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1 Introduction

It is well-known that the linear equation of displacements u = w(t,z) for
isotropic, elastic waves is

uy — div (A(div w)] + p(Vu + 'Vu)) =0, (1.1)

where Vu = (9;u’) is the gradient matrix and A, p are Lamé constants which
satisfy 3A+2p > 0, p > 0 by physical requirements. The boundary condition
for the traction problem is

n - (Mdiv u)] + p(Vu+'Vu)) =0, (1.2)

where n is an outer unit normal to the boundary.
In this paper, we investigate divergence-free displacements ! of the form;

u(t,:c) =" (1’290(?5,7“), —33’1@(75,7"),0)7 r= ’wla T = (.2131,.%2,33’3).

In the exterior domain {r > b} with a constant b > 0, we find from (1.1)
and (1.2) that ¢ satisfies the wave equation with a propergation speed ¢ =

*Partially supported by Northern Advancement Center for Science & Technology (No.
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, that is the equation of the transeverse wave, and Neumann boundar
H y
condition;

4¢3 .
Pt — 7290T - Cg(ﬂf‘r =0 in [0,00) X [b,00), (1.3)
w0, =0 on [07 OO) X {b}

Here and hereafter we set the initial condition;

90(077") = 900(7’), gpt(O,T) = 901(7“), (1'4)

where ¢y and ¢; are given functions of bounded support.
We also define the energy for (1.3) involving boundary integral;

Be.Rt)= [ (v + 2o+ o) + 26} do
b<|z|<R (1.5)
+ 2bppdS,,.
|z|=b
Then we can prove

Theorem 1 Let ¢ be a solution of (1.5).

1. (energy conservation) The following equality is valid for all t > 0.

E(p,00,t) = E(p,00,0). (1.6)

2. (local energy decay) For any R > b, there exists a positive constant
C' = C(R) such that the following inequality is valid for all t > 0.

tE(p, R, t) < CE(p,0,0). (1.7)

Since Huygens’ principle holds for (1.1), Morawetz argument in [2] leads
to the exponential decay of the local energy;

E(p, R, 1) < Ce ™ E(p, 00,0)

with some positive constants C and «. This is the final goal of this paper.
The method of the proof of the second part of Theorem1 is based on another
work of Morawetz [1].



2 Energy conservation

In this section, we shall prove the energy conservation property stated in
Theoreml. First of all, we note that the solution ¢ of (1.3) satsifies

L(r*p) =0,
where a differential operator L is defined by
L =0} —c30° +2c5r 2.
Here we make use of

Lemma 1 Let ¢ be a smooth function of (t,r). Then the following identity
15 valid.

9 (Q(¥)) + 0r (Q1(¥)) = 20 L(¥), (2.1)
where QQ and Q)1 are defined by
Q) =i + U7 + 25722,
Q1(v) = —203%%-

Proof. This is a usual divergence form of space-time. Lemma follows from
direct computations. O

Introducing a notation

E()(t) = / QW) (tr)dr,

we obtain

Proposition 1 Let ¢ be a solution of (1.3). Then the following equality is
valid for all T > 0.

E(r*¢)(T) + 2ub’(T, b)* = E(r?¢)(0) + 2ub°¢(0,b)° (2.2)

Proof. Integrating (2.1) with ¢ = r?¢ over [0,T] x [b, >0), and making use
of the boundary condition, we have this proposition because of

Q1(r?¢)(t,b) = —2c3b°pu(t,b) (2b0(,b) + b, (L, D))
= —263b°0, ((t,b)%) .

O

The energy coservation in Theorem1 immediately follows from this proposi-
tion. Because the polar coordinate shows that

E(p,00,t) = 4 (E(p)(t) + 2ub’p(t, b)?) .



3 Local energy decay

Now we shall prove the local energy decay property stated in Theoreml.
First we set the boundedness of the support of the initial data to be more
clear as

supppo, suppy; C {b <r <k},

where k is a fixed positive constant greater than b. Making use of the mul-
tiplier similar to Morawetz [1], we have

Lemma 2 Let 1) be a smooth function of (t,r). Then the following identity
15 valid.

