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Abstract

We study crystalline driven curvature flow with spatiallynumiform driving force term.
We assume special monotonicity properties of the drivimghtevhich are motivated by
our previous work on Berg'’s effect. We consider specialahidata which we call ‘bent
rectangles’. We prove existence of solutions for a genexicifig term as well as generic
subclass of bent rectangles. We show the initially flat &aoedy begin to bend, provided,
loosely speaking, they are too large. Moreover, dependmthe initial configuration we
notice instantaneous loss of regularity of the moving curve
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ciple
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1 Introduction

In our previous paper [GR5] we initiated studies of evolataf special Lipschitz curves,
which we calledbent rectangles (see next section for the definition) by the driven singular
weighted mean curvature,

BV =ky+o onl(t). (1.2)

Let us explain the rational for considering evolution of swtirves. Many authors in the
physical literature consider circular cylinders as an agipnation to hexagonal prisms,
which are the shapes of ice crystals. We also studied this to@ series of papers, see
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[GR1]-[GR4], where we adopted the Gibbs-Thomson law witlekic undercooling on the
cylindrical interface. We are interested in what happensmithe interface loses stability,
i.e, it begins to bend. We expect that the cross-section of diarméng interface after the
onset of instability is just a bent rectangle.

We defined in [GR5] the crucial notions and proved local inetiexistence for a re-
stricted class of data. By data, we mean the curve itself #ss/éhe driving forces. Here,
we permit a generic driving, conforming to the Berg's effect and symmetry conditions,
i.e.forallt >0

do .
xiy(t,xl,mg) >0 forux; #0, i=1,2, 1.2)

and
a(t,wl,wg) = O’(t, —1‘1,1‘2), a(t,wl,wg) = a(t,xl, —(Ez). (13)

Here, our assumptions enare generic, in the sense that anysatisfying the symmetries
above and (1.2) after a small perturbation (in @etopology), not only conforms to the
same restrictions but also fulfills the hypothesis of ourdrken 1.1 below. We exclude,
however, one type of initial curves, because our methodsarepplicable. We shall
comment on that after Proposition 3.4.

On the way we discover new phenomena, they may be most eagigirmed in the
terms of smoothness. We have already seen that the intrfaaint, separating the flat
part of I'(¢) from its curved part, is the point where the solution may ldisierentiability.
To be precise we have seen in [GR5] that if the velocity of tterfacial point is not
zero, thenl'(¢) is as smooth as the dalgy. On the other hand if this interfacial point is
motionless, then this is the point of non-differentialgildf I'(¢) for ¢ > 0, no matter how
smooth the data were. This event of loss of differentigbiliis observed for the only type
of interfacial curve considered in [GR5], which we dalhgency curves.

This phenomenon is recorded to hold for the remaining typthefinterfacial curve,
which we discovered here. We call thematching curves. We show below that’(¢) is
never differentiable at theatching curves, no matter how smoothy is. This is presented
in our existence result, Theorem 3.5. In other words, welstxan example of a parabolic
equation, whose solutions suffer from a loss of regularithis phenomenon is also ob-
served if the parabolic equation degenerates in some idins¢see [GSS], [G].

We have seen that for a convenient choicegafquation (1.1) reduces to a system of
ODE's, see (2.7) below. The resulting system of ODE'’s isaxdbi it is supplied with the
evolution of the interfacial points, separating flat facatsl the curved part df(¢). In
[GR5] we were able to close the system but for a restrictesksatéio, satisfying what we
called a working hypothesis, [GR5, eq. (3.12)]. The intgdhpoints moved along what
we call heretangency curves. In the generic case the interfacial points move also along
another type of curves called heratching curves.

One of our main results is Theorem 1.1 exhibiting existerfceotutions to (1.1) for
special Lipschitz curves calldobnt rectangles, which are defined in the next section. In
order to state Theorem 1.1, we need quantitigs X7, ©F, . They are defined by
formulas (3.14), (3.26) and (3.41). Then, we can state tha eastence result as follows.

Theorem 1.1  Let us suppose that is of classC' on[0,T.) x R?, it satisfies (1.2) as
well as (1.3),0 is given by (2.7) and is defined by the formula below,

v(p1,p2) = YAlp1| + yrlp2| (1.4)



If the initial curvel'y is a bent rectangle (possibly a rectangle) defined by (BR)vhel
loo < lLip and none of the quantities), 2{\, Z(’f, Z{% are zero, then there exists a unique
local-in-time variational solution to (1.1) on a time intat[0,T),0 < T < T,.

In fact, the inequalitylog < 1o is a technical restrictions. These two quantities are intro
duced at the beginning of Section 3.

We have to explain the appearanceng, i = AR, 5 = 0,1. Roughly speaking,
28 >0 (respectively,Eg < 0) forces the flat portion (facet), which crosses iheaxis to
expand (respectively, to shrink). One sufficient condifion:) > 0 is that% <0
for o independent of time. In this case, at the end of a flat facdtigency condition fails
for t > 0 and its motion is a matching curve.

Theorem 1.1 is proved in Section 3. It is the content of TheoBe7, which specifies
what exactly happens according to the sign§§),fz’ =0,1,k=AR.

Another principal result is Theorem 3.8 about bending dfatty flat facets. It is much
more general than similar result [GR5, Theorem 3.1]. Oncengerstood the evolution of
bent rectangles, this result seems easier, because theugtrofI'(¢), ¢ € (0,7") is more
transparent in the general case. The proof is given is Stibse®:2. Finally, we present a
few examples ir§3.3.

In Section 4, we show uniqueness of our solutions. This réstiased on the mono-
tonicity argument presented in the proof of [GR5, Theorej. 3Ve adapt it here to handle
the new phenomenon.

It is important to study stability or continuous dependentesolutions upon initial
data and the driving force. Once this is proved, we would be able to show the strong
containment principle as in [GGu]. But we do not touch thigi¢dhere.

2 Setting up the problem

Here, we recall the notions we used in [GR5]. We considerutisi of bent rectangles, as
defined in [GR5]. The case of graphs is simpler and may beyadsilved from the present
one, thus it is omitted here.

After some slight improvement in comparison with the oraidefinition (see [GR5,
§3.1]), we shall call a Lipschitz closed cur¥ea bent rectangle if the following conditions
are satisfied:

There exist even, Lipschitz continuous functiaff$, ‘R — R, , which are
non-decreasing for positive arguments and there are ymsitimberd.;, R; such
that

dMLy) =Ry,  dR(R) =L,

In addition d® is constant in a neighborhood of zero ahg (respectively,d” is
constant in a neighborhood of zero aRg), furthermore

(BR) I'=0{(x1,22) : |71 < dA(xg) 2| < df(zy)}.

We shall call the point$+ R, +L;) vertexes ofl". Thus, after we set

S/:{: = {(SL’l,:L'g) el': z1 = :EdA(:L'g), To € [—Ll,Ll]},
S; = {(:L'l,:L'g) cl: Ty = :EdR(l’l), xr1 € [—Rl,Rl]}
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we notice that the graphs afd®, +d make up the whol& (1), i.e.
I'=SpUSEUSy USK.

We will collectively write S for Sz and Sy for Si. We will call themsides of T'(¢).
Vertexes ofl" are the intersections% N Si. Moreover, the sides meet at vertexes at the
right angle.

We will denote byn the outer normal t@' and more specifically

ny = (1,0), (resp. ngp =(0,1))

are normals to the faceted regions%f, (resp.Sg). A rigorous definition of the notion of
faceted regions is given later just before formula (2.8hia section.
The curvatures.,, appearing in (1.1) is defined by

Ky = —divgy(n),

wheren is the outer normal td' and~ is a surface energy function. In our case vecaior
is defined onlyH'-a.e. The physical examples we have in mind, see [GR1], givihe
motivation to consider

Y(p1,p2) = Yalp1| + v7|P2| (2.1)

We notice that the flat parts with normals belonging to theofabrmals of the Wulff
shapeV,, are energetically preferred. For the sake of completemessgcall the definition
of W,

and the surface energ¥;(.9),

B(S) = / ~(n) dH.
s
In our problemlV,, is a rectangle of the following form,

W, = {z = (z1,22) € R*: |z1] < y(ny), |z2| < y(ng)}

It is a well-known fact thal?’, minimizes E under the volume constraint. Now, the fun-
damental problem is apparer¥:y(n) is not defined on bent rectangles on sets of positive
H!-measure. In the case of the rectangle with its side parali¢he sides ofiV’.,, the
situation is even worse, because/(n) is nowhere defined.

In order to resolve this issue we apply a variational prilsiprhich we used in [GR5].
A similar approach was implemented by the Italian schoodNFR]-[BNP3], reflecting the
idea of [FG]. Namely, we replace the gradi&ny by the subdifferentiad~. This is justified
by convexity of-. Since in generad~y is not a singleton, this leaves us with a necessity
to select the proper Cahn-Hoffman vector fi€ld) € 9v(n(z)). We note that this task is
obvious on curved parts ath, SE, because& is a singleton there, while it is not trivial
on flat facets.

We impose quite natural constraints grsee [GR5],

divsé € L?(S).



This implies that - v has a trace, where € T..S; is a normal vector t&;, i = R, A. If
we combine it with

dv(ng) NOy(ny) = {p},
then we see thdt satisfies a boundary condition

£|U87't8(2 =D

The necessity of selectingimplies that in order to define a solution to (1.1), we need to
specify not only a curv&'(t) but also (¢, -). After [GR5], we recall the notion of solution.
Namely, we call bya solution to (1.1) a family of couplesI'(¢),£(t)), t € [0,T), such that
for someT" > 0, the following conditions are satisfied:

(a) For eacht € [0,T) the curvel'(t) is a bent rectangle and*, d* are continuous
functions of its arguments, for eaahd’(-, ), j = A, R are Lipschitz continuous and for
eacht € [0, T) the functionsd’ (¢, -), j = A, R are Lipschitz continuous;

(b) € : Uepory{th x T'(t) — R? is at each time instant a Cahn-Hoffman vector. If
M := supypo ) max{Li(t), R1(t)} + 1, and if forj = A, R we set

) (—7(n2),7(ng) @ € [~M,—R()],
ER(t,a) = { &t (2, dR(t,2)) = € [~R(),R(),
(1(na),7(mR) @ € [R(t), M];
2.2)
) (—1(n),—v(ng)) = € [-M, ~L(1)],
Et,z) =4 &t (dM(t,2), )) rel-L

)
(=v(na),v(ng)

then we assume that— &/ (t,-) € L>®(0,T; L*(—M, M)), j = A, R;

(c) Equation (1.1) is satisfied in the? sense foa.e. t > 0.

A remark on the argument @fis in order. In principle the Cahn-Hoffman vector de-
pends upon time and(z1, z2) € I'(t). However, we shall frequently suppresand write
¢(xz) when the meaning of the second spacial argument is cleartfieronontext, e.g. on
the sides.

We also distinguished variational solutions based on aifipa@y to select. In order
to define them, we introduce two convenient energy functimna

1 :
Ei(&) = 5/ lo —divsé?dH!, j =R, A. (2.3)
Sj
Their natural domains of definition are the sets of Cahn-aff vectors, satisfying all the

above constraints,

Dy = {€ € L®(S)) : £(z) € dy(n(x)), divsé € L2(Sy), (2.5) holds},

Dp = {¢ € L=(Sk) : £(z) € Dv(n(x)), diveé € L2(Sk), (2.5) holds}. &)

where
§(£R1,£Lq) € Oy(£np) N Oy (Enp). (2.5)

We recall that{(T'(¢),£(t))}, t € [0,T), a solution to (1.1), was called\ariational
solution if in addition for eacht € [0,T) s, (t) € L?(S;) is a solution to

&i(§) =min{&;(¢): (€D;}, j=R,A (2.6)
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It is worthwhile to remark that a minimizer is essentiallyaure. Indeed, since the problem
is convex, we at least observe that the surface divergengg df a minimizer is unique.
But in our one dimensional setting it turns out thatself must be unique as well.

