HOKKAIDO UNIVERSITY

Title On the double critical-state model for type-II superconductivity in 3D
Author (s) Kashima, Yohei
Citation Hokkaido University Preprint Series in Mathematics, 881, 1-43
Issue Date 2007
DOI https://doi.org/10.14943/84031
Doc URL https://hdl. handle. net/2115/69690
Type departmental bulletin paper
File Information re881. pdf

kaido
\;\0\‘ U”/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




ON THE DOUBLE CRITICAL-STATE MODEL FOR TYPE-II
SUPERCONDUCTIVITY IN 3D *

YoHEI KASHIMA !

Abstract. In this paper we mathematically analyse an evolution variational inequality which formu-
lates the double critical-state model for type-II superconductivity in 3D space and propose a finite
element method to discretize the formulation. The double critical-state model originally proposed by
Clem and Perez-Gonzalez is formulated as a model in 3D space which characterises the nonlinear rela-
tion between the electric field, the electric current, the perpendicular component of the electric current
to the magnetic flux, and the parallel component of the current to the magnetic flux in bulk type-II
superconductor. The existence of a solution to the variational inequality formulation is proved and
the representation theorem of subdifferential for a class of energy functionals including our energy is
established. The variational inequality formulation is discretized in time by a semi-implicit scheme
and in space by the edge finite element of lowest order on a tetrahedral mesh. The fully discrete
formulation is an unconstrained optimisation problem. The subsequence convergence property of the
fully discrete solution is proved. Some numerical results computed under a rotating applied magnetic
field are presented.

2000 Mathematics Subject Classification. 65M60, 656M12, 47J20, 49J40.

1. INTRODUCTION

In this paper we analyse an evolution variational inequality mathematically and propose a finite element
method to discretize the problem. The evolution variational inequality studied in this paper is a formulation
of the double critical-state model for type-II superconductivity proposed by Clem and Perez-Gonzalez [12],
(23], [24], [25] who developed the general critical-state theory by postulating that the electric field € should be
decomposed as

E=p L T1L+p T (1.1)
where J | is the perpendicular component of the electric current density J to the magnetic flux density B,
J || is the parallel component of the current density J to B and the resistivity p, and p| satisty the following
relations:
T <Ter,=pL =0,
if || < Tep,= p) =0,
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for the corresponding critical values J.1 and J; . In the series of their work [12], [23], [24], [25] Clem and Perez-
Gonzalez considered the situation where the rotating parallel magnetic field is applied to a superconducting
infinite slab so that the model can be formulated in a 1D problem in space.

In [3], [4], [5] Badia and Lépez included the original double critical state theory by Clem and Perez-Gonzalez
in their unifying theoretical framework to investigate the critical state problems by revealing the variational
structure of the model. Along with their variational formulation, Badia and Lopez demonstrated analysis of
the double critical state model in 1D infinite slab geometry.

In this paper we modify the double critical-state model (1.1) by adding the term poJ with the resistivity po,
which vanishes if the magnitude |J| is smaller than certain critical value J.9, and propose the model

8=pj_‘71_+p”‘7”+p0‘7. (1.2)

The additional term pgJ makes the energy density deriving the constitutive relation (1.2) coercive with respect
to the current J so that a solution to the variational inequality formulation of the problem exists and the convex
optimisation problem derived as the fully discrete formulation admits the existence of its unique minimiser. By
taking the critical current density J.o and the resistivity po relatively large, we consider the term poJ as the
appearance of the high resistivity after the jump from the superconducting state to the normal state. In our
numerical simulations in Section 5, however, we will confirm that the resistivity py always vanishes and the
term poJ does not affect the nature of the model.

The numerical analysis of the variational inequality formulation of macroscopic critical-state models for type-
IT superconductivity was initiated by Prigozhin [26], [27]. Prigozhin proposed the subdifferential formulation of
the Bean critical-state model [7], proved the well-posedness of the formulation in [26] and intensively studied
the numerical simulations in 2D in [27]. Elliott, Kay and Styles [14], [15] established error estimates for their
finite element approximation of the variational inequality formulation of the Bean model in 2D. Barrett and
Prigozhin [6] derived the dual formulation of the Bean model in terms of the electric field as the conjugate
variable to the magnetic field and proved the convergence property of a practical finite element approximation
of their dual formulation. Recently Elliott and Kashima [13] reported a 3D finite element analysis of the
variational inequality formulation of the critical-state models governing the magnetic field and the current
density around a bulk type-II superconductor. For more on the preceding mathematical work concerning the
critical-state models see the introduction of [13] and the references therein.

The subdifferential formulation of the Bean critical-state model requires a restriction that the electric field has
to be always parallel to the electric current. Though this condition holds true in some geometric configurations
where the component J is predicted to vanish such as in axially symmetric superconductors (see [27]) or
superconducting thin films (see [28]) under perpendicular applied field, the redistribution of the pinned magnetic
flux driven by Lorentz force may induce the electric field which is not parallel to the current in general 3D
geometry. See [11] or [27] for the limitation of the Bean model argued from a modelling perspective.

In order to investigate the macroscopic behaviour of the electromagnetic fields around a bulk type-II super-
conductor in general 3D configurations, we need to employ a mathematical model which deals with the full
vectorial character of the current J and develop a numerical method for discretization of the model. Hence
we are motivated to formulate the double critical-state model (1.1) in a 3D configuration and propose a finite
element method to carry out its numerical simulations.

For a class of the nonlinear Ohm’s laws where the electric field £ is treated as a subdifferential of convex energy
density at J such as the Bean model [7], the modified Bean model proposed by Bossavit [9] and the power-
law model [29], the corresponding variational inequality formulation in terms of the unknown magnetic field
is a gradient system driven by the subdifferential operator of the convex energy functional and the existence
of a unique solution to the evolution variational inequality is immediately ensured by applying the unique
solvability theorem of nonlinear evolution system by Brezis [10] (see also [26], [13] for the proof of the well-
posedness of these formulations). In our formulation of the model (1.2), however, the current density needs
to be decomposed into parallel and perpendicular components to the magnetic flux. Accordingly, the energy
functional depends not only on the electric current but also on the magnetic flux and is not convex with
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FI1GURE 1. Geometry of the problem.

respect to the unknown magnetic field. The existence theorem by Brezis [10] does not apply in this case and
the analysis for the existence of a solution differs from that of the preceding articles [26], [13]. We show the
solvability by applying the Schauder fixed point theorem coupled with the unique existence theorem for nonlinear
evolution system driven by time dependent subdifferentials (see [18], [20], [38]). We give the characterisation
theorem of subdifferential for a class of energy functionals including the energy deriving our formulation and
observe that Faraday’s law and the nonlinear Ohm’s law can be recovered in the superconductor in the sense
of almost everywhere. The space discretization is carried out by means of the lowest order edge finite element
by Nédélec [22] on a tetrahedral mesh. In the time discretization we employ a semi-implicit time-stepping
scheme so the fully discrete formulation is an unconstrained minimisation problem. In order to handle the
curl-free constraint imposed on the magnetic field outside the superconductor, we introduce a scalar magnetic
potential and propose the magnetic field—scalar potential hybrid formulation, which is equivalent to the original
formulation. This hybrid formulation was adopted to compute the nonlinear eddy current models in [13] by
following [8].

The outline of this paper is as follows. In Section 2 we recall the eddy current models and the double critical-
state model, formulate these models in evolution variational inequalities in terms of the unknown magnetic field
and prove the existence of a solution to the formulations. In Section 3 we show the representation theorem
of subdifferential operator in a general setting containing our case. In Section 4 we discretize our variational
inequality formulation and prove the subsequence convergence property of the fully discrete solution. In Section
5 we report numerical simulations under a rotating applied magnetic field.

2. THE MODELS AND THE FORMULATION

First we define the geometry. Throughout the paper the problem is analysed in a bounded simply connected
Lipschitz domain Q (C R3) with a connected boundary 9. The bulk type-II superconductor 2, (C ) is a
simply connected Lipschitz domain with a connected boundary 09 satisfying 9Q N 90, = (). Let Q4 denote
the non-conducting region Q\Q,. Note that in this setting 04 is simply connected (see Figure 1).

2.1. Maxwell equations

The electromagnetic fields are governed by the eddy current model, a version of Maxwell’s equations with
the displacement current neglected:

OB+ curl€ =01in Q x (0,7) (Faraday’s law) , (2.1)
curlH =J in Q x (0,7) (Ampere’s law) |
divB=01in Q x (0,T) (Gauss’ law) ,
where B, £, H, J denote the magnetic flux density, the electric field intensity, the magnetic field intensity,

and the electric current density respectively and 9,88 denotes 9B/9t. Note that Gauss’ law (2.3) follows from
Faraday’s law (2.1) if the initial magnetic flux satisfies the divergence-free condition div Bl|;—o = 0 in Q.



Since the region €2, is assumed to be non-conducting, the current J vanishes in 4:
J =01in Q4 x (0,7). (2.4)

With the piecewise constant magnetic permeability p : 2 — R defined by

_ ,LLS in QS)
h= { pg in Qg,

for positive constants ps, g > 0, we assume the constitutive equation
B=pHin Q2 x(0,T). (2.5)

We apply a time-varying external source magnetic field Hs to the domain so that on the assumption that
the boundary 92 is far from the conductor 25 the magnetic field H satisfies the boundary condition

nxH=nxHsondx(0,T), (2.6)

where n is the unit outward normal vector to 0f2.
We extend the external magnetic field Hy into the inside of 2. Since H, is induced by the source current
supported outside the domain (2, it satisfies

curl H;, = 0 in Q x [0, 7. (2.7)

We introduce a new vector field H by R
H:=H—-"H,. (2.8)
The boundary condition (2.6) yields the boundary condition for the field H:

n x H =0 on 80 x (0,7T). (2.9)

We assume that at the beginning of the time evolution the initial values Ho of H and H(0) of H satisty
the divergence-free condition: R
div(uHo + pH4(0)) =0 in Q. (2.10)
The condition (2.10) is satisfied, for example, if Ho = H:(0)=01in Q, or us = pg and Ho, H (0) are constant.
By combining (2.1)-(2.3), (2.5), (2.7), (2.8) we derive the following system:

1O H + pdyHs + curl € = 0 in Q x (0,7), (2.11)
curl H =7 in Q x (0,7), (2.12)
div(uH + pH) = 0in Q x (0,T). (2.13)

Note that (2.13) can be also derived from (2.10) and (2.11).

We solve (2.11)-(2.13) in terms of H under the initial boundary conditions (2.10) and (2.9). In order to close
the system (2.11)-(2.13) we need a relation between £ and J, which will be defined in the following subsection.

2.2. The double critical-state model

We define the critical-state £€ — J relation employed in this paper. Let the vector J ) stand for the per-
pendicular component of J to B and J stand for the parallel component of J to B. We assume that if
| T 1| is smaller than the critical value J.,, then J flows without resistivity, otherwise, the resistivity p
appears due to the magnetic flux depinning with energy dissipation. If | 7| is smaller than the critical value
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Je||> then J flows without resistivity, otherwise, the resistivity p appears due to the flux line cutting with
energy dissipation. These assumptions agree with the theory of the double critical-state model developed by
Clem and Perez-Gonzalez [12], [23], [24], [25]. Moreover we assume that the resistivity po appears if | J | exceeds
the critical value J.9. On these assumptions our nonlinear £ — J relation is proposed as follows.

E=p T +p T+ pT, (2.14)
where the resistivity p., p, po > 0 satisfy the relation
pL=0if [ToL| < Ter, py=0if [T < Tep» po =0if |T| < Jeo, (2.15)

for the positive constants J. , Tel» Jeo > 0.

The resistivity pp automatically vanishes if |J| < J.o so the term poJ does not affect the electric field € in
such region. By taking py and J.o relatively large, we consider that the term poJ expresses the appearance of
high resistivity after the jump from the superconducting state to the normal (or non-conducting) state.

Mathematically we define the vectors J | and J by

TJiL=BxJxB, J=(B,J)B,

with B

BB

/B2 + &2
where (-,-) denotes R3-inner product and € > 0 is a small constant. Throughout the paper in order to define
J 1 and J| we use the vector B defined with the small positive constant € as above so that the vector B
approximates the unit direction vector of B and the dependency of J 1 and J| on B has no discontinuity at
B=0.
Let us define the energy densities . (), v(-), 70(-) : R* — R by

o A 0 if |V| < Jcﬁa 216
W= Lo gz > T, (210

with positive constants py > 0 (f =L, |,0) and introduce the function G(-,-) : R?* x R® — R by
G(B,v) = 7L(B x v x B)+7((B,v)B) + (V).

Proposition 2.1. The relation (2.14)—(2.15) holds for the resistivity p1, p|, po defined by

0 ) cl, 0 ] < J¢|> .
o 5 BE be |T 1| < Jer - B if 1T < Te oo — { 0o i |T| < Teo,
W if|T Ll > Teus W 2f|j||| > T po if |T| > Teo,
if, and only if, the following inclusion holds.
£ € 0Gx(T), (2.17)
where 8GB(J) is a subdifferential of G(B, ) at J defined by
0G5(T) ={ueR?| (u,v)+GB,J) <GB, T +v), Vv e R} (2.18)

B



6

Proof. Let us define the functions f1(-), f() : R* = R by

FL(vV) =71 (B x v x B), fj(v):=~((B,v)B).

