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PREFACE

This volume is intended as the proceedings of Sapporo Symposium on Partial
Differential Equations, held on July 30 through August 2 in 2002 at Faculty of
Science, Hokkaido University.

Sapporo Symposium on PDE has been held annually to present the latest de-
velopments on PDE with a broard spectrum of interests not limited to the methods
of a particular school. Professor Taira Shirota started the symposium more than 25
years ago. Professor Kéji Kubota and Professor Rentaro Agemi who made a large

contribution to its organization for many years.

We always thank their significant contribution to the progress of the Sapporo

Symposium on PDE.

T. Ozawa, Y. Giga, S. Jimbo and G. Nakamura
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NONLOCAL EVOLUTION PROBLEMS

M. Chipot

Angewandte Mathematik
Universitiat Ziirich
Winterthurerstr. 190
CH-8057 Ziirich

Let € be a smooth bounded open subset of R™ with boundary I'. Suppose that I' is divided
into I'p and I'y = I'\I'p. Let a;;, ap be continuous functions uniformly bounded such
that for some positive contant A it holds that

T

) ai(Q)&g > MEP  YEER®, VCeR. (1)

i,j=1
S(’,‘t n
A= .-4.(() = Z a.-a.'_.'.- (“1_}((:)61,) (2)
Het==]

where J,, denotes the partial derivative in the direction x;. Denote also by 9, the usual
conormal derivative associated to A. Then, one can easily show that there exists a solution
to the problem

(up — A(l(u(..1))u 4+ ag(l(u(,t))u=f in QxR*,

0“;\“1 u(.,t))) =

(2,t) =0 for z € I'y,t € RY,

u(z,t) =0 for z € I'p,t € RT,

\u(.,,0) =ug in §,
where

{(u(..t)) = [}q['r) u(z,t)dz. (4)

f, g, ug being functions in L*(€2). Then, an interesting issue is to study the asymptotic
behaviour of u(.,t) when t goes to +c0. The problem passes of course through the first
step of finding the stationary solutions to (3). Let us set

A = A(() = A(C) — ao(C) (3)
and for ¢ € R introduce ¥ = W 4. the weak solution to

—AV =g in (),

d

Yaieg)

U(r)=0 for x €y, ¥(x)=0 for 2 €'p.



We can easily see that to every solution of the stationary problem associated to (3) i.e. to
every solution of

—A(l(u))u= [ in 2,

(7)
D pieuyy (@) =0 for z€Tn, u(x)=0 for z€lp,
corresponds a solution to the equation in R
jh= / F(2) ¥ 4 ()d, (8)
Jo

and conversely. Under reasonable assumptions on A and ag it is easy to show that the
right hand side of (8) is uniformly bounded and thus (7) admits at least one solution.
However several solutions might also exists. This complicates the study of the asymptotic
hehaviour of (3). In the case where

A(Q) =alO)A , ag=0 , Tp=T (9)

(A is the Laplace operator) the problem has been investigated in [3], [4] and [5]. In this
case the problem is a little bit peculiar since the solution to (6) is given by

W = ? (10)

where ¢ is the solution to
—Ap =g in (1,
(11)
p(x) =0 for z €T.

(v denotes the outward unit normal to I'y). Thus, in this case (8) becomes

o Sods.

; (11)

a(p) =
Clearly this equation can have several solutions. Such a simple equation does not arise-in

the cases

A(Q) = a(()A i ap =1 (12)

or

A(()=A : ag = a((). (13)

Thus in this case the stationary problem (7) is more complicated to solve and the asymp-
totic behaviour of (3) more involved (see [1], [2]). This are some of these issues that we
would like to consider here.
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Analysis of singular sets
of Landau-Lifshitz system *

Liu Xiangao
Institute Mathematics, Furan University, Shanghai 200433, China

1 Abstract

The aim of this work is to analyze the singular sets of stationary weak solutions
to the Landau-Lifshitz system of Ferromagnetic spin chain from a m-dimensional
manifold M into the unit sphere S? of R?. Landau-Lifshitz system is very similar to
the heat flows of harmonic maps into sphere in the form. However the monotonicity
inequality, which plays an important role to get partial regularity, does not hold in
this case. This becomes a large barrier to regularity. In the present note we get a
generalized monotonicity inequality, and prove the partial regularity of the station-
ary weak solutions with zero m-dimensional parabolic metric Hausdorff measure of
singular set. Furthermore suppose that ux — u weakly in WH?(M x R,,S?%) and
that Xt is the blow up set for fixed ¢. In here we prove that £ is a H™ *-rectifiable
set for almost all + € R,. And then we reveal the blow up formulas and expose
¥* motion by quasi-mean curvature under some assumptions. This investigation is
inspired by the study on the heat flow of harmonic maps.