The rationale for this definition is that equation (1.1) is Buler-Lagrange equation of
Er on Sy (resp.&x on Sy) on its flat partsj.e, pre-images of faceted regions, see below
for a precise definition. This definition is in line with thetiom of solution, we used earlier,
see [GGM], [GGa], [GR3], [GR4], [GR5] and by the Italian schdBNP1]-[BNP3].

We have to recall another assumption, we made in [GR5, (MBjich simplified the
analysisj.e,, .

max (|n1], |n2|)’

B(n1,n2) = (2.7)
wheren? + n = 1.

In order to deal with different parts @f, we introduced in [GR5] a number of auxiliary
notions. Here is the first one. Let us consider an open linensay! in the plane,.e
I=(a,b)={x=at+b(1—t),tec(0,1)}, wherea,b € R2. We shall say thaf c T,
having a normal equal ta, or ng, is a faceted region of I" if it is maximal (with respect
to inclusion) and it satisfies

(o0 —divs)|r = const., (2.8)

where¢ is a solution to (2.6).
However, S5 (t) and S (¢) are graphse.g. S}, is the image of segmenit-R(t), R(t)]
under the function

x— (x,d(t,x)) = dB(t, x). (2.9)

Frequently it is more convenient to work with the inverse gmaf a faceted regiof,
(o, 8) = d~'(I). We stress that this definition permif§ (), j = R, A being a line
segment which has more than one faceted region.

In order to make the presentation more clear we propose tthesaotion of acurved
part of side to denote the (relative) interior of the subsel' givhere normah is such that
0v(n) is a singleton. In particular, it may happen that a line segroél" will be called a
curved part if its normal is different frompg, ny.

Before proceeding, we mention that in principle it is pokestb consider a more direct
approach to defining the weighted mean curvature for singulaWwe have in mind the
results of [FG], [GPR] and independent and quite differemtin a recent paper [MR],
which is however restricted to one-dimension.

3 Existence of solutions

Here, we continue the studies which we initiated in [GR5]efEh we considered two cases:
(a) evolution of a graph under (1.1) for driving terms indegrent of time and (b) evolution
of a bent rectangle for special time dependent

Case (a) was much simpler and it helped to develop the natieeged for the analysis
of (b). In the case (b), we studied evolution of bent rectasiglvhich are not rectangles.
Moreover, we could also analyze the case of rectangles,ited oata, if o satisfied the
so-called working hypothesis, [GR5, eq. (3.12)]. Here, emave this restriction on the
driving term.



We consider only the evolution of (bent) rectangles, thdwgan of graphs is easier
and may be easily deduced from our analysis. In order to ntadeptesentation more
transparent, we consider separately the cases of evobftlment rectangles and the process
of facet bending of rectangles. We will present it in sukisecB.1 and 3.2, respectively.

We want to write (1.1) in the local coordinate system with tedp of functionsd’,

j = A, R. We will recall the basic steps from [GR5], but we carefullpkain the final
form of equations because, contrary to what we did in [GRE]dw& not want to impose any
extra assumptions on solutions to (2.6). We do, howevenasshat(I", ¢) is a variational
solution to (1.1), such that each sifig has exactly three faceted regions, their pre-images
are

(—Ll,—ll), (—lo,lo), (ll,Ll), (—Rl,—Tl), (—7”0,7“0), (Tl,Rl).

Moreover, the functiondA|[0,Lﬂ, dR|[O,R1} are increasing.
We recall a useful object in the process of writing the equnaith the local coordinates,

ES(t) = {z € (I, ~lo) U (lo, 1) : 22 (t,x) = 0 ord?(¢,-) is not differentiable ak},

EE(t) = {z € (—r1,—70) U (ro, 1) : 2 (¢, 2) = 0 or d®(t,-) is not differentiable at}.
We have shown (see [GR5, Proposition 2.1]).

Proposition 3.1  Let us suppose thatis of C'-class or0, T,.) x R?, it satisfies (1.2) and
(1.3), moreove(T , ¢) is a variational solution to (1.1) ant!, d® satisfy the restrictions
above. In addition, we assume

HYEL\intEL) =0, j=R,A, (3.1)

where intE denotes the interior oF. Then, ¢ is constant over each component of the
complement of the faceted regions.

If we assume thafl’, £) is a variational solution satisfying condition (3.1), thee may
repeat the reasoning from [GR%.1] to deduce that 08y vector field¢ must have the
form, £ = (y(np), &2), (see[GRS5, eq. (2.28)]), where

T lo T
. (%Oa(t,Ro,s) ds — ]10 o(t, Ry, 5) ds> FE ) 2e )
fg(t,lo) ; ; T e (lo,ll)
t,x) =
&(t) (L —x) <]{a(t,R1,s)ds—fa(t,Rl,s)ds> +v(ng)
(@ h) — () z € [, L)
(3.2)

We have to determine the values&ft, i) and&a(t, ;).
A similar formula for¢; on Sy is valid and we have to determine the valuegat, ),

fl(t, 7“1).

Proposition 3.2 Let us suppose thatsatisfies the conditions stated in Proposition 3.1 and
(T,€) is a variational solution, theéy(t,ly) = —y(ng) and&i(t,ro) = —y(na). Ifin
addition (3.1) is satisfied, thefa(t,ly) = &2(t,11) = —vy(ng) and&; (t,ro) = &1(t, ) =
—7y(na).



Let us remark that earlier we proved Proposition 3.2 undeadttitional assumption that
the so called tangency condition holds,,

02 961
—=(t,l;) =0, —=
8:13( b) Ox
(see [GR5, (3.11)]). Here, we make no such hypothesis.
In order to prove this Proposition we make few remarks on)(@!3ch will be useful
in the future too. We shall talk only abolyt < = 0, 1 since considering;, i« = 0, 1 requires

no changes. If is a solution to the variational problem (2.6), then we se¢ th

(t,r) =0, 1=0,1, (3.3)

o(t, Ry, x) — 8%252(75,1%0,:5) =V, = Ry = const, fora e (—ly,lo) (3.4)
O’(t, Rl,w) — %fg(i, Rl,w) =V = Rl = const, forx € (—Ll, —ll) @] (ll,Ll).

However,Vp, Vi are different, in fact we showed in [GR5, Corollary 2.2] tBarg's effect
(1.2) and the tangency condition (3.3) imply > V4.
If we write

Gltz) = /O "ot dMt, 5, 5) ds,

then we can rewrite (3.4) as

G(t,[L’) - 52(t7R07$) = VY()QZ', T e (07l0)7
G(t7x) - 62(t,R1,$) = ‘/1(1: - Ll) + G(tyLl) - W(HR)a T e (l17L1)7

where we useds(t, Ry,0) = 0 anda(t, R1, L1) = —vy(ng). In other words,
G(t,ﬂj‘) —Viz —b; :£Q(t7Riam)7 1=0,1, (35)

whereby = 0,b; = VlLl—G(t, L1)+7(n3). We recall thafg(t, R;, l’) € [—’V(IIR), ’V(IIR)],
i =0, 1. In particular, the lind/;z+b; is belowG (¢, z)+~(ng) and abovez (¢, z)—v(ngr),
i.e,
G(t,z) —y(ngr) < Vor < G(t,2) +y(ng) € (0,1o)
G(t,z) —vy(ngr) < Viz+ b < G(t,z) +v(ng) =z € (I1,L1).

We will use this geometric insight in the argument below.

(3.6)

Proof of Proposition 3.2. We know that atr = [ the solution$ touches the constrainitg.,
&(t,lp) = £y(ng). We have to determine the sign. We differentiate (3.4) wétspect
to x. Hence,aimza(t,Ro,x) = aa—;%fg(t,Ro,ﬂj) for z € [0,lp). Due to monotonicity ot
implied by Berg’s effect, we deduce that the function— (¢, Ry, x) is strictly convex
and it has at most one critical point.

We have exactly three possible valuedof(a) Vy = o (¢, Ro, lo), (b) Vo > o(t, Ro, o),
(¢) Vo < o(t, Ro,lp). In case (a) occurs, we see trﬁga(t, Ry, lp) = 0,i.e, &(t, Ro,-)
has a minimum there. As a resub(lp) = —y(ngr). Comparing this with (3.3), we see
that the tangency condition is satisfied.

If (b) occurs, it follows that%f(t, Ry, lp) = o(t, Ro,lp) — Vo < 0, hencega(t,ly) =
—v(ng) is the only possibility.

It turns out that (c) is not possible at all. Let us suppose@é@sdhappen. Then, due to
(3.5), the line connecting), 0) to (ly, G(t, lo)+~(ng)) has the slope equal ig. However,
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by assumptioVy < o(t, Ry, lo), the lineVpa must intersect the graph 6f(¢, z) + v(ng)
at\ < ly. i.e, the constraing € dv(n) is violated. The case (c) cannot happen. O

We may now write equation (1.1) in the local coordinates,levkeeping in mind the
conclusions of Proposition 3.1. Namely, we showed, see [GRS1)], that (1.1) for vari-
ational solution takes the following form,

. lO
Ry = ]l o(t, Ro, s) ds + ”(;‘R) on [0,
0 0

0 A A
54 =otd%z2) on [l l,
. Ly P
Ry = ][a(t, Ri,s)ds — LV(I”;) on [, L], (3.7)
A 1= 4

) 7o
fo= ][ o(t,s Lo)ds + 2B on [0,1],
0 To

0
EdR = O-(t7x17dR) on [T(]vrl]v
. R1
Ll :%U(t,s,Ll)dS—m on [TlaRl]a
- Ry —m

augmented with the following initial conditions,

lo(0) = loo, 11(0) =l10, 70(0) =rpo, 71(0) =710,
Ry(0) = Roo, Ri(0) = Rig, Lo(0) = Loo, L1(0) = Lo, (3.8)
dR(07$1) = d(l]%(xl)v dA(07$2) = dé\($2)

We stress that the poinfg(¢), r;(¢), « = 0,1, are unknown, hence they may be called
interfacial points.

3.1 Evolution of bent rectangles

We should explain the importance of the interfacial poipts), ;(t), @ = 0,1. We shall
concentrate our attention @#(t), /1 (t), because the analysis @f, 71 requires no changes.
They are points separating pre-images of faceted regionsthe pre-images of the curved
parts of sides. If is a solution to the variational problem with the constrgimt D, then

fg(t,li) = —’y(nR). (39)

It is, however, possible that (3.9) is implied by the factthq(n(z, d" (¢, z))), is a single-
ton forz € (ly,11). Then, (3.9) is just a boundary condition for the minimiaatproblem
(2.6).