Then we see that f1(-), fj(-), 70(-) are convex and continuous in R3. Therefore
by [16, Proposition 5.6, Chapter 1] we deduce that

0Gg(T) = 0fL(T) +0f(T) + 970(T). (2.19)

Let us define the symmetric transformation A;, A : R? — R? by A v := BxvxB, Ayv = (B,v)B. Since
y1(-) and ~(+) are continuous in R3, by [16, Proposition 5.7, Chapter 1] we obtain for § =L, |,

Ofe(T) = 0(vg 0o M)(T ) = MOy (Mg T ) = A0y (Tg)- (2.20)

In the same way as in [13, Proposition 2.2] we can characterise the subdifferentials 0y (J 1), 9y (T ), 970(T)
as follows. For § =1, ], 0,

_ 3| o 0 if [Ty] < T,
ov(Ty) = {E €R ‘ E= { PN T (2.21)
where Jo := J. Also note that
AT = _IBF T, T = _IBF T|I- (2.22)
|B|2 + 2% |B|? + &2

By (2.19)—(2.22) we complete the characterisation of 0G B(J ) as follows.

, 02 if | T4l < et
3GB(J)={EL+EII+EOER L A e N R

0 if|J|<Jco,}
|B|? 42

which concludes the proof. |

Remark 2.2. In order to prove the solvability of our formulation and perform the convergence analysis of the
practical finite element approximation of (2.14) we need to introduce the regularised direction vector B. As
a consequence, the resistivity py in the region |J| > T (# =L,]|) in Proposition 2.1 becomes dependent of
the term |B|?/(|B|? + £2), which is close to 1 when |B| is relatively larger than e. Note that if we use the

discontinuous direction vector By defined by By := B/|B| if B # 0, By := 0 if B = 0 to define J, and T
instead of B, the same statement as Proposition 2.1 without the term |B|2/(|B|? + €2) holds true. This is seen

as a limit case of Proposition 2.1 for € = 0. Actually, since G(B,-) converges to G(By, ) in the sense of Mosco
as e\, 0, 8GB converges to dGz in the sense of graph (see [1, Theorem 3.66]).

0

Throughout the paper we employ the inclusion (2.17) as a formulation of the £ — J relation (2.14)—(2.15).
Let us generalise the energy densities v, |, 70 by introducing a class of energy densities as follows.

G(B.v) = gL (1B x v x B|) + (B, v)BI) + go(Iv]),

where g1, g||, go satisfy the following properties.



g4 : R — Ry is convex,

_ 0 if x < jc]ia

Apr? — Ay < gy(2) < Apsa® + Ay, Vo € Ry,
where Ayq, Ags > 0 are positive constants and Ay, Aga > 0 are nonnegative constants (§ =L, ,0). Note that
71(): 71(); 70(+) are examples of these g (| - [), gy([ - 1) go([ - |)- R
We couple the critical-state constitutive relation (2.17) for this generalised energy density G(B,v) with the
eddy current model (2.11)—(2.13) and the initial boundary conditions (2.10), (2.9) to derive the evolution
variational inequality for the unknown field H in Section 2.4.
2.3. Function spaces
Let us define the function spaces used in our analysis.
H(curl;Q) :={¢ € L*(;R?) | curlg € L*(Q;R?)},
H'(curl; Q) := {¢p € H' (% R?) | curlgp € H'(;R?)},

with the norms

1]l rr(eurt:) = (1] 20ms) + || curl @l|72(qupa) /2,
@l a1 (curtio) = (||¢||§{1(Q;JR3) + | Curl(ﬁ”%{l(Q;R-?))l/z'

Let us next define the trace spaces. For all ¢ € HY(QRY) (N = 1,3) ¢loa € HY?(0Q;RY), where
HY2(09;RYN) is a Sobolev space with the norm

_ 2 1/2
(81 omzns = (191 0mam + [ [ =2 dapaai))

Let H~'/2(9Q; RY) denote the dual space of H'/2(9; RY) with the norm

16laoams, = sup (¢, %))

PeH/2(AQRN) ”'I/JHHUQ(BQ;RN) ’

where ((-,-)) is the inner product of the duality between HY2(9;RYN) and H~Y2(9Q;RN). For all ¢ €
H(curl; Q), the trace n x ¢ on 99 is well-defined in H~/2(9Q;R?), where n is the unit outward normal to 9€,
in the sense that
(n x @,9) := (curl ¢7¢>L2(Q;R3) — (&, cur1¢>L2(Q;R3)v
for all ¢ € H*(Q;R3).
Define the subspace V() of H(curl;{2) by

V(Q):={¢ € H(cur;Q) | curl¢p =0 in Q4, n x ¢ = 0 on 90}.

Define the Hilbert space B(2) by B(Q2) := V(2) N H*(curl; ) with the norm ||@|| g := ||@|| #1 (curt;0) and
the dual space (B(f2))* of B(f2) with the norm

_ GO
IPlo@r = 0 el
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where ({{-,-))) is the inner product of the duality between B(Q2) and (B())*.
The subspace X (") (Q) of H(curl; Q) consisting of divergence-free functions for the magnetic permeability s
is defined by
XMW(Q) := {¢ € H(curl; Q) | div(uep) =0 in 2'(Q)},
where 2'(Q2) denotes the space of Schwartz distributions.
Define the Hilbert space Y (*)(Q) by

Y0 () == {¢ € XW(Q) | n x ¢ € L2002 RY)},

. 1/2
with the norm ||¢HY(“)(Q) = (”¢)”%I(curl;ﬂ) + [lnx (15”%2(89;11%3)) ’

Let us state two lemmas which will be used in this section and Section 4. Lemma 2.3 requires our assumption
on 2 and p.

Lemma 2.3. (see [21, Theorem 4.7, Corollary 4.8]) The space Y ") (Q) is compactly imbedded in L*(;R?).
Moreover, there exists a constant C' > 0 such that for all ¢ € YW (Q)
H¢||L2(Q;JR3) <C(l Curld’HB(Q;RS) + [|m x ¢||L2(8Q;JR3))'

Lemma 2.4. For positive constants C1, Ca > 0 a set defined by
{¢ 0,T) = L2 R?) | 1@l s 0,700 () < Crs 1009l 200,122 (0m3)) < C’2~}

is relatively compact in C([0,T]; L2(;R3)).

Proof. By the compactness property of ¥ (*)(Q) this is an immediate consequence of [36, Corollary 4]. (]

2.4. Variational inequality formulation of the magnetic field H

By coupling Faraday’s law (2.11) and Ampere’s law (2.12) with the subdifferential formulation (2.17) we can
derive the following evolution variational inequality (see [26], [27], [13] for the derivation of similar variational
inequalities).

/ OH(x, 1) + 07 H(x, 1), p(x) — H(x,t))dx
(2.24)
/ G (x,t), curl ¢p(x dx—/ G Lcurlﬂ(x,t))dxzo,

for any function ¢ : Q — R3 with curl¢ = 0 in Q4 and n x ¢ = 0 on 9. If we take ¢ : Q x [0,T] — R3
satisfying curl ¢ = 0 in Qg x [0,7] and n X ¢ = 0 on 90 x [0, 7] in (2.24), we can eliminate 0;H by integrating
over [0, 7] by parts as follows.

/Q H(H(T), ¢(T))dx - / 1(H(0), (0))dx — / / (H.0.9) d"d”/ / OiHs &~ Myt (2.25)

T
—|—/ / G(B,curl¢)dxdt+—/ M|H(0)|2dx2/ / G(B,curl’H)dxdt—&—l/ p|H(T)|?dx,
o Ja, 2 Ja 0o Ja. 2 Ja

where we have used the equality

PN 1 N 1 ~
/ / OvH, H)dxdt = —/ M|H(T)|2dx——/ [ H(0)[Pdx.
2 Q 2 Q
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Now we propose our mathematical formulations of the problem. Let us assume that the initial value ’Fto and
the external source magnetic field H, satisfy the regularity

Ho € V(Q) N H' (curl; Q), H, € C([0,T]; H (curl; Q)), (2.26)

the divergence-free condition
Ho + H,(0) € X (Q), (2.27)

and H satisfies the curl-free condition (2.7). Note that the regularity of Ho and H, in space is required
especially to define the interpolation operator of the finite element space on these vector field later in Section 4

and is not essentially needed in the argument in this section and Section 3. The inequality (2.24) is formulated
mathematically as follows.

(P1) Find H € H'(0,T; L*(Q; R3)) such that H(t) € V() for all ¢ € [0, 7],

/ (OH(x, 1) + 0 Ho(x, 1), p(x) — H(x,t))dx

- (2.28)
/ G (x,1), curl ¢p(x dx—/ G x,t), curl H(x,t))dx > 0

holds for a.e. t € (0,T), for all ¢ € V() and H|i—o = Ho, where B € L>=(0,T; L(€%; R3)) is defined
by

p(x )H(X t) + p(x)Hs(x, 1)
W (%,) + GO M (x, )2 + 22
The mathematical formulation of the inequality (2.25) is stated as follows.

(P1) Find H € L2(0,T; H(curk; Q) with 8,H € L2(0,T; (B(Q))*) and H' € L2(Q;R3) such that H(t)
V(Q) for a.e. t € (0,7,

/QM'H (x),qb(x,T))dX—/§ZM<H0(X),¢>(X7O)>dx—/ /u(H(X7t),8t¢>(x,t)>dxdt
T
+/ /u(@t’l'ts(x,t),(ﬁ(x,t) (x,1)) dxdt—|—/ / G(B(x,t), curl ¢(x, t))dxdt + 1/u|ﬂo(x)|2dx

/ / G curl’H(x t))dxdt—&—%/ﬂuﬁft (x)|?dx
(2.29)

holds for all ¢ € C*([0, T]; L?(;R?)) N L2(0,T; H (curl; Q)) with ¢(t) € V(Q) for all ¢ € [0, 7], and the
equality

T o~ o~ o~
/ / (DT (x, 1), 9 (x, £))dxdt = / (%), 9 (x, T))dx — / (Fo(x), 9 (x, 0))dx
0 Q Q Q

_ / ! / (FL(x, ), Byep(x, £))dxt
0 Q
holds for all ¢ € C*([0,T]; B(Q2)).

A combination of the unique solvability theorem of nonlinear evolution system by [18], [20], [38] with the
Schauder fixed point theorem shows the existence of a solution to (P1).

(2.30)
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Theorem 2.5. There ezists a solution H to (P1) which satisfies that H [0,T] — L2(;R3) is absolutely
continuous and H(t) + Hs(t) € XW(Q) for all t € [0,T). Moreover, the following energy inequality holds.

/ / |8{H|2dxdt+/ G(B(ty), curl H(ty))dx < = / / 1|0 H |2dxdt+/ G(B(t1), curl H(ty))dx
t1 tl

(2.31)
for any t1,t2 € [0,T) with t1 < ta.

Proof. Let Li(Q;R:’) denote the Hilbert space L?(£2;R?) equipped with the inner product {(u-, -)LQ(Q;RS). For
all u € C([0,T); L2(;R3)), let us define By € L>(0,T; L=(;R3)) by

Bu(x,t) = pux, t) + p(x)Hs(x, t) .
T pu ) + p)HL (5 D)2 + €2

and the functional E}, : L? (Q;R?) — R U {400} by

/ G ),curl p)dx if ¢ € V(Q),

otherwise.

Then we see that the functional EY, is convex, lower semi-continuous, and not identically +oo in Li(Q; R3) for
all t € [0,T]. Also note that 9, H, € L?(0,T;L2(;R?)) and the effective domain D(E},) of E}, defined by
D(EL) = {¢ € L%(;R?) | El(¢) < +00} does not depend on time variable. These properties are sufficient
to apply the unique existence theorem of evolution equation with time dependent subdifferential operator
summarised in [18, Theorem 2.1] which is based on the preceding results by [20], [38] to ensure that there exists
a unique Hy € H'(0,T; L2(Q;R?)) such that Hy(t) € V() for all t € [0,T], Hul) : [0,7] — L2(%R?) is
absolutely continuous,

p— t 'y
dFLa(t) + OH(1) € ~OEL(Fu(t)) ac. t € (0.7), 25
Hu(0) = ’H
and the energy inequality
1 ta N R to R
5/ / |0 FL 2dxdt + B (FLu / / J|OH, 2dxdt + ED (Flu(t)) (2.33)
t1 Q
holds for any t;,ts € [0,T] with ¢; < to.
The inclusion (2.32) leads to the inequality
/ 1O (t) + O H (1), b — Fu())dx + EL(¢) — EL(Hu(t)) > 0 (2.34)
Q

for a.c. t € (0,7) and all ¢ € V(). Let us substitute ¢ = Vf + Ha(t) (f € 2(Q)) into (2.34). By the
absolutely continuity of puHyu(t) + pHs(t) : [0,7] — L?(2;R3) and the assumption (2.27) we can integrate
(2.34) over (0,t) by parts to obtain

/ (Hu(t) + He(t), VF)dx = 0, (2.35)
Q

for all f € 2(Q) and all ¢t € [0,T].
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On the other hand, by using the inequalities

EL(Hu(t)) > Ag / | curl Hy (8)[2dx — (A12 + Ay + A02)[Qs),

Qs

E? (Ho) (Ais+ A||3 + Aos) / | curl7/'\£0|2dx + A4+ A||4 + Ao,
Qg

and the energy inequality (2.33), we obtain

T
/ /|8{Hu|2dxdt§C’1,/ | curl Hy () ?dx < Co, (2.36)
0 Q Qs

for all t € [0,T], where we have set

Oy = max{ﬂmﬂd}/ / |atH |2dth
mln{us,ﬂd}

+— ((Am + Az + Aoa)/ | curl Ho|2dx + A4 + Ajs + A04)
mm{us,ud}

A Ajg + Ag2)|Qs s
5 1= (A2 + A2 02) 42| max{u 7'ud}/ / |0, H 5|2 dxdt
Ao 2A0

1
+ 1 ((AJ_?, + A||3 + A03)/ |curl’Ho|2dx + A4+ A||4 + A04) .
01 Q.

