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Abstract
The aim of this paper is to characterize variable L” spaces LP(*)(R") using
wavelets with proper smoothness and decay. We obtain conditions for the
wavelet characterizations of LP(*)(R") with respect to the norm estimates
and modular inequalities.
Keywords and Phrases. wavelet, unconditional basis, variable LP space.

1 Introduction

Conditions for the boundedness of the Hardy-Littlewood maximal function M
on variable L? spaces LP(')(Q) have been studied in [4, 5, 15]. Cruz-Uribe, Fiorenza
and Neugebauer [4] and Nekvinda [15] gave the sufficient conditions on the exponent
function p( - ) independently. Diening [5] studied the necessary and sufficient condi-
tions in terms of the conjugate exponent function p/( - ). In the case of Q2 = R", he has
proved that the boundedness of M on LP()(R") is equivalent to that on LZ()(R™).
Recently Cruz-Uribe, Fiorenza, Martell and Pérez [3] have showed that many im-
portant operators are bounded on LP()(Q) when M is bounded on LP()(€). For
example, their result ensures the boundedness of singular integral operators, com-
mutators and fractional integral operators on LP()(2). In this paper we consider
for the case of Q = R”, and give wavelet characterizations of LP(")(R"). Because we
have to invoke the results in [3, 5] in order to obtain the characterizations, our results
hold under the assumption that M is bounded on LP()(R™). As an application, we
also construct unconditional bases of LP(*)(R") in terms of wavelets.

We are also interested in modular inequalities on LP(*)(R™). Lerner [13] consid-
ered modular inequalities for some classical operators. In particular he proved that
the Hardy-Littlewood maximal function M satisfies the modular inequality

Mf(a)®@de <O [ |f(@)"" de,
]Rn RTL
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precisely when the exponent function p(-) is some constant. In the present paper
we study the modular inequalities for orthogonal projections associated with a mul-
tiresolution analysis and wavelet characterizations, and prove the results similar to
those in [13].

2 Preliminaries

2.1 Variable L? spaces and the Hardy-Littlewood maximal
function

First of all, we define variable LP spaces on R", and introduce some known results
on the boundedness of the Hardy-Littlewood maximal operator. We remark that
some of the results are also true for variable L” spaces on an open set of R”.

Throughout this paper, we consider a measurable function p : R" — [1,00)
without notices. p/(-) means the conjugate exponent function of p(-), i.e., p'(-)
satisfies 1/p(x) + 1/p'(x) =1 (z € R™). xg denotes the characteristic function of a
measurable set £ C R".

Definition 2.1. The variable LP space LPC)(R™) consists of all measurable functions
[ defined on R™ satisfying that there exists a constant A > 0 such that p,(f/)\) < oo,

where py(f) = [on |f(2)P@dz.
LP()(R") is a Banach space with the norm defined by

Hf||L,,(.)(Rn) =1inf {A > 0:p,(f/N) <1}.

Let 1 < py < oo be a constant. If p(-) = po, then we have LP(")(R™) = LPo(R™).
Now we define two classes of exponent functions. We use the following notation;

p_:=essinf{p(z) : x € R"} and p,; :=esssup{p(x):x € R"}.
Definition 2.2. The set P(R™) consists of all p(-) satisfying p— > 1 and p; < oc.

Given a function f € L] _(R"), the Hardy-Littlewood maximal operator M is
defined by

M f(x) :=Zgg|%|/cg|f(y)!dy (z € R"),

where the supremum is taken over all cubes () containing x.

Definition 2.3. B(R") is the set of p(-) € P(R"™) satisfying that M is bounded on
LPC)(R™),

Cruz-Uribe, Fiorenza and Neugebauer [4] and Nekvinda [15] showed the following
sufficient conditions independently.



Proposition 2.4. Let p(-) € P(R™). Suppose

Ip(z) — p(y)| < ¢

_m if |-yl <1/2 (1)

and

Ip(x) — p(y)| if |yl >zl (2)

D —
~ log(e + |2[)
where C' > 0 is a constant independent of x and y. Then we have p(-) € B(R™).