A more interesting case occursdt (¢, 2) = Ry on (=g, Xo), Ao > lp andd’ (t, z) >
Ry for z > \g or respectivelyd(t,z) = Ry on (=L, —A1) U (A, L), A < I; and
dMt,x) < Ry for x € [0, ;). Then the minimization problem is of obstacle type, hence
lp or [; is a free boundaryi,e., the coincidence set in the obstacle problem, and it is a part
of a solution. In these cases by the general theory

0

0
%g(t,lo) — 0 or %f(t,ll) == 0

9



These are th@angency conditions.
A more convenient version of (3.3) and the above equatiolimfdsee [GR5, Propo-
sition 2.1] and [GRS5, (3.10)]),

lo(t) n
o(t, Ro(t), lo(t)) = ][0 o(t, Ro(t), s)ds + Vli](t};)’ &2(1i(t) = —y(ng), i = 0,1,
L1(t) n
dwwmmmszfmmw@@_zﬁ%%@,

(3.10)
To(t) n
o(t,ro(t), Lo(t)) = ][O o(t,s, Lo(t)) ds + 1(0—(2)) &u(ri(t)) = —y(na), i = 0,1,
_ e __2m)
o(t,ri1(t), L1(t)) = ][n(t) o(t,s,Li(t))ds 0 — ()

In general, for any given bent rectangle and any driving telisit unrealistic to expect
that the tangency condition is satisfied at the interfacuahts/;, r;, i = 0, 1. In [GR5], we
set the working hypothesis implying the expected behavitheinterfacial points, namely,
lp < 0 (resp.7o < 0) andl; > 0 (resp.7; > 0). Here, we give up such a constraint in favor
of a generic condition on. It means that we admit both possibilitiég,> 0 or i; < 0.

We also stated thmatching condition for solutions of (3.7),

dMt, () = Ry, dB(t,r(t) =L;,  i=0,1. (3.11)

These are simple statements of continuitylafj = R, A, thus they are more fundamental
than the tangency conditions. Here, we shall see the prdfouplications of (3.11). We
start with a simple observation.

Proposition 3.3  Let us suppose that is given of classC! on[0,T,) x R?, it satisfies
the Berg’s effect (1.2) and (1.3] is a bent rectangle withy < [y, moreoveriy(-) and
11(-) areC! curves.

(a) If the tangency as well as matching conditions are sadisfi(t) for allt € [0, ¢), then
lo(+) is decreasing.

(b) If the tangency as well as matching conditions are sadisditl, (t) for all t € [0,¢€),
theniy(-) is increasing.

Remark. As long as it does not lead into confusion, we shall supplessuperscrip, R
in d*, d' and we shall simply write.

Proof of Proposition 3.3. It is sufficient to consider onlg.

Let us assume the contraiy., there are; > ty > 0 such that for alls € (¢p, 1) we
havely(s) < lp(t1). We note that the matching condition implié&, lo(t9)) = Ro(to),
as well as

t1 t1
d(to,lo(t1)) +/ di(s,lo(t1)) ds = Ro(to) +/ Ry ds. (3.12)
to to
Thus, by the definition o2y we conclude that
t1
dollo(t2)) + [ o(s.dls.lofer)). o(t2) ds (3.13
to
t1 lo(s)
= Roto)+ [ £ ot Rott). gy g+ T2
to 0 ZO(S)
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If (3.10) held, then we would have

t1

do(lo(tl)) — Ro(to) —l—/ (O’(S, d(s,lo(tl)),lo(tl)) - O’(S7 RQ(S),ZQ(S))) ds = 0.
to

But do(lo(t1)) — Ro(to) > 0, moreover ifly(s) < lp(t1) for all s € (t,t1) and Berg's

effect holds, then

O’(S7 d(s, lo(tl)), lo(
=o(s,d(s,lo(t1)

tl)) — O’(S7 RQ(S), lo(s))
1)),1
+o(s,d(s,lo(s

)slo(t1)) — o(s,d(s,lo(s)),lo(t1))
), lo(t1)) — (s, Ro(s),lo(s)) > 0,

where we also used(s, lo(s)) = Ro(s). Hence, equality above is not possible. O

As a result, we conclude that if the interfacial culyg) satisfiedy(t) > loo, then the
tangency condition may not hold there, even if this conditi® satisfied atyg. Indeed,
Proposition 3.3 above implies that along the curve thereldvbe a jump ind, i.e, the
matching condition (3.11) would be violated.

We know from [GR5, Proposition 2.5] that if the tangency dtiod is satisfied aty
then thereisacurvi®, t1) > ¢t — [j5(t), where the tangency condition holds. Similar curves
I3 (t) andr’(-) exist for l;g, r;o satisfying the tangency condition. Thus, the matching
condition (3.11) defines a new curig-) (respectively,;(-), r;(-), i = 0,1), for which
lo(t) < [§(t), for t > 0, respectivelyl; (t) > I5(t), for t > 0 and the similar properties for
rr(-), ¢ = 0,1. We will call them thematching curves. By definition this curve is not a
tangency curve. We postpone for a moment the proof of thestence. We would rather
concentrate on their properties.

We can deduce further properties of the matching curves. @&mentioned, the inter-
facial pointsl;, i = 0, 1, are necessary to close the system resulting form re-grgfirt) in
the local coordinates. It is important for us to determiri@@ent and necessary conditions
on ¢ which guarantee that the functiohs : = 0,1, are monotone. We begin with the
necessary conditions.

Proposition 3.4 Let us supposé’, £) is a variational solution o, T') ando ., 04,, 0
are continuous o), T') x R2. We also assume thdit,-) (we suppress the superscript
is of classC!! in the complement of the interior of the faceted regidgi,) is a matching
curve andy, is strictly monotone. Moreover, the tangency conditionagssied atlyy =
10(0) andlyy < ly(t). Finally, we set,

loo

wy = ][ 0+(0, Roo, y) dy — o+(0, Roo, loo) (3.14)
0

loo
+0(0, Roo, loo) <][ 02, (0, Roo, y) dy — 04, (0, Roo, loo)> .
0

Then,
(@) If, df (t,10(t)) > 0, the right derivative ofi(t,-) atly(t) is positive, theriy(-) is differ-
entiable fort € (0,T") and

lo(t) .

- m(RO(t) —o(t, Ro(t),lo(1))),

moreoveriy(0) = 0.
(b) If daj .(loo) = 0 and the right derivative second derivativedafvanishes at: = Iy,
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i.e, dj,,(loo) =0, thenio(0) = 354 /04, (0, Roo, loo). In particular the derivative df at
t = 0 is positive if$) > 0.
(c) If d§ 2(loo) =0 anddO zz(loo) >0, then

in(0) = ~ 05,(0, Roo, loo) 1 \/1_|_ Eéd&m(loo)
do,z«(loo) (025 (0, Roo, loo))?

In particular the derivative df att = 0 is positive ifEé > 0.
(d) If £ = 0, theniy(0) = 0.

Remarks. Some comments on the structure of these formulas and thegmare in order.
First of all, by Proposition 3.3 the matching curve must biéedént from the tangency
curve.

Moreover, if the tangency condition is satisfiedta 0, then by (a) the condition
dafx(loo) > 0 implies thatl(0) = 0, and no information o} is needed.

It is interesting to note thazlg < 0is incompatible with the matching curves. Indeed,
if we have a matching curvig(-) fulfilling the hypotheses of Proposition 3.4, then by (b) or
(c) we conclude thaly(0) < 0 which contradicts the assumptions. Howevei, i) < 0
and the tangency condition holdslgf, then by [GR5, Proposition 2.5] we have a tangency
curve starting aky, which automatically satisfies the matching condition drelttngency
condition as well,

lo(t)
| ot Ro(0). ) dy + 2 (me) = bt Ro(t) ().
0
Differentiating this with respect toyields,

ey do ot Ro(t).)dy — lo(®ou(t, Fo(t). o(t) 3.15)

lo(t)ow, (t, Ro(t),lo(t))
(t)ow, (¢, Ro(t), lo(t))

Jo® o, (8, Ro(t), y) dy — 1o
1o(@)702 (s Fo(®) o (0)

+o(t, Ro(t),lo(t))

Hence, at = 0,
Zo
0250, Roo, loo)

This formula agrees with (b), up to the fac@rAs a result, the sign o‘a‘]{} can be used to
distinguish the type of curve.

In Proposition 3.4 (a) it is crucial that the functidy(-) is strictly increasing. Without
it we cannot draw any conclusionf} = 0.

We excluded the case dfando such thatd ,(lop) = 0, but the tangency condition
fails atlyy. The situation, wherEé\ < 0, i.e, the curved part is faster than the facet does
not lead to difficulties (see Theorem 3.7 (c)). On the otherdh#he cas@f} > 0 is more
involved. The formula in part (a) suggests thais not differentiable at = 0 and the limit
of io(t) blows up whert goes to zero. Our methods do not apply to this case.

lo(0) =

The matching condition is defined in an implicit way. This m&anvestigating the
difference quotients df, is a bit involved. For example, we need the following result.
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Lemma 3.1 Let us suppose that the hypotheses of Proposition 3.4 aséest We define
Aplo = (lo(h) — loo)/h, whereh > 0. Then, there is a constahf, which is independent
from h and from the value afy ,...(loo), for which we have

0 <supAply < M < .
h>0

Proof. Immediately from the definition of the matching curve (sed {3 and (3.12)) we
obtain the following relation,

ho h lo(h)
| fuyds = [ ot im)tomds + [ doawdy. (346)
0 0

loo

Due to the definition of?y(s) this equation becomes,

h
/0 [F(s,8,l0(s)) — o(s,d(s,lo(h)),lo(h))] ds

lo(h) ry
= (lo(h) — loo)do,z(loo) + / do,za(2) dzdy, (3.17)

loo loo

where we used the following shorthand,

! n
F(r,s,1) := ][00(7', Ro(s),y)dy + V(ZR). (3.18)

Now, we use a simple rearrangement of the left-hand-sideS{lad (3.17), where the tan-
gency condition at = 0, i.e,, F(0,0,lp) = o(0, Roo, loo) plays a key role,

h

h
LHS = / (F(s,8,lo(s)) — (O,S,ZO(S)))ds—i—/ (F(0,s,l0(s)) — F(0,s,lp)) ds

0

h
+/0 0 S, l()() (0,0,ZOQ))dS
h
/0 S d S l() )) lo(h)) — O'(S,d(s,lo(h)),loo)) ds
h
/0 S d S l() )) lo()) — O'(O,d(s,lo(h)),loo))ds (319)

—/ (0(0,d(s,1o(h)),loo) — (0, do(loo), loo)) ds

0
= (Il +Ig+]3) —(J1 —|—J2+J3),

with the obvious definitions of; andJ;, i = 1,2, 3. It is convenient to rewrite this equation
in the following form,

lo(s)
[1 J2 / / (][ T RO( ) )dy—O’t(T,d(S,lo(h)),loo)> deT,

/ FOSlo ) — F(0,5,l00)
I, =

As )
) —Too (Aglp)sds
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ds

_ " o(s,d(s,lo(h)),lo(h)) — o(s,d(s,lo(h)), loo)
h= (Ath)h/O lo(h) — loo
and

= / / 270, p(r): ) [ /OSa(p,d<p,zo<h>>,zo<h>>dp+do<zo<h>>—do<loo>} drds
= J31 + hAploJ32,

where
p(T) = T(d(s, lo(h)) — do(loo)) + do(loo).
After dividing both sides of (3.17) by and rearranging terms we shall see that,

J1 / /w 1
Aply | do(loo) + J32 + doez(y) dydx| — =1

plo | o (loo) - Js2 o(h) — T —100 Sy S )y ] n

1 1 1

E(Il - JQ) - EJ31 + Elg (320)
Let us notice that
. ([1 - JQ) 1 . 1 . Jl
lim ~—— = lim —1I. lim —I3= lim ——— = i J_l J32 = 0.
hoot  h oot B2 mor b T im0t lo(R) — Iy hmor hOSL T plor 752

Now, we consider several casesdif,(loo) > 0, then we see that the coefficient in front of
Aylg is positive for sufficiently smalk and the right-hand-side (RHS) of (3.20) is bounded,
actually we shall see that it behaves |i®gh). Hence, our first claim follows, in particular
lo(0) = 0.