The inequalities (2.36) and Lemma 2.3 yield

10 (Hu + H)llL20,1;02(ir3)) < 011/2 + 10 Hs || £2(0,752 (:R3)) » (2.37)
1Hou + Hsll oo 0,77 000y < (2C% + DY2(Co + [0 X He |G oo (0. 12 (002857 (2.38)

where C' > 0 is the constant which appears in the inequality in Lemma 2.3.
Let us define a subset S of C([0,T]; L?(2;R?)) by

S = {¢ S C’([O,T];LZ(Q;]R3)) | ||at(¢+Hs)||L2(O,T;L2(Q;R3)) < (s, ||(7f’+ HsHLw(o,T;Yw)(Q)) < 04} )
where we have set
Cs = C1* + 0 Ml 2o msz2(imey), Ca = (207 + D)V2(Co + 0 x Hal[2 e (0.1 062550 2

Let S denote the closure of S in C([0,T]; L%(Q;R?)). Lemma 2.4 implies that S is a compact, convex set in
C([0,T); L2(; R?)). We define the map F : § — S by Fu := H, where Hy is the unique solution of the
evolution system (2.32) for u € S. In order to apply the Schauder fixed point theorem (see, e.g. [33]) we need
to show that F: S — S is continuous in C([0,7T]; L?(Q;R?)).

Assume that u,, — u strongly in C([0,T]; L?(Q;R?)) as n — 400, where u,, € S for alln € N. We see u € S.
We will prove that lim,,_, 4, Fu, = Fu.

By the definition of F there is Hy, € S solving (2.32) such that Fu,, = Hy . Since S is compact, by taking
a subsequence still denoted by {’ftun 152, we see that

ﬂun — "H strongly in C([0,T); L*(;R?)) (2.39)
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as n — +o0o. We can show by using the bounds (2.36) that H(t) € V(Q) for all t € [0,T], H(0) = H,o, and
H:[0,T] — LZ(Q;R?’) is absolutely continuous. Moreover, we observe by taking a subsequence if necessary
that

O Hu, — OvH weakly in L2(0, T; L2(€; R?)),

~ ~ (2.40)
curl H,, — curl M weakly in L?(0, T; L*(%; R?)),

as n — +oo. The assumption that u,, — u strongly in C([0,T]; L?(Q;R?)) ensures by taking a subsequence if
necessary that
B., — By strongly in L?(0, T; L*(§; R?)), (2.41)

as n — +o00. The second convergence property of (2.40) and (2.41) yield that

Z?un x curl ’ftun X Buné By x curl H x B, weakly in L*(0,T; L*(Q; R?)),
(B, curl Hy, )By, — (By, curl H)B, weakly in L2(0,T; L*(; R?)),

Eun x curl ¢ x Buné By x curl ¢ x By, strongly in L*(0,T; L*(Q;R?)),
(Bu,,curl $)By, — (B, curl ¢)By, strongly in L*(0, T; L2(Q; R?)),

(2.42)

as n — +oo for all ¢ € L?(0,T; H(curl;Q)). By the second convergence property of (2.40) and (2.42), the
properties (2.23) of the energy densities g1 (|- ), g/(|- 1), go(|-|), and the Lebesgue convergence theorem, we see
that

T R T R T T
liminf [ B (Hu,(t))dt > / EL(H(t))dt, lim EL (¢(t))dt = / EL(o(t))dt, (2.43)
n—too Jo " 0 noteo oo 0

for all ¢ € L%(0,T; H(curl;Q)) with ¢(t) € V(Q) for a.e. t € (0,T). The convergence properties (2.39), (2.40),
(2.43) ensure that

T T
/ / w{OH + Oy Hs, p — H)dxdt + / El (¢)dt
0 Q 0

T T
~ lm / / 10, + 0 Mo — Fu )dxdt + lim | EL ()t (2.44)
0 Q

n—-4oo n—-4-o0o 0
T N T R
>liminf [ Ef (Hy,)dt > / EL(H)dt,
0

n—-+o0o 0

for all ¢ € L2(0,T; H(curl; Q)) with ¢(¢) € V(Q), which is equivalent to the inequality
[ @) + 0.0, &~ Ft)ax -+ By (9) — Ey((D) = 0 (2.45)
Q

for a.e. t € (0,T) and all ¢ € V(). The absolutely continuity of H(-) implies that H solves (2.32). Thus,
Fu="H.

The uniqueness of a solution of the evolution variational inequality (2.32) ensures the convergence property
(2.39) without extracting any subsequence. Therefore, we have proved that lim, . Fu, = H = Fu, which
implies that F': S — S is continuous in C([0, T]; L2(Q;R?)). Thus, the Schauder fixed point theorem proves
the existence of a fixed point H € S such that FH = H, which shows the existence of a solution to (P1) with
the desired properties. O
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Corollary 2.6. A solution H of (P1) whose existence was proved in Theorem 2.5 is a solution of (P1’).

Proof. Since H : [0,T] — L2(€;R?) is absolutely continuous, we can derive the inequality (2.29) by integrating
~T ~
(2.28) by parts and the equality (2.30) for H = H(T). O

Remark 2.7. In Section 4 we will prove that by taking a subsequence the fully discrete approximation of (P1)
converges to a solution H to (P1”).

2.5. Formulation with the magnetic scalar potential

One difficulty in the practical computation of the eddy current model is the curl-free constraint imposed
in the non-conductive region ;. We handle this constraint by expressing the magnetic field as a gradient of
magnetic scalar potential in g in the same manner as in [13].

For uy € L?(Q4;R?) and up € L?(Q4;R3), (up|uz) € L*(Q;R?) is defined by

uj in Qs,
U2 in Qd.

() = {

Using this notation, we define the Hilbert space W(£2) by
W(Q) == {(¢p|Vv) € L*(;R?) | (¢,v) € L*(Q4;R?) x HY(Q4), (¢|Vv) € H(curl;Q),v =0 on 9Q}

equipped with the inner product of H(curl; ).

The following proposition enables us to replace the space V() with the curl-free constraint by the space
W(§2) with the scalar potential in our formulations above. To prove the proposition below requires that 4 is
simply connected, which is our case.

Proposition 2.8. ([13, Proposition 2.7]) The space W (§2) is isomorphic to V(Q) as a Hilbert space.
Let us propose the hybrid formulations (P2) and (P2’). We take the initial value (1,|Vug) € W(Q) to
satisfy the following divergence-free condition.

(0| Vug) + Hs(0) € X (Q).

The problem (P1) can be rewritten as follows.
(P2) Find v : [0,7] — H(curl;Q) and u : [0,7] — H(Q4) such that (¢|Vu) € H(0,T; L?(2;R3)),
(Y|Vu)(t) €e W(Q) for all t € [0,T],

/Q s (0 (x,t) + Oy Hs(x, 1), p(x) — P(x,t))dx + a0 Vu(x,t) + Oy Hs(x,t), Vu(x) — Vu(x,t))dx

Qq

+ /QS G(B (x,t), curl ¢(x))dx — /QS G(B (x,t),curl ¥(x,t))dx > 0

holds for a.e. ¢t € (0,T), for all (¢|Vv) € W(2) and (¥|Vu)|i=o = (¢¥o|Vuo), where
~/
B € L>(0,T; L>=(Q;R?)) is defined by

B (r) = w(x) (| Vu) (x,t) + p(x)Hs(x, t) |
’ VIrE) (V) (x, ) + p(x)Hs(x, 1)]? + €2

We can rewrite the problem (P1”) as follows.
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(P2’) Find ¢ : [0,T] — H(curk ), u : [0,T] — H(Qu), and H' € L2(QR?) such that (|Vu) €
L?(0,T; H(curl; Q)), 0;(v|Vu) € L?(0,T; (B(R))*), (1|Vu)(t) € W(R) for a.e. t € (0,T),

[ (0. @190) e D)= | (30l F0) 0. (8170 . 0)
/ / BIV) (%, 1), D (| V) (x, 1)) dxdt+/ / (O HL(x, 1), (6]V0) (%, 1) — (] Vu)(x, 1)) dxt
—l—/o /Q G(B (X,t),curld)(x,t))dxdt—I—5/§2u|(1,b0|Vu0)(x)|2dx
T ~/ 1 ~T
2/0 /Q G(B (x,t%curld:(x,t))dxdt—i—5/9;1|’H (x)|?dx,

holds for all (¢|Vv) : [0,T] — W (Q) satisfying (¢|Vv) € C*([0,T]; L?(2;R3)) N L%(0,T; H(curl; Q)),
and the equality

/ / (O (Y|Vu)(x,t), &(x, t))dxdt
T
- / (" (x), €%, T))dx — / (40| Vo) (), £ (x, 0))dx — / / (@]V) (x. 1), 0,€ (. £)) dxdt

holds for all £ € C1([0,T]; B()).
Theorem 2.5, Corollary 2.6 and Proposition 2.8 ensure the existence of a solution to (P2) and (P2’) imme-
diately. In Section 4, it will be proved that the fully discretization of (P2) converges to a solution to (P2’) by
taking a subsequence.

3. CHARACTERISATION OF THE SUBDIFFERENTIALS IN L?(Q); R?)

In this section we characterise subdifferentials of a class of convex energies defined in L?(Q;R?). By applying
the characterisation theorem proved below to the energy functional deriving the problem (P1) we will recover
Faraday’s law 0;B + curl € = 0 and the nonlinear Ohm’s law £ € BGB(J ) from our variational inequality
formulation (P1) in the superconductor. The argument in this section follows the theory developed in [2] with
some revision.

Throughout this section we assume p > 2. We define the Banach space V,(€2) by

Vp () :={¢ € H(curl; Q) | curl¢p =0 in Qg,

(Q;R?), n x ¢ =0 on 9N}

with the norm [|¢l|v, ) = (19/l72(qps) + | curld|F, gms))"/?
We consider the function Q(x,r) : Q x R? — R satisfying the following properties.
(1) Q(-,r) : Q — R is measurable for all r € R3,
(2) Q(x,-) : R® — R is convex for a.e. x € €,
(3) There exist constants C7,Co > 0 and dy,ds € L*(Q) such that

Chlr[” + di(x) < Q(x,r) < Cafr|? + da(x),

for all r € R3, a.e. x € Q.
Note that by the conditions (1) and (2) the function Q(-,u(-)) is measurable in € for any measurable function
u:Q — R3 (see, e.g. [30, p. 529, Corollary, p. 531, Corollary] or [31]), by the condition (3), Q(-,u(-)) € L1(Q)
for all u € LP(;R3).
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Let us define the convex functional F : L?(Q;R3) — R U {400} by

F(¢) = /QQ(Xv curl ¢(x))dx if ¢ € V, (%),

+o00 otherwise.

The functional F is convex, lower semi-continuous and not identically +oo in L?(Q;R3).
In the argument below Q*(x,-) denotes the convex conjugate of Q(x,-) in R® and F*(-) denotes the convex
conjugate of F(-) in L?();R3) respectively defined by

Q" (x,s) = sup{(s,r) - Q(x,r)}, F*(v)=sup {(v,u) »qps — F()}.
reR3 ueL2(R3)

Note that Q*(x,-) : R3 — R is convex and lower semi-continuous for a.e. x € Q and F*(:) : L*(Q;R3) —
R U {+o0} is convex and lower semi-continuous and not identically +oco (see [16]).

Lemma 3.1. The following inequality holds. For a.e. x € ), all s € R3

Cao(p—1) ; |S|p/(p—1) —da(x) < Q*(x,8) <

Ci(p—1) _
Cop) /-1 s/ @Y — di (x). (3.1)

(Cyp)p/(p—1
Proof. By the first inequality of the condition (3) we see that

Q*(x,8) < sup{(s,r) — Ci[r[’ —di(x)} =sup sup {(s,r) — Ci[r[’ —di(x)}

reR3 >0 reR3,|r|=4
Cl(p - ].) _
_ _ P _ _ p/(p—1) _
- i;%{|s|5 016 dl(X)} (Olp)p/(p_l) |S| dl(x)'

By using the second inequality of (3), the first inequality of (3.1) can be proved in the same way. O

Note that Q*(-,u(+)) is measurable in © for any measurable function u : Q@ — R3 (see [30, p. 529, Lemma 3]).
By the inequalities of (3.1), we see that Q*(-,u(-)) € L1(Q) for all u € LP/P=D(Q; R?).