It is well known that the Landau-Lifshitz system describes the evolution of spin
fields in continuum ferrimagnetism (see [LL]). It takes the form

c'}tu = —mu X (u X Fef_'r) + gL X Fgff,
where v = (u',u? u*) : M x R, — R?is the spin field, “x” denotes the vector cross
product in R*, a; > 0 is a Gilbert damping constant, as is a exchange constant,
and F,;; is the effective field containing contributions from exchange interaction
crystalline anisotropy, magneto-static self energy, external magnetic field, etc (see

*This work is supported by NSFC.



[LN]). The magnitude of the spin is finite, i.e., |u]*> = 3}, (u')* = 1. We consider a

typical form of Fi;; corresponding to the pure isotropic case and without external
magnetic fields, i.e. Fopp = Au. In this case the Landau-Lifshitz equation reads
Ou = —oqu X (u x Au) + asu X Au. (1.1)

The system (1.1) was first derived on phenomenological grounds by Landau-Lifshitz
[LL]. Tt plays a fundamental role in the understanding of non-equilibrium mag-
netism. When «; = 0, this system is called as Heidelberg system.

We also get the following equivalent equation

MO — du X u = Au + |Vu|2u. (1.2)
Where Ay = “’”rL‘g:iaz,/\g = ;?‘—‘;2(-;5

The initial date is proposed by
u(z,0) = up(z), with |ug(z)| = 1,2 € M. (1.3)

Recently B.Guo,M.Hong [GA] and F.Alouges A.Soyeur [AS] have established
the global existence of weak solutions for the Landau-Lifshitz equations in higher
dimension.

A natural problem is: how is the regularity of weak solutions to the Landau-
Lifshitz system in higher dimension?

One has seen that the Landau-Lifshitz system of the Ferromagnetic spin chain
contained the heat flow of harmonic maps from M into S? (if ap = 0,0y = 1)
and the equation of harmonic maps (if dyu = 0). So one cannot expect any regular
properties for the general weak solutions of the system without any condition based
on the results about the regularity of harmonic maps. Indeed; T.Riviere has con-
structed a weakly harmonic map u € W'?(B?, S*) which is discontinuous almost
everywhere in B?. Thus a more restrictive class of the weak solutions should be
considered. Indeed, M.Feldman has proposed a restrictive condition for the weak
solutions of the heat flow, as follows the stationary condition of the domain vari-
ations for the harmonic maps, i.e. so called “stability hypothesis”. An important
role of this condition is which implies the monotonicity of the "normalized energy”.
For heat flow these monotonic inequalities have been proved by M.Struwe. It is
unfortunate that the monotonic inequality don’t hold in present case. Maybe this
is a crucial reason that up to now one could not obtained the regularity of weak
solutions of this system in higher dimension.

DEFINITION 1.1 u(z,t) € W"(R™x Ry, S?) is called a stationary weak solution
of (1.4), if it is a weak solution of (1.4) and salisfies the following two assumptions:

/ 2(A 1y — Aqu % 1y)C - Vu — |VulPdiv¢ + 28j11,6ku8jck =) (1.4)
R™



Py t2 «
( / ol )| Vul?9dz < — / [ 2O\ u29+ VuVdug) — |Vul*d ) dedt. (1.5)
R™ xta R™ %l i1 R
Where ty > 1, > 0, functions ¢,0 satisfy the following conditions:
¢ e CYR™ x R, R™),9 € C'(R™ x Ry),¥ >0,

¢, Ve Ve, are bounded on xR,
¢, 1), 9(-t) € Cy(R™).

When the equality in (1.5) holds, u is called a strong stationary weak solution.