For example, p(r) = a + b(1 —e~) (a > 1, b > 1 —a, ¢ > e!) satisfies the
conditions (1) and (2).
For any p(-) € P(R"™), we see that

() —p()l

o o p
Ip'(z) — p'(y)] < b 1)

Thus, if p(-) satisfies (1) and (2), then so does p'(-). Diening proved the following
equivalence (cf. Theorem 8.1 in [5]).

Proposition 2.5. Let p(-) € P(R"). Then the following four conditions are equiv-
alent:

1. p(-) € B(R™).

2. p'(-) € B(R").

3. There exists a constant q € (1,p_) such that p(-)/q € B(R™).
4. There exists a constant q € (1,p_) such that (p(-)/q)" € B(R").

2.2 Wavelets and MRAs

First let us recall the definition of wavelet [9, 14, 17]. Let {o' : 1 =1,2,...,2"—1}
be a set of functions belonging to L?(R"). Define

(@) = 22— k)
2 Dy — Ky, P, — k) (@ = (21, 7,) €RY)

foreachl =1,2,...,2"—1,j € Zand k = (ki,...,k,) € Z". The sequence {¢' : | =
1,2,...,2" — 1} is a wavelet set if {’(/)ék 1=1,2,...,2" =1, j€Z, k€ Z"} forms
an orthonormal basis in L*(R"). Then {¢}, :1=1,2,...,2" =1, j€ Z, k € Z"} is
a wavelet basis in L*(R™) and each 1)¢ is a wavelet.

We generally need suitable smoothness or decay on wavelets in order to obtain
wavelet characterizations of function spaces. Now we define the class of functions
RO(R™) [9]. The set RY(R™) consists of all functions f satisfying the following three
conditions:



L fon f(z)dz = 0.

2. There exist two constants Cy,y > 0 such that

[f(@)] < Co(1+ Jaf)~®Fm (3)

3. f € C*(R"), and there exist constants ¢ > 0 and C; > 0 foreach j =1,2,...,n
such that

2 f) < Cj(1+ ff)0Fm, (4)

Ox;

In this paper we use a wavelet set which consists of wavelets in R°(R™). We can
construct it by means of an MRA (multiresolution analysis) [9, 14, 17].

Definition 2.6. An MRA (multiresolution analysis) is a sequence {V;};ecz of closed
subspaces of L*(R™) such that the following sixz conditions hold:

1. V; C Vi forall j € Z.

2. UV] is dense in L*(R").
jez
3. (Vi ={0}.
jez
4. f € V; holds if and only if f(277z) € Vy for all j € Z.
5. [ € Vi holds if and only if f(x — k) € Vi for every k € Z™.

6. There exists a function ¢ € Vi such that the system {p(x — k)}rezn is an
orthonormal basis in Vy. ¢ is called a scaling function of {V;};ez.

Given an MRA {V}};cz with a scaling function ¢, define

Pif =Y (f.ein)pin (f € LP(RY) (5)

keZm

for every j € Z, where (-,-) means the L?-inner product. Then each operator
P;: L*(R™) — Vj is an orthogonal projection.

It is well-known that there exists an MRA {V}} ez with a scaling function ¢ which
has the decay and the smoothness (3) and (4). Then we can construct a wavelet set
{¢': 1=1,2,...,2" — 1} associated with {V;};cz satisfying that each wavelet ¢! is
in RY(R") and {4, : 1 =1,2,...,2" =1, k € Z"} forms an orthonormal basis in
W, for every j € Z. Here W; is the orthogonal complement of V; in V4.
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2.3 A, weights and A, weights

First we define the class of weights A, with 1 < py < oco. We say that a
non-negative and locally integrable function defined on R” is a weight on R".

Definition 2.7. Let 1 < py < oo be a constant, and w be a weight on R™ such that
w0~ s locally integrable. w is said to be an A,, weight if w satisfies

po—1
Apgw 1= Sup / ( / w(z) "/ Po=l) dx) < 00,
PO Q:cube |Q| |Q| ( )

where |Q)| means the Lebesque measure of Q). A,, denotes the set of all A,, weights.
Next we define A, weights.
Definition 2.8.

