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OPTIMAL INTERTEMPORAL RISK ALLOCATION
APPLIED TO INSURANCE PRICING

KEI FUKUDA, AKIHIKO INOUE AND YUMIHARU NAKANO

ABSTRACT. We present a general approach to the pricing of products in fi-
nance and insurance in the multi-period setting. It is a combination of the
utility indifference pricing and optimal intertemporal risk allocation. We give
a characterization of the optimal intertemporal risk allocation by a first order
condition. Applying this result to the exponential utility function, we obtain
an essentially new type of premium calculation method for a popular type
of multi-period insurance contract. This method is simple and can be easily
implemented numerically. We see that the results of numerical calculations
are well coincident with the risk loading level determined by traditional prac-
tices. The results also suggest a possible implied utility approach to insurance
pricing.

1. INTRODUCTION

The insurer of an insurance contract needs to ensure that the premium contains
a necessary conservative margin — the so called risk loading or safety loading — to
put up the risk capital. When determining this margin in a multi-period insurance
contract, the insurer faces two types of risks to evaluate. The first one comes
from unfavorable fluctuations in the level of investment funded by accumulated
premiums. The second risk comes from the uncertainty of (life) time, i.e., the risk
of the unfavorable event occurring at an inopportune time, e.g., before the funding
target is reached. It is desirable to determine the margin that reflects both types of
risks adequately. However, there seems to be no theoretically established solution
to this challenging problem. The main difficulty is in the inseparable nature of the
two types of risks themselves; the insurance contract guarantees a defined payment
at an uncertain time of the insured event occurring by uncertain funding.

In this paper, toward a solution to the problem above, we present a fairly general
approach to the multi-period pricing problem. It is a combination of the wtility
indifference pricing and optimal intertemporal risk allocation. Though both are
quite general concepts, their combination leads us to an interesting new premium
calculation method in a multi-period setting.

The general setting of the utility indifference pricing is as follows: we define the
indifference price H(Z) of a risk Z by

(IP) Uw+ H(Z)—Z) =U(w),

where U(W) denotes the utility of a risk W and the constant w is the initial wealth
of the seller of Z. The price H(Z) is the so-called selling indifference price: H(Z)
is the amount that leaves the seller of the risk Z indifferent between selling and
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being paid for Z, and neither selling nor being paid for Z. In mathematical finance,
the indifference pricing approach is becoming one of the major pricing methods in
incomplete markets (see, e.g., Hodges and Neuberger [22], Rouge and El Karoui
[26], Musiela and Zariphopoulou [24], Bielecki et al. [4], and Mgller and Steffensen
[25]). The indifference pricing also fits the pricing of insurance well. For example,
in the single-period pricing, we can show that many known premium principles
are obtained by this method. The expectation, variance and exponential premium
principles are among them. Thus, the utility indifference pricing approach has the
potential advantage of pricing products in finance and insurance coherently.

We write A(W) for the class of admissible intertemporal risk allocations (Y;)ter
of W over the multi-period interval T := {1,2,...,T} (see Definition 2.1 below):
(Yp)ter is an essentially bounded adapted process satisfying the risk allocation
condition

(RA) Zte'ﬂ‘fft =W as,

where Y; denotes the discounted value of Y;. In this paper, we adopt the following
utility U(+) in (IP):

(u) UW)=sup {3 Elu(¥)]: (Vder € AW) .

Here u;(x) is a time-dependent utility function describing the intertemporal pref-
erences of an economic agent such as an insurance company. This definition says
that if an allocation (X;) € A(W) attains the supremum in (U), then the utility of
W is based on the choice of (X;). Thus, to precisely investigate U(+), whence H(-),
we are led to the problem of finding (X;) € A(W) that attains the supremum in
(U), which we call the optimal intertemporal risk allocation of W.

The optimal risk allocation problems date back to the classical work of Borch
[5, 6, 7], where Pareto optimality in uncertain circumstances is studied extensively,
motivated mainly by reinsurance. Since then, various types of optimal risk alloca-
tion problems have been considered by Bithlmann [8, 9], Gerber [19], Bithlmann and
Jewell [10], and many others. See also Gerber and Pafumi [20], Duffie [16], Dana
and Jeanblanc [13] and Dana and Scarsini [14]. Recently, many authors consider
the problems based on the preferences defined by coherent or convex risk measures
introduced by Artzner et al. [2], Delbaen [15], and Follmer and Schied [17] (see
also [18]). See, e.g., Heath and Ku [21], Barrieu and El Karoui [3], Burgert and
Riischendorf [11], Acciaio [1], and Jouini et al. [23].

Unlike most of these references where the problems of optimal risk allocation
among several economic agents are discussed, we consider a single agent in the
multi-period framework who seeks to find the optimal intertemporal allocation of
her/his risk. As the definition itself suggests, this optimality is closely related to
Pareto optimality. Note, however, that classical Pareto optimality is concerned with
allocations of risk among economic agents in single-period models, while the Pareto
optimality we consider in this paper is concerned with intertemporal allocations of
the aggregate risk of a single agent in the multi-period setting, whence it may be
called time Pareto optimality.

Our key finding about the optimal intertemporal risk allocation (Theorem 2.8)
is that an allocation (X;) € A(W) is optimal if and only if the following first order
condition is satisfied:

(FO) (up(X¢))ter is an (F;)-martingale,
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where uy(z) := (dut/dz)(xz) and (Fi)ier is the underlying information structure.
It is perhaps interesting that this first order condition involves a martingale prop-
erty. By applying this characterization to the exponential utility, we can derive
an algorithm to compute the optimal intertemporal risk allocation and indifference
price H () for it (Theorem 3.4). We illustrate the usefulness of this algorithm by
applying it to a popular type of multi-period insurance contract, whereby obtaining
an essentially new type of premium calculation method in the multi-period setting
(Theorem 4.3). This method is simple and can be easily implemented numerically.
We see that the results of numerical calculations are well coincident with the risk
loading level determined by traditional practices. The results also suggest a possible
implied utility approach to insurance pricing.