We next characterise the conjugate F'*(-). In the proof of the characterisation of F'* below we consider the
reflexive Banach space L2(2;R3) x LP(Q; R3) equipped with the norm

10, V)l 2@y o) = (2 gy + IV 2z /2, (w,v) € L2 RY) x LP(Q5RY).
Note that the dual space of L?(€;R?) x LP(Q;R?) is L?(Q;R3) x LP/(P=1(Q; R3).
Let (V,(2))* denote the dual space of V,,(2). Note that for w € L?(Q;R3) and u € LP/ =1 (Q; R?) we define
w, curlu € (V,(Q2))* by
(W, @) == <W7¢>L2(Q;R3)a (curlu, @) := (u, curl ¢>L2(Q;1R3)7

for all ¢ € V,,(2).
Proposition 3.2. For all w € L?(Q;R3) with F*(w) < +o0,
F*(w) = mi{l) / Q" (x,u(x))dx.
Q

ueLp/(p— (QJRS)
w—curlu=0 in (V,(Q))"
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Proof. Let us define the function P : 2 x R?* x R3 — R by P(x,r,s) := Q(x,s) and the functionals R, :
L2(Q;R3) x LP(;R3?) — RU {+o0} by

0 if vi € V,(Q), va = curl vy,
+o00  otherwise,

R(v1,v2) ::{ i) = [ Pl va())ax

Then we see that R and # are convex, lower semi-continuous, and not identically +oc in the reflexive Banach
space L2 (Q;R?) x LP(Q;R?). Moreover, we observe that for all (wy,ws) € L2(Q;R?) x LP/(P=1)(Q; R?)

(0 + R)*(wi,wa) = sup {(W1, Vi) p2qpey T (W2, Va) p2(g.pa) — (04 R)(v1, va)}
(vi,v2)EL2(QR3) x LP (QR3)

= sup {(W1,V) 2qps) + (W2, curlv) o sy — F(V)},
vev,(Q)

where (§+ R)* is the conjugate functional in L?(Q;R?) x L?/(*=1)(Q; R?) of (§+ R) with respect to the L*inner
product. Thus, for all w € L2(Q2;R3)
0+ R)"(w,0) = F*(w). (3.2)
Let D(6), D(R) C L?(£;R3) x L?(£2; R?) denote the effective domains of the functionals 6 and R respectively.
Then we see that

D(0) — D(R) = L*(;R3) x LP(Q;R?),
especially D(0) — D(R) is a neighbourhood of the origin in L?(2;R3) x LP(Q;R3). Thus, by the formula of
inf-convolution [1, p. 268, Proposition 3.4] we deduce that for all (w1, wz) € L?(;R?) x LP/(P=1(Q; R3)

(0 + R)" (w1, wa) (ul7u2)€L2(Q;R131)1XLp/(pfl)(Q;RS){H (w1, wa) — (u1,u2)) + R (a1, u2)}, (3-3)

where 8*, R* denote the conjugate functionals in L2(€;R3) x L/~ (Q; R?) of # and R with respect to the
LZ%-inner product, respectively.

Let P*(x,-,-) denote the conjugate function of P(x,-,-) in R® for fixed x € 2. By definition we see that

P*(x,s1,82) = sup {(s1,r1)+ (sg,r2) — P(x,r1,12)}

(r1,r2)ERS
_ Q*(Xa SQ) if S1 = 07 (34)
| +o otherwise.

Thus we see that for any v € LP/ =D (Q:;R3) P*(-,0,v(-)) € L*(Q). Therefore, we can apply the theorem on
conjugate convex integrals [30, p. 532, Theorem 2] to deduce that

9*(w1,wQ):/QP*(x,wl(x),wQ(x))dx7 (3.5)

for all (wy, w) € L2(Q;R3) x LP/(P=D(Q; R?).
Also we have that for all (u;,us) € L?(Q;R?) x LP/(P=1)(Q; R3)

R*(u17u2) = sup {<u17V1>L2(Q;]R3) + <u27v2>L2(Q;R3) - R(V17V2)}
(v1,v2)EL2(R3) X LP (€R3)

= sup uy,v w3y + (ug, curl v .
vevp(ﬂ){< >L2(Q,]R3) < >L2(Q,]R3)} (36)

_f0 if uy + curluy =0 in (V,(Q2))*,
T | +oo  otherwise.
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By combining (3.6) with (3.3) we deduce that for all (w1, ws) € L*(Q;R3) x LP/(P=1(Q; R?)

(0 + R)*(Wl, WQ) = inf 9*((W1, WQ) — (111, 112)). (37)
(u1,u2)e L2 (4R3) x LP/ P—1 (;R3)

u;+curlus=0 in (V,(02))*

By (3.2), (3.4), (3.5), and (3.7), we see that for all w € L%({;R?)

F*(w) = inf B / P*(x, w(x) — uy(x), —uz(x))dx
(u1,u2)EL2(Q;]R3)><Lp/(p 1)(Q;R3) Q
u;+curluz=0 in (V,(Q))"

inf [ @ xutxix.
ueLP/(pfl)(Q;]R?’) Q
w—curlu=0 in (V,(2))*

If F*(w) < 400, by using the first inequality of (3.1) we can show that the functional [, @*(x,u(x))dx takes
its minimum in the closed convex set {u € L?/ =1 (Q;R?) | w — curlu = 0 in (V},,(R2))*}, which completes the
proof. ([l

We can characterise the subdifferential of F' as follows.

Theorem 3.3. For all u € L*(Q;R3) with OF (u) # 0,

OF (u) = {W € L2 (O R?) There exists ¢ € LP/P=D(Q;R3) such that w — curl¢ = 0 in (V,(Q))*, } 7

¢(x) € 0Q(x, curlu(x)) a.e. x € Q.

where 0Q(x,r) is the subdifferential of Q(x,-) for fized x € Q.
Proof. (¢ C'): Let w € 9F (u). This inclusion is equivalent to the equality

F(u) + F* (W) = <u, W>L2(Q;R3) (38)
(see, e.g. [16]). By Proposition 3.2 there exists ¢ € LP/(P=1)(Q; R?) such that w — curl¢ = 0 in (V,,(Q2))* and
Frw) = [ @ (x.g(x))dx. (3.9

By (3.8) and (3.9) we obtain
/Q(Q(X7 curlu(x)) + Q*(x, ¢(x)) — (u(x), w(x)))dx = 0. (3.10)

Since (0, W) 2(q.rs) = (curlu, @) 2 sy, the equality (3.10) leads to

/Q(Q(x, curlu(x)) + Q*(x, ¢(x)) — (curlu(x), ¢p(x)))dx = 0. (3.11)
By the definition of Q*(x, ¢(x)) we see that

Q(x,curlu(x)) + Q*(x, ¢(x)) — { curlu(x), p(x)) >0 (3.12)

for a.e. x € 2. Thus, by (3.11) and (3.12) we deduce that

Q(x, curlu(x)) + Q"(x, ¢(x)) — (curlu(x), $(x)) = 0
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for a.e. x € €2, which implies that ¢(x) € 0Q(x, curlu(x)) a.e. x € .
(“ O): Let w € L?(?;R?) and ¢ € LP/(P=1)(Q; R3) satisfy w — curl ¢ = 0 in (V},(Q))*, and

¢(x) € 0Q(x, curlu(x)) for a.e. x € Q. (3.13)
The inclusion (3.13) is equivalent to the equality that
Q(x, curlu(x)) + Q" (x, ¢(x)) — (curlu(x), p(x)) =0

for a.e. x € Q. This equality yields
F(u) + /Q Q" (x,9(x))dx = (curlu, @) 1 pa)-

By the condition w — curl ¢ = 0 in (V,(€2))*, we have

P + [ @ (x @x))dx = (.3 2 g0
By Proposition 3.2 we deduce that
F(u) + F*(w) < (0,w) 12 gz0)- (3.14)

By the definition of F*(w) it is immediately shown that
F(u) + F*(w) = (0, W) 12q.r5)- (3.15)
By (3.14) and (3.15) we obtain F'(u) + F*(W) = (W, W) 12 (q.gs), OF W € OF (u). O

Let us apply this characterisation theorem to the formulation (P1).

Corollary 3.4. Let H € H(0,T; L3(Q;R?)) be a solution to the problem (P1). For a.e. t € (0,T) there exists
E' ¢ H(curl;Q,) such that

pOVH(x,t) + pd Hy(x, 1) + curl E4(x) = 0 a.e. x € Q,

E'(x) e 3GB(X 2S)(curl’fft(m t)) a.e. x € Q.

Proof. Let us fix a.e. ¢t € (0,7). The energy density Q(x,r) := G(i%(x, t),r) : Q x R® — R satisfies the
conditions (1)—(3) for p = 2. Thus we can apply Theorem 3.3 to the energy

F(¢) = /QQ(X7 curl¢(x))dx if ¢ € V(Q),

+00 otherwise.

Since the inclusion pd,H(t) + pdyHs(t) € —OF (H(t)) holds, there exists w! € OF (H(t)) such that pd, H(x, )+
poHs(x,t) + wi(x) = 0 a.e. x € Q. Note that if wl — curl¢ = 0 in (V(2))* for some ¢ € L?(Q;R3), then
wl|q, = curl ¢, in 2'(Q). Thus, the characterisation of OF (H(t)) yields the result. O
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4. FINITE ELEMENT APPROXIMATION

In this section we discretize our variational inequality formulations (P1) and (P2) by a semi-implicit time
stepping scheme and by the edge finite element of lowest order on a tetrahedral mesh and prove the subsequence
convergence property of the fully discrete solutions.

In order to mesh the domains Q4 and Q4 by tetrahedrons, additionally let us assume that Q and Q, are
bounded simply connected Lipschitz polyhedrons with the connected boundaries 92 and 0, respectively.
Moreover we assume that 2 and €2, are star-shaped for a point yo € €25 in the sense that

a(x —yo) +yo €Q, alz —yo) +yo € Qs, YVae[0,1),¥x € Q,Vz € Q. (4.1)
From now on we add the following differentiability condition to the energy densities g (-), g;(-), go(-)-

91(-),91(-),90(-) : R — R are differentiable,
9 ()| < Auslal, |g)(x)] < Apslzl, |go(2)] < Aos|zl,

for all z € R, where A5, A5, Ags > 0 are positive constants.

4.1. Finite element method

We define finite element spaces and prepare some lemmas used in our convergence analysis. Let 7, be a
tetrahedral mesh covering €, where h = max{hx | K € 7,} and hk is the diameter of the smallest sphere
containing K. We assume that each element K € 75, belongs either to Q, or to Q4 and the mesh 73, is regular
in the sense that there are constants C' > 0 and hg > 0 such that

Z—K < C,VK € ,Yh € (0, ho], (4.3)
K

where pg is the diameter of the largest sphere contained in K. Moreover, the mesh 74, is assumed to satisfy the
property that there is a constant C' > 0 such that

h A J—
e < C,VK € m,, K C Qg,Vh € (0, hol, (4.4)
K
and the quasi-uniform property on 90 that there is a constant C’ > 0 such that

hi < ' for any face f C 9Q and any h € (0, ho), (4.5)
f

where hy is the diameter of the smallest circle containing f. Note that the property (4.4) is weaker than the
quasi-uniform property over €.
Next let us define the finite element spaces. The curl-conforming finite element space Uy (2) of the lowest
order by Nédélec [22] is defined by
Un(Q) :=={¢,, € H(curl; Q) | ¢,|x € R, VK € 7.},

where R := {a+b x x | a,b € R3}. The degrees of freedom of the space Uy (Q) are

M,(¢y) = / (b ),



20

where e is an edge of K € 7, and 7 is a unit tangent to e. Let rp(¢p) € Up(Q2) denote the interpolant of a
sufficiently smooth function ¢. In this paper, we only consider ry,(¢) for ¢ € H'(curl;Q), which is well-defined
(see [21, p. 134]).

The finite-dimensional subspace V},(2) of V() is defined by

Vi(Q) :={¢p, € Un(Q) | curle, =0 in Q4, n x ¢p;, = 0 on 9N}.

Note that the boundary condition n x ¢;, = 0 on 0f is attained by taking all the degrees of freedom associated
with the edges on 92 to be zero.
The H!-conforming finite element space Z;,(Q) of the lowest order is defined by

Zn(Q) :={fn € H'(Q) | fulk € P1,VK € 7},

where P := {ag + a12 + a2y + a3z | a; € R,;i =0,1,2,3}. The degrees of freedom m,(f5) of Z,(Q2) are defined
by

my(fn) = fn(%0),
where x, (€ R3) is the coordinate of the vertex v. Let m,(f) € Z,(2) denote the interpolant of a sufficiently
smooth function f. In this paper, we only consider 7, (f) for f € H%(Q), which is well-defined (see [21, p. 144]).
The subspace Zy ,(€2) of Z,(£2) is defined by

Zon() :={fn € Zn(Q) | fraloa = 0}.