1. A weight w is said to be an Ay, weight if for all 0 < a < 1, there exists a
constant 0 < 3 < 1 such that for every cube (Q and measurable set E C (@)

satisfying |E| > a|@Q)|,
3 / v)dz < / w(z) dz.

A, denotes the set of all Ay, weights.

2. A family of weights {w;}4~0 is said to be a family of As weights uniformly in
t if each wy 1s an Ay weight and the constant 3 is independent of t.

There are several conditions which are equivalent to the definition of A., above
[8]. For example, it is well-known that A = U, ., <o, Ap,- Lerner gave the following
characterization of families of A,, weights (Lemma 2.1 in [13]).

Lemma 2.9. Let p(-) be a non-negative and measurable function on R™. The family
of weights {tp(')}t>0 is a family of As, weights uniformly in t if and only if p(-) = po
for some constant pg.

2.4 The extrapolation theorem

In this subsection we describe the extrapolation theorem given by Cruz-Uribe,
Fiorenza, Martell and Pérez (Corollary 1.11 in [3]). Let us recall the definition of
weighted LP° space.

Definition 2.10. Let 1 < pg < oo be a constant, and w be a weight on R™. The
weighted LP° space LE°(R™) is the space of all measurable functions f with

1/po
T :=( If(x)lpow(:v)dx) o

Rn



L (R") is a Banach space with the norm || - || zzo gn)-
Cruz-Uribe, Fiorenza, Martell and Pérez have proved the boundedness of many

important operators on variable LP spaces by applying the following result, provided
that M is bounded.

Lemma 2.11. Let p(-) € P(R"), and F be a family of ordered pairs of non-negative
and measurable functions (f,g). Suppose that

(p(-)/p1)" € B(R™) for some constant p; € (1,p_), (6)

and that there exists a constant py € (1,00) such that for all w € Ay, and all
(f,9) € F with f € Lip(R"),
||f||Lﬁ,0(Rn) < CO“Q”L’;O(R")v
where Cy is a constant depending only on n, py and Ay, .. Then it follows that for
all (f,g) € F such that f € LP()(R"),
HfHLP('>(R") < Cl”g”LP<')(R")>
where Cy is a constant independent of (f,g).

We note that Lemma 2.11 also holds for variable L” spaces on an open set of R",
however we state only the case of LP(*)(R") in the present paper.

As is mentioned in Proposition 2.5, there are some equivalent conditions to the
assumption (6). In particular, p(-) satisfies (6) if and only if p(-) € B(R").

2.5 Banach function spaces

First we describe the definition of Banach function space and absolutely contin-
uous norm.

Definition 2.12. Let M(R") be the set of all measurable functions on R™.

1. A linear space X C M(R™) is said to be a Banach function space if there exists
a functional || - || : M(R"™) — R which has the norm property and satisfies the
following conditions:

(a) f € X if and only if || f|| < co.

() 171 = 1711 for all f € M(R?).
() 0 < fi < fo < oand Jim fu = f. then A < 1) < .. and

T [l = 11
(d) For all E C R™ with |E| < oo, it follows that || xg|| < oo.
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(e) For all E C R™ with |E| < oo, there exists a constant cg > 0 such that
Jplf(@)de < cg | f|| for all f € X.

2. Let X be a Banach function space with the norm || - ||. The norm || - || is said
to be an absolutely continuous norm if lim ||fXEJH =0 for all f € X and all
j—00

sequences of measurable sets {E;}° | such that lim Ej = {).

J—0o0

We will need the next lemma in order to obtain unconditional bases in terms
of wavelets later. The lemma is the dominated convergence theorem for Banach
function spaces with absolutely continuous norm (Chapter 1, Proposition 3.6 in [2]).

Lemma 2.13. Let (X, || -||) be a Banach function space with absolutely continuous
norm, f € X and {f; 521 C X. Suppose that lim f; = f a.e. and there exists
j—00

a positive function g € X such that |f;| < g a.e. for all j € N. Then we have
lim [ f; = 7] = 0.

The following two lemmas imply that LP()(R™) is a Banach function space with
the absolutely continuous norm || - || (- gn) (cf. [6]). Hence we can apply Lemma

2.13 to LPU)(R™).