If, howeverd, . (lpo) = 0, then we divide (3.20) one more time hy Then, we obtain,

J32 J1 1 (Aplp)? /IO(h) y
Apl | = 5L+ s dous(y) d
" h(lo(h) S R Rl N A
1
= h2(11 Ja) — th31+ ks (3.21)

Let us denote the absolute value RHS of (3.21)4ypwe shall see that it can be estimated
independently fronh. For this purpose, we recall the following formula, whicHdwfor
any continuous functiorf,

hliHOl+ % /h Osf(T) drds = %f(O). (3.22)
This fact implies that
1 1 floo 1
Jim 51— ) = 5 (0, oo, ) dy = 5(0. Run. ).

By the definition ofJ3; and (3.22) we deduce that,

1
hm ﬁ‘]?’l 0(0, Roo, loo)oz, (0, Roo, loo)-

Moreover, it is easy to see that (3.22) yields

1 1d fo

1
hh%g ﬁ[ §£F(0, 5,100)|s=0 = 5][0 04, (0, Roo, y) dyo (0, Roo, loo)-
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where the last equality is the consequence of the tangemmitmmn at¢ = 0. Thus, indeed
A is bounded independently from
Let us now set

sup |Asly| =: D(h),
0<s<h

c 1 /lo(h) /y p ( )d
= TN 7 o 0,xx\Y) aY-
(lo(h) —100)* Jigy  Jigo

By (3.22), we immediately conclude that

and

1
i h) = =do ¢z (1 > 0. 3.23
hgg+0( ) 5, (loo) >0 (3.23)

Now, we will identify and estimate the coefficient in front Bf 2). We notice that
.
lim —= = 04, (0, Roo, loo)do,z(loo) = 0,

becausel; , (lopo) = 0. Subsequently,

F(0,s,10(s)) = F(0,5,lo0)
lo(s) — loo

and the bound on the right-hand-side tends to zerb as 0, because of the tangency
condition att = 0. Finally,

1
ﬁ|12| S ds

lim N

———— = 0,,(0, Ry, [ > 0.
B o) —Tog) (% flon: loo)

We now set
h —
B— Jl . l/ F(0>87l0(8)) F(0737100) d8+ &
h(lo(h) —loo) h Jo lo(s) — loo h

Then, combining the above estimates, we arrive at the faligunequality

D(h)B + D*(h)C < A.

We have already noticed thatand B are non-negative.

If do 22(loo) > 0, then inequality (3.23) implies a bound dn,ly, which is independent
from h. On the other hand, iy ., (lo0) = 0, then we notice thaf’(h) tends to zero, but
B(h) > By > 0 andA > 0. This is sufficient to deduce that the positive numbBrs
satisfying

D*C+DB—-A<0 (3.24)

belong to the interval0, A/B]. This is so, because the the only positive numbersatis-
fying DB — A < 0 belong to this interval, and the set of solutions to (3.24y mialy be
smaller. O

Proof of Proposition 3.4.  We will first show cases (d), (b) and (c). Once we established
boundedness akly, we may reuse formula (3.21) to calculd€0) in the case the right
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derivative ofdy vanishes aty, i.e., d[{x(loo) = 0. For this purpose, we use (3.22). Hence,
after passing with to zero in (3.21), we conclude thfal(o) must satisfy

20(0)0, (0, Roo, Loo) + (10(0))%do zz (loo) = (3.25)

loo
][ a¢(0, Roo, y) dy — 0¢(0, Roo, loo)
0

loo
+0(0, Roo, loo) (][ 02, (0, Roo, y) dy — 04, (0, Roo, loo)>
0

=3

The formula above was derived for monotone increaig, hencely(0) must be a non-
negative solution to this equation. Thus, we conclude fr8rag):

(i) 5 = 0is equivalent tdo(o) =0, i.e, part (d) is shown;

(i) if do 22 (loo) = 0, thenio(o) = %20/0':52(0,R00, loo), in particularE{} > (0 is equivalent
to [y (0) > 0, i.e., (b) follows;

(iii) if do 22 (loo) > 0, thenio(O) > 0 if and only if 26‘ > (0 and

: “ l Yo 4 (1
io(0) = — 2(0, Roo, loo) [ L (oo)2 '
do,zz(loo) 025(0, Roo, loo)
Hence, (c) is proven.
The calculations fot > 0 are much simpler, because we can differentiate

Ro(t) = d(t,lo(t))-

As a result, we obtain,

lo(t) = —/——F— t,Ro(t),y)d —o(t,Ro(t),lo(t)) | -
o(t) o) (7[0 o(t, Ro(t),y) dy + @) o(t, Ro(t),lo(t))
This formula is valid also at = 0 provided that:lafx(loo) > 0, thus (a) follows.

Once we established (a), then by the tangency condition pdaat thaio(o) = 0 what
is in accordance with our previous calculations.
Our claims follow. O

Remarks. We saw from formula (3.16) that the position of the matchingve is de-

termined at time as the point where the facet catches up with the curved pduis i$

possible only if the position of interfacial poify is an increasing function of time. As a

result, this is another argument for impossibilityX}éi < 0 for ¢ > 0 on matching curves.
Let us also notice that if is on a matching curve, then for> 0 we have

df(t,x) > 0.
Indeed,
t t
di(t,r) = dar’x(w) —I—/ ox(s,d(s,x),x)ds > / ox(s,d(s,x),x)ds > 0.
0 0
An inspection of the proof of Proposition 3.4 reveals thafaict the time regularity of

o may be relaxed. Indeed, we have.
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Corollary 3.1  Let us suppose that the assumptions of Proposition 3.4 éickexcept
that ono. Namely, we assume that,, ando,, are continuous off,T) x R?, o be-
longs toW ([0, T) x R?) and the right derivative;" exists everywhere for > 0. In
additiono;" (t, Ry (t), -) is integrable with thd.'-norm independent from time. Then, the
conclusions of Proposition 3.4 hold WIE'()‘ replaced by

loo
= ][ o, (0, Roo, y) dy — o3 (0, Roo, loo)
0

loo
+0(0, Roo, loo) <][ 02, (0, Roo, y) dy — 04, (0, Roo, loo)) .
0

Proof. The element of the proof which requires adjustment is thegmesto the limit with
h — 07 in (3.21). Under our assumptions formula (3.22) becomes,

hhnol+ ﬁ/ / O't T, RO loo) dr ds

/17 o(ht, Ro(h), loo) — 0(0, Ro(h7), loo) EU;F(O Roo: loo)
ht 2 7 | |

lim
h—0t h2

In a similar manner we conclude that

1 h prs rlo(s) 1 lo(0) n
lim — drdyds = - dy.
hi)IIOlJF h2 /0 /0 ][0 Ut(Ta R007 y) Tayas 2 ][0 Ut (07 ROOJ y) Yy

Our claim follows. 0

Continuing our inspection of the proof of Proposition 3.4 megice that the argument
with minor adjustments is valid also in the case of the imteel curvel;(-). In fact, we
have to take into account the dependencé afpon L, however, this does not influence
significantly our conclusion. Hence, we can state a versiétraposition 3.4 and its corol-
lary for curvel; (-).

Proposition 3.5  Let us supposél’, ¢) is a variational solutiony,, o, ando,., are con-
tinuous o0, T') x R?, o. We also assume thdft, -) (we suppress the superscriptis of
classC:! in the complement of the interior of the faceted regidnis) is a matching curve
andl; is strictly monotone. Moreover, the tangency conditioraigssied at,, = 1,(0) and
li0 > l1(t). Finally, we set,

A L1(0)
X = ][ a¢(0, Ry0,y) dy — 0¢(0, R0, l10)

lio

L1(0)
+0(0, Rio, l1o) (][ 02, (0, R10,y) dy — 04, (0, Ryo, l10)>

lio

L1(0) .
+— > (o(t, Ri0, L1(0)) — R1(0)), 3.26
(L1(0)—l1o)(a( 10, L1(0)) 1(0)) ( )
where

. Rio 2 . Lo 2
L= [ o(0.y, Lo dy — 2128 (o) = £ o0, Ru0w gy — 2n)
o Rip — 110 lo Lo — lio
(3.27)

17



(see also (3.28)). Then,

(a) Ifd (t,11(t)), the left derivative ofi(t, -) atl (t) is positive, theri, (-) is differentiable
fort > 0 andiy(t) = m(Rl(t) — o(t, Ry (t),11(t))), moreoveii; (0) = 0.

(b) If dg, .(lio) =0, andda .. (l10), the second left derivative alf, vanishes at,y, then
11(0) = 1%8/0,,(0,Rig,l10). In particular, the derivative ofi att = 0 is negative
provided that>} < 0.

(c) If da’x(ho) = 0 anddy

0,zx

. . l ¥y L. (1
i0) = -2 2((_)73107 10) 1_\/1+ 190,22 (l10) s
dy 22 (l0) (02,(0, R10,110))
In particular, the derivative df att = 0 is negative provided that? < 0.
(d) If ©4 = 0, theni;(0) = 0.

(ll()) > 0, then

Proof. We present only the necessary changes in the calculationingection of the
proof of Proposition 3.4 suggests a new definitionfgfwhich appears in (3.18), namely

we set

L n
F(r,s,l,L) = ][l o(r,Ri1(s),y)dy — %.

The subsequent calculation involvidggwill require one additional change, precisely, a new
term I, will appear at the right-hand-side of (3.19), without anytchang Jy,

h
L= /0 (F(0,0, 10, L1 (h)) — F(0,0, 110, L1(0))) dh.

We can easily see that

fin =0
while
s = gor®0he Luio)
— m (—][ZZOJ(O, Rio,y) dy + % + U(0>R10>L10)>
Rio 2v(n
« < ][ (0,9, L1o) dy — ﬁ)
_ %m@(e, Ruo, L1o) — R1(0))L1(0). (3.28)

Thus, the additional contribution (%% will appear at the right-hand-side of (3.22). Hence,
right-hand-side of (3.25), which is the definitioan will take the form we claim. O

It is worth noticing, that similarly to (3.15) we have thelfmling formula for the ve-
locity of the tangency curve emanating frdig,

. 1 La(t) .
NG SN0 A ORAC) </h<t) [”t(t’Rl(”’y)“’““’Rl(“’y)Rl(t”dy>

)
ot Ra(t),h(t) + 0o, (£, Ry (t), 11 (1)) Ra (t)
Oxo (t7 Rl(t)7ll (t))
Li(t)(o(t, Ri(t), L1(t) — o(t, Ri(t), i (1))
(L1(t) = 11(t))oe, (t, Ri(t),11(2))
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Thus, att = 0 we have
EA
—1
02,(0, R0, l10)’
what is in accord with Proposition 3.5 (b) up to the facto%of
We also state a version of Proposition 3.5 for less timelezgu

11(0) =

Corollary 3.2 Let us suppose that the assumptions of Proposition 3.5 #tkexcept
that ono. Namely, we assume that,, ando,, are continuous off),T) x R?, o be-
longs toW > ([0,T) x R?) and the right derivative;" exists everywhere for > 0. In
additiono;" (t, R1(t), -) is integrable with thd.'-norm independent from time. Then, the
conclusions of Proposition 3.5 hold witli* replaced by

Lio
oA = ]l o (0, Rao, y) dy — o (0, Ruo. o)

l1o

L1o
+0(0, Rio, lio) (][ 02,(0, R10,y) dy — 04, (0, Ryo, l10)>

l1o

1 ) _
+m(0(07 R0, L1p) — R1(0))L1(0)

Now, we return to the problem of existence of the matchingesir We will state this
so that it will be clear that they depend continuously ugon

We saw in Proposition 3.4 that we have a number of possésliis far as the behavior
of ly(-) neart = 0 is concerned. We shall deal first with the simpler caséagf(loo) > 0.
The fact below, stated slightly differently, appeared asdrem 3.3 in [GR5], but without
proof. An analogous proposition fay, is also valid, we will however omit the obvious
statement.

