Z |Tm/ —&-m|5(‘7m FmT ) e Z |Tm’ 4 m|*
|m/|>M |m/ | <M
or |m|>M and |m|<M

! 1
S 6(2D +n;n |Tm’+m|s)7

which completes the proof. O
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6. PROOF OF LEMMA 4.3 AND TRANSFORMATION FORMULAE OF ELLIPTIC
DEDEKIND-RADEMACHER SUMS

In order to prove Lemma 4.3, we give the following transformation formula for the
elliptic Dedekind-Rademacher sums S’fﬁl(E; r) which reproduces a part of Halbrit-
ter’s result [Ha, Theorem 2].

THEOREM 6.1. Letr = n(r)/d(r) be a rational number, and l a positive integer.
IfV = (Z Z) is in SLo(Z) with j(Vir) # 0 and Z is in SMa(V') () SMa(r), then

we have

leBi (n(r)y — d(r)Z; 7)
L+ 1)d(r)+15 (Vi)

(6.1) ST,(E;r)—j(Vir)' 1ST(VE; V) = R (E5m; V) +

For any two by two matrix V = (‘; Z), put j(V;r) = (VC 3 First we prove
VARLENA
Lemma 4.3 by using (6.1).

Proof of Lemma 4.3. Suppose that 2 € SMa(V) [ SMa (V1) () SMa(r). It is easily
seen that = € SMa (V) [ SM2 (V1) yields VAE € SMy(V3). Since the determinant of
V is one, we get ged(an(r) + bd(r), en(r) + dd(r)) = 1 and

(an(r) 4+ bd(r), en(r) + dd(r)) (G(Vi5r) >0
—(an(r) +bd(r),cen(r) +dd(r)) (G (V;r) <0).
If € and 7 are variables, a calculation shows that

(6.3)  (an(r) +bd(r))(c€ + dn) — (cn(r) + dd(r))(a& + bn) = n(r)n —d(r)§,

which together with = € SMa(r) () SM2(V7) gives ViE € SMa(Vir). Thus we find
from (6.1) that

=

)

(6.2) n(Vr),d(Vr)) = {

R (Z5m;V) = R](E5m; V1) — j(Vi,r) " RT (VIE; Virs Va)
1By (n(r)y — d(r)&7) (=0 =

TEnaT ) =300 = sy

Since the set SMy(r) is dense in M3(R), (4.4) holds if z = r is a rational num-

ber and 2 € SMa(V)(SM2(V1). The function R](Z;z;V) with respect to z is
meromorphic, thus we can remove the condition that z is rational. ([l

2](V27 Vﬂ’)) =0.

To verify (6.1), we introduce a further transformation formula. Let r = n(r)/d(r)
be a rational number, | a positive integer, = = (g) be a matrix in My(R), and
X,Y be complex variables. If = is in SMa(r), then a function appeared in the

transformation formula is defined by

- 1 J+y

4 = Xep) i= — F : Y — X;
(6.4) S7(Z;%57) i) ~(Ed( ; (d ;n(r) d(r) 77')
37,3 (d(r

1 m
where F™) (% X;7) denotes @iy (8%) F(&,X;7). This corresponds to the

elliptic Dedekind-Rademacher sum ST ;(Z;7) in (6.1). If ¥ = (2/,2) and ¥ = (v', y),
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we see from (2.4) that
ST(E Xir) = e(=y)ST(Es §557), ST(Ss yviasr) = e(@)S] (55 §57),
X b'e

ST (5; X;—T;T) =e(—y)ST(B; :7), ST(E: yhrir) =e(2)S](E; § 7).

(6.5)

We also introduce a function which corresponds to R] (Z;7; V) in (6.1). If V = (2 4)
is in SLo(Z) and Z is in SM(V), then the function is defined by

(6.6)

mpE Sy 4 Y > (l P 1) (~3(v, r))’“szﬂ,l_k(‘;;i; d) (c #0),

k=0

T -, X.d
where Sk+1,l7k( v ;) denotes

1 vd — hrd -
(6.7) - _/z(l:l)F(k)(j—Z y; —cX —dY; T)E(l_l_k)(d‘]i—z Y +&;Y;7).
3,3 (le

We shall need the following two lemmas in a proof of the transformation formula
for the functions S7 (Z; ¢ ;7) on the parameter r under SLa(Z).