Lemma 2.14 ([2]). Let (X, |- ||) be a Banach function space. Then X is separable
if and only if the norm || - || is absolutely continuous on X.

Lemma 2.15 ([11]). Suppose that p, < co. Then LPC)(R™) is separable.

2.6  Weakly positive kernels

Aimar, Bernardis and Martin-Reyes defined weakly positive kernels, and studied
the boundedness of operators having such kernels on LP(R") with w € A, [1].

Definition 2.16 ([1]). Let K; : R" x R" — R be a measurable function for each
7 € 7Z. The family {Kj}jGZ 1s said to be a family of weakly positive kernels if there

exist a constant C > 0 and a sequence {l; }]EZ such that the following three conditions
hold:

1. 0 < ljp1 <lj < o0 forall j € Z.

2. liml; =0 and lim [; = oo.

j—o0c j——o0

3. For every j € Z, Kj(x,y) > C(lj41)™™ whenever |x — y| < ;.

We are interested in kernels of orthogonal projections associated with an MRA
which has a scaling function with proper decay.
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Definition 2.17.
1. A function n is said to be radial decreasing, if n itself is radial and
[0,00) 3t n(t,0,0,...,0)
1S decreasing.

2. The set RB(R"™) consists of all functions ¢ such that there exists a non-

negative, bounded and radial decreasing function n € L*(R™) such that |¢p| < n
a.e. R".

It is clear that any function satisfying (3) and (4) belongs to RB(R"™) N C'(R™).
Let ¢ be a scaling function of an MRA. If ¢ € RB(R"), we can write

Pif(x)= | K@y fy)dy (feL*R"),

R"

where the kernel K(x,y) is defined by

Ki(z,y) =Y einl@)eiuy) =2 > o(@x — k)p(2y — k)

keznr kezn

for each j € Z. Under the assumption ¢ € RB(R") N C(R"), {K;},.; is a family of
weakly positive kernels with ; = ¢277 for some constant ¢ > 0 [1].

3 Main results

3.1 Norm estimates on L’(')(R")

Our first result is the boundedness of orthogonal projections associated with an
MRA.

Theorem 3.1. Let p(-) € B(R"), ¢ € RBR") N LFC)I(R") and p € RBR").
Define
Pif = Z(ﬁ P k) Pi k-

kezZm

Then there exists a constant C' > 0 such that for all j € Z and f € LPC)(R™),

Pif

< .

Remark 3.2.

1. If ¢ is a scaling function of an MRA and ¢ = ¢, then we see that ij = P;f,
where P; is the orthogonal projection defined in (5) for each j € Z.

8



2. By virtue of the generalized Holder inequality (Theorem 2.1 in [11]), we have

@@ de < iyl o @9l @

for all f € LP()(R™) and g € LP'()(R™), where 7, := 1 +1/p_ — 1/p,. Hence
the L?-inner product (f, p;x) above makes sense.

We can immediately obtain Theorem 3.1 using the two estimates below.

Lemma 3.3 (Lemma 2.8 in [10]). For any ¢,¢ € RB(R"), there exists a non-
negative, bounded and radial decreasing function H € L*(R™) such that

> [olw =Koty —0)| < H —y).

kezZm™

Lemma 3.4 (p.63 in [16]). Let H € L*(R™) be a positive, bounded and radial de-
creasing function. Then there exists a constant C,, > 0 depending only on n such
that for all j € 7Z,

[ 2 H@ e = )5 dy < o | Hl oy M ).

Our second result is a wavelet characterization of LP(")(R") with respect to the
norm || - [ sy (gny. We define a dyadic cube
i=1
and denote ;i := 2j”/2Xijk for j € Z and k € Z". Given a wavelet set {¢! : [ =
1,2,...,2" — 1}, we consider the following two square functions in order to obtain
wavelet characterizations:

M1 oo 1/2
Vi (z S S (el ;,kf) |

I=1 j=—oc kEZ™

mM_1 o 1/2
W (z 33 |<f,w;,k>xj,kf) |

=1 j=—o0 keZn
The next wavelet characterizations of weighted LP° spaces have been proved.