Proposition 3.6  Let us suppose that we are given a funciigne C'*([loo, L1]) — R
such thatl{ .(loo) > 0. In additiono : Ry x R x R — R is Lipschitz continuous and
o(t,- ) satisfies the Berg’s effect (1.2) and (1.3). Then, therete@xdsunique matching
curve, which is a solution to the following system of equasio

. 1 lo(t) n
o0) = 2o ( [ ot Rty + 25 - a(t,Ro<t>,zo<t>>> - o(0) = o,
lo(t)

Foft) = § " ot Bo(t) ) dy-+ T Rl0) = dofio)

(3.29)
provided that one of conditions below holds:
(a) the tangency condition fails &, but Ry(0) — (0, Roo,loo) > 0, (b) the tangency
condition holds aty, andx} > 0.
Here,d(t, x) is a unique solution to
di(t,x) = o(t,d(t,x),x),  d(0,x) = do(). (3.30)

In addition, the curvéy(-, dy) depends in a Lipschitz continuous manner ugen

19



Proof. We begin with the condition (a). By the assumptions, it isyeassee that the
RHS of (3.29) is a continuous function &f Ry and timet. In order to establish existence
of unigueness of solutions to (3.29), it is sufficient to dhéeat the the RHS of (3.29)
is Lipschitz continuous with respect tp and Ry. This claim becomes obvious, once we
write the integral form ofd(-,z). As a result, existence and uniqueness of solutions to
(3.29) follow.

The condition (a) implies that the solution is an increadimggction, thus we found a
matching curve.

Since, by the theory of ODE's the functian+— d (¢, x) is Lipschitz continuous as
well as(x,y) — o(t, z,y), then the Lipschitz continuity df(-, dy) follows.

In case (b) the above argument yielding existence an un@pseof solutions to (3.29)
is still valid, but we have to make sure that the solution méasing. If (b) holds, then
we know thatiy(0) = 0. We will use Taylor’s formula to show that the numerator ie th
equation (3.30) fol is positive. Indeed,

lO(t) n
£ ot Rott) ) dy + 2 — ot Ro(0).10(0)
0 o(t)

. d .
= RQ(O) — O'(O, Roo,loo) + ta(Ro(O) — O’(O, Ryo, loo))‘tzo + O(t).

By assumeRo(O) = 0(0, Ryo, lpo) and simple calculations lead us to the conclusion

d .
a(Ro(O) — O’(O, Roo, loo))’tzo = Eé\ > 0.
Thus, the solution to (3.30) is a matching curve. d

A statement analogous to Proposition 3.6 is valid also fentlatching curve emanating
from {1p.

Proposition 3.7 Let us suppose that we are given a functipne C'([0, Lig]) — R
such thatl, ,(l10) > 0. In additiono, , o;, are continuous andl is Lipschitz continuous
on[0,T,) x R? — R and for eacht c [0,T,) functiono(t, -, -) satisfies Berg’s effect (1.2)
and (1.3). Then, there exists a unique matching curve, wkiatsolution to the following
system of equations

. - 1 L1 (®) __ 2y(mg)
hit) = dz (t,11(t)) (J[h(t) o(t, Ri(t),y) dy () — o) U(@&@)Jl(ﬂ)) ;

11(0) = o, (3.31)

: e 27(ng) _
Ry(t) = ][h(t) o(t, Ri(t),y) dy — ma R1(0) = do(l10),

provided that one of conditions below holds:
(a) the tangency condition fails &g butRl(O) —0o(0, Ryo,110) < 0 andL, is a continuous
function;
(b) the tangency condition holdslag, >} < 0 andL, is aC" function.
Here,d(t, x) is a unique solution to

di(t,x) = o(t,d(t, ), x), d(0,z) = dp(z). (3.32)

In addition, the curve, (-, dy) depends in a Lipschitz continuous manner ugen
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We skip the proof which is essentially a repetition the prafoProposition 3.6.
Now, we turn our attention to the construction of the matghinrves emanating form
a point wherel , vanishes and the tangency condition holds.

Theorem 3.1 () Let us suppose that a functialy € C'([lgo, L1]), wherelyy > 0,

is given. We assume that, o, ando,, are continuous off0,T,) x R?. Moreover,

for eacht € [0,T.) functiono(t,-,-) satisfies the Berg’s effect (1.2) and (1.3). We set
Roo = do(loo), we assume thag is a point, where the tangency condition is satisfied, and
do.z(loo) = 0, B > 0, (see formula (3.14) for the definition &F}). Then, there exists

T € (0,T,] such that there exists a unique matching curve ly(t) fort € [0,T") which

is of classC' and it is strictly monotone.

(b) If the functionsd}, d3 both satisfy (a) and, 12 are corresponding matching curves,
then there exists a constalitsuch that

116 — Bllcpor) < Klldg — dgllorfigo, .-

Proof. (a) Sep 1. It is tempting to take derivative of (3.13) with respect:tm the hope
to recover an ODE for the matching curves. Once we do this vilediscover that there
is a problem. Namely, we shall see that the RHS of the regudiquation is not Lipschitz
continuous att,a) = (0,lpg). On top of that the equation is not a regular ODE; its ex-
plicit form is found in (3.36) wheré, is replaced by.. Thus, we have to worry about
uniqueness and part (b). This is why we apply a functionat@gagh. If we do so, we will
encounter another difficulty related to the fact that we aterésted in monotone solutions,
but monotone functions do not form linear spaces.

We first introduce a function space and re-write equatioh3)3in a functional form.
For afixed’ € (0, T) we consider a Banach spa&g- = C([0,7]) and its subset

Y ={feC(0,T1]): heszépT) |Apf| < oo, f(t) > f(0) =loo},

whereA,, f was defined in Lemma 3.1. It is an easy exercise to checkthatlosed.
We shall re-usé)(T") with T" replacingh and explicit usage of the functional argument,

D(a,T) = sup |Asal.
0<s<T

We define three continuous operators
K : B(loo,8) x C'([0,T]) — X7, L : B(loo.8) x C*([0,T] x [loo, L1]) — X,

MY x C([lgo, L1]) — X,

where B(ly,d) C Xr is the open ball, centered at a constant funciignwith radius
0= %min{loo, Ly — lpo }. These operators are given by formulas

t a(s) n
K(a, Ro)(t) = » /0 (f o(s, Ro(s).y) dy + A>>ds,

t 0 a(s)

/0 o(s,d(s,a(t)),a(t))ds, M(a,dy)(t) = %(do(a(t)) — Roo).

Ll d)(r) =
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In the above formulagzy € C'([0,T]) andd € C([0,T] x [lpo, L1]) are not arbitrary.
They satisfy the relations2(0) = Roo andd(0, -) = dy(-).

Literally taken, the above definition df is correct for any element € X7, however,
the left-hand-side of (3.12) makes sense only for monotoaeasing(-).

The operatorgC and K are not only continuous, which is easy to check, but also dif-
ferentiable with respect ta. Moreover, they are also locally Lipschitz continuous with
respect toRy, andd. However, in order to maké(a,dy) well-defined, we need that
do(loo) = 0 anda € Y. Itis subsequently easy to see that for a fixethe mapping
M(-,dy) : Y — C][0,T] is locally Lipschitz continuous. Namely, we have fgr, a; € Y,

1 .
1M (a1, do) — M(az, do)llco < SLip(do(-))(D(ar, T) + D(az, T))lla1 — azllco.
Taking into account the operators defined above, equatid3)akes the form

K(a, Ry) = L(a,d) + M(a,dp). (3.33)

Sep 2. We have to speciff?, andd. We defined as a unique solution to (3.30) with initial
datad,. Moreover, the solution is continuously differentiabldahwiespect tac.
Formula (3.33) implies that we should takg which is a solution to

, alt) N
Rolt) = ][O o(t, Ro(t),y) dy + % Ro(0) = Roo.  (3.34)

Moreover, the mapping'([0,71) > a — Ry € C([0,T1) is Lipschitz continuous. Indeed,
if we takeas, as and the corresponding}, k3, then one can easily see that for T,

t
IRy(t) — Ry(t)] < /0 C(02y,100)(I1RG — Rillcom + llar — azllcp,r) ds-
Thus, if we take sufficiently small' < T, then
1
51180 = Rillcp.r) < TCllar — asllcpoy, (3.35)

whereCT may be made smaller than
If we stick to the above definitions d®y and d, then after differentiating (3.13) we
obtain the following equation for a matching curve emargatiom /g,

a(t) n
][ ot Ro(t)y)dy + LB _ 52, d(t, a(t)), a(t))
0 a(t)

/O (0, (5, d(5,alt)), a(t))dy (5, a(t)) + 0y (5, d(5,a(t)), a(t))) ds — do.o(a(t))
a(0) = Ioo. (3.36)

a= ,

Let us denote the RHS of (3.36) BY(¢, a(t), Ro(t)) for ¢t > 0. We also set

H(0,1lp0, Roo) = hli)%"gr H(h,a(h), Ro(h)),

wherea is a matching curve. By Proposition 3.4 (b—d), we see i, [y, Roo) is finite.
We also note that (0, a, Ryy) must blow up fora # lgg. Thus, the Lipschitz continuity
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of H does not make much sense. Thus, we will apply the method ugbe proof of the
Picard Theorem. But first of all, we notice that this equat®aquivalent to the following
one

a(t) = loo + /0 " H(s,a(s), Ro(s)) ds, (3.37)

which is coupled to (3.34). For eaeh> 0 we set,

e | oo fort <e,
“t) = { loo + fot_e H(s,a(s), Ri(s))ds fort > e, (3.38)

¢ ac(s) n
R§(1) =R00+/0 <][O a(s, R§(s),y) dy—|—f2(€(;\))> ds.

Due to positivity ofH functionsa® are strictly increasing, the same is true ahBfit More-
over, sinceH is bounded, we deduce that for a fix€d> 0 the family of functionsa© on
[0, T is equibounded and equicontinuous. In addition, monoiiynaf boundedness of
and the fact that(t) > o for all t € [0, 7] imply a uniform bound orR§. Hence, we de-
duce thatkf are bounded and equicontinuous. Thus, by Arzela-Ascolofidre we deduce
existence of a sequeneg — 0 and two continuous functions Ry such that“* converges
uniformly toa on [0, T'] as well ask* converges uniformly tdz, on [0, T']. Thus, we may
pass to the limit in (3.38), because on both sides of the gguwed have the same function
a“ and R, this yields (3.33).

Finally, a as a limit of increasing functions must be increasing.

Sep 3. We will show that there is no more than one solution to (3.&3)ce, due to (3.34),
Ry is defined uniquely once we specifyit is sufficient to prove that there is no more than
oneq satisfying (3.33).

Let us suppose that, i = 1,2, satisfy (3.33), in particulak), = R} (a;). Hence,

K(a1,R}) — K(az, R?) = (L(a1,d) + M(ay,d)) — (L(az,do) + M(az,dy)).