We have

THEOREM 1.1 Let M be a m-dimensional smooth compact Remanning manifold.
Assume that v € WY2(M x R,,S?) is a global stationary weak solution of the
Landau-Lifshitz system (1.2) (1.3) with E(ug) < oo, |ug| = 1, where E(u) =
Tt |Vu|?dV. Then there exists an open subset U of M x R, such that u €
C*™(U, S?) and the singular set Sing(u) of u satisfies H'(Sing(u)) = 0 where #,
denotes parabolic metric Hausdor[f measure.

Now we shall consider a sequence uy of stationary weak solutions of (1.2) with
initial data ue(z,0) and [pm |Vug(w,0)|> < A. By the energy inequality we have

-
f fﬂ 9\ Byl dwdt + f (Vue?(z, T)dz < f IVur(z, 0)[2dz = Eio < A. (1.6)
n taid Rm mm™

Therefore we may assume that ug — u weakly in W"?(R™ x Ry, 8?%).

The small energy regularity and (1.6) imply we may assume that
|Vug |2 (-, t)dzdt — |Vul?(-, t)dzdt + v,

Bk | (-, ) dzdt — |Opul*(-, t)dadl + p,

in the sense of measure as k — oo, where v, is a nonnegative Radon measure in
R™ supported in ¢, ;1 is a nonnegative Radon measure in R™ x I, supported in
X.

We have

THEOREM 1.2 Let ui be strong stationary weak solutions of (1.2) with initial en-
ergy Exo < A. Then for almost every t € Iy, vy 13 H™ 2 rectifiable, therefore Lt is
H™? rectifiable.



THEOREM 1.3 Suppose that uy are strong stationary weak solutions of (1.2) and
the limiting map u is also a strong stationary weak solution of (1.2), then the blow
up measure {v,} is a generalized Brake motion.

THEOREM 1.4 Suppose that blow up set ¥t of Landau-Lifshitz system (1.2) with
A > 2|\g| is a smooth family of submazillas in R™ and assume that it 1s a general-
ized Brake’ flow in the sense of Theorem above. Then 3 is a quasi-mean curvature

flow.

In the following we analyze what happen at blow up points. More generally we
assume that u(z,1) is a strong stationary weak solution of (1.2). Let 20 = (zo, o)
be a singular point of u. Set ux(z) = u(xo + rex, to + rit) where z € R™ and
t € R_, then uy satisfies (1.2) and by scaling , for any 2 € R™ x R_,

E(re,u,z) = /Pl(z] |Vl

We see that for small 7
|V'u.k]2 S C(R(}),

Py(z)

and "

/ |Bpuk|* < Cf [Vug|* < C(Ry).
P1/2(z} Pi(z)

Denote , for fixed constant § > 0,

Dy = {Z € R™ x R_l.’L'o + T, € BJ(SL’U),tU + 'I'Et © [tn = 52,t[| -+ 52]} i

then Dy — R™x R_ as k — oo, since 7 — 0. Therefore there is a gubsequence (still
denoted by 1) rr — 0 such that ug(z,t) — v(z,t) weakly in WA(R™ x R_, S%),

|Vug |2 (:, t)dadt — |Vol*(-, t)dadt + vdt

and

|0,uk|? (-, t)dzdt — || (-, t)dudt + p

in the sense of measure as k — 0o, where v, is a nonnegative Radon measure in
R™ supported in Xt u is a nonnegative Radon measure in ™ x R_ supported in
2.

THEOREM 1.5 If zy = (wo,1o) is a blow up point, then we have two blow up for-
mulas

fg divgs (v + /R (| Vuldiv(C) — 20;00500;¢*) (1.7)



Mz - — %“G x (z-7))(C - T?)W

2(-t) ’
1]
/ ‘ / 2(Mu?d + VoVdu,)dde + ( / - f )| VolPdds
(51 g H™ %ila Rmxty

) 2,\1 ta )\1$ . Tl? 2
= fzt diy, —/Et Jiy, — ISYESY) fh /E, V| (—t) |“w

o (a7t — Rax (- W) (VI-T)
—2/{] /)jl 2(._'0 Yy,

where ¢ € C°(R™, R™) and 9 € Cg°(R™, R.).

== 2/’”(/\18{1}—/\21} X ag‘U)V'UC—l-z./;:l (

(1.8)

Acknowledgement Author would like to thank Professor Norio Kikuchi for his
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Magnetic clusters and fold energies

Motohiko Kubo (Hokkaido University)
Division of Mathematics, Graduat School of Science, Hokkaido University
kubo@math.sci.hokudai.ac.jp

This is a joint work with Y.Giga and Y.Tonegawa.