LEMMA 6.2. Let r = n(r)/d(r) be a rational number, and
SLo(Z). If m',m,n',n, M',M,N' /N are integers with (Tn, T;:)
then we have

Z) a matric in
(57 X (e8),

a
C

(6.8) r(rm’ +m) +7n' +n = (ar + b)(tM' + M) + (cr + d)(TN' + N).

In particular,

(6.9)

d(r)

Proof. A direct calculation verifies (6.8). The first equal sign in (6.9) follows from

the fact that ged(n(r),d(r)) = 1, and the second from (6.8) and the fact that the

determinant of the matrix (¢ %) is one. O

(TZ+Z)=r(TZ+Z)+7Z+7Z = (ar +b)(TZ+Z) + (cr + d)(TZ + 7).

LEMMA 6.3. Let ¢ be a nonzero integer, I a nonnegative integer, and i= (¢/,1)
a vector in Z?. Then we have

'+ _ R A
6.10 FO@ X + Tty = - . PO X
610)  FO@X+ T =dtt Y e IR0 o),

3.3 (lel)
. _ i+
6.11 B (1) = ™2 B S 7).
(6.11) (T;7)=c VZ(:D (C 7)
VARVANLS

- 1
Proof. Let j be the vector (j',j) € Z? and X ¢ T2+ 27, Set
c c

f(Z)ZE(f;—z+X;T)E(j+f

;C25T).

We find from (2.4) that the function f(z) is a doubly periodic function with respect
to 1 and 7, and from the pole situation of the function F'(Z; X; 7) that f(z) has the
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only simple poles on the lattices fZ + Z and X + 7Z + Z. Since the sum of the

residues of f(z) at its poles in any perlod parallelogram equals zero, we have

1 K +k ' ' j+ T
bl E E(:E’;X—i—T + ;T)e(fk/] ki fk‘7+x):E(‘7+x;cX;T).
€ el c c c c

If we add each side of the above equation for j/,j =0,1,...,|c| — 1, then

CF(#X:7) = ZF‘]+ X 7).
C
33 (lel)

.
Replacing X by X + 2" and (2.4) imply (6.10). (6.11) follows from (6.10) with

c
i’ =4=0and (2.3). O

The transformation formula is the following. The method of the proof is to apply
Liouville’s theorem.

PROPOSITION 6.4. Let r = n(r)/d(r) be a rational number, | a positive inte-
ger, and X,Y complex variables. If V is in SLo(Z) with j(V;r) > 0 and E is in
SMy(V) (| SMa(r), then we have

(6.12) ST(E; 5r) = (Vi) ST (VEV(E): V) = R (55 313 V).

Proof. Put E = (f}) = (;i Z) and V = (2%). Let Z and Y be fixed, and let L(X)

and R(X) be the left hand and the right hand side of (6.12) respectively. The
function LR(X) is defined by L(X) — R(X). We find from (2.4) and (6.5) that

(6.13) LR(X +1) = e(—y)LR(X), LR(X +7)=e(—y)LR(X).

Suppose that YV ¢ ﬁ(TZ + 7). In order to obtain LR(X) = 0, we will show that

the function LR(X) is an entire function. Since j(V;r) is positive, we see from
(6.2) that n(Vr) = an(r) + bd(r) and d(Vr) = en(r) + dd(r). By (6.3), we obtain

011) SVEVE)VY = S PRIy agxir)

dvr) ;s ~ V)
oy (VP E g dE
% F ( T _eX dY,T).

It is seen from (6.4), (6.6) and (6.14) that every possible pole of the function LR(X)
is on the lattices

ry+dir)(Tz+Z), jY+ ~(Z+12) (c#0),

Y+ S 2+ 2) (¢=0).

Note that (rY + g5 (T2 +2)) V(=2 + L(rZ+2Z)) = ¢ since Y ¢ gy (TZ+ Z).
Let us examine behaviors of the functions L(X) and R(X) at the lattices. Let z
be a complex number on ﬁ(TZ +Z). By (6.8) and (6.9), there are integers m’, m,

n',n, M', M, N', N such that (“7}; ’}l’) = (]]vaf/ %/)(cd) and
z=r(rm' +m)+7m +n=(ar +b)(tM' + M) + (cr +d)(tN' + N).
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Put w=—ii-Z—7-7and W = —M - (aF + bij) — N - (¢ + dif), where 17, i1, M
and N denote the vectors (m/,m), (n/,n), (M’, M) and (N’, N) respectively. Set
& =d(r)Z —n(r)y. Then we see from (2.3) and (6.4) that

—1)ite(w r
57 (: X*;”Z;r):(jl)wx” > et <)f> )
J3(d(r))
()i +E
x £ )(W ) +0(1),

where O(1) means a holomorphic function at X = 0. Since it follows from (6.3)
that
- j + cr + dy
VrM - (—————
VM (=g

we also see from (2.3) and (6.14) that

)= M- (aZ +bj) + M- (2 )

);

stvsv(opre ) = LU st 0

d(r)d(Vr)X e d(Vr)
(V)i + € d(Vr)
x F( >( T ey Y e T) +0(1).