In §2, we give basic results on the optimal intertemporal risk allocation, including
its characterization by (FO) and its relationship to Pareto optimality. In §3, we
apply the results in §2 to the exponential utility function and derive the optimal
intertemporal risk allocation and indifference price for it. Section 4 is devoted to
the applications of the results in §3 to insurance pricing. We also discuss properties
of the indifference prices and some results of numerical calculations.

2. OPTIMAL INTERTEMPORAL RISK ALLOCATION

Let T :={1,2,...,T}. Throughout the paper, we work on a filtered probability
space (2, F, (Ft)ieqoyur, P). We write L> := L*>(Q, Fr, P) for the space of all
essentially bounded, real-valued Fr-measurable random variables. Let (r;):er be
a spot rate process. We assume that the process (r)ier is bounded, nonnegative
and predictable, i.e., r; is bounded, nonnegative and F;_1-measurable for all t € T.
Let B; be the price of the riskless bond:

t
By = 1, By =[] +r) fort=1,....T.
k=1

Throughout the paper, we use (B;)ter as the numéraire, and for each price process
(X¢)teT, we denote by (Xi)ser its discounted price process:

Xt = Xt/Bta teT.

2.1. Optimality. We consider an economic agent such as an insurance company
who wishes to allocate her/his aggregate risk W over the multi-period interval T.
In the next definition, we define the collection of all such possible intertemporal
allocations of W.

Definition 2.1. For W € L™, we write A(W) for the following set of admissible
intertemporal allocations (Yy)ier of W

= Y; :
AW) {( t)tet (RA) and Y; € L* for all t € T.

(Yy)ter is an (F;)-adapted process satisfying}

Example 2.2. We consider the aggregate risk W of a life insurance contract with

duration 7" in which the insured receives ¢; dollars at time ¢ € T if she/he dies in

the period (t — 1,t]. Then, we have W =3, ; Y, with Y; := c(t)l(4—1<r<t), where

7 is the stopping time representing the lifetime of the insured. Notice that (Y;)ier
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itself is in A(W). If we define (X¢)ieT by

0, t=1,
Xi={ (1+ )Y, t=2,... T—1,
Yr+ A +rp)Yr_, t=T,

then (X¢)ier is also in A(W). Insurance companies which have many contracts
with policyholders will be able to regard W as the aggregate risk of (X¢);er, rather
than that of (Y;)ter, at a negligible cost.

We assume that the intertemporal preferences of the agent is described by the
time-dependent utility function ws(z). This means that a rational choice of the
agent’s allocation (Yi)ier € A(W) is based on the integrated expected utility
Yuer B [us(Y;)]. Throughout §2, we assume that the utility function u,(z) satisfies
the following condition:

2.1) fort € T, R > 2 — wu(x) € R is a strictly concave, C'-class function
. such that u}(x) := (du;/dx)(z) > 0 for z € R.

Using us(x), we define the utility U(W) € RU {400} of the risk W € L* by (U).

Definition 2.3. An intertemporal risk allocation (X;)ier € A(W) of the risk
W € L*° is optimal if it attains the supremum in (U).

In other words, (X¢)ter € A(W) is optimal if it solves the following problem:
(P) Maximize ZteTE[ut(Yt)] among all  (Y;)ier € A(W).

Proposition 2.4. The optimal intertemporal risk allocation (Xi)ier € A(W) of
W € L* is unique if it exists.

Proof. Suppose that there are two distinct optimal intertemporal allocations (X;)
and (Y;) of W. If we put Z; := (1/2)X; + (1/2)Y; for t € T, then (Z;) is also in
A(W). However, concavity of u:(-) yields

Elui(Z)] > ZteTE[(lﬂ)Ut(Xt) + (1/2)us(Yy)] = U(W),

which is a contradiction. Thus the optimal allocation of W is unique. ([l

teT

2.2. Indifference pricing. In this section, we assume that U(W) < oo for all
W € L®°. This condition holds, for example, if u;(x) is bounded from above. This
also holds if the optimal intertemporal risk allocation exists for all W € L. We
thus have the utility functional U : L> — R. We write w € R for the initial wealth
of the agent.

Proposition 2.5. The functional U has the following properties for W, Z € L.

(a) Strict Monotonicity: If W > Z a.s. and P(W > Z) > 0, then U(W) >
Uz).
(b) Concavity: If a € [0,1], then U(aW + (1 —a)Z) > aUW) + (1 —a)U(Z).

Proof. (a) For (Y)ier € A(Z), we define (X;)ier € AW) by

_ Y;a t#Ta
Yr+Bp(W—2), t=T.



Choosing m > 0 so that max(|W|,[Z]|) < m a.s., we define ¢ := inf|, <., up(y).
Then, by (2.1), ¢ > 0. Since up(Xr) > up(Y7) + ¢(W — Z), we have

vW) =Y Blu(X0) 2 Y, Blus(%)] + cEW - 2).

The property (a) follows from this.
(b) The property (b) follows easily from the concavity of u;, t € T. O

From Proposition 2.5, we see that for Z € L*°, the function g : R — R defined
by g(z) := U(w + x — Z) is concave (whence continuous) and strictly increasing.
Moreover, since Z is bounded, we have U(w + 2 — Z) < U(w) for x small enough
and U(w + 2 — Z) > U(w) for = large enough. We are thus led to the following
definition.