Lemma 3.5 ([7, 12]). Let py € (1,00) be a constant, w € Ay, and {' : | =
1,2,...,2" =1} be a wavelet set such that each wavelet ' is in RO(R"™). Then there
exist constants ¢,C,c',C" > 0 depending only on n, po, {¢'} and A,, ., such that for
all f € LPo(R™),
CH.f“LZO(R”) < ”VfHLZO(Rn) < CHfHLfUO(R”)
and
C/Hf“LﬁP(Rn) < ||WfHL{;0(Rn) < C/”fHLﬁP(R")'



We will apply Lemma 2.11 in order to obtain the wavelet characterizations of
LPC)(R™). We also need the density. C° (R™) denotes the set of all infinitely

comp
differentiable functions with compact support. Kovacik and Rakosnik showed the

following density (Theorem 2.11 in [11]).

Lemma 3.6. Suppose that p, < oo. Then C (R™) is dense in LPC)(R™).

comp

Using these facts, we have the next result.

Theorem 3.7. Let p(-) € B(R"), and {4' : | = 1,2,...,2" — 1} be a wavelet set
such that each wavelet ¥ is in R°(R™). Then there exist constants c¢,C,c/,C" > 0
such that for all f € LPU)(R™),

Nl @ny S MWVl @ey < C Ul @y (7)

and

AN oo @y MW Fll oo @ny < C Nl @y (8)

Proof of Theorem 3.7. By using Proposition 2.5, we see that p(-) € B(R") is equiv-
alent to condition (6). Thus Lemmas 3.5 and 2.11 imply that the estimates (7) and
(8) hold for all f € Cgs,,,(R™). By virtue of Lemma 3.6, these inequalities are also
valid for all f € LP(-)(R™). O

3.2 Unconditional bases in L(')(R")

Applying the wavelet characterizations (Theorem 3.7) and the dominated con-
vergence theorem (Lemma 2.13), we can construct unconditional bases of LP(*)(R™)
in terms of wavelets.

Theorem 3.8. Let p(-) € B(R"), and {¢' : 1 = 1,2,...,2" — 1} be a wavelet
sel such that each wavelet ¢! is in R°(R"). Then the wavelet basis {{}, : | =
1,2,...,2" — 1,5 € Z,k € Z"} forms an unconditional basis on LPC)(R™).

Proof of Theorem 3.8. For convenience, we denote A := {1,2,...,2" -1} X Z x Z",

and Syf = Z (f, @Dék) ;k for A € A. It suffices to check the following two
(l7j7k)eA
conditions:

1. There exists a constant C' > 0 such that [[Saf{| o) gn) < C | f| o) gn) for all
AC A and all fe LPC)(RY).

2. span {@Zzék (4, k) € A} is dense in LP()(R™).

10



First we check the condition 1. By Theorem 3.7 and the orthonormality, it follows
that for all f € LPU)(R™),

[Safllpocr@ny < CollW(Saf)pocr@ny < CollW fll oy mny < CoCr |l fllpocr @ny » (9)

where Cy, C'y > 0 are constants independent of f. This completes 1.
Next we check the condition 2. It suffices to show }‘in}\ 1f = Safllpocr@ny = O

We sco that W(f — Suf) < Wf and [W fll sy < Cr [0y by (9). By
Lemmas 2.14 and 2.15, LP()(R") is a Banach function space with the absolutely

continuous norm || - ||L,,(<>(Rn). Thus Lemma 2.13 gives }‘in}\ \W(f — SAf)||Lp(.)(Rn) =
0. On the other hand, (9) implies [|f — Safll o) @ny < Co IW(f = Saf)ll o
Namely we obtain }‘iH/l\ Ilf— SAf”LP(')(R") =0. 0

3.3 Modular inequalities in L”(")(R")

Finally we study the relation between wavelets and modular inequalities in
LPC)(R™). First we consider the modular inequality for operators with weakly pos-
itive kernels. ngmp(R”) denotes the set of all bounded and compactly supported
functions.

Theorem 3.9. Let {K;},cz be a family of weakly positive kernels and define

Tif(x) = | Kj(z,y)f(y)dy (f € Looyp(R™)).