Because some calculations show that w = W and
™' +m ez TM' + M
dr)dwvn T Tawve
we find from (6.10) that L(X + Y + z) = O(1), i.e., the function LR(X) is holo-
morphic at X € rY + ﬁ(TZ + 7).

Suppose that c is not zero. Let z = (rm’ +m) be in 1(7Z + Z). Then one has

_ ~ 1 L on(Vr)j-£€
1 T = X—(d/c)Y+z). _ -
(6.15) S;(V ,V( §: ),Vr) i ‘(Ed(v ))e( m a0 )
VARV r

j+ci+dy. dVr)Y N pa-y(nVii—€
< B (G X )+ S ) PO (S e,

Since

. —1)"n! o Brenr1($57)
1 FO) (2 X ) — TR (i) X
(6 6) L (1'7 7T) (27T7:)an+1 + mzz:o (m +n+ l)m' ( 71'1) ’

the right hand side of (6.15) equals
-1

(-1 - €+ n(Vr)m - (e + dif) (2mid(r)
d(Vr)(2mi)t—1c ( (Vr kZ:o kIX1- Z

3%,3(d(Vr))

(4 cB+di) gy JHcE+dy  dVr)Y
—n(V - -

V3w L ( avr)

By (6.10) and (6.3), this is equal to

-0 < (2mid(r))k
(2(7r¢)l)1cle(m'(““by)) k'z(i(Vr)(k))gl B0 (et

+d(r)z; 7') +0(1).

Y
— dy - + az; T) +O(1).
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So we conclude that

(1—1)!

(6.17) L(X — %Y +z)=— e(m - (aZ + byj))

(2mi)i-1¢
-1 Nk -
(2mi)* (Vi) 1ok (k) L L Y .
IXI=F F (—cx — dy; - + az,T) +0(1).
On the other hand, we have
-1
d 1 -1\ .
R(XfEYJrz):fE < i >](V,r)k
k=0
5 J+7 (I—1—k) dj+cx+dy B
x Yy —chH( i ——=)F (= —-Yin) +0(),

33 (lel)

—

Since M - ¢ = am - (¢Z + dy) — e - (aZ + by), we get

- — ay (—1
R(X — %Y t )= A (A H b)) > (l N 1)3‘(‘/, r)f

k! Y
A (et S ) N - S £ .
X (2mi)FXF 1F (—cZ — dy; p +az;7)+ O(1).

This together with (6.17) implies that the function LR(X) is holomorphic at X €

d 1
——Y + —(7Z + Z), and it is an entire function.
c ¢

We see from (6.13) that LR(X) is a bounded function, and from Liouville’s
theorem that LR(X) is a constant function. Since ¢ ¢ Z2 by Z € SMa(r), we
obtain LR(X) = 0 by (6.13), which completes the proof because the set {Y|Y ¢
d(w) (tZ +Z)} is dense in C. O

In order to obtain the transformation formula for elliptic Dedekind-Rademacher
Sums ST ,(Z;7), we prepare a lemma which states that the functions ST (Z; £57)
and R] (Z; ;73 V) yield ST1(E;7) and R} (2573 V) respectively.

LEMMA 6.5. For any meromorphic function f(X,Y), we denote by Cy (f(X,Y))
and Cy x (f(X,Y)) the coefficients of YO(=1) in f(X,Y) and X° in Cy (f(X,Y))
respectively. If V.= (2%) is in SLy(Z) with ¢ # 0 and j(V;r) > 0, the following
three equations hold.

- r , o=
(6.18) Cyx (87 (E: ¥3m) = o [~ g B i) + ST,

)2 -1
(6.19) Cy,x(ST(VE;V(£);Vr)) = 2 i ) [(l —|—(1)cll)j(V‘r)lBl+1(Cf+ dy; )

le . . - —
By (n(r)y — d(r)a; ) + 57 (VE; V)|,

T UTDam vy
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(27i)?