Definition 2.6. We define the indifference price H(Z) = H(Z;w) € Rof Z € L™
by Ulw+ H(Z) — Z) = U(w).

From Proposition 2.5, we immediately obtain the next proposition.

Proposition 2.7. The indifference price functional H : L>° — R has the following
propertites for W, Z € L*°.
(a) Strict Monotonicity: If W > Z a.s. and P(W > Z) > 0, then HW) >
H(Z).
(b) Convezity: If a € [0,1], then H(aW +(1—a)Z) < aH(W)+ (1—a)H(Z).

2.3. Characterization by the first order condition. It should be noticed that,
in general, the optimal intertemporal risk allocation may not exist. However, to
precisely investigate the utility U(+), whence the indifference price H(-), it seems
indispensable to find and describe the optimal intertemporal risk allocation. In this
section, we show that the condition (FO) is necessary and sufficient for (X;) € A(W)
to be optimal. This characterization plays a key role in this paper. In the proof
below, and throughout the paper, we write

E|Y]:=E[Y|F], YeL' (QFP), teT.
Here is the characterization of the optimality.
Theorem 2.8. For W € L™ and (X;)ter € A(W), the following conditions are
equivalent:
(a) (X¢)ier is optimal.
(b) The condition (FO) is satisfied.

Proof. First, we prove (a) = (b). Let (X;) € A(W) be the optimal allocation.
Choose k,m € T so that £k < m, and put, fort € T, y € R and A € Fy,

X + melAv t=m,
Xi(y) = { X —yBrla, t=k,
X, otherwise.

Then, >, . Xi(y) = W, so that (Xy(y))ier € A(W). Since (X;(0)) = (X) is
optimal, the function f defined by f(y) := ZteTE[ut(Xt(y))] takes the maximal
value at y = 0. Thus f/(0) = 0 or E[{u,(X,n) — u},(Xx)}14] = 0, which implies
that (u}(X;)) is an (F;)-martingale.
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Next, we prove (b) = (a). Assume that (X;);er € A(W) and that (u}(X;))ser
is an (F)-martingale. By concavity of u; (), we have u;(y) < uy(z) + uj(z)(y — x)
for x,y € R, so that for any Y = (Y})ser € AW),

Zte,ﬂ, u (V) < Z Aeue(Xe) +Z uy (X)) (Y, — X).

Since (u}(X;)) is an (F;)-martingale and both (X;) and (Y;) are in A(W), we see
that

E {Zte uy(Xo) (Vs — Xt)}
=3 B[Rl (X)) - )] = Z@E [ (%) (¥ 5@}
= B | (%n) 3, (7 = X)) = B i (X)W = W)] = 0
Combining, > ,cqp E [uy (Y})] < doier B [us(X;)]. Thus, (X;) is optimal. O

Remark 2.9. We clearly find similarity between the theorem above and Borch’s
theorem which characterizes (classical) Pareto optimality by a first order condition
(see Borch [5, 6, 7]; see also Gerber and Pafumi [20]).

2.4. Pareto optima. In this section, we introduce Pareto optimality of intertem-
poral risk allocations. It is closely related to the optimality introduced above.

Definition 2.10. For W € L*°, the allocation (Xy)ier € A(W) is Pareto optimal
if there does not exist (Y;)rer € A(W) satisfying the following two conditions:

(a) Elu(Y:)] > Eluy(X,)] for all ¢ € T.

(b) Elut,(Yz,)] > Elut, (Xy,)] for at least one to € T.

For A = (A1,...,Ar) € RT\ {0}, we consider the following problem:
(Py) Maximize ZteT )\tE[ut(f/t)] among all  (Y;)ter € A(W).

Lemma 2.11. Let A = (A\1,..., Ar) € RT\ {0}.
(a) If (X;)ier € A(W) is the solution to Problem Py, then (\u}(X;))ier is

an (Fi)-martingale.
(b) If Problem Py has a solution, then A € (0,00)T.

Proof. The proof of (a) is almost the same as that of the implication (a) = (b) in
Theorem 2.8, whence we omit it.

We prove (b). Assume that Ay = 0 for & € T, and choose m so that A, > 0.
If Problem Py has a solution (X;) € A(W), then, by (a), (Nl (Xy)) is an (Fy)-
martingale. However, since Ajuj,(Xg) = 0 and Apul,(X,) > 0, this can never be
the case. Thus, (b) follows. O

Proposition 2.12. Let A € (0,00)T. Then the solution (X;)ier € A(W) to Prob-
lem Py is unique if exists.

The proof is almost the same as that of Proposition 2.4, whence we omit it.
The next theorem is an analogue of the second fundamental theorem of welfare
economics.

Theorem 2.13. For (Xi)ier € A(W), the following conditions are equivalent:
(a) (Xi)ier is Pareto optimal.



(b) There exists A € (0,00)T such that (X;)ser solves Problem Py.