R?’L
Suppose p(-) € P(R™). If there exists a constant Cy > 0 such that for all j € Z and
ferL R™),

comp(

T @I dw < Co | 1f(@)I" do
R
then p(-) = po for some constant 1 < py < 0.

Proof. Let {l;};ez and C be the corresponding sequence and constant appearing in
Definition 2.16 respectively. Take a cube @) arbitrarily. We denote the diameter of
Q@ by d(Q) := sup{|z —y| : z,y € Q} and the side length of @ by ¢(Q). Since
Q] = £(Q)" and d(Q) = /n{(Q), we have |Q| = n~"/2d(Q)". On the other hand,
there exists ji € Z uniquely such that ;41 < d(Q) < l;,. Now let ustake 0 < o < 1
arbitrarily, and consider a measurable set £ C ) such that |E| > «|Q|. Fix t > 0.
It follows that for each x € Q,

| Tio (txE)(2)| =

= tCn_”/2|Q| LalQl=tCn™?a

oy dy\>tc<m+l> (B > tCd(Q) ™ - alQ)

11



Thus we get

/ T (t ) ()" d > / (ten 2 a)" dz > ¢y / O g
Q Q 0

where C; > 0 is a constant depending only on C, n, «, p; and p_. On the other
hand, we obtain

[ Tatw@™ dr < [ [Totxe @] ds
Q R™

< G [ ltxp@)P® do
]Rn

~ G [ #an
E

/ @ dr < Cy CF! / ) d.
Q E

Hence {tp(')} 1~ 18 a family of Ao weights uniformly in ¢. By virtue of Lemma 2.9,
we have p(-) = pg for some constant 1 < py < 0. ]

Therefore we have

As is mentioned, if ¢ € RB(R") N C(R") is a scaling function of an MRA, then

the family of kernels Z gpj,k(a:)goj,k(y)} is a family of weakly positive kernels
kezm ]GZ
in words of [1]. Thus we have the following.

Corollary 3.10. Suppose p(-) € P(R™), and ¢ € RBR") N C(R™) N L) (R™) be
a scaling function of an MRA. Then the following two conditions are equivalent:

1. There exists a constant C' > 0 such that for all j € Z and f € LPC)(R™),
[ p@re de<e [ 5@p i
R" Rn

2. p(+) = po for some constant 1 < py < oc.

Lerner [13] gave the equivalence above for the Hardy-Littlewood maximal func-
tion. If ¢ satisfies the same assumption as Corollary 3.10, then Lemmas 3.3 and 3.4
lead the estimate

1P f(x)] < CM f(x)

for all j € Z and f € LP()(R™). Thus we can regard Corollary 3.10 as a generaliza-
tion of Lerner’s result.
Our final result is the modular inequality for the square function V f on LP()(R™).

12



Theorem 3.11. Let {¢! : | = 1,2,...,2" — 1} be a wavelet set satisfying the
following two conditions:

o Each wavelet ¥ is in R°(R").

o {¢p! 1 1 =1,2,...,2" — 1} is associated with an MRA which has a scaling
function ¢ satisfying (3) and (4).

Suppose p(-) € P(R™). Then the following two conditions 1. and 2. are equivalent:
1. There exist two constants Cy, Cy > 0 such that for all f € LP()(R™),

Co [ 1f@P? do< [ Wi@P? dr< e [ f@p? de
R™ Rn

R
2. p(+) = po for some constant 1 < py < 0.

Proof. The fact 2.= 1. is well-known [9, 14, 17]. We show 1.=-2.. Let us assume I..
Fix m € Z and take f € L (R™) arbitrarily. Now we write

comp

2"—1 m—1

Suf = > > (fwh ok,

=1 j=—o0 keZ"

From the fundamental wavelet theory, it follows that P, f(z) = S, f(x) a.e. z € R™.
Thus we obtain

1Pof(@)P de = | [Spf(x)P™ da
Rn Rn

< C7' [ V(Smf) (@)™ da
Rn

M1 m—1 p(z)/2
= G /R ) (Z > D ) ;,k<x>|2> da

=1 j=—o0 keZ"

< Gt | V@)Y da
Rn
< GplCy | If@)) da.
]R'n.

In view of Theorem 3.9, we have p(-) = po for some constant 1 < py < 0. ]
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