(6.20) Cyx(R[(E; V) =

—1)¢ ~ ~ o
+ (l—i—l()cl.]?(‘/v’r)BlJrl(cx + dy,’r) + Rl (.:,7", V) .

Proof. We find from (6.16) and Lemma 6.3 that

Cy (57 (E; {/(;74)) = ? [d(lr) , Z F<Jd(—’;‘;ﬁ’ —d(T)X;T)

3,5(d(r))

X Bl(n(r)] +y —.’f;;T) —TIE(Z)(@ -X;7)|.

By using (6.16) again, one gets (6.18). We can also obtain (6.19) and (6.20) in a
similar way, so we omit the proof. O

We are in a position to prove Theorem 6.1 now.

Proof of Theorem 6.1. The case that c is zero is trivial, so suppose that ¢ is not
zero. If j(V;r) is positive, (6.1) follows from Proposition 6.4 and Lemma 6.5. Tt
is seen that j(=V;r) = —j(Vir), ST, (=VE; (=V)r) = (—1)1_151—,1(‘/5;‘/7“), and
R (E;7m;=V) = R} (E;r; V), thus (6.1) with j(V;r) < 0 is reduced to the case that
j(Vir) > 0. O

As a corollary of Theorem 6.1, we shall reproduce a part of Halbritter’s result,
i.e., the transformation formula for the sums S ,,(3 ;7). In analogy to the function
R} (Z;2; V), we define a sum of generalized Dedekind-Rademacher sums as follows:

(6.21)
l

() = o 1) () -

When c is negative, R;(y;2;V) also denotes R;(y;2;—V). By (2.12), we have

1 ’
TV s —1 z
(6.22) Re lim RJ(S;2V) = Bu(y;2V)+ 3e(C5d/) (I=1zyel),
Tee Ri(y;2;V) (otherwise),

where ¢( ;Jf’ ; (£1)/0) means zero.

THEOREM 6.6 (cf. [Ha] Theorem 2). Let r = n(r)/d(r) be a rational number,
x,y real numbers, and V' a matriz in SLy(Z) with j(V;r) # 0.

(i) If 1 is an integer more than one, then we have

(6.23)

Sta(ysr) =i (Vir) 1SV () V) = Ry V) + leBiya(n(r)y — d(r)a)

(L + D)d(r) 1 (Vir)
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(ii) Put p=n(r), ¢=d(r) and V = <LCL Z) If ¢ is not zero, then we have

(6.24) S1a(ysr) = S1a(V(y):Vr) +S11(57:d/c) = L (%Bg(py —qz)

2 \q(ep+dq)
sign ¢(cp + dq)
dg i - dien clept da) Z
+ P Byy) + —Balca +dy)) + 4 vy € 2,
cq (cp + dg)c 0 (otherwise).

Proof. Suppose that z,y € Z. By (2.12), (6.1) and (6.22), one has

Sual310) SV ):Ve) 500 = (Ll A1)
j(V;T)~ B z’ T
HE T Bal)t s Balerrdy) )+ () —e(V () Vi) e /)

Since a calculation shows that

lim  lim (c(zf:;r) - c(V(jﬁ);Vr) + c(_;/;d/c)) = —sign ¢(cp + dg),

y! —ioco x/ —i00
we obtain (6.24). The other cases immediately follow from (2.12), (6.1) and (6.22).
O

REMARK 6.7. If p and ¢ are relatively prime integers with ¢ # 0,
. . S (JHyNs (It
(6.25) Sl,l(y;p/q):&ganBl( . )Bl(p‘7 qy—x).
J(lal)

Thus (6.23) and (6.24) imply a part of Halbritter’s result [Ha, Theorem 2]. In
particular, (6.24) with x = y = 0 yields (1.2), and (6.24) withz =y =a=d =0
and —b = ¢ = 1 gives the reciprocity formula for Apostol-Dedekind sums.

7. PROOFS OF PROPOSITION 2.1 AND 3.2

We prove Proposition 2.1 and 3.2. Throughout this section, let = = (; z)
in Ma(R), and V' = (‘Z fl) in SLo(Z). We denote the vectors (z/, x) and (y',y) by &
and ¥ respectively.

For a proof of Proposition 2.1, suppose that r = n(r)/d(r) is a rational number
and = is in SMa(r).