1 Introduction
We are concerned with variational properties for a fold energy in the unit disk
Qo < B2 of the form

E%(Vu) =f [Vu] r dS

LouMiln

du Ou
axr’ Oy
invariant. Here g > 0 is a given positive number. Roughly speaking, Y, de-
notes the jump discontinuities of Vu and [Vu| represents the jump on Xy,; dS
denotes the line element. The precise definition of the energy EY will be given
later.

Our main results are

(1) L'-compactness summarized as follows.

If {E9(Vu;)}jen is bounded, then there is an L'-convergent subsequence of
{Vu;}jen.(Theorem 1)

(2)L'-lower semi-continuity of E9 with respect to Vu.(Theorem 2)
(3)Characterization of global minimizers such that £9(Vu) = 0.(Theorem 3)
(4)Stability of ‘saddle point’ type stationary configurations is studied.

There is a tendency that more configurations are stable for larger ¢.(Theorem 4)

for a unit gradient field Vu = ( ), u = u(z,y) when Vu is dailation

2 Terminology
To state our results precisely we prepare several functional spaces and notations.
Let €2y be the unit open disk in R?. We call a vector field V on €y a cluster if
V e L*(() satisfies
curl V=0  in 0\{0} (i)
[V]=1 in (g (i)
Viz)=Vi(z') ifarge =arge’ (i)
Let K denote the set of clusters. Then we are able to show that V € K has a
potential,
i.e. for any cluster V' € K there exists a function u on £y to R such that
Vu = V. We next define the set of finite wall clusters and the fold energy for a
finite wall cluster. If a cluster Vu € K is not smooth at zg € §p, then Vu € K
is not smooth on the line I(0) = {z € Qg | # = argzy = argz}. We call such
{(0) a wall of Vu € K. If a cluster Vu € K has finitely many walls, then Vu is
called a finite wall cluster. We denote the set of finite wall clusters by Kj.
For a given g > 0 we define the fold energy E} on Kj as follows .
For Vu € Ky we set

EY(Vu) = / | (Vul(z) | as

ul(9)



where ‘ [Vul(x) I is the size of the jump of Vu at z € UI(f).
Let,

K9 = {Vue K | }{Vu;}jen C Ky s.t. Vu; = Vu in L
sup E}(Vu;) < oo}

We call this set K7 the set of limit clusters.
We consider the L'-lower semi-continuous relaxation Ef, of B} on K . In fact,
for a limit cluster Vu € K4, the fold energy of Vu is defined by

E,(Vu) = nf{imE}(Vu;) | {Vu;}jen C Ky with Vu; = Vu in 7
E}(Vu:,) < 00}

3 Main results

Theorem 1(L'-compactness ).

Assume that {Vu;}jen C K2, and that EJ (Vu;) is bounded in j.

Then there exists a subsequence {Vu;i)tren of {Vu;}jen and there exists a
Vug € K3, such that Vujq, converges to Vug in L'(Qg).

Sketch of the proof.

It is enough to prove for the set of finite wall clusters.

For any Vu; of finite wall cluster we define g; : # = argz — argVu;(z). Such
single-valued function g; exists since Vu; is a unit gradient field (i ) and satis-
fies dailation invariance (iii).

We next introduce a map M such that {M(g;)};en is uniformly bounded and
equicontinuous. So by the Ascoli-Arzela theorem there exists a subsequence
{M(g;(k)) }ren of {M(g;)}jen and a continuous function h such that M(g;x))
converges uniformly to k. This h has a function g with M(g) = h and this g sat-
isfies the property that (cos g;(x)(2), sin g;(x) (x)) converges to (cos g(z), sin g(z))
almost everywhere & € Qg. Thus we can get a subsequence as required.

Theorem 2(L'-lower semi-continuity ).
Assume that Vu € K9, {Vu;j}jen C K2 and that Vu; converges to Vu in
LY($2).
Then EY (Vu) < liminf B (Vu;)
J—o0

Moreover, EZ,=E} on K.
Sketch of the proof.
It is clear by definition of the fold energy EZ, on the set of limit clusters.

Theorem 3(Global minimizers).

Following two statement are equivalent.

(a)Vu € K2, is a global minimizer on K%, of EL,.