The boundary condition fp|aq = 0 is achieved by taking m.,,(f) for each vertex v on 99 to be zero.
The space of discrete divergence-free functions X ,g“ )(Q) is defined by

X3(Q) = {$n € Un(Q) | {un. VFn) 2oz = 0.V Fn € Zon()}.
The discrete subspace W}, (€2) of the hybrid space W () is defined by
Wi () == {(pVun) € L2GR?) | (¢, un) € Un(2s) X Zn(Qa), (#4|Vun) € Un(Q), unloa = 03,

where Uh(QS) = {¢h|QS | ¢, € Uh(Q)} and Zh(Qd) = {Uh|Qd | Up € Zh(Q)}.
Thanks to the equivalence stated below, we can deal with the curl-free constraint in the nonconducting region
Qg by implementing W (Q2) in practise.

Proposition 4.1. ( [13, Proposition 3.1]) The space W;,(2) is isomorphic to Vi,(Q) as a Hilbert space.
Remark 4.2. Note that the space W}, (£2) can be equivalently rewritten as

Wi(Q) = {(¢|Vun) € L*(4R?) | (¢, un) € Un(s) X Zn(Q), n X ¢, =1 x Vuy, on 9, uploq = 0},

where n is the unit outward normal to 9Qs. A point to construct Wj, () in practical computation is to fulfil
the tangential continuity condition
n x ¢, =n x Vuy on 0. (4.6)

The condition (4.6) is equivalent to the relation that

Me(¢pp,) = Mo, (un) — Mo, (un) (4.7)

for each edge e C 02, where vy is the initial vertex of e and vy is the terminal vertex of e. To implement the
linear relation (4.7) all along 025 ensures the tangential continuity condition (4.6) in W} ().

Below we list a couple of estimates from [17], [21] which will be needed in our analysis.
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Lemma 4.3. ( [17, Chapter III, Theorem 5.4], [21, Theorem 5.41]) There is a constant C > 0 such that for
any ¢ € Hl(curl; Q)

||¢ - rh(¢)||H(curl;Q) < C(hH(ZsHHl(curl;Q)-
By following the proof of [21, Lemma 5.52] we see that the following estimate holds.
Lemma 4.4. ( [21, Lemma 5.52]) There is a constant C > 0 such that for any ¢ € H'(curl;Q)

¢ — 11 (D)l 22 00:k8) < ChY?|| B 11 (curto)-

The assumption (4.1) is required to show the following lemma, which enables us to approximate a function
¢ :[0,T] — V(Q) by a sequence of smooth functions.

Lemma 4.5. (1) For any ¢ € L?(0,T; H(curl;Q)) with ¢(t) € V(Q) for a.e. t € (0,T) there exists a sequence
{p, 352, € L0, T;WPI(Q;R?)) for all p € NU{0} and 1 < g < +oo with ¢,(t) € V(Q) N C§°(Q;R3) for
a.e. t € (0,T) such that as | — 400

¢, — ¢ strongly in L*(0,T; H(curl; Q)).

(2) For any ¢ € C'([0,T]; L*(;R3)) N L2(0,T; H(curl; Q)) with ¢(t) € V(Q) for all t € [0,T] there exists
a sequence {¢,}2, C CH([0,T); WP4(;R3)) for all p € NU{0} and 1 < q < +o0 with ¢,(t) € V() N
CSe (4 R?) for all t € [0,T] such that as | — +o0

¢, — ¢ strongly in L*(0,T; H(curl; )),
drp, — Oz strongly in L*(0,T; L?(Q;R?)),
o,(t) — @(t) strongly in L*(;R3),Vt € [0, T).

Proof. The proof is essentially same as that of [13, Lemma 3.4]. We give the proof for (1) for completeness.
The statement (2) can be proved in the same way.

Take any ¢ € L?(0,T; H(curl; Q2)) with ¢(t) € V(Q) and fix a.e. t € (0,T). Since nx ¢(t) = 0 on 9, we can
define ¢(t) € H(curl; R®) by ¢(t) := ¢(t) in Q, ¢(t) := 0 in R¥\Q. For 6 € (0,1), define ¢,(t) € H(curl;R?)
by ¢g(x,t) := 0((x — ¥0)/0 + yo,t), where yo € €, is the point in the assumption (4.1).

We show that supp(¢y(t)) C Q. Assume supp(gy(t)) # 0. For all X € supp(¢y(t)) there exists a sequence

{x,}52, C R such that x,, — % as n — +00 and ¢ (x,,t) # 0. By the definition of ¢,(t), (x, —y0)/0+yo € Q

for all n € N. By n — +00 we obtain (X —yo)/0 + yo € §2. By the assumption (4.1) we see that

§(=9<X_9y0+y0_y0)+YO€Q'

Thus, supp(¢y(t)) C Q. The inclusion supp(curl ¢, (t)) C €, is similarly proved by using (4.1). Therefore, we
have ¢y (t)| € V(Q).

We can choose £ = £(f) > 0 sufficiently small so that p. * @, (t)|o € V(Q)NCG (4 R3), where p. € C3°() is
a mollifier. By the standard properties of mollifier we see that pe * ¢y (t)|o — ¢ strongly in L2(0, T; H (curl; ©2))
as 0 /1, ¢(f) \, 0. Moreover, for any multi-index o € (NU {0})3

(63

0 4 5
| (P * Do) (%, D)] < Ce, )| bg ()| L2(me) = Cle, )07 D(1)| L2 (e,

which shows that p. ¢yl € L2(0,T; WP4(Q;R?)) for all pe NU {0} and 1 < ¢ < +oc. O
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Take N € N and set At :=T/N. By using the function ¢, in Lemma 4.5 (2), we define a piecewise linear in
time function ¢, j, : [0, 7] — V;(£2) and a piecewise constant in time function @1 1 10,T] — Vi(Q) by

Bnt) = VB 6 man) + P (0 - DAD) in [0 - DALRAL, (n=1,- N), (48)

{ rr(¢,(nAt))  in ((n — 1)At,nAt], (n=1,---,N),
r (¢ (0)) on {t = 0}.

(4.9)

@ (t) :

From now let A denote a subset of (0, ho] which has the only accumulation point 0.

Lemma 4.6. For the function ¢, in Lemma 4.5 (2) and the functions (75”1 and ¢, ;, defined in (4.8), (4.9), the
following convergence properties hold as h \, 0, h € A and At \, 0.

b, — Dy strongly in C([0,T]; L (% R?)),
curl al)h — curl ¢, strongly in C([0,T]; L>(Q;R?)),
5t$l7h — Osp; strongly in L>(0,T; L>(Q;R?)),
@, — ¢y strongly in L(0,T; L (Q; R?)),
curl @, , — curl ¢, strongly in L°°(0,T; L>=(Q;R?)).

Proof. By a similar argument as in [17, Chapter III, Theorem 5.4], [21, Theorem 5.41], we can prove that there
exists a constant C' > 0 depending only on the constant in (4.3) such that for any ¢ € C2(2;R3)

[ — (@)L= @re) < ChIV| L (re), [|curld — curlry (@) p=ors) < Ch|V curl @ po<(o;ro).
The desired convergence properties are proved by using these estimates and the property of ¢;. O

Let us derive the inverse inequality for the edge finite element of lowest order on a tetrahedral mesh. The
proof uses the regular condition (4.3).

Lemma 4.7. There is a constant C > 0 depending only on the constant in (4.3) such that

/K|cur1¢h|2dx§ p%/K|¢h|2dx
K

for all ¢, € Up(Q), K € 7, and h € A.

Proof. (Stepl) First we derive an inequality of the form
/ | curl ¢p|2dx < C/ |p|2dx
K K

for any edge finite element function ¢ on the reference element K. Let ¢;i (¢ =1,---,6) be the basis functions
on K associated with the edges é; (i = 1,---,6) respectively, where €} is from v to vg, € is from vy to vs, €3
is from v to vy4, €4 is from ve to v, €5 is from ve to v4, and €g is from vs to vy for the vertexes v1 = (0,0,0),
vy = (1,0,0), v3 = (0,1,0), vs = (0,0,1).

Let A, B be 6 x 6 symmetric matrices defined by

A= ((curl gy, curl §)) 1o e o)) 1<ij<6, B i= (b1, D)) 12 sy 1<isi<6-
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An explicit calculation shows that the eigen values of A are 0,2/3,8/3 and those of B are 1/60,1/24,1/6. Thus
we obtain supycprs (Ax,x)/|x|? = 8/3, infyecrs (Bx,x)/|x[? = 1/60, or (Ax,x) < 160(Bx,x) Vx € RS, which
implies that

/R|curl€b|2d§<§ 160/R|a>|2d5< (4.10)

for any edge finite element function gAi) : K — R3,
(Step2) We derive inequalities of the form

/ |curl ¢, |2dx < Q/ | curl ¢, |2dx, / |y, |2dx < Q/ |y, |2 dx
K PK JK K PK JK

with a constant C' > 0 depending only on the constant in (4.3). Note that for an edge finite element function
¢, : K — R3 the functions ¢, curl ¢, : K — R? are defined by the relations (see, e.g. [21, p.77, p.78])

¢, (BrXx + b)) = B ¢, (%), curl ¢, (Bgx + bx) = Bi (curl ¢,)(%),

det(BK)

with the non-singular 3 x 3 matrix Bg and the vector bx such that X — BgX + bg is a bijective map from K
to K.
Let the norm |Bk/| be defined by |Br| := supyeps\ jo3 |Bx v|/[v]. Then we deduce that

K h3
/ | curl ¢, (x)|?dx < / | curl ¢, (% §| | / | curl ¢, (%)[2dx < —/ | curl ¢, (%)[2dx,

« fest(ae tBK| K],
(4.11)

2

%dx B / / 2d <—/ d 4.12
J e < i [ oo < (g [ oo uolPdx  (412)
where we have used the facts that |Bx| < hr/pg, |det(Bx)| = |K|/|K|, hi/px < C (VK € 73,). By combining
(4.11) and (4.12) with (4.10), we complete the proof. O

Let P, : L2(;R3) — V,(Q) denote the L2-projection. The condition (4.4) is assumed and Lemma 4.7 was
prepared in order to prove the following lemma, which will be used to establish a stability bound for the time
derivative of the discrete solution.

Lemma 4.8. The following inequalities hold.
| Pr(®)ll2orey < @l L2 (0ir3) (4.13)

for all ¢ € L*(Q;R?).
| curl P (@) |22 < Cllé 5o (4.14)
for all ¢ € B(QY), where C > 0 is a constant independent of ¢, h.

Proof. Take ¢ € L%(Q;R?). The function ¢ can be decomposed as ¢ = Py, (@) + b, ¢ € V;,(2)+. Then we see
that

1P (@) 72 (ums) = (& = %@ = ) p2arey = 1911720ms) — 191172 0ms) < 19122 (rs),
which is (4.13).
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We show the inequality (4.14). Note that for ¢ € B(Q) ri(¢p) € V() (see [21, Remark 5.42, Lemma 5.44]).
For any ¢ € B(Q)

| curl P, ()| 2(rs) < || curl Py(¢p) — curlry(@)| 2o, sy + || curlrn (@) || L2(oirs)

1/2
c
| X o [IA@-n@Pax) o+ eurdn@)enm
KETh7KCQ_spK K
C
< Z1PD) ~ i@l + | curlrn(@)52(eies

C
< E”Th(ﬁb) — @llL2(rs) + || curl i (@) L2(rs)
< Ol|@ll a1 (cur;a) + CR@| 51 (curtio) + || curl || 2 qrs)
< Cléll B,

where we have used Lemma 4.7, (4.3), (4.4), the inequality || Pn(¢) — @[ 2(o;r3) < ||rn(P) — @[l £2(0;r3), Which
is ensured by the definition of Py, and Lemma 4.3. (]

4.2. Compactness property

We prepare a compactness property on which the proof of the strong convergence property of our fully
discrete solution is based. By the assumptions on u, 2, and the conditions (4.3) and (4.5) on 7, we can apply
the following discrete compactness result proved in [21, Chapter 7]. In particular, the quasi-uniform property
(4.5) of 73, on 99 is required only to apply this lemma.

Lemma 4.9. ( [21, Chapter 7]) Let {¢p},}nen satisfy ¢, € X,S”)(Q) for all h € A. The following statements
hold.

(1) If there is a constant C' > 0 such that ||y, || g(curi;0) < C for all h € A, there exist a subsequence {¢;, }7, C
{Pn nen and ¢ € XM (Q) such that as n — +oo

¢n. — ¢ strongly in L*(Q;R?), ¢, — ¢ weakly in H(curl; Q).
(2) There is a constant C > 0 such that for any h € A,

o5l L2 (r3) < C(|| curl Dnllz2re) + In % @yl L2 (00:R3) )-

We need to couple the discrete compactness property Lemma 4.9 with certain compactness theorem for
time dependent function spaces in order to extract a strong converging sequence from our discrete solutions.
To answer this purpose we apply the compactness theorem [32, Theorem 4.1]. Let us rewrite the statement
of [32, Theorem 4.1] to be suitable for our problem as follows.