0'(0;7)0(x + X; 1)
0(z; 7)0(X;7)
the modular property (see the theorem in [Za, Section 3]):
1 cxX x X
— F s VT).
CT+de( et +d (CT—l—d’ cr+d’ ™)
We note that 6(x;7) is equal to i0,(27wiz) in [Za]. Since the function F(Z; X;71)
equals e(zX)F(—2' 4+ o7, X; 1),

. This function has

Proof of Proposition 2.1. Set F(z,X;7) :=

F(z,X;7) =

(7.1) F(@X;T) = F(7'V; V)

_ X
(Vi) J(ViT)’
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1
from which we deduce B,,(Z;7) = WBm(f YV, V7). Thus we have
T
Sin(Ei7)
1 J+7. ItT
- - B, (Y *v.v+)B, ITY 5 tvvr).
T 2 ( i ") Ba((n(r) i Y ")

3%,3(d(r))

From the fact that the determinant of V is one, it follows that j ¥V runs over all
elements in (Z/d(r)Z)? when j does too. This together with the above equation
implies (2.11). (2.12) is a special case of [Ma, Eq. (25)]. O

In order to give a proof of Proposition 3.2, let a be an irrational real algebraic
number, [ an integer with [ > 3, and 7 ¢ Z2.

o - ) F(—7;a(rm’+m);7), and Z, ¢

!
Proof of Proposition 3.2. Let I = Z mi
™m' +m

m’/,m
be fixed. For any vector m = (m/,m) € Z2, let i = (n’,n) be the vector with
m =17 V. We see from (7.1) that

c 1 eld @),
I = Sy 2 @ 9 VeV ) V),

m’,m

Since the determinant of V' is one, (n/,n) runs over all elements in Z? except (0,0)
when (m/,m) does too. Thus we obtain (3.5).

In order to prove (3.6), we introduce the Fourier expansion for the function
F(& X;7) (see [We, p. 70], [Za, p. 456]). If |Im &, [Im X| < |Im 7|, then

F(§,X;7) = m(cot € + cot mX) — 2mi Y (e(i€ + jX) — e(—i& — jX))e(ijr).

,j=1

Let &,£, X’ and X be a real number with |X’| < 1/2 and |§] < 1. We find from
this that

(7.2) F(€,6 X'+ X;7) = me(¢(X'T + X)) (cot m(—€' +€7) + cot w(X + X/T))

—2mie(6X) Y (e(—i€ +jX)e((i+X")(j+E)7) (i€ —jX)e((i=X")(i=E)7)).

2,j=1

Let S be the last term in the right hand side of (7.2). If ¢ = min{1 £+ &, 1/2}, then

o0
(7.3) S| < dm > e(ctijr).
ij=1
For any non-zero integer m’, let y,,» be the real number with y,,» = —y (mod 1),

|ym/| < 1 and yp ({(am’)) > 0, and let yo be {—y}. Since it follows from (2.4) and
(2.5) that

F(=g;a(tm’ +m); 1) = e(=[[am/]ly" ) E(=y', ym; ((am’))T + am; 7),
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we find from (7.2) and (7.3) that

(7.4)  lim IT*TEI&”Z G +m ———e(=[lem]ly’)

T—100

e(Ym: ({{am”))T + am)) (cot (Y + Yo T) + cot T(am + ((am'>>7)).
Let Sy m’s be the summands of the summation in right hand side of (7.4). If
(7.5) lim_ S S =0,
(m"£0)

then we have

/
lim I"=n7 Z e(ma) lim e({—y}am) (cot 7y + {-y}7) + cot 7ram)

W({l(a:' a) x)) (y € Z),
w (&l + (~v)asa) —zz’e e fzytelly g z)

from which we deduce (3.6). So we may prove (7.5). Let ¢ be a positive real number
such that if |Re z|,|Im z| < 1/2, then |z cot 7z| < ¢. Since cot 7z converges at +i
when z tends to Fioo, there is a positive real number ¢’ such that if |[Re z| < 1/2
and z is not zero, then

lcot mz] < — +¢.

Set C' = max{¢, c'}. Since y,, ((am’)) > 07 one obtains

l C 1 1
St < ( + +2).
mz;n | m m| Zl |7-m/+m|l |<<y/>>_~_ym,7_| |<<am>>+ <<am/>>7_|
(m/#£0) (m/#0)
This together with (3.2) implies (7.5), which completes the proof. O
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