(b)Vu € K9, is either argVu(z)=arg(z) or argVu(z)=arg(—=z) or argVu=C.

Sketch of the proof.

Assume (b), then it is obvious that (a) holds.

On the other hand if Vu € K9, is a global minimizer on K¢, of EZ, then Vu has
no wall because we know there exists some Vu € K, satisfying EZ (Vu)=0. So



we can get the result (b) as required .

We consider a typical series of configurations which is expected to be stationary
for EY.

Definition.

For given {0;}3", C (0, 2x] satisfying (1), (1).

(1)0<@; <83 <---<03, <2m
()87, =0; + it forVj=1,2,---,2n—1
We define Vul™ ¢ K ¢ as follows.

vul® e K7 has 2n walls {1(67) n, and satisfies for all z € $o with argz €
(67, 03)

4 . . 1 : . ml
Vu! )(a:) = (cos( ek —E—),sm( 1 +W))

We denote the set of such Vuﬁ")‘s by Zan.

or

Theorem 4(Local minimizers).

Assume that q > 0 and n € N\{1} satisfy ¢sin’ % — 1> 0 and that Vul™ €
Zom.

Then there exists €g > 0 such that Ego(Vu,(.n}) < E1 (Vu) for any Vu € K3,
with ||Vu(,"} — Vul[p: < &0

Sketch of the proof.
It is enough to prove for the set of finite wall clusters.
We first prove the following proposition.

Proposition.
There exists two positive numbers €, and € such that if Vu € K satisfies
||Vu5."’ — Vullr < £, and E}(Vu) < E}(Vu&")) + g¢ then Vu has exactly 2n

walls and each wall is located near each those of Vul™.

By using this proposition we can parameterize such Vu. So we can parameterize
the fold energy of such Vu, too.

Then the fold energy has a critical point at Vu{™ and Hessian of the fold energy
at V™ is as follows.

o i = iz F
Hess B |V-u£"’- 6{q51n on I}A

where ' is a positive constant and A is a positive matrix.
Thus if gsin® 5& — 1 holds then vul™ is a local minimizer.



Corollary.
Assume that ~
q > 0 and n € N\{1} satisfy gsin’ B 1<0.

Then Vul™ € Zo, are not local minimizers.

4 Related works

H.A.M. van den Berg studies magnetic thin film as follows.[6]
A magnetic field M on a domain 2 of R? is called a magnetic cluster if
M € L*2(Q) satisfies

div M =0 in

VI=C inQ

M-7ii=0 ondQ
where € is a given canstant and 7 is the unit outer vecter on 9f2.
He provided many examples of magnetic clusters.
Many people study the problem without dailation invariance. In general we
don’t know the existence of global minimizers of the fold energy on the set of
solutions of the 2-dimensional eikonal equation under suitable boundary condi-
tions. There are several examples that distance function is not the minimizer
of the fold energy.|2],[5]
If g=3 then the fold energy is lower semi-continuous and compactness holds. If
>3 then the fold energy is not lower semi-continuous.
We conjecture that compactness doesn’t hold if ¢>3.[1],[3][4]

5 Motivation

We would like to study the stability of stationary state on the set of limit clus-
ters of the fold energy to find and classify local minimizers. We have given
examples of stationary state whose stability depends on ¢>0.(Theorem 4) We
conjecture that there is no local minimizer expect examples but we did not pur-
sue this problem here.

In our study it is very important that configurations are restricted as clusters,
which satisfy dailation invariance. In general we expect that compactness de-
pends on ¢>0 if we consider clusters without dailation invariance. Originally
we thought such compactness depends on g even for clusters. But it turned out
that our compactness result does not depend on ¢. So the compactness property
may be different between clusters and general configurations.
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LOGARITHMIC SOBOLEV INEQUALITY FOR INFINITELY
DEGENERATE ELLIPTIC OPERATORS

Yoshinori MORIMOTO (Kyoto University), Chao-Jiang XU (Rouen University, France)

1. NOTATIONS AND RESULTS

In this work, we consider a system of vector fields X = (X;,---,X,,) defined on an open
domain 2 C RY. We suppose that this system satisfies the following logarithmic regularity
estimates,

m
llog A ullZs < C &S IXGullla + llullZa § . Vu € G5 (@), 1)
1=1
where A = (e + |D|*)Y/? =< D >. We can find some sufficient conditions for this estimates
for exemple in [?, ?]. The typical example is the system in R? such as X; = 0,,, X2 =
e~ kIt 0y, with s > 0. Remark that if s > 1, the estimate (?77) implies the hyoellipticity
of the infinitely degenerate elliptic operators of second order Ay = 77, X7 X;, where X7
is the formal adjoint of X;.