Proof. (b) = (a). If (X;)ter is not Pareto optimal, then clearly it is not the solution
to Problem P, for any \ € (0, 00)%.
(a) = (b). We define f(Y) := ¢(X) — ¢(Y) for Y € A(W), where

o(v) = (Elu (Y1), Blur (7))
Then f: AW) — RT is RT-convex: for p € (0,1) and Y, Y’ € A(W),

pf(Y)+ (1 =p)f(Y") = f(pY + (1 —p)Y") € RY.
If X € A(W) is Pareto optimal, then —f(Y) ¢ (0,00)T for Y € A(W). Hence,

by Gordan’s Alternative Theorem (see, e.g., Craven [12], Chapter 2), there exists
A€ RT, X\ #0, such that

A fY)=A-[6(X) —o(Y)] 20, Y € AW),

which implies that X is the solution to Problem P,. Finally, Lemma 2.11 gives
A€ (0,00)7T. O

By Theorem 2.13, we see that the set of Pareto optimal intertemporal risk al-
locations in A(W) is parametrized by the T'— 1 parameters (Aa/A1,...,Ar/A1) €
(0,00)T~1. We also see that the Pareto optimal allocation (X;) € A(W) cor-
responding to Problem (P,) with A = (A1,..., A7) is optimal with respect to the
intertemporal preferences described by the utility function v, (z) := Asus(z). There-
fore, from Theorem 2.8, we immediately obtain the next characterization of Pareto
optimality.

Theorem 2.14. For W € L™ and (Xi)ier € A(W), the following conditions are
equivalent:

(a) (Xt)ier is Pareto optimal. )
(b) There exists (A1, ..., A1) € (0,00)T such that the process (Ajuj(Xy))ter is
an (Fi)-martingale.

3. EXPONENTIAL UTILITY

Let (r¢)ter and (Bg)ier be as in Section 2. In this section, we adopt the following
time-dependent exponential utility function:

1
(BU) ug(x) = ” [1—exp(—a:x)], teT, z€eR

with a := (aq,...,q;) € (0,00)7.
In what follows, we may also write «(t) = ;. We have
(3.1) uy(z) = exp (—ayx), u(0) =0, uy(0) = 1.

3.1. The optimal allocation for the exponential utility. In this section, we
describe the optimal intertemporal risk allocation for the exponential utility func-
tion u¢(z) in (EU). Thus, the problem that we consider here is Problem (P) for
ug(x) in (EU).

To derive the optimal allocation (Xi)ier € A(W) or the solution to (P), we

consider the transform M; = exp(—a;X;) for t € T. Then, by Theorem 2.8,
Problem (P) reduces to



Problem M. For W € L™ and a = (ay,...,ar) € (0,00)7, derive a positive
(Fi)-martingale (My)ier satisfying

(3.2) ror MM*® = exp(-W)  as.

For W € L* and a = (a1,...,ar) € (0,00)", we define the adapted process
(Le(a, W))ter by the following backward iteration:

{LT(a, W) := exp(—a;W),

L1
(E1) Lio1(0, W) = Byr[Lo(o, W)PE-D/80, ¢ —o T,

where F;[Y] := E[Y|F;] as before, and we define §;, or (t), in (0,00) by

1 &1

Notice that for all t € T, Li(c, W) is bounded away from 0 and co. We also define
the adapted process (Mi(a, W))iet by

o) Mi(a,W) = Li(c, W) - [Tozh L (e, W)= PG+ ak) g — o T,
Ml (aa W) = Ll(a7 W)
Here is the solution to the martingale problem M above.

Theorem 3.1. For W € L™ and o = (ay,...,ar) € (0,00)T, the solution (My)ser
to Problem M is unique and given by My = My(a, W) fort € T.

Proof. For simplicity, we write Ly = Li(a, W) for t € T.
Step 1. Let t > 3. Since HZ_:11 L,;B(kﬂ)/a(k) is F;_1-measurable, the process
(My)ier defined by My = My (o, W) satisfies

—1 N
Eea[Mi] = EpalLi] - T], _ Ly Bk+1)/a (k)

B(t)/B(t—1
_ [fO/8-)

However, since F;_1[L¢] , we get

— - alt— t—2 o
By [M,] = Lfﬁtl)/ﬂ(t 1) 'Ltfl(t)/ (t—1) szl L; B(k+1)/a(k)

t—2 o
SRS | M LA

Treating the case t = 2 similarly, we see that (M;) is an (F;)-martingale. Also,

T t—1
HMtl/a(t) = [V, th? Li/e® <Hk—1 L;ﬁ(k—&-l)/{a(k)a(t)})
teT
1/a(t [T t —B(k b D)at
08 P B S ) e ]
- [H Ll/a(t)}_ HT HT L-1/att) —B(k)/a(k=1)
teT t k=2 t—k k—1

_ 1/a®] 177 ;-1/at-1)] _ ;1/a)
N [HteT Lt } ' Hk:2 L } =Lr

yielding (3.2). Thus (M) is a solution to Problem M.
8



Step 2. We show the uniqueness. Assume that (My):er is a solution to Problem
M. Then,

T—2 o _ o
(3.3) [ L ““)] MY = By [Ly] e,

From this, we have the decomposition
(3.4) Mp_y=Ly_1-Np_a,

where Np_5 is an Fr_s-measurable random variable. We see that Np_o satisfies

T=2 " 1/a(k 1/8(T—1
[ k=1 Mk/a( )} 'NT/72( =1

However,
Mrp_o = Er_o[Mr_1] = Ep_o[Lr_1] - Np_o = Li(_T{”/ﬁ(T_Q) - Np_o,
so that

T=3 _ 1/a(k 1/8(T—2 —B(T—=1)/{c(T—2)3(T—2
{ T e )] CNY/ITD) g0 e(T-2p(T-2)

Thus, N7_5 also has the decomposition

NT,Q = L;é(szl)/a(Tfﬁ . NT73a
where Np_3 is Fp_s-measurable. Moreover, this and (3.4) give
(3.5) Myp_y = Lp_y - L2702 O Ny

The random variable Np_3 satisfies

T=3 ° 1/a(k 1/8(T—2
|: k=1Mk/():|'NT/—3( '=1.