Proposition 4.10. ( [32, Theorem 4.1]) Let By and Bs be separable Banach spaces satisfying that By is
continuously imbedded in By. Let £ and % denote the o-algebras of the Lebesgue measurable subsets of (0,T)
and that of the Borel subsets of By, respectively, and £ x 9B denote the product o-algebra in (0,T) x By. Let
p €[1,00). Let U be a subset of LP(0,T; By) satisfying the following conditions.
(1) There exists a function F : (0,T) x B1 — Rx>o U {+00} satisfying that

(i) F is & x B-measurable on (0,T) x By,

(ii) v — F(t,v) is lower semi-continuous on By for a.e. t € (0,T),
(iti) {v € By | F(t,v) <A} is compact for all X >0, a.e. t € (0,T),
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and

T
sup/ F(t,u(t))dt < +oo,

weU Jo
(2)
T—6
liy sup / lu(t +8) — u(t)| pdt = 0,
(3)

lim su w(t)||% dt = 0.
| 71\0,C(0,T) uegf lu®llz,

Then, U is relatively compact in LP(0,T; By).
A practical application of Proposition 4.10 to our problem is stated as follows.

Proposition 4.11. Let {Hp}phen C L®(0,T; L*(Q;R3)) satisfy that Hy(t) € X(“)( Q) for a.e. t € (0,T)
and all h € A, {Hp}pen is bounded in L>(0,T; L2(;R3)), {curl Hy}pen is bounded in L*(0,T; LQ( i R3)),
{n x Hy}hen is bounded in L2(0,T; L?(0Q;R3)) and

T—6
li Hy(t+6) —Hu(t «dt = 0. 4.15
tmsup [ (04 8) = HL (0 oo (1.15)

Then, {Hp}hen is relatively compact in LP(0,T; L*(Q;R3)) for all p € [1,00).

Proof. First we construct a separable Banach space in which L?(Q;R?) is continuously imbedded. Since
dim B(Q2) = 400, we can take an orthonormal system {t,}32, C B(2 ) Le. [[¥;llpe) =1 and (¥;,9;) gq) =0

(i # j) for all4,j € N. Let us define the Hilbert space K (C B(Q)) by K := {Y oo, astp; | doooy |ai|® < 400, €
R} equipped with the inner product of B(2). Let K* denote the dual space of K. Since K is separable, K* is
separable. Moreover, we see that L2({; R?) is continuously imbedded in K*. We consider L*(Q;R?) and K* as
B; and By in Proposition 4.10 respectively. Since (B(2))* is continuously imbedded in K*, the condition (2)
of Proposition 4.10 is satisfied for By = K* by the assumption (4.15).

(Step 1) We check the condition (1) of Proposition 4.10. Define a set A by

A= xP@uyw@).
heA

Define F: (0,T) x L%(Q;R3) — R U {+00} by

F(t,v) = { leurlvi[Zaqs) + I X ViZaoopey V€4,

400 otherwise.
We show that for all A > 0 and a.e. t € (0,T) the set
(6 € QR | F(t.) < A= {d € A | | curl @laioms + 10 x Dldsongs <A (4.16)
is compact in L?(Q;R3). Assume that a sequence {¢,,}5°; C A satisfies
| eurl @,,[[72ms) + [0 % @, l17200,e) < A (4.17)

for all n € N. Since ¢,, € [Jp,ca X,(L“) (Q) or ¢,, € YW (Q) we can define a map n — n, by

_ ) o ife, e xP(Q),
=Y 0 e, e YII(Q),
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If lim inf,, 4 oo 7 > C > 0, then for a small £ € (0,C) there is M € N such that

oo U XM©

heAR>C—¢

for all n > M. By the discrete Friedrichs inequality Lemma 4.9 (2) and (4.17) we see that {¢,,}52; is bounded
in H(curl; Q). Since Xpea p>c—¢ dim X}(L“)(Q) < +00, by choosing a subsequence we have ¢,, — ¢ strongly in
L2(;R?) with some ¢ € Uy cp poce X2 () C A.

If lim inf,,— 4 o N = 0, then by noting the discrete compactness property Lemma 4.9 (1) and the compactness
property Lemma 2.3, we can choose a subsequence ¢, so that ¢, — ¢ strongly in L?(2;R?) with some
P cYW(Q)C A.

The limit ¢ satisfies the inequality (4.17). Therefore, the set (4.16) is compact.

Note that for all A € R

{(t,v) € (0,T) x L*(;R?) | F(t,v) <A} = (0,T) x {v € A| | curl v||Z2(q.ps) + [In X V]| 7290.ms) < A} (4.18)
We have seen that the set
{veA|llcurlv|zgpe) + [0 X Vl[T2 a0z < A}

is compact, especially a Borel set of L?(£2;R3). Thus by (4.18) we see that F is .Z x Z%-measurable on
(0,T) x L2(;R3).

The lower semi-continuity of ¢ — F(t, ¢) in L?(Q;R?) can be confirmed in the same way as above.

By assumption we see that {Hy(¢)}nea C A for a.e. t € (0,7) and

T
sup / F(t, Hy (£))dt < +oo.
heAN JoO

(Step 2) We need to check the condition (3) of Proposition 4.10 to complete the proof. For any measurable
set J C (0,7),

/J ||Hh(t)||i2(Q;JR3)dt < |J|||HthOO(()7T;L2(Q;]R3)) < GplJ|,

where C}, > 0 is a constant independent of h,J, depending on p. This inequality implies that the condition (3)
is satisfied. O

Remark 4.12. As the proof shows, the same result still holds if the (B(£2))*-norm of the condition (4.15) is
replaced by that of any separable Banach space in which L?(2;R?) is continuously imbedded.

4.3. Fully discrete problems

Let us propose the fully discrete formulations of our problems (P1) and (P2), establish the stability bounds
for the discrete solutions and show the subsequence convergence property of these solutions.

For N € N, we define the time step size At by At := T/N. By the assumption (2.26), the interpolant
rn(Hs(t)) are well-defined for all ¢ € [0, T (see, e.g. [21, Lemma 5.38]). Let us define the piecewise linear in time
function ﬂs,h,At :[0,T] — Up(€2) and the piecewise constant in time functions Ws,h,m,ﬂs’mm :[0,T] — Un(2)
by

~ t—(n—1)At nAt —t

Hesnae(t) = T’Hs,h,n + THS’h’"_l in [(n — 1)At, nAt],

= | Hspn in((n—1)At,nAt], | Hspn-1 in[(n—1)At,nAt),
HS7h,At(t) T { Hs,h,O on {t — 0}’ ﬂs,h,At(t) T Hs,h,N on {t — T}’
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where Hs p.n = mh(Hs(nAt)) for n = 0,--- , N. We can show the following properties in the same way as
in [13, Lemma 4.1].

Lemma 4.13. The following estimate holds.
10:Hs . atll 20,7522 (m3)) < ChIOH || 20,7501 (9m2)) + CllOHs || L2 (0712 (0sR2)) (4.19)

where the constant C > 0 is independent of h and At, depending only on the constant in Lemma 4.3. Moreover,
the following convergence properties hold as h ™\, 0 and At \, 0.

7~'ts7h,m — H, strongly in C([0, T]; L*(; R?)), (4.20)
Hs.nar — Hs strongly in L°(0,T; L3(Q;R3)), (4.21)
M, a0 — M, strongly in L(0,T; L2(Q; RY)), (4.22)
0Hsn.ar — OH strongly in L(0, T3 L* (% R?)). (4.23)

In order to propose our fully discrete formulations, we additionally assume that the interpolations ’IA-Lh,O =
rn(Ho) and M p,0 := 1 (Hs(0)) satisfy the discrete divergence-free condition

Hio + Hano € X1 (Q), (4.24)

which is the discrete analogue of the assumption (2.27). Note that the condition (4.24) holds, for example, if
Ho = Hs(0) =0, or u, Ho and H,(0) are constant over €.
Let us define the functional F},,, (n =1,---,N) on the finite element space Up(2) by

1 1

Fh,n(¢h) = T / ,U|¢h|2dx + / ,U< - ﬂh,n—l + Hs,h,n - Hs,h,n—la ¢h>dx + / G(Eh,n—la curl ¢h)dX,

where B -1 = Bhn—1/v/|Bhn-1|> +€2 (¢ > 0) and Bp, n—1 = p(Hnn-1 + Hshn-1)-
We discretize the problem (P1) in time and in space by the curl-conforming element to obtain the following
unconstrained minimisation problem.

(P1p,a¢) On the assumption (4.24), for n =1 — N, find ’i'\th,n € V3 (£2) such that

Fh,n(,’/_\‘h,n) - min Fh,n(¢h)-
®,,€Vi(2)

Note that at each time step we take 3h7n_1 from the previous time step so that the problem (P1j a¢) is a
convex optimisation problem.

Proposition 4.14. There exists a unique minimiser ’Fthm € V() of (P1lp,at). Moreover, the discrete
divergence-free condition
ﬂh,n + Hs,h,n S X}(LN) (Q) (425)

holds. The minimiser satisfies the following discrete variational inequality. For all ¢, € V()

/ M<(7/:‘h,7’b - ﬂhmfl + Hs,hm - Hs,hmfl)/Ah d)h - ﬂh7n>dx

@ R ~ R (4.26)

—|—/ G(Bhn—1,curl ¢, )dx — / G(Bpn—1,curl My, »)dx > 0.
Q. Qs
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Proof. We check that Fj, , : V4 (2) — R is coercive. By the property of g1 (|- |), g(]-]); go(] - 1),

min{ (g, maxq s,
Fyn(op) > {;Atud}/WhF M/| 'th 1+ Msnn — Hshn-1lld,|dx

+A01/ |curl¢h| dx — (AJ_2+AH2+A02)|QS|,

s

which implies that F}, 5, is coercive on V,(€2) with respect to the H(curl; Q)-norm. Since F}, ,, is strictly convex,
the minimiser uniquely exists.
To derive (4.26) is standard. By noting the fact that VZy () C V4 (Q2), using the assumption of induction

that Hpn 1+ Henn1 € X (Q) and (4.24) and substituting ¢, = Vi +Hp.n (fr € Zon(R)) into (4.26) we
can deduce the condition (4.25). O

We define the piecewise linear in time functions Hp a¢, Hs at, and the piecewise constant in time functions
Hh7At7 Eh7At7 Eh’At by

t—(n—1)At~ nAt —t ~

'Rh,At(t) = T’Hh,n + T’Hh n—1 in [(n — 1)At, nAt],
Foas(t) = #Hs(nm) + %Hs(m _1)At) in [(n — 1)At, nAd],
= Hpn in((n—1)AtnAt], = Hpno1 in [(n— 1AL nAl),
H t = ~ H t = —
h,At( ) { Hh 0 on {t _ 0}’ —h7At( ) Hh"N on {t _ T},

=~ Bh n—1 in [(n — 1)At, nAt),
B t) =
_hAt() { BhN on {t:T},

forn=1,---,N, where ’IA-Lh,n is the minimiser of (P1j a¢).
By definition we see that ’FthAt(t), ﬁmm(ﬂ,ﬁh,m(ﬂ € Vi, (Q) for all ¢ € [0,T] and the discrete divergence-

free condition holds in the sense that ’FthAt(t) + ’i'vt&h,m(t% ﬁhAt(t) + Hs.na(t), ﬁh,m(t) +Hpat(t) €
X(Q) for all t € [0,T] by (4.25).

Proposition 4.15. Take any T € (0,1). The following bounds hold. For all h € A, At € (0, 7]

T/(l T) maX{,LLd, ,uS}

H”/:‘h’AtH%°°(07T;L2(Q;R3)) < (hQHatHSH%Q(O,T;Hl(curl;ﬂ)) + ||8tH5H%2(O,T;L2(Q;R3))

1—7 min{ g, s}
+ hQ””A"OH%{l(curl;Q) + ||7/:‘0||%2(Q;R3))7
(4.27)
/T/ G(B 1 ar)dxdt < Cmax] }(1 Tl )
b ,cur , xdt < (' max s s + -
o Jo, oAt A . (1 —7) min{pua, s} (4.28)

(h2||atHSH%2(O,T;H1(cur1;ﬂ)) + ||atH8||2L2(O,T;L2(Q;R3)) + thHOH%Il(curl;Q) + ||H0||2L2(Q;R3))7

where C' > 0 is a positive constant independent of h, At, p.
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Proof. Substituting ¢, = 0 into (4.26) and noting an equality (p —q,p) = |p —q|*/2+ (|p|* — |q|?)/2, we have

At ~ ~ 1 ~ 1 ~
> pl(Honn — Hin1)/At[dx + AL ([ Moy |*dx — —/ p| Hopn—1]?dx
(9] t 9] 2At 9]
~ ~ 1 1 N (4.29)
+/ G(Bhn-1,curl Hy, ., )dx < 3 / wl(Hsnm — Hsnn-1)/At]2dx + 5/ | M n|2dx.
Q. Q Q
Multiplying (4.29) by 2At¢ and summing over n =1 — m(< N), we have
N Atm _ =R m .
/ | Hpm|2dx < / / u|8ﬂ'¢s,h,m|2dxdt+/ | Hnol?dx + ZAt/ | Hpn|2dx. (4.30)
Q 0 Q Q Q

n=0

By the bound (4.19), Lemma 4.3 and applying the discrete Gronwall’s inequality (see, e.g. [37, Lemma 10.5])
to (4.30) we obtain (4.27).
On the other hand, by multiplying (4.29) by 2At¢ and summing over n =1 — N, we see that

T _ T T _
/ / G (B, ars curl Hy ag)dxdt < / / u|8t’HS,h7At|2dxdt+/ M|’Hh70|2dx—|—/ / u|’Hh,At|2dxdt. (4.31)
0 Ja. o Ja Q o Ja

Combining (4.31) with (4.27) we obtain (4.28). O

We can also establish a bound for 8,5’;(;17 At. For this purpose, we have prepared the properties of the projection
Pyt L2(Q;R?) — V,(Q) in Lemma 4.8.