Derivativesa}, i = 1, 2, have a common bound aif,(a, Ry))(0), which is the follow-
ing expression

1 loo n
7 <][ 0(07 R007 y) dy + M - 0(07 ROOa l00)> )
loo 0 loo

vanishes. Thus, we deduce that for any> 0 there isT > 0 andd > 0 such that
if ||a1 — CZQHCO[O’T] <6 andHRo — R00||CO[O7T} < 9, then||DaIC(a,R0)|| < e We

shall estimaté|K(a, R}) — K(a, RZ)| in C([0,77). Itis not difficult to see that Lipschitz
continuity of o implies that

1K (a1, Ry) — K(az, R§)|| < ellar — as|lcopo,ry + M| Rg — Rl copo,ry
Thus, due to (3.35) we conclude that for sufficiently sriale have
1K (a1, R) — K(az, RY)|lcojory < 2¢llar — az|copo 1- (3.39)
We shall check that there existg, positive, such that

H(ﬁ(al,d) + M(al,do)) — (ﬁ(ag,d) + M(ag, do))H > mg. (340)
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Indeed, after we set(7) = (a1 (t) — a2(t))T + az(t), we see that
(L(ay,d) + M(al,do L(ag,d) + M(ag,dp))(t) =
(a1(t) — as(t / / Oz, (8,d(s,a(T)),a(t))dy (s,a(T)) + 04y (s,d(s,a(t)),a(r)) drds

Har(t) - ax(t)) /0 do.o(a(r))) dr
After taking the absolute value we notice
|(L(a1,d) + M(a1,do)) — (L(az, d) + M(az,do))(t)| = molai(t) — az(t)],

wheremg > 0 and

tg[loi’l%] %/0 (03, (s,d(s,a(t)),a(t))ds (s, a(t))+0z,(s,d(s,a(t)),a(t))) ds+do z (a(t)) = mg > 0.

Hence,
2¢l|a1 — az|x; = mollar — a2l x,,

where we tak&e < my, as aresulfja; — az||x, = 0. The uniqueness follows.

Sep 4. Part (b). This in fact is an easy consequence of Lipschittimaity of the operators
K, L, M with respect tal and Ry. Namely, from (3.33) we have

lC(al,Ro(al)) — ’C(ag, Ro(ag)) = (E(al,dl) + ./\/l(al, d(l))) - (,C(ag, d2) + M(ag, d%))
= (L(a1,d") — L(ar,d*)) + (L(ar,d*) — L(az,d?))
+(M(a1,dg) — M(ar, d5)) + (M(ar, d) — M(az, dy)).

Combining this with Lipschitz continuity of and M, with respect tal, and (3.39), (3.40)
which are valid for sufficiently small’, we come to the conclusion that

2¢|la1 —as|| x, +C|ld" —d*[| oo 11x oo 110) TP (@1, T ldg—dd |1 109 120 = M0 ]la1—a2 ]| x7.-

We are permitted to tak&: < m, hence our claim follows from (3.30). O
We have to treat the case lpfseparately because of the additional dependendg, on

Theorem 3.2 (@) Let us suppose thdt; € C1([0,T.]) anddy € C*([l10, M]), where
lio > 0, L1(t) < M are given, we seR,y = dy(l10). We assume that;, o,,, ando,, are
continuous on0, T,) x R2. Moreover, for each € [0,T.) functiono(t,-,-) satisfies the
Berg’s effect (1.2) and (1.3). We assume thatis a point where the tangency condition
is satisfieddy ;(110) = 0, and%} > 0 (see (3.26) for the definition). Then, there exists
T € (0,T,] such that there exists a unique matching curve 1,(t) fort € [0,T") which

is of classC'!.

(b) If the couple L}, d'), (L3, d?) both satisfy (a) anét, i? are the corresponding match-
ing curves, then there exists a constBnsuch that

It = Bl < Ky = dillor i,z + L1 = Lillop,r)-
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Proof. The line of reasoning is exactly as in Theorem 3.1. In padrcwe define three
continuous operators

K : B(lpo, ) x C*([0,T])* — X7, L : B(loo,8) x C*([0,T] x [loo, L1]) — X,
M : Y X Cl([loo,Ll]) — XT,

K, L : B(ly,d) — XprandM : Y — Xp, given by formulas
A 2
Ko P20 = ; ( £ otsms).may Lﬂ) s,
0

t a(s) B L1 — a(s

L(a,d)(t) = %/O o(s,d(s,at)),a(t)) ds,  M(a,do)(t) = %(Rm — do(a(t)).

The desired matching curve(+) is a solution to the equation, (where the dependence upon
do and L, has been suppressed)

K(a,Ry) = L(a,d) + M(a,dp).

The only difference with the proof of Theorem 3.1 is tiaidepends in theC''—manner
upon Ly, hence the additional dependencé;ofa solution of the above equation, upbn
O

Remark 3.1 We need the same results af) r; which we proved abouy, I;. They are
obtained by obvious change of notation, in particular weettavdefinex(t, ¥4

700

nl = ][ a¢(0,y, Loo) dy — o¢(0, 700, Loo) +
0

700
(0,700, Loo) <][ 02,(0,y, Loo) dy — 04, (0, roo, Loo)) ,
0
(3.41)

Rio
2{2 = ][ O’t(07y,L10)dy_Ut(07r107L10)

710

Rio0
+0(0,710, L10) <][ 02,(0,y, Lo) dy — 04, (0, 10, L10)>

710
1

+R7(0(0, Rio, L1o) — L1(0)) R1(0),

10 — 710

where L, (0) and R;(0) are given by (3.27). We will just state those results. Allstne
theorems permit us to close system (3.7).

Theorem 3.3 () Let us suppose thaly € C'([roo, R1]), whererqy > 0, is given,
we setLyy = do(roo). We assume that;, o,, ando,, are continuous off), T,) x R2.
Moreover, for each € [0,T,) functiono(t,-,-) satisfies the Berg’s effect (1.2) and (1.3).
We assume that is a point, where the tangency condition is satisfied&ngroo) = 0,

¥ > 0. Then, there exist§ € (0,T.] such that there exists a unique matching curve
t v ro(t) fort € [0,T) which is of clasC!.

(b) If the couplesiy, d2 both satisfy (a) ana}, 2 are the corresponding matching curves,
then there exists a constalitsuch that

76 = rdllctor) < Klldy — dillcnrog, ma)-
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By the similar token we have.

Theorem 3.4  (a) Let us suppose thdt, € C*([0,T.]), anddy € C*([r10, M]), where
rio > 0, Ri(t) < M are given. We assume that, o,, ando,, are continuous on
[0,T,) x R2. Moreover, for each < [0,T.) functiono(t,-,-) satisfies the Berg's effect
(1.2) and (1.3). We sdtyy = do(r19). We assume that, is a point where the tangency
condition is satisfiedd ..(r10) = 0 (the superscripR is suppressed) ard® > 0. Then,
there existsI' € (0,T.] such that there exists a unique matching curve> ry(t) for

t € [0,T) which is of clasC!.

(b) Ifthe couples R, d}), (R?, d2) both satisfy (a) and}, r? are the corresponding match-
ing curves, then there exists a constAnsuch that

71 = r3llcor < Klldg — dillcr oo, m1) + I1RT — Billcpor)-

Once we closed system (1.2) by supplying the interfacialeslit, r;, i = 0, 1, we may
show existence of solutions. We shall show Theorem 1.1yfox l19 andryy < 719, the
first step toward this goal is to consider data leading to ahiag curve emanating from
700, 710, loo OF l19. Without loss of generality we may assume that a matchingecsiarts
atlyg.

Theorem 3.5  We adopt the following hypotheses. Functiois of C'—class o0, T,) x

R? and for eacht € [0,T,) functiono(t,-,-) satisfies Berg’s effect (1.2) and (1.3). In
addition, 5 fulfills (2.7). Two Lipschitz continuous functiomg, d¥ are given. They define
a bent rectangl€ through (BR). Moreover), dOR are of classo! in the complement
of the interior of faceted regions. At the poig} the tangency condition is satisfied and
dy . (loo) = 0. The quantitys is defined by (3.14) andl} > 0. The other interfacial
pointlyg is given andoy < lio. Furthermore, the interfacial curvés-), ro(-) andry(-)
are well-defined and they are Lipschitz continuous witheestod”, d*. Then, there exist
T € (0,7,] and a variational solution to (1.1) ¢, T) andd’(t,-), d%(t,-), defining the
bent rectanglé& (t), are of clas€>! in the complement of the interior of faceted regions at
each time > 0. Finally, the right derivative of*(t,-) is positive atr = Iy(t) fort > 0,
thus we witness the phenomenon of loss of regularity.

Remark. We stated the above Theorem in such a way to separate belo&vigr) from
the character of the other interfacial points. The asswngtat the curveg (-), ro(-) and
r1(-) depend in a Lipschitz continuous manner upon the data hgldhborems 3.1, 3.2,
3.3, 3.4 and [GR5, Proposition 2.5]. We will conduct the priacsuch a way that it carries
over to the case df;, only after minor changes.

Proof of Theorem 3.5.  We will write equation (3.7) as an integral equation. We rbsg
if d = (d*,d"?) is a solution to (3.7), then due to Theorem 3.1 the interfamiave [ is
uniquely determined. The other interfacial curvgsr;, i = 0,1 are uniquely determined
in virtue of one of the Theorems 3.3, 3.4 or Proposition 3¥ counterpart for, or the
counterpart of Proposition 3.6 fog.

Integrating (3.7) with respect to time yields,

t
d=dy+ / V(s,d)ds, (3.42)
0
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wheredy = (d&,df), V = (VA VE) andV is given by RHS 0f(3.7); 5.3 while V2 is
given by RHS 0f(3.7)4 5 6. We stress that this definition takes into account the chmayigi
time domain of definition ofz;, L;,4,j = 0, 1.

On the other hand, if is a solution to (3.42), then the curigis uniquely determined
by Theorem 3.1, as well as the curvgsr;, i« = 0,1. Subsequently, takin@if yields a

—

solution to (3.7). Thus, it is sufficient to show that operéitt{d), defined as the RHS of
(3.42), has a unique fixed point in a properly chosen BanaahespHere we tak& =
C([0,T); (C[0, M])?) for a suitableT € (0,T.) and in accordance with part (b) of the
definition of solution we sef\/ = max{Ly,R1} + 1. We also have to define (3.7) for
x1,x9 € [—M, M]. Namely, we set

. Ll
Ry = ]la(t, Ry, s)ds — 2y(mp) o 1y, M],
l

) Ii— 1

: Ry p

I :][J(t,s,Ll)ds ), 1, M]. (3.43)
- Ry — 1

We notice that the above definition 8f is a restriction ol (¢), Ry (¢) and timeT'.
We consider here a closed set

F ={(f,9) e X: f(t,), g(t,-) are increasing and Lipschitz continuous and
£(0,) = dy (), 9(0,) = di' ()}

If d € F, then we know from Theorem 3.1 that the cuiyeexists and it is unique. The
other interfacial curvesy, /1 andr; are also well-defined. The assumptions on the data
guarantee that they are monotone and in partidylearincreasing. Existence and Lipschitz
dependence upon the data of the interfacial cutyes, ro andr; permits us to defind
and consequentl&i(d}, which belongs toF, due to the signs of the velociti®s” and V2.
Moreover, sincd/ andl;, r;, i = 0,1 are Lipschitz continuous functions of its arguments,
we conclude existence of a small> 0 such that operatd? is a contraction irF. Hence,
existence of a unique fixed point follows.

By theory of ODE we deduce thé(t, -)is C' in the complement of the faceted regions.
Moreover, one can see

(d)3 (t,o(1)) =doA(lo(t))+/0 0, (5,d™ (s, 10(1)), o (£))d3 (5,10 (t)) ds.

Due to positivity ofo,., we conclude thatd®) (¢,1o(t)) is always positive fot > 0. Thus,
we witness the loss of differentiability of solutions.