2(thy + ripr + 2¢0) (FPL(r*y))
= 0, {tQ(r*¢) + 2rd,(r*)8,(r*¢) } + 0, (tQ1(r*v)) (3.1)
-9, {cgr (&(TQ@/)))Q +r (at(r2¢))2 — 2031"3@/12}

Proof. This lemma is proved by direct computations as follows. Setting
U = r%y), one can see that

2l (TQL(TQ@Z)))

= 2t0,(Uy — 3, + 2c3))

= 0;(tV}) — W? — 0,(2c5t 0, 0,.) + 2c5t W, U, + 0 (2c5tr?e?) — 2c5129)?
=0, (tQ(V)) — U2 — 202 — 222r%? + 0, (tQ1(T)).

Moreover W, = 121, + 2r1) yields that

2(rip, +2¢0) (r*L(r*y))

=20, (Uy — &3V, + 2c39)

= 0,(2r ¥, W) — 2rU, W, — 0,(c3r W) + W2 + 43, + 8cary?

= 0,(2r U, U,) — 0,(c3r V2 + 7U7) + U7 + W2 + 0,(2c57°0?) + 2c3r9%.
Therefore lemma is proved. O

Integrationg (3.1) with ¢ = ¢ over the domain

{(t,r) : b<r<ct+k 0<t<T}

we have, by L(r%p) = 0, that

/bcz ' {TQ(TZ(p)(T, r) + 2r8r(r290)8t(r2<p)|t:T} dr

k (3.2)
—/ 27“8r(r290)6t(r2ap)}t:0 dr+1=0,
b

4



where

dt.
r=b

I= /OT {—th(TQso) +6r (0:%9))" + 7 (0(°0))” 2037"3""2}

Since the boundary condition yields that
0,(r*p) = 2bp + b*p, = 2bp,

we find by Q1 (r?p)(t,b) = —2c2b*p, - 2by that
2
T

T
1= cgbg/ (4t<,0tg0 + 4¢? — 24,02) ‘T:b dt + 65/ gof|rzb dt.
0 0

Making use of
dtpyp = 28t(t<p2) — 2%,
we obtain

T
I =2c30°To(T,b)? +b° / wu(t, b)2dt. (3.3)
0

Note that N
‘/ 2r@r(r2g0)8t(r2gp)‘t:0 dr
b

Hence it follows from (3.2), (3.3) and (3.4) that, for R > k,

{TQ(r*¢) + 210, (r*0) 0 (r*¢) }|,_, dr + 2c36°T'o (T, b)?
< ¢, 'kE(9)(0) —/R {TQ(r*¢) + 2rd,(r *0)H,_pd

where we set
M = max{c,T + k, R}.

Then, by energy conservation, we have

‘/ 210, (r2p) 0, (r ){tT

< c2T+k>/ 10, ()10 (r*¢)]|,_p d (36)
R

<2 [ 10030100,y dr + KE()O)

< ¢ 'kE(9)(0). (3.4)



Here we find that

/ Q)i +24 [ 10.0%)106%)dr
/ {020 + E(0.(%¢))} dr

ez ( /R (Or(r* ))2d7~) " ( /R ; C%(@»(?"ggo))er) " (3.1)
- { ([ owora) o[ douor) 1/2} .

Moreover the energy conservation again yields that

R
< QR/b [0 (PO )l| —pdr (3.5
< ¢; 'RE(¢)(0).

R
/ 210, (r2p) 0y (r* ) ‘t o dr
b

Therefore, summing up all the estimates (3.6), (3.7) and (3.8), we obtain by
(3.5) that

(/ Q(r*o)(T,r)dr + 2ub’o(T, b)2) < CE()(0)
holds for all T" > 0, where a positive constant C' can be taken as
C=k+c;'(k+R).

The proof of Theoreml is ended by this inequality.
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