Proposition 4.16. There is a constant C > 0 independent of h, At such that
||atﬂh7AtHL2(O,T;(B(Q))*) <C.
Proof. The optimisation problem (P1j a;) leads to the following weak form. For all ¢, € V,(Q)

<,u(’i'\‘h7n - ﬂh,n_l)/At7 ¢h>L2(Q;R3) + <,LL(Hs,h,n - Hs,h,n—l)/Ata ¢h>L2(Q;R3)

+/ gﬁ_(|gh,n—1 X Curlt’/j‘h,n X gh,n—1|)
Qs |Bh,7l—1 X curl Hh,n X Bh,n—1|

(Bhn—1 x curl My 5, X By n_1, Bhn—1 X curl ¢, X By ,—1)dx

/ g|/‘(|<gh,n—17Curl,’/_\‘h,n>gh,n—1|)
Qs |<Bh,n—1;curl”/_\‘h,n>gh,n—l|
o(| curl Hp
n / go(l curl H.nl)
Q

. |ecurl ’Fthn|

<<gh,n—1; curl ”/_\‘h,n>Bh,n—17 <Bh,n—17 curl ¢h>gh,n—1>dx

(curl Hy, ,,, curl ¢, )dx = 0.
(4.32)

Take any ¢ € B(f2). By using (4.32), the properties of the energy densities (4.2) and the L?-projection Py, (-)
(4.13), (4.14) we see that

(i(Hnn = Hinn-1)/ At ) 2,y = [(0(Fhin = Hnin—1)/ At Pa($)) L2z
< max{ps, pa}||(Hs,nn — Hopn—1)/At|| z2@rs) | Pa(@)] L2 (0rs)
+ (ALs + Ajs + Aos)|| eurl Hi, | 200 || curl Py () [ 12 irs) (4.33)
< max{ s, pra}l|(Ho,nn — Hshn—1)/ At 2(0ir3) | @l L2(5r3)
+ C(ALs + Aps + Aos) || curl Hi || 2 (oime) |0l 50 -
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The inequality (4.33) implies that

H(ﬂhn - ﬂhmfl)/At”(B(Q))* S O(|(Hsnn — Honn—1)/ At L2 (ir3) + || Curlﬂh,nHL%Q;R?’))'
Moreover,

T

T ~ T -
/ 10:Hn,atllfp 0y -dt < C (/ 10¢H s n a1 72 (0o A +/ | Curth7At|%2(Q;R3)dt> <C,
0 0 0

where we have used the bounds (4.19), (4.28) coupled with the property of the energy densities (2.23). O

In order to show the convergence of our discrete solutions we assume that At depends on h and satisfies that

At(h) <1, lim At(h) = 0. 4.34
sup ()<7h\é{%€A (h) =0 (4.34)

By applying Proposition 4.11 for p > 2 we observe the following convergence properties.

Proposition 4.17. For any p € [2,00) there are a subsequence {h,}>>, C A and H € L*(0,T; H(curl; Q)) N
L0, T; L?(;R3)) with 0;H € L*(0,T; (B(Q))*) and H(t) € V(Q) a.e. t € (0,T) such that

%‘hn,m(hn) —H strongly in LP(0,T; L*(Q; R?)), (4.35)
ﬁhmm(hn)é H weak * in L>®(0,T; L2(Q; R?)), (4.36)
curl %thmm(hn)—\ curl H weakly in L(0,T; L*(Q;R?)), (4.37)
OH, Ay — OH weakly in L3(0,T; (B(Q))"), (4.38)
ﬁhn,At(hn) —H strongly in LP(0,T; L*(; R?)), (4.39)
Hp, e,y — H weak= in L0, T; L2(R?)), (4.40)
curlﬁhmm(hn)—\ curl H weakly in L*(0,T; L*(Q;R?)), (4.41)
ﬁhn,At(hn) —H strongly in LP(0,T; L*(; R?)), (4.42)
Hy, aein,y— H weak in L®(0,T; LA R?)), (4.43)
curlﬂhmm(hn)4 curl H weakly in L*(0,T; L*(; R?)), (4.44)
Eh’m(hn) — B strongly in L2(0,T; L*(Q; R?)), (4.45)

as m — +oo, where B:= (,u’ﬂ + NHs)/\/Wﬂ + uH |2 + 2.

Proof. We check that {’ﬁth,m(h) + 7~'£s7h,At(h)}heA satisfies the conditions of Proposition 4.11. We set =), =

’Fth,m(h) + ﬁs,h,At(h)' By the bounds proved in Proposition 4.15 and Proposition 4.16 we see that {éh}he/\ is
bounded in L*°(0,T; L2(Q; R?)), {curl £ }yca is bounded in L2(0,T; L2(2;R3)), and Zj(t) € X,(l”)(ﬂ) for all
t € [0,T]. We see by Lemma 4.4 and the continuous imbedding H!(Q;R3) < L2(9Q;R?) that

0 x En ()] L2o0ire) < 10X (Hynaem) () — Haarm )l 22 (0amre) + 1% Hy avm) (0l 2200z
< CRM2 | Hg noiny ()| ey + [|Hs,avm) ()] 200579 (4.46)
<C(h'* + DMl o 0,7;m5 (;R3)) -
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The inequality (4.46) ensures that {n x Zp,}rea is bounded in L2(0,T; L2(8€%; R3)). Moreover, we deduce by
using the bound obtained in Proposition 4.16 that

-5 _ _ T—6 pt+d
| B0 - Eoleaydi< [ [ 10Eu0 iy drd

1/2

T-35 t+8
gél/z/o /t 100 () Epayy-dr | dt < C5Y/2,

where C' > 0 is independent of h,d. This inequality shows that (4.15) is satisfied.
Thus by Proposition 4.11 we see by extracting a subsequence that

ﬂhn,At(hn) + Hep, At(h,y — w strongly in LP(0, T; L2(Q; R?))

as n — +oo for some w € LP(0,T; L%(Q;R3)). By setting H := w — H, and the convergence (4.20), we
obtain the convergence (4.35). The weak(*) convergences (4.36)-(4.38) are consequences of the bounds proved
in Proposition 4.15 and Proposition 4.16.

In order to show the strong convergence (4.39), we apply Proposition 4.11 to the sequence {ﬂh,m(h) +
ﬁs,h,At(h)}heA' In particular, we need to prove that

T—6
lim su En(t+0) —En(t .dt =0, 4.47
tmsup [ B4+ 0) = Zu0) | mca) (1.47)

where we have set Z;, = ’IA-LhAt(h) + Hs.natn)- The other conditions required in Proposition 4.11 can be

confirmed in the same way as we checked for {Z}hen above.
If 6 < At(h),

T-5 . N-1 At .
/o 20t +6) — Zn )| (B(a))-dt = Z /A S 120t +6) — Zn®)ll (B(a))-dt
i=1 ViAt—

N—-1 LAt N-1
= Z /A S IEn((i + 1)AL) — ZR(iAt)]|(ay-dt =6 Z At][(Zn((i + 1)AL) — ZEp(iAL)) /At (B(o))*
i=1 JAt— i=1

T
< 5/ HatEh(t)H(B(Q))*dt < O,
0
(4.48)

where C' > 0 is a constant independent of &, §.
Assume 6 > At(h) and fix t € (0,7 — §]. Then there are I,m € {1,---,N} with { < m such that ¢ €
(I = 1)AL AL, t+ 0 € ((m — 1)At, mAt].

mAt
1Batt +6) = En®lmeay- = | /m O En(1)dt]| (5(s0-
(4.49)

mAt 1/2
< (At(m —1))'/? (/m |8tEh(t)||%B(Q))*dt> < (20)'2)10:En | L2(0,i(B )
t
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where we have used the inequality At(m —1) <t+ 6+ At —t < 26. By (4.49) we have

T-6
/ 2Rt +6) _Eh(t)”(B(Q))*dt < 051/2, (4.50)
0

where C' > 0 is independent of h, . The inequalities (4.48) and (4.50) yield (4.47).
Therefore, Proposition 4.11 shows that there exists H € LP(0,T; L?(Q;R3)) such that as n — +oo,

’Hh At(hn) — H strongly in LP(0,T; L*(Q; R?)).

Let us show that H = 7. By Lemma 4.5 (1) there is ¢, € L?(0,T; B()) such that ¢, — H — H strongly
in L2(0,T; L*(;R?)) as | — +o0. By using the bound in Proposition 4.16 we deduce that

lim
n—-+o0o

T T ~ _
/ (H— T, ) dedt| = / / (o, st — Flnn suinys bo)dxdt
0 Q

(4.51)

¢,(t)|| pydt =0

n—-+o00

T
< lim At(hy) / 10, st Oz

By sending | — 400 in (4.51) we obtain H —H = 0. Thus, the convergence properties (4.39)-(4.41) hold.
The convergences (4.42)-(4.44) can be confirmed in the same way as above. By using the Lebesgue’s conver-
gence theorem we can prove (4.45). O

Corollary 4.18. For the converging sequences {’Rhmm(hn)}neN, {Ehn,At(hn)}nEN in Proposition /.17, the
following convergence properties hold as n — 4o00.

Bh At(hn) X curl’Hh At(hy) X Bh At(h) B x curl’H x B weakly in L*(0,T; L*(Q; R?)),
(E,%At(hn),curl’I'thmm(hn)>§hmm(hn)4 <B,curl’H>B weakly in L*(0,T; L*(Q;R?)).

By using the convergence properties (4.35) and (4.38) we can characterise the boundary value of the limit H
~T
at t = 0,T. By the bound (4.27), there exists H € L?(2;R3) such that

= ~T
Hp, atn,)(T)— H  weakly in L*(€;R?) (4.52)

~T
as n — +o00. For this limit H we observe the following property.

Corollary 4.19. The following equality holds. For all ¢ € C*([0,T); B(£2)),

/OT/Q<8tﬂ7¢>dth:/§z<ﬂT’¢(T)>dX_/ ('Ho, dx—/ / ’H Dpp)dxdt.

In order to prove that the limit ‘H solves the formulation (P1’), we need one more proposition.

Corollary 4.20. Let {Euh}heA be the sequence in Lemma 4.6. The following convergence property holds.

T = _ N ~ T ~
i [ [ 0H iy B st = [ o(T)ax [ o s 0pix— [ [ it asaxi

n—-+4oo 0
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Proof. A calculation shows that

T -
/ / O ., At(h,)> Pin, )dxdt
0o Ja

T
=/QM(HhmAt(hn)(T)a¢z,hn(T)>dX—/QM<Hhmm(hn)(0)7¢z,hn(0)>dx—/ /QM<ﬂhmm(hn)73t¢z,hn>d><dt-
0

(4.53)
By Lemma 4.6, Proposition 4.17 and sending n — +o0 in (4.53) we obtain the result. O
Finally we show that the limit H is a solution to (P17).
Theorem 4.21. The limit H obtained in Proposition 4.17 is a solution to (P1’).
Proof. Let ¢, : [0,T] — V() N C°(2;R3) be a function in Lemma 4.5 (2). The inequality (4.26) yields
/ M<(ﬂh,n - ﬂhmfl + H&h,n - H&h,nfl)/Ata ¢l,h(nAt)>dX
Q
- / (s — M 1)/ At, Hp ) dx + / G(Bpn-1,curl ¢, ;,(nAt))dx (4.54)
Q QS
~ ~ 1 ~ 1 ~
> Bhon 1H), ) dx + —— WlPdx — —— n_1|?dx,
> /QSG( hn—1,curl Hy, p)dx + 2At/QM|Hh’ |“dx 2At/QM|Hh7 1]%dx
where we have used the inequality
(Hhn = Hin1) /A Hpn) = (Hial* = [Han-1[?)/(24A0).
Multiplying (4.54) by At and summing over n =1 — N, we obtain
T = ~ _ T ~ -
/ / O Hp At(n) + O Mo n At(h)> Prp)dxdt — / / PO H s o at(n)s Hn,avny ) dxdt
o Jo 0o Ja
T - _ 1 -
+/ / G(By,, av(ny- curl @ p,)dxdt + 5/ ([ Hop, at(n) (0)dx (4.55)
o Ja, Q

T _ ~
N = 1 =
2/ / G(ﬁh,m(h)aCurth,At(h))dth+5/ 11| Hp, av(ny (T)]?dx.
o Ja. Q

By the convergence properties given in Lemma 4.13, Proposition 4.17 and Corollary 4.20, we can choose a
subsequence {h,}52; C A so that by n — +oc0 in (4.55)

» ~ T N T ~
/Q (M, ¢(T))dx — /Q (Mo, ¢,(0))dx — /0 /Q 1(M, Dppy)dxdt + /0 /Q 10 s, ¢ — H)dxdt (156)

T = 1 =~ 9 T =~ ~ 1 ~T
+ G(B,curl ¢))dxdt + = | p|Hol dx > G(B,curl H)dxdt + = [ u|H |*dx.
o Ja. 2 Ja 0o Ja, 2 Ja
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Here we have used the facts that

T T
lim / / G(ﬁhmm(hn),curl&l,hn)dx:/ / G(B, curl ¢;)dxdt,
0 JQ 0 JQ

n—-+4oo

T _ T
lim inf/ / G(By, at(h,) curl My, atn,))dxdt 2/ / G(B, curl H)dxdt,
0o Ja. 0o Ja,

n—-—+o00
n—-+4oo n—-+4oo

lim u|’th,At(hn)(0)|2dx:/u|’H0|2dx, lim inf u|’HhmAt(hn)(T)|2dx2/u|’H |2dx,
Q Q Q Q

which can be proved by using Lemma 4.6, the strong convergence (4.45), the properties of the energy densities
(2.23), the Lebesgue convergence theorem, the weak convergence properties obtained in Corollary 4.18, the
property of the interpolation 7y, (’fto), and the weak convergence (4.52).