However, from
ET—Q[LT—l] _ L?(_TQ—U/MT—Q),
ET—S[LT—Q] - L?”(_T3_2)/B(T_3)7

we find that
Myp_3 = Ep_s[Mr_1] = Ep_3[Lr_1 'L;é(ngl)/a(sz)] “Np_3
= Ep_3[Ep_s[Lr_1]- L;é(ngl)/a(sz)] “Nr_3
= Er_s[Lr_2]- Nr_3 = L§q372)/6(T73) - Nr_s.
Therefore,

T4 1/a(k 1/3(T—3 —B(T—2)/{c(T—3)3(T—3
{ T <>]_NT/_3< ) [T aT-8)5(-8))
so that Np_3 has the decomposition
Np_g = L2020 Ny,
where Np_y4 is Fr_s-measurable. Moreover, from this and (3.5), we get
Mp_y = Ly, _L;€(2T—1)/a(T—2) 'ng(BT—m/a(T—S) Ny,
Repeating the arguments above, we finally obtain

T-2 _ o
Mpr =Lt - szl L, Alet1)/alk)
9



On the other hand, we find from (3.2) and (3.3) that
Mr_y- Lt

My = S or
T Ep_+[Ly]

Moreover, Er_1[Lr] = L?ﬂ(_Tl)/mT*l). Combining,

My =Ly L;g(lT)/ﬁ(T—l) My,

_ _ T-2 _
= Lp- LTg(lT)/ﬂ(T 1), Lr_q- I |k:1 Lk B(k+1)/a(k)
T-1
—B(k+1)/a(k
N | R L)

Thus Mt coincides with My (a, W). However, since both (M;) and (M;(«, W))
are (F;)-martingales, this implies that the two processes are identical. Thus the
solution to Problem M is unique. ([l

The next theorem follows immediately from Theorems 2.8 and 3.1.

Theorem 3.2. The optimal intertemporal risk allocation (Xi)ier € A(W) of W €
L% for the exponential utility function ui(x) in (EU) is unique and given by

(3.6) exp(—ay X;) = My(a, W), teT.
We need the next proposition later.

Proposition 3.3. Letz € R, Z € L™ and a = (a1, ...,ar) € (0,00)T. Then, the
following assertions hold:

(a) Li(a,x) = exp(—Fx) fort € T.

(b) Li(a,z — Z) = exp(—Pex)Li(a, —Z) fort € T.

Proof. The assertion (a) follows immediately from the definition of (L;(e, z)). If
we put L} := exp(—0¢x)Li(a, —Z) for t € T, then (L}):er satisfies

{L’T =exp [—ai(z — Z)],

L, | = B [L})Pt-D/80 =2 .. T

) )

whence L = Ly(a,x — Z) for t € T or (b). O

3.2. The indifference prices for the exponential utility. In this section, we
derive the indifference prices for the exponential utility w:(x) in (EU). Let U, H :
L — R be the utility and indifference price functionals defined from wu:(z) as
above, respectively. Recall §;, Li(«, Z) and M(a, Z) from Section 3.1.

For the exponential utility, the next theorem reduces the computation of the
indifference price H(Z) to that of Li(«a, —Z).

Theorem 3.4. We assume (EU). Then, for x € R and Z € L, the following
assertions hold:

(a) U(2) = é{l — BlLi(a, 2)]}.
(b) Ulx - 2) = é{l — exp(~frz) - E[L1(0, ~2)]}.
() H(Z) = illog ElLi(a, 7).

10



Proof. Define (X¢)ier € A(Z) by (3.6). Then, by Theorem 3.2, the supremum in
(U) is attained by (X;). Since (Mi(a, Z))ier is an (Fy)-martingale and M (o, Z) =
Li(a, Z), we have

U(Z)= ZteT O%E[l —exp(—ay X)) = Z iE[l — Mi(a, Z2)]

= 1B 2} Y ait _ %{1 — ElLi(a, 2)]}.

Thus (a) follows. The assertion (b) follows from (a) and Proposition 3.3 (b). Finally,
(¢) follows from (a), (b) and Proposition 3.3 (a). O

From Theorem 3.4 (c), we see that the indifference price H(Z) does not depend
on the level w of the initial wealth for the exponential utility function.

The next proposition describes the optimal intertemporal allocation of the selling
position w + H(Z) — Z for the exponential utility.

Proposition 3.5. We assume (EU). Forz € R and Z € L™, let (X;) € A(z — Z)
be the optimal intertemporal allocation of v—2: ), . Elus(Xy)| = U(x—Z). Then,
(Xt)ter is given by

B
X1 = 2 B —log Li (e, —Z)] ,
(€51
B —
Xp ==t | o —log Li(e, —Z) + > - log Li(a, ~2) |, t=2,....T.
at —1 Ok

Proof. Let t > 2 (the case t = 1 can be treated similarly). By Theorem 3.2 and
Proposition 3.3, the optimal intertemporal allocation (X;) of x — Z satisfies

t—1

e_atXt/Bt - Mt(avx - Z) = Lt(aa T — Z) : H Lk(avx - Z)_ﬁ(k—i_l)/a(k)

k=1
e T (e B /ah)
=¢ Hk:l (6 )

t—1
x Li(a,—Z) - Hk—l Li(a, —2)BkAD/alk)

whence
ap t=1 BrBrt1
EXt = {ﬁt - Zk:l 70% x
t—1
—log Li(a, —Z) + Zk:l BZ—? log Ly (o, —Z).

However, by simple calculation, we see that

B — Ztil Brbitr _ -

k=1 ak

Thus, the proposition follows. (I

4. INSURANCE PRICING

In this section, we apply the approach above to the computation of insurance
premiums.
11



4.1. Life insurance contract. We consider a life insurance contract with duration
T in which the insurer pays the insured ¢; dollars at time t € T if the insured dies
in the interval (¢ — 1,¢]. Here ¢;’s are deterministic. The insured pays the insurer
a one-time premium at time ¢ = 0.