We have to exhibit and to show that the paill’, £) is a variational solution. In fact,
£ is given by formula (3.2). In order to show that tk{iss a minimizer we will adapt the
methods of [GR5, Lemma 2.1]. We shall compdrgs + h) and&;(), 7 = A, R. We
have to examine the assumption that 4 is in D;, j = A, R. Let us writeh(d(t,z)) =
(h1(x), ha(z)). First, sincedy(np) N dy(ng) = {p}, thenh(£R1,+L1) = (0,0). As
a result we may consider each stﬁj‘é, j = A, R separately. Thus, we will present the
argument only fo€,, because the other functional is handled in the same way.

Moreover, the structure @, implies thath; (z) = Oforall z € [—L1, L;]. In addition,
due to&s(t,z) = —y(ng) atz = I;, i = 0,1, we havehs(l;) > 0. By a similar argument
ho(—1;) < 0.
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In generalf, (§) is a curvilinear integral oveﬁj{. It can be written as

Ly
)= [ Slotd(ta),e) - 7 g () o) 1+ (@20,

On inverse images of faceted regions this integral simpliiecause - % = %2 and

T oz
dd = 0.
On (lp, I1) the following formula for solutiong/*

Aw:Ax tO'S ASZ’Z’S
aA(t, ) do<>+/0 (5, (5,2, 2) d

is valid. Henceg" is strictly increasing and due t§§2(t,d/\(x),x) > 0 for z > 0 the

derivative%(t,x) never vanishes ofly, ;). As a result, for each > 0 the exceptional
setE% contains at most four point, hence Proposition 3.1 yieldggi= 0 on (—Iy, —lp) U
(lp,11). In addition, we deduce that # n,,npg there, hencéy(n) is a singleton. Thus
h=0o0on(=l1,—ly) U (lg,11).

Our calculations require the knowledge on the behavior efdifferences — divgé
on [—L,—Ul], [-l1,—lo], [<lo, 0], [lo, 1], [l1, L]. Due to symmetries involved, we may
consider only positive arguments. First, we take [0, o], thus diwé = g—f;. We can
immediately see that

l

U(t, Ry, lo) — %(t, Ry, l(]) = ][ g‘(t, Ry, 8) ds + M = RO > O‘(t, Ry, lo) (3.44)
61’2 0 lo

holds on|0, /o], hence orj—ly, lp].

If Ry = o(t, Ro,lp), then by [GR5, Lemma 2.1], (see also the proof of [GR5, Theore
3.1]) the¢ we constructed (see (3.2)) is a minimizers. Below, we shedl &vith the case
Ro > o(t, Ry, lp).

Next, we considef—I;, —lp] U [lo, l1]. Here, we obviously have

082

O'(t,dA(t,.Z'),I') - —(dA(t,$)7$) = O'(t,dA(t,x),l').
8952
On interval[ly, L] it holds
082 = 2y(ng)
_ 52y - t — )
ot a,w) = 520 Fuw) = f oth Ry, 5)ds - T2
Let us set ]
5= 5(Ro —o(t,Ro,lp)) >0
and considehy > 0 such that on
2
— 2700 < 0. 3.45
e ) (3.45)
rence, ¢ Oh oh oh
2 2 : 2 2
— 2% T = Ry — —2| > o(t, Ry, ly) — —=1.
o Dy 8x2| |Ro 8w2| > |o(t, Ro, lo) D
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After collecting the above information we can see that,

1 Ohy

lo
En(§+h) > 5/_1 lo(t, Ro,lo) — D2y ——(x)|* da

c ;l0+ /ll> ot a8, 2), )P /1+ (dD)2 (0, 2) d

_ L1
e ([ [ et - S (3.46)
Hence,

En(E§+h) —En(E) =
lo 1 ahg 8h2 —h 2l 1 ahg Ohs
/_10[5(—81’2) (t Ro,lo d$-|— </ /ll > (91’2 (t Rl,ll)a 2]d

Integration yields

EN(E+h) = En(€) = —a(t, Ro,lo)hal',, — o(t, Ry, ) (Ralfs +RI7 ).

The last conclusion follows fron%(t,d"(t,x),x) >0 for x > 0, ha(l;) > 0 and
2

D2 (t,d(t,x), ) < 0forz <0, ho(—~1;) <0, O
Remarks. The question of uniqueness of solutions will be treated reeply.
In the above proof we refer to Lipschitz continuity lgfwith respect tal;, R;. How-
ever, according to Theorem 3.1 this dependence is trivialth® other hand, in case bf

this dependence is not trivial and the above argument id .

Theorem 3.6  Let us suppose that,, o, ando,, are continuous ofd, T,) x R%. For
eacht € [0,T,) functiono(t,-,-) satisfies the Berg’s effect (1.2) and (1.3). In additibn
satisfies (2.7). We assume tidt d&t are given of clas€''! in the complement of the inte-
rior of the faceted regions. Moreovear) is defined by (3.14}% > 0 and(d}); (log) > 0.
In addition, we assume thaf, < ;o and that the interfacial curvés(-), ro(-) andri(-)
are well-defined and they are Lipschitz continuous witheestod”, d. Then, there exist
T € (0,T] and a variational solution to (1.1) ¢&,T').

Proof. We essentially repeat the argument of Theorem 3.5. Hereadsf Theorem 3.1
we rely on Proposition 3.6 for existence of the matching ewmnanating formy,. The
details are omitted. O
The point of Theorem 3.6 is that it shows existence of sohgtifor data violating the
tangency condition and such that we have a jump disconyimdit? atl,.
Finally, we would like to recall the statement of Theorem Yiglding the summary of
the existence.

Theorem 1.1 Let us suppose that is C' on[0,T,) x R2. It satisfies (1.2) and (1.3),
0 is given by (2.7) and, is defined by the formula (1.4). If the initial curtg is a bent
rectangleloy < 1o and none of the quantities)y, 4, ©F, % js zero, then there exist
T € (0,T] and a unique local-in-time variational solution to (1.1)[0sl).
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In order to prove it, we have to make its detailed contentieiplThis is done in the
Theorem below, where we restrict the statement just to dessige S, and a single in-
terfacial point which does not lead to any loss of generalgywe have already remarked
in the proof of Theorem 3.5. During the course of constrgctime interfacial curves we
have seen that we have to take into account the followingfact(1) the sign 0126\; (2
the tangency condition &g; (3) the vanishing otiajx(loo). The theorem below is a report
of a book keeper about behavior of the interfacial curve wHosmula for the derivative
is lo(t) = (Ro(t) — a(t, Ro(t), lo(t)))/dw(t,1o(t)). Obviously, the casé(0) = 0/0 cor-
responding to the tangency condition being satisfieldyatind to vanishing oﬂajx(loo) is
involved. It is also transparent that the case correspgrtdidaj . (loo) = 0 which the tan-
gency condition fails and:{)\ > 0 is left out. It is so because it requires different methods,
it will be dealt with elsewhere.

Theorem 3.7 Let us suppose that satisfies the Berg'’s effect and (1.3), it@s on
[0,T,) x R?, 3 is defined by (2.7) and is defined by the formula (1.4). We assume that
the initial curvel'y is a bent rectangle (but not a rectangle) &gdk 119. Then, there exists

T € (0,T] such that:

(a) If E{} < 0 and the tangency condition holdsigf, then there exists a unique local-in-
time variational solution to (1.1) 06, T') andly(-) is a tangency curve.

(b) If E{} > 0 and the tangency condition holdsigt, then there exists a unique local-in-
time variational solution to (1.1) d, T') andly(-) is @ matching curve.

(c) If 26‘ < 0 and the tangency condition does not holdygf then there exist&yy < loo
where the tangency condition is satisfied\g§. If the assumptions either (a) or (b) are
satisfied at\oo, then there exists a variational solution[onT’).

(d) If 24 > 0, the tangency condition does not holdlgt anddaj .(loo) > 0, then there
exists a unique local-in-time variational solution to (1oh [0,T") andly(-) is a matching
curve.

Proof. (a) This has been proved in [GR5, Theorem 3.1].

(b) This is the content of Theorem 3.5 and Theorem 4.1 below.

(c) The interfacial curve wants to be decreasing while thgdéacy condition is violated.
We encountered such a situation in [GR3,4]. In this caseR < o(t, Ro,ly), hence the
existence of the postulated, < lyg is obvious. IfE{} = 0 at the new location, then we
are back to cases (a) or (b) of the present theorem.

(d) This is the content of Theorem 3.6 and Theorem 4.1 below. O

We left out undecided the caseE@ = 0. However, sucly’s are in aC''-neighborhood
of anothero, which satisfies one of the conditions above. This is why wa@cthve have
solved the existence problem for the case of generic data.

We also note that if (c) in the above Theorem occurs, thenrtteevial [Ago, loo] Will
bend immediately.

3.2 Bending the rectangles

In the previous section we excluded the cage= l19. We will treat it now. Let us notice
that if logy = 1109, then we have a flat facet which is partitioned into threeiprages of
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faceted regions(— L1, —loo), (—loo,l00), (loo, L1) and at points belonging to these inter-
vals vector field¢ is in the relative interior oby(n). The solution to the minimization
problem (2.6) satisfies (3.4). The definition of the facetglan implies thag (¢, lop) must
belong to the boundary @fy(n). Thus, it follows from Proposition 3.2 and its proof that

59—952@, Ry, loo) =0,
i.e., the tangency condition holds &, thusVy = V; in (3.4).
This fact restricts the possible behavior of the interfaciarvesi;(-), i« = 0,1, and
explains our interest in data satisfying the tangency cudi.
We notice that some of the configurations are not possiblebédfe with complications

related to tangency curvés(-), i = 0, 1.

Proposition 3.8  Let us suppose that, €) is a variational solution antly = lio. If
I¥(-), 1 =0, 1 are tangency curves satisfying

I5(t) > 15(t) fort > 0. (3.47)

Then, fort > 0 interval(—Ly, L1) is the pre-image of a single faceted region.

Proof. From the geometry of the problem we infer that the inequdljjty) > 11(¢) im-
plies that the lines tangent @ at [5(¢) and(j(¢) are below the graph off. The first
line connects the point0,0) and (I5(t), G(I§(t) + ~v(ng))), the second one connects
(I5(t), G5 (t + v(ng)))) and (L1, G(L1)). Due to convexity ofG, they are below the
graph ofGG. Hence, the line joining the point$),0) and (L, G(L1)) is below these tan-
gents. Thus, we showed a different solution to the variatipnoblem (2.6) for which the
interfacial points disappear. We reached a contradictierg result no bending of the facet
occurs and our claim follows. 0

Furthermore, a situation when both curvgs), {1 () are matching curves is not possi-
ble. Indeed, this would imply thét(¢) < ly(¢), which contradict the possibility of defining
these matching curves.

Finally, we have the situation when onelgf-), /1(-) is a matching curve, while the
other one is a tangency one. For the sake of definiteness, suenagthat, is matching
while [; is a tangency curve. Thué,(t) = Ij(t) > l10 andly(t) > l10. We notice that
by Proposition 3.8 inequality;(t) > [5(¢) is excluded. Since the slope of the tangent to
G(t,-) continuously depends upon time, we observe that there isgetd to the graph of
G(t,-) for 0 < t < e and passing througl(D, 0). Its tangency point;(t) must be close
to 1o andlf(t) < I3(t). Sincely(t) is a matching curve, thelj(t) < lo(t), in particular
4G (1o(t)) > 4G (1%(t)), hence the line connecting, 0) and (I(t), Go(t) + v(ng)) must
intersect(z. Thus,£ is not a solution to the variational principle (2.6), a cadiction. Our
claim follows.

Now, we can show the existence result, knowing that onlygang curves starting from
loo = l1o are possible.