In order to pass | — +oo in (4.56), let us note the following convergence property.

T T

/ / G(B,curl ¢)dxdt = lim / / G(B, curl ¢;)dxdt. (4.57)
0o Ja, I=to0 Jo Ja,

Indeed, by the convexity of gy(-) and (4.2) we deduce that for all z,y € R

|gs(x) — g5 ()| < max{|g;(2)],g; W)}z -yl < Ags(|2] + [yD]z —yl, (§ =L,1],0). (4.58)

By (4.58) and Lemma 4.5 (2), we see that as | — 400

T T
/ / G(B, curl ¢)dxdt — / / G(B, curl ¢;)dxdt
0 JQq 0 J

T
< (As+ A + A05)/ / (| curl ¢;| + | curl ¢|)| curl ¢, — curl ¢|dxdt — 0.
0o Jo.

Thus, by sending | — 400 in (4.56), noting (4.57) and Lemma 4.5 (2) we obtain the desired inequality. The
equality (2.30) has been already given in Corollary 4.19. O

In our practical computation we solve the problem in the hybrid space W (£2). Let us propose the fully
discrete hybrid optimisation problem (P2, a¢). We assume that the initial value (¢y|Vuo) € W () satisfies the
regularities ¢, € H'(curl; Q) and ug € H?(€4) so that the interpolations ty , := 71 (%) and ug n = w5 (uo)
are well-defined and satisfy the discrete divergence-free condition

(0,4 Vton) + Hano € XM (Q). (4.59)
(P24,a¢) On the assumption (4.59), for n =1 — N, find (v, ,,|Vun,n) € Wi(Q2) such that

Frn(($p,n|Vunn)) = min Fh (@1, Vun)).
(¢h [Vop)eW), (Q)

The existence of a unique minimiser of the problem (P2 a:) immediately follows Proposition 4.1 and Propo-
sition 4.14.
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Let us define the discrete functions (m)h,At € C([0,T]; H(curl; Q) and
(Y|Vu)y o (P V), , € L>(0,T; H(curl; Q2)) consisting of the minimisers of (P25, a¢) by

—(n—1A A
@IV a0 = D ) + B V) i [0 1AL A
—J WpalVuryn) in ((n—1)At,nAt],
(T/’|vu)h,At(t) = { (1/:2’0|Vuh,0) on {t =0},
o W [Vunna) i (n—DALRAY, & [ By, in[(n— DAt nAD),
(¢|Vu)h At( )= { (Y, 5| Vunn) on {t =T}, By, ailt) = { 3;]\, on {t =T},

for n = 1,---, N, where (¢, ,|Vunn) € Wp(Q) is the minimiser of (P2, a¢) for n, i;;m%l is defined by
B;L,n—l = B;Lﬂl—l/ |B;7.,TL—1|2 + 82 for e >0 and B;L,n—l = N((wh,nfﬂvuhﬂl*l) + HSJL,TL*l)'

We see that the discrete divergence-free condition holds in the sense that (¢[Vu), A.(t) + ﬂs,hAt(tL
IV pe () + Hoaet), (]Vu), (0) + Hop ar(t) € X (Q) for all ¢ € [0,7].

Proposition 4.1 and Theorem 4.21 ensure the following result.

Corollary 4.22. For any p € [2,00) there are a subsequence {h,}>2, C A and a solution
(|Vu) € L*(0,T; H(curl; Q)) to the hybrid formulation (P2’) such that the discrete functions (WIVU)y, Ath,):

(¥|Vu) T At () ('¢|Vu)h At(hn)’ and Bh At(h,) converge in the same sense as (4.35)—(4.45) for ’i'\thmm(hn) =

)
—~/ —~
(WYL, Athn) Hh, At(hn) = (®|Vu),, At(hn)? HhmAt(h = @Vy), At(hn)’ Ehn,At(hn) =By, ath,) H=
(¥|Vu) and B= (P |Vu) + He) /(] Vu) + Hs)|2 + €2 as n — +oo.

Remark 4.23. If a solution of (P1’) is unique, the convergence results in Proposition 4.17 and Corollary 4.22
hold without extracting any subsequence.

5. NUMERICAL RESULTS

In this section we solve the discrete optimisation problem (P2, a;) in the space W}, () numerically by means
of Newton’s method coupled with the conjugate gradient method. The hybrid space W (€2) is implemented by
following Remark 4.2. The code was developed in ALBERTA [34] platform and based on the documentation on
the practical implementation of the edge finite element of lowest order reported in [19, Chapter 4].

Let us first set the parameters, the external magnetic field M, the initial value (¢4|Vug) and the energy
densities g1 (), g(-), go(-) used throughout this section. We assume that pg = ps = 1 and e = 10~ which is
used to define B.

We apply the external magnetic field H defined by

H(t) := at(cost,0,sint), (5.1)

where a > 0 is a positive constant. The magnetic field H is uniform in space and parallel to « — z plane. The
direction of H s rotates and the magnitude of H; increases as time goes.

The initial value (1p,|Vug) is taken to be uniformly zero so that the discrete divergence-free condition (4.59)
is naturally satisfied.

We define the energy densities g1 (-), g|(), go() € C*(R) by gi(2) := f(z* = T2)), gy(x) := f(2® = T3),

go(x) :== f(2? — J2) by using f € C*(R) defined by
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307

| h | At [ dof [¢=2F =57 =972 (=197 (=D =198 (=200 =207
1/2 | 2w/125 52 [0.01796 0.03600 0.05402 0.07182 0.08881 0.10559 0.12236 0.13916
1/4 | 2m/250 | 632 |0.01477 0.02955 0.04432 0.05887 0.07255 0.08601 0.09951 0.11301
1/8 | 2w/500 | 6064 | 0.01080 0.02163 0.03244 0.04301 0.05255 0.06202 0.07154 0.08119
1/16 | 2m/1000 | 52832 | 0.00754 0.01512 0.02267 0.02996  0.03619  0.04277 0.04872  0.05532

TABLE 1. Measures of [[(¢|Vu);, 2,(t) — (¥|Vu);, 5, ()|l L2(osrs)-

0 in (—o0,0]
52°/3 in [0,0.1],
flx) =< 22/2—x/20+1/600 in [0.1,0.5],
—2%/3+ 2% — 32/10+13/300 in [0.5, 1],
72/10 — 29/100 in [1, +00)

These energy densities g, (-), g|(-),g0(-) satisfy the required properties (2.23) and (4.2). The shape of go(z) and
go(x), for example, is drawn as in Figure 2. Let us consider g (|v]), g (|v]), go(|v]) (v € R?) as approximation

25 25

go(x)
go’(x)

05 05

FIGURE 2. The graph of go(z) (left) and the graph of g{(x) (right).

of v1.(v), 7(v), 70(v) defined in (2.16). In particular, its gradient V(go(|v|)) = go([v])v/|v| is seen as a
regularisation of 07, (v) with jump discontinuity at |v| = Jeo (see (2.21)).

5.1. Convergence rate of the discrete solution with respect to the L?(Q2;R?)-norm

We compute the rate of convergence of the sequence of the discrete solution (¢|Vu), A, solving the hybrid
problem (P2, a:). Here we consider the problem for J.o = 2, J.1. = Ty =1,a= 0.01 in (5.1) in the cubic
domains Q = (—2,2)3 and Q, = (—1,1)%. We discretize these domains by uniform mesh. Let us fix a relatively
small mesh size h and a small time step At as h ~ 1/32 and At = 27/2000. For this mesh size h our computation
involves 440512 degrees of freedom. For various mesh size h and time step At we measure the error between
(¥|Vu);, o, and (3|Vu);, g, with respect to the L*(Q; R?)-norm. The result is summarised in Table 1, which
suggests that the convergence rate is consistent with the order O(hl/ ).
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Case 1 | Case 2 | Case 3

| curl (v|Vu), a;llLee (0,70 irsy) | 0.856 | 0.735 | 0.743
TABLE 2. The maximum current density.

5.2. The electric current and the magnetic flux in a spherical domain

We present pictures showing the distribution of the electric current density J and the magnetic flux density
B = ,u(’FL + M) around a bulk superconductor. Here we assume that the domain §2 and the superconductor
Qs are sphere-like polyhedrons whose centre is (0,0,0) and radiuses are 4 and 1 respectively. We mesh Q by
tetrahedrons whose size hg is around 0.5 in the neighbour of 92 and is around 0.01 in the neighbour of 0€);.
The mesh was generated by TetGen [35]. Figure 3 shows the mesh on 99, 9§, and the cross-section of Q cut
by the plane y = 0. Using this mesh, our computation involves 734123 degrees of freedom.

FIGURE 3. The mesh on 9 (left), on 99 (centre) and the cross-section of Q (right).

We fix the time interval T' = 7 and the constant ¢ = 0.1 in (5.1). The time step size At is fixed as At = 7/1000
so that the direction of H, becomes opposite to the initial direction (1,0,0) after 1000 time steps when ¢ = 7.
The computation is carried out for the following three different sets of the critical current densities J.o, Je1
and J, respectively.

Casel: Jo=1, Je1 = T = 0.5, Case2: J0=1, Je.1 = 0.25 and T = 0.5,
Case 3: Jeo =1, Jer = 0.5 and J,| = 0.25.

Table 2 shows the L>°(0,T; L>(€;R?))-norm of the electric current curl (¢|Vu), 5, for each case and sug-
gests that the magnitude of the current does not exceed J.o and the last term poJ in the £ — J-relation (2.14)
always vanishes in these numerical simulations.

Figure 4 shows the magnitude of the current J and its vector field on 02 viewed from an angle in 3D space
at t = 7 for each case.

Figures 5-7 show the magnitude of the current J on the cross-sections of {25 cut by the plane y = 0 and the
plane z = 0 for each case.

Figures 8-10 show the magnitude of the magnetic flux B on the cross-sections of € cut by the plane y = 0
and the plane z = 0 for each case.
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(0,0,1)

(1,0,0)
O (0, —1,0)

FIGURE 4. The electric current J on the surface 9€); at t = w. The first row and the second
row show the magnitude and the direction, respectively: Case 1 (left), Case 2 (centre), Case 3

(right).

(0,1,0)

(0,0, —-1)
O (1,0,0)

t=m/4 t=m/2 t=3m/4 t=m

FIGURE 5. The magnitude of the electric current J on the cross-sections of 25 cut by the
plane y = 0 (first row), by the plane z = 0 (second row) for Case 1.



(0,0,1)

(0,1,0)
O (1,0,0)

(0,1,0)

(0,0, —1)
O (1,0,0)

t=m/4 t=m/2
FIGURE 6. The magnitude of the electric current J on the cross-sections of 25 cut by the
plane y = 0 (first row), by the plane z = 0 (second row) for Case 2.

(0,0,1)

(0,1,0)
O (1,0,0)

(0,1,0)

(0,0, 1)
O (1,0,0)

t=3m/4

FI1GURE 7. The magnitude of the electric current J on the cross-sections of {2 cut by the plane
y = 0 (first row), by the plane z = 0 (second row) for Case 3.
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(0,0,1)

(0,1,0)
O (1,0,0)

(0,1,0)

(0,0, —1)
O (1,0,0)

t=mn/4 t=m/2 t=3m/4 t=m

F1GURE 8. The magnitude of the magnetic flux B on the cross-sections of €2 cut by the plane
y = 0 (first row), by the plane z = 0 (second row) for Case 1.

(0,1,0)

(0,0, 1)
O (1,0,0)

t=3m/4

t=m/4 t=m/2

FIGURE 9. The magnitude of the magnetic flux B on the cross-sections of €2 cut by the plane
y = 0 (first row), by the plane z = 0 (second row) for Case 2.
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(0,0,1)

(0,1,0)
O (1,0,0)

(0,1,0)

(0,0, —1)
O (1,0,0)

t=m/2 t=23m/4 t=m

F1GURE 10. The magnitude of the magnetic flux B on the cross-sections of {2 cut by the plane
y = 0 (first row), by the plane z = 0 (second row) for Case 3.

Figure 11 shows the direction of the magnetic flux B on the cross-section of {2 cut by the plane y = 0 at
t=m.

(0,0,1)

(0,1,0)
O (1,0,0)

FIGURE 11. The direction of the magnetic flux B on the cross-section of §2 cut by the plane
y=0at t =m Case 1 (left), Case 2 (centre), Case 3 (right). The colour scale is same as that
of Figures 8-10 at t = 7.
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