We denote by 7 the future life time of the insured, i.e., she/he dies at time 7. We
assume that 7 is a random variable on (Q, F, P) satisfying 7(w) > 0 for all w € Q
and P(r =t) =0 for all ¢ € [0, 00).

If the insured pays the insurer H dollars as one time premium at time ¢ = 0,
then the present value of the cashflow of the insurer is given by H — Z with

7 = ZtET ét]-(t—1<7'§t)7 615 = Ct/Bt for t eT.

In the traditional pricing, the premium Hy(Z) based on the principle of equiv-
alence is often used: Hy(Z) is defined by E[Ho(Z) — Z]) = 0 or Hy(Z) = E|[Z]. 1If
the interest rates are deterministic, Hy(Z) is given by

Ho(Z) = Ztﬂ GP(t—1<7<t).
Notice that this price lacks the safety loading if the real mortality table is used.

Usually, insurance companies use modified mortality tables to ensure the necessary
safety loading (see §4.4 below).
We define a discrete-time process (Dy)iet by
Dt = 1(T§t)7 tZO,l,...,T.
Then, (D;)ter is a {0, 1}-valued nondecreasing process with Dy = 0. Notice that
for t € T, Dy =0 (resp., Dy = 1) if and only if the insurer is alive (resp., dead) at
time ¢. We denote by (H¢)ser the filtration associated with the process (D¢)¢eforur:
(4.1) Hy=0(Ds:5=0,...,1), t=0,1,...,T.
We consider the following conditional probabilities:
g :=P(r<t+1|7>1), t=0,...,T—1,
pri=1—qg=Plr>t+1]|7>1), t=0,...,T—1.
We have the following equalities:
g +pe=1 (tZO,...,T—l), qO:P(Tgl), poZP(1<T).

We use the following well-known result.

Lemma 4.1. The following assertions hold:
(a) E[Dt‘ Ht—l] =Di 1+ (1 — Dt—l)qt—l fOT’ teT.
(b) E[(]. — Dt)| Ht—l] = (]. — Dt—l)pt—l fOT‘ te T.
4.2. Algorithm for the premium computation. The aim of this section is

to derive an algorithm to compute the indifference premium of the life insurance
contract. To this end, in addition to (EU), we assume the following conditions:

(R) The interest rate process (r¢)ter is deterministic.
(F) The filtration (F)eqoyur is given by (H¢)ieqour in (4.1).
The condition (R) implies that the riskless bond price process (Bi)ier is also de-

terministic.
The o-algebra Fr is generated by the followng decomposition of €2:

Q=0<7<NHUA<7<2QU---UT -1<7<T)U(T < 7).
12



Hence, if Z € L>=(Q, Fr, P), then Z has the decomposition of the form

T
(Z) Z = Zztl(t71<7'§t) + zre1lir<r

t=1
with some real deterministic coefficients z;, t = 1,...,T+1. We also write z(t) = 2.
For example, in the life insurance contract considered in the previous section, we
have z; = ¢, fort =1,...,T and 2041 = 0.

Recall B¢ from (8). For Z € L with representation (Z), we define the real
deterministic sequence (h;)7_, by the following backward iteration:

hy = ez(T+1)7

(h)

1/B(t)
heoq = |20 g,_ 1+ By, , t=1....,T.

Recall the definition of the process (Li(a, —Z))er from Section 2.

Proposition 4.2. We assume (EU), (R) and (F). Then, for Z € L*> with (Z),
the process (Li(a, —Z))tet is given by

Li(o, —2) = AW Dy 4+ 52D (1 = py),
(L2) Lt(aa *Z) = exp [/Bt 22;11{29 - Zs+1}DS}
o [emt)z(t)Dt FRIO (1 - Dt)} L t=2,...,T.
Proof. For simplicity, we write L; = L;(a, —Z). Since
1(t—1<‘r§t) =Dy — Dy (t: 13"'7T)’ 1(T<7') = lfDTa

we have
T-1

(42) 7 = Z{Zt — Zt+1}Dt + ZtDT + ZT+1(1 — DT)
t=1

To prove (L2), we use backward mathematical induction with respect to ¢.
First, if ¢ = T, then from (4.2),

T—1
Lp = exp {ﬁt thl {z - Zt+1}Dt] ~exp [Bi{z Dy + zry1 (1 = Dr)}] .
However, since D is either 1 or 0 and h; = exp(z741), we have

exp [ﬁt{ZtDT —|— ZT+1(1 — DT)}] = eﬁ(t)z(t)DT + hf(t)<1 — DT);

which implies (L2) with ¢t = T.
Next, we assume that (L2) holds for ¢ € {2,...,T}. Then,

Ep1[Li] = exp {ﬁt ZZ:I{ZS - Zs+1}Ds:| By {eﬁ(t)z(t)Dt +hM (1 - Dt)} ;
where, as before, we write E,[X] for E[X|F;]. By Lemma 4.1,
By ["O50D, + 0] (1 - Dy)]
= P OOID 1+ (1 De1)gr—1} + 1y (1 = Dy1)pe—s
— S0 p, | 4 {emt)z(t)qt_l + 1P, (1 - D)

= e’B(t)Z(t)thl + hfitl)(l - thl)'
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Hence, noting that D;_; is either 1 or 0, we obtain

Li | = Et_l[Lt}ﬁ(tfl)/ﬁ(t)
[ t—1
= €xp _ﬁtfl Zs:l{zs - Zerl}Ds

% [eﬁ(t—l)z(t)Dt71 n htﬁ_(tlfl)(l _ thl):|

[ t—2
= exp ﬁt—l Zg:l{zs - Zs-l—l}Ds

» [eﬁ(tfl)z(tfl)Dt_l T hf£t1_1)(1 _ Dt—l)] ,

which implies (L2) with ¢ — 1. Thus, (L2) holds for ¢ > 1. O

We are ready to give the algorithms to compute the indifference premium H (Z)
and corresponding optimal allocation of the selling position w+ H(Z) — Z. We see
that the computations are reduced to those of hy, t =0,...,T, in (h).