Theorem 3.8 Let us suppose thatandg are as in Theorem 3.1 = l1o andE{} <0,
¥} > 0. Then, there i§ > 0 such a variational solution to (1.1) exists foe [0,T).
Moreover, the interfacial curves(-), i = 0,1, are the tangency curves aljdt) < I3 (t)
fort > 0.

Proof. What we have shown so far implies thigt) < [5(¢). Since for the tangency
curves we have®y < Ry, thenlj(t) < I5(t). Existence of variational solutions follows
now from Theorem 3.7 (a) and its proof. d
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3.3 Examples

In [GR5] we considered a couple of examples&. They were

1 1
:2 oo (oe]
o1 o (o) <1+x2+1—|—y2>’

O,OO

1+ 22 +y?

o9 =20 —

Let us look first at; with constaniz. It is easy to check that

f)E bl i:R,A,
211\ = LI(UI(RLLI) — Ul(Rl,ll)) > 0, E{% = Rl(dl(Rl,Ll) — O‘1(T’1,L1)) > 0.

Thus, if the tangency condition is satisfied at the initiaddiatiy, or I1o, then these points
are the starting points of the tangency curves, moredy@, = lyo. A similar conclusion
holds forry andr;.

If we assume that the tangency condition is violatedi @{resp. atr1p), then we can
solve equation (1.1) only if the left derivative d}g‘ (resp.d¥) is positive aty, (resp.r1).

Let us turn our attention to the,, which is more interesting, because we cannot guaran-
tee in general the sign of dllZ, i = R, A, j = 0, 1. We first consider> independent from

time. It is easy to notice that, if the tangency conditionatis$ied atly, thenio(O) > 0,
because for a constant®, the quantityzé\ takes the form

23:ymﬂdm<fm @ ! ><0
o I+R3+y2)?2 (1+R3+13)?

Hence, a tangency curve emanates frilgm We also notice that in general, we cannot
determine the sign df; (0), without the detailed knowledge abdigg, [0, Roo, R10 and
Lo becaus&! equals to

- . L1o 1
% = 2RioRi(0) <][ dy - )

o I+ R, +y%)? (14 R +13))?

L1(0) ( 1 1 )
LlO - llO 1 + R%O + Z%O 1 + R%O + L%O '

Thus, we cannot determine the character of the curve gaatii,.
We can change this situationaf depends upon time. Namely,

~ 1 loo dy
zA:yumm<_______f _____J
O N1+ R +13, Jo 1+RE 42

and we notice that the term in the parenthesis is negativeilaBly,

5 1 Lio dy
EA:2A+U°°<—_][ 7>
N RL 1y Sy TR 2
and the in the parenthesis is positive. If we choose largativegr°, then we can obtain

»A > 0 while % < 0, i.e,, matching curves start &, and atl;,. If we reverse the sign of
o¢°, we will obtain two tangency curves starting frdgg andiy.
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4 Uniqueness of solutions

Here, we essentially use the methods of [GR5, Theorem 3ty @epend on the mono-
tonicity of the RHS of (3.7) and on regularity of the inteiitdccurves,r;, I;, ¢ = 0, 1.
For the sake of completeness we present below the prooffvidiealid for both types of
curves.

Theorem 4.1 Let us suppose that satisfies (2.7)y is of C'*-class ori0, T') x R?, for each

€ [0,T) functiono(t,-,-) fulfills (1.2) and (1.3). We are give(T®, ¢), i = 1,2, are two
variational solutions to (1.1) defined ¢m T') andT(0,-) = I'%(0,-), £X(0,-) = £2(0,-).
Moreover, the initial data satisfy the assumptions of ThaoB.7 03.2. ThenI'\(t,-) =
T2(t,-), &M, ) = &3(t,-) forallt € [0, T).

Proof. One of the problems we have to overcome is the time depend#ndemains
of dfti, dhi, ; = 1,2. We have to extend these to fixed domains. Bywe mean the
number defined in part (b) of the definition on the notion of lson. We recall that by
assumptiorv (¢, -, -) is defined oveiR?, while £(t,-,-), i = 1,2 are over|—M, M]?, see
(2.2). We will extendi™ andd™: to [ M, M]%. However, in order to simplify the notation
we will concentrate oa*, i = 1,2. The argument fod* is the same and thus the details
will be omitted. We extend”:, i = 1,2 is by the solution to the system
A +
8§t = o(t,R}, LY) — % &
OdM
ot

(t,Ri,LY),  xel[Li,M], 4.1)

o(t,R}, —L}) — a_gz(t R, —L}), x € [-M,—L],

whereZ2_& o "% are one-sided derivatives. We stress that the speed oftierobf ¢ in (4.1) is
set to be constant and equal to the horizontal speed of vgiRiex.! ). Sinceo (¢, RY, z) —

aax? (t, Ri, x) is constant for: € [I%, L] and equal ta?}. We see that the above definition
is compatlble with (3.43).

Subsequently, we proceed as in the proof of [GR5, Theorelj B2 we take the
difference of (4.1) foi = 1,2, multiply by *? — @™ and integrate ovef- M, M]. Hence,

we obtain

1d
2dt

M
- / < giz( x>+g§22( )> (@2 (1, ) — M D) gy

-M

ydA2 (t,z) — d™ (¢, 2))? dx

M
+ / [o(t,d*2 (t,x), ) — o(t,d™ (¢, 2), 2)](d 2 (t, x) — d™ (¢, 2)) da
—-M

= J+ I

The second term is easily handled due to Lipschitz contirafity, we obtain
M
I< C/ |dh2 — dM 2 da
-M

In order to proceed, we have to examgiend to introduce some notation for that purpose.
Namely, we shall writ&(-) = £(d, L, -) to denote the unique solution to (2.6) fbe= d*
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defined ovef—L, L]. In fact, as we have seen in the course of the proof of [GR5oEme
3.2], it is a unique solution to the corresponding Euler-+aage equation. Hence, in our
caset’(:) = &(dM, L, ), i = 1,2. Similar notation should be used for the Cahn-Hoffman
vectors defined over the other pair of sidgs. However, for the sake of simplicity of
notation we shall not do this.

Using the new notation, we will rewrite the teri) namely

(M 0%, o 082 Ay 12 Ao A
J _/ (am(d L)+ SN2 )>(d —dMY(t7) da

-M
M
+ / < 252 (d™, L%, x) + g& (d™, L, )) (@ — d™)(t,x) da
-M L2 €2
= J1+ Jo.

An argument based on monotonicity of the opera@tgr as in the proof of [GR5, Theorem
2.2], yields that/; < 0. Namely, by the definition of’s

min{L} L2}
I o= / o ( % (%2 Ly )+ P2 (aM L, )> (@t — dM)(t,z) de +
—min{L},12} \ 0%2 Oz

—min{L},L?} — max{L},L?}
/ - +/ . (8&@“ L)~ 02 (¢ L, >> R}~ Rf|dx
—max{L},L3} min{L},L?} Oz2 0z
= Jn + Jio.

The integration by parts and the boundary conditions (nFf @tz = +L},i = 1,2, lead
us to

min{L7i,L?}
Ju = / (€a(d™, Ly, x) — &(d™, Lo, 2))(d3? — d")(t, @) d.
—min{L},L3}

Now, we notice that the integrand equals to the followingeimproduct

—(&(d™?, Lo, x) — E(dM, Ly, ) - (d22(t, ) — dB1(t,2),0) =: 1.

Since¢i(z) € dy((—d2i,1)), becausen(z) = (—d2,1)/4/1 + (d5%)2, we conclude by
monotonicity of the subdifferential thdi < 0. Hence

Jin <0.

Later we will deal withJ;5. It requires treatment similar to that appliedAq below.

Now, we turn our attention td. Vector fields¢(d?t, L?), i = 1,2 are obtained as
solutions to the Euler-Lagrange equation for the sdfnebut differentL?;.

Let us notice that the data uniquely imply whether the imigiefl curvel(-),i = 1,2, is
a tangency curve or a matching curvelilf-), i = 1,2, are tangency curves then, by [GR5,
Proposition 2.5] they are uniquely defined dyand Ro(-) = R}(-) = R2(-). Moreover,
they are of clas€’!. On the other hand, if,(-), i = 1,2, are matching curves, then by
Theorem 3.1 they are also uniquely definedstgnd Ry (+), in additionljy € C'*[0, 7).

As aresult, by the formula faf(d*1, L?, ), on (—lg, ly), we deduce

0&s 062

A 2
61’1 (d L ) 81’1

=2 (@M L e)  forx e (<o, lo).
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However, the above argument is no longer validifor = 1,2, hence we obtain

k= (/ N /l >< gf«ll d™, L%, 2) + Sﬁl (at, LY, )> (@ — @) (x) da.

Let us introduce further notation
B =min{i?,1}}, " =max{i2,1}} L[!=min{L3 L}}, L]=max{L? L}}.
Let us notice that
L2 (g P m) =0, form e (lolf), p=1.2,
Lo @M, Lmx) =0, foray € (If, 1),
where the superscript in L™ means the index: in [T*, and

92

o 22 (@M L x) =0, forz e (L, L7).
1

Hence,

98

T2

&
8352

&
81’2

B <2 /
it
L
+2 /
lm

1
LJ
+2/_
i

The formulas forg’fﬂ1 , see (3.2), permit us to write

=2 (dM2 LF 2 ‘|dA2 dM|(t, ) dx

3

Ao L2
08 (o, 2,) - 2

=2 (dh2 L x| |dh2 — dM(t, x) da

=2 (dh2 '|dA2 dM(t, x) da.

l m

MK(/
lk

1

% a1 - e~ a1 - 0 - ) )
In order to reach the desired bound, we have to show the fwitptveverse Holder inequal-
ities”,
LT — Li| < Olld™ —d™ 2, R}~ Ri| < Clld" —d™ 2. (42)
We will show them, possibly on after restricting the timesivials by the condition
I(t) <ho+a, t<T, ri(t) <ro+a, t<T,

for somea > 0. SuchT; exists because of differentiability &f andr! (see [GR5, Propo-
sition 2.5] for the tangency curves and Theorem 3.6 for thiehiag curves). Thus, after
recalling thatL} (t) > Ly, for o satisfying (1.2),
M Lio
=iV = [ Pde > [ b R = o= (o) |RE-R
-M lio+a

Hence, (4.2) follows. The other inequality follows by thensatoken.
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In order to estimate that the remaining teﬁﬁn |dA2 — @M | dzy, we have to work a
1

little bit more. We note that equations (3 @nd (3.7) imply thatd®:, ¢%, i = 1,2 are
bounded o0, 71| x [—M, M] as long as

|d) e <K <00, j=RA.

Using this information we arrive at

l?’n l’HL

J21 ::/1 |dA2_dA1‘ dxlz/l
ik £

1

l"b

R%—RH/l (dh2 — dlv)ds

z1

dxl.

Hence,
Jor < [If = L||R} — Ri| + K|I§ — 1|

We recall that, no matter what is the character of these curves, they aras$@' and
if L2 = L1, thenl} = 3. Thus,
1} =il < KILY - Lq].

Taking into account of above bounds we arrive at the estimate

d
T lld*e — dM|T, < K(l|at — a3, + [l — d™ 7).

A similar estimate is valid for the differene&® — ¢, after adding them up we reach

d
—(ld" = d™ [Tz + [ — d™[T2) < K([d™ = d™ |72 + [l — d™[72).

Using Gronwall inequality we deduce that
e — |z, + [l — ™ = 0

fort € [0,T}]. Once we show thdt; = I'y, thené! = ¢2 follows from the strict convexity
of the integrand itf;, i = R, A as in the proof of Theorem 2.2. d
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