Theorem 4.3. We assume (EU), (R) and (F). Let Z € L™ with representation
(Z). Then, the following assertions hold.
(a) The indifference price H(Z) is given by H(Z) = log hg.
(b) Let (X:) € Alw+ H(Z) — Z) be the optimal intertemporal allocation of
w+ H(Z)— Z: Y,er Blw(Xy)] = U(w + H(Z) — Z) = U(w). Then,
(X¢)ter is given by

B
Xy = 0711 [Bi(w+ H(Z)) — Prz1 - Lo<r<1) — Prloght - Lacr)],

t
B
Xy == |pi(w+ H(Z)) - Zﬁkzk Ap—1<r<k) — Beloghy - 1p<r)

Qi

k=1
t—1 ﬁ
+Zﬂ,@kloghk-l(k<f) , t=2,...,T.
k=1 Ok

roof. (a) Since E[D1] = qo and E[l — D1] = po, it follows from Proposition 4.2
that
E[Ly (o, = Z)] = ePW*W g 4 D0 = pSO)

The assertion (a) follows from this and Theorem 3.4 (c).
(b) From Proposition 4.2,

log Li(a, —=Z) = B121 - Lio<r<1) + Brloghy - 1a<ry
and, for t =2,...,T,
t—1
log Ly(a, =2) = Fi | D {zs =241} Ds+2- Dy
+ ﬁt loght . (1 — Dt)7
t
= [ [2521 Rs 1(s—1<'r§s):| + B log hy - 1(t<‘r)'
We see that
= Brt15k
- —— = Ds, 1< t<T.
b= == =8 s <

k=s
14



Hence, we have, fort =2,...,T,

t—1
log Li(o, —Z) — Z ﬁ’;—:l log Ly, (o, — 2)
k=1 K

5s+1
91 he'ls T
o, Bs log h. (s<T)

t—1
= Peloght - Lp<r) — Z
s=1

t—1
t O k
+ ﬁt |:Zs:1 Zs 1(s—l<‘r§s):| - Z a':;l ﬂk |:Zsl Zs 1(5—1<TS8):|

k=1

t—1
= Biloghe — Y- 5 10gh,
s=1 S

t—1
t—1 3
+ Btzt : 1(t71<'r§t) + Z |:ﬁt - Z Wﬁk:| Zs* 1(871<T§8)

k=s «
s=1 k

ﬁs 1 :
Oz-: ﬁs IOg h - 1(s<7') + Z;ﬁszs : 1(571<T§s)~

t—1
= ﬁt IOg ht . 1(t<.,.) — Z
s=1

This and Proposition 3.5 yield the assertion (b) with ¢ = 2,...,7. We can prove
the case t = 1 in the same way. (I

Remark 4.4. In the premium calcluation method in Theorem 4.3, we have assumed
that the interest rate process (1¢)ter is deterministic (the condition (R)). If instead
we assume, e.g., that (r;)ier is a Markovian processs that is independent of 7,
then we obtain a similar pricing method that involves the transition probabilities
of (r¢)ter- Such extensions to the case of random-interest-rate will be reported
elsewhere.

4.3. Dependence on the risk aversion coefficients. As in the previous section,
we assume (EU), (R) and (F). The aim of this section is to investigate the depen-
dence of the indifference price H(Z) on the absolute risk aversion coefficient set
a=(a1,...,a¢) € (0,00)T. To emphasize the dependence on «, we write u;(z; a),
Ua(Z), Ho(Z) and hi(a) for the exponential utility function u(z), utility U(Z),
indifference price H(Z) and h; in (h), respectively. In what follows, o — 0+ (resp.,
a — o0) means that oy — +0 (resp., oy — o0) for all ¢ € T.

To study the asymptotic behavior of H,(Z) as & — 0+, we need the next lemma.

Lemma 4.5. For z € R, ¢ € [0,1], and g : (0,00) — (0,00) with limit ¢ :=
lim,_,o4+ logg(x) € R, we define f(x) := [ge** + (1 — q)g(:c)z]l/z for x> 0. Then,

Jim log f(z) = gz + (1 - g)e.
Proof. Take € > 0. If x is positive and sufficiently close to 0, then
L1og [ge 4+ (1 - )e 7] < log f() < Llog [qe + (1 - )7
which yields

gz+ (1 —q)(c—¢) < lim(i)glrflogf(x) <limsuplog f(z) < gz + (1 — ¢)(c+¢).
T— z—0+

Since € > 0 is arbitrary, the lemma follows. O
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For Z € L* with representation (Z), we have

T
BlZ] =) uPt—1<7<t)+ 201 P(T <7).

t=1
We define Hy(Z) by

Hoo(Z) := max{z1,..., 27041}
We can view E[Z] (resp., Hx(Z)) as a lower (resp., upper) bound for any reason-
able price of Z. From the next theorem, we see that H,(Z) takes any value in
(E[Z], Hso(Z)) by a suitable choice of a € (0, 00)%.
Theorem 4.6. We assume (EU), (R) and (F). We also assume 0 < ¢ < 1 for all
t=0,...,T—1. Then, for Z € L*°, the following assertions hold:

(a) E[Z] < Hy(Z) < Hyo(Z) for all a € (0,00)7.

(b) lirngHa(Z) = E[Z].

(¢) lim Hy(Z) = Hxo(Z).

(d) For everym € (E[Z], Hoo(Z)) and o = (a1, ..., a7) € (0,00)T, there exists
p € (0,00) such that 1 = Hpo(Z), where pa := (poa, ..., par).

Proof. (a) By (3.1), we have u;(x; o) < x. Hence, for W € L,

U (W) = sup {ZtTOE[ut(Xt,a)] (X)) € A(W)}

< sup {E {Z; Xt} (X)) € AW b = B,

which implies 0 = U, (Ho(Z) — Z) < E[Ho(Z) — Z] or E[Z] < H,(Z).
By (h), we have hr(a) < exp[Hs(Z)]. Moreover, if hi(a) < exp[Hoo(Z)], then

he1(@) < [qtileﬁ(t)Hoc(Z) _’_ptileﬁ(t)Hoc(Z)]l/ﬂ(t) _ Ha(2)

Thus we finally see that h,(0) < exp[Ho(Z)]. This and Theorem 4.3 (a) give
Ho(Z) < Hoo(Z).
(b) We have 8 — 0+ as o — 0+. Hence, by applying Lemma 4.5 iterately to
1/B(t)
hi—1(a) = [eﬂ(t)z(t)%—1 + ht(a)ﬁ(t)ptq} , t=1...,T,

with ¢ = 8¢, ¢ = q1—1, 2 = 21, and g(z) = he(a), we see the existence of the limits
ht(0) :=limq 04 he(e), t =0,..., T, satisfying

IOg ht(O) = ZT+1,

log hy—1(0) = qi—12¢ + pe—1loghy(0), t=1,...,T.
From this, we get

T—1 t—1 T—1
IOg ho(O) = qo~1 + Zt:l <Hs—0 ps> 4241 + (HS_O ps> ZT41-

However, we have ¢go = P(0 <7 < 1),

pog1 = P(r>1)P(r<2lr>1)=P(1l<71<2),

and more generally,

t—1
(Hops)th(t<r§t+1), t=1,...,T—1.
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We also have Hz_l ps = P(T < 7). Thus

T
logho(0) = Y #P(t—1<7<t)+ 201 P(T <7)=E[Z]

t=1
or
Jim Ho(Z) = i logho(a) = E[Z]
(c) Let Hoo(Z) = 2, with to € {1,...,T 4+ 1}. If tp > 2, then

1/B(t)
> glf =)

By —1() = |quy—1ePCOH=(ZD) L by (o))
which, together with (h), gives
ht072(a) > pz()/fgto—l)ht071(a) > pio/f(zto—l)qtlo/fgto)eHoc(Z).

Repeating this argument, we finally obtain

to—2 s 1 Bt -
tafa) = (T /7ee0 ) il en=ca).
Similarly, if ¢ = 1, then hg(a) > qé/ﬁ(l)eHN(Z). Therefore, since § — oo as
a — 00, we obtain

liminf H,(Z) = liminf log ho(a) > Heo(Z).

However, H,(Z) < Hoo(Z) by (a), so that lim, oo Ho(Z) = Hoo(Z).
(d) By the construction in (h), ho(a), whence H,(Z) = log ho(c), is continuous
in a € (0,00)7. Therefore, the assertion (d) follows from (a)—(c). O

4.4. Numerical examples. We compare the indifference pricing method in The-
orem 4.3 with traditional ones by applying them to the following same insurance
contract:

Type of insurance: term mortality insurance.

Age at issue: 30 years old.

Sex: male.

Term of contract: from 1 year to 30 years.

Loading of premium: excluded.

Mortality rate: Standard Mortality Table 2007 for mortality insurance
(made by the Institute of Actuaries of Japan).

Discount rate: 2%.

e Payment method: annual payment.

e Sum assured: 1 (during the entire contract term).

By using the notation in the previous sections, the aggregate risk Z of this contract
becomes

T
1
7= .
<~ (1 +0.02)¢ (t-1<r<t)

The traditional pricing methods that we use here are as follows:
(1) Traditional method without risk loading:

T

1
The premium TP1(T) = Z —
—~ (1+0.02)
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(2) Traditional method with risk loading:
T
The premium TP2(T) = »
t=1
where Q) := Q; + {Q:(1 — Q)}Y/? with Q; := P(t —1 <7 <t).

As above, we write TP1(T") and TP2(T) for the premiums of the contract with T'
years of term obtained by the traditional pricing methods (1) and (2), respectively.
For the values a = 1.0, 1.5, 2.0 and 2.5, we denote by IP,(T") the premium of the
same contract obtained by the indifference pricing method in Theorem 4.3 with
a(t) = a. We also write IPg(T') for the premium of the same contract calculated
by the pricing method in Theorem 4.3 with a(t) = 0.6 + 0.361/%, the form of which
is chosen to fit the graph of the indifference prices to that of TP2. We used the
nonlinear least-squares to determine the form of «(t) for IPg (7).

In Figures 4.1-4.3, we plot the graphs of TP1, TP2, IP,, and IPg,. We see
that the fitted premiums IPg(7") simultaneously approximate the corresponding
traditional prices TP2(T") well. We have repeated this procedure for various prices
and obtained good fits in most cases. This observation suggests the following implied
utility approach to coherent pricing: insurance companies estimate their implied
utility functions by applying this method to existing products, and then refers to
them in pricing other products.
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