If I" is a smooth surface of E:“Z, we say that I' is non characteristic for the system of vector
fields X, if for any point 2y € I', there exists at least one vector field of Xy,---, X, which
is transversal to I" at zy. Let now I' = U;je I; be the union of a family of smooth surface in
Q). We say that I" is non characteristic for X, if for any point zo € I', there exists at least
one vector field of Xi,---, X,, which traverses I'; at 2q for all j € Jo = {k € Jj20 € Iy}
For this second case, the typical example is X; = 04y, X2 = exp(— (2] sin""‘(;—t})“lﬁs)fﬂm, we
have I'; = {z, = -_%-}J € Z\ {0}, Iy = {2, = 0}, and X, is transverse to all I'},j € Z.

Associated with the system of vector fields X = (X, - ,X,,), we define the following
function spaces :

1y (@) = {u e L*@); Xju € L*(@),5 =1, m}.

Take now Q CC Q, we suppose that 9 is C™ and non characteristic for the system of vector
fields X. We define H) (9) = {u € H}(Q); u|aq = 0}, that this is a Hilbert space.
Our first result is the following logarithmic Sobolev inequality.

Theorem 1. Suppose that the system of vector fields X = (Xy,--- , Xp) verifies the estimates
(7?) for some s > 1/2. Then there exists Co > 0 such that '

j Y 25— ’U S Y E &
[0 (hL) < cod Souol + s )
i =1

Jor all v € Hy 4(S2).
Comparing this inequality with that of finite degenerate case of Hérmander’s system, for
example, for the system X; = d,, X2 = &0z, on R? ,we have (see [?])

5 \1/2
lellze < € (nvlEs + laboaolEs + lol3: )

—14— ¢



for all v € Cg°(Q), with p =2+ 1. Consequently, if & go to infinity, we can only expect to
gain the logarithmic estimates as (77). That means that we are not in the elliptic case of [7].
Similarly to the elliptic and subelliptic case (see [?]), by using the Sobolev’s inequality, we
study the following semi-linear Dirichlet problems
Axu = aulog |u| + bu, .
s =0 (3)
ait 7
where a,b € R. We have the following theorem.
Theorem 2. We suppose that the system of vector fields X = (Xy,---,X,,) satisfies the
following hypotheses :

H-1) 09 is C* and non characteristic for the system of vector fields X ;

H-2) the system of vector fields X satisfies the finite type of Hormander’s condition on Q
except an union of smooth surfaces I' which are non characteristic for X.

H-3) the system of vector fields X verifies the estimates (?7) for s > 3/2.

Suppose a # 0 in (77). Then the semi-linear Dirichlet problem (?7) posses al least one
non trivial weak solution u € Hy () N L*=(2). Moreover, if a > 0, we have u € €™ (€2
rync®@Q\r) and u(z) >0 for allz € Q\ I'.

As in the elliptic case, we do not know the uniqueness of solutions ( see [?]). The regularity
of this weak solution near to the infinitely degenerate point of I is a more complicate problem,
which will be studied in our future works.

2. LOGARITHMIC SOBOLEV’'S INEQUALITY

We are following the idea of [?] for the proof of Theorem ?7. Take v € H}Y,U(Q), we use
the same notation for the extension by 0, As in the classical case, there exists a mollifier
family {pe.e > 0} such that p. ¥ v € C°, lim.yope * v = v in L* and [|X(pe # v)||z2 <
C{|X 0|2 + |1vllzz}s ||(log A (pe % v)||2 < C{l|(log A)*v]|12 + [|v][2} with ' independent
on £. We need only to prove the following estimate :

[ﬂ o[ loge-! (-—”—) < Coll(log AY*uZ. -

llvllza

for all for v € C§°(9).
By the homogenization, we prove (??) for v € C§°(2) and ||[v][z = 1. Since 2s — 1 > 0,

we have
| o ttog ol
{1

IA

el + f ol log?*~! < o] >
ju|>e

IA

Co + / [v]*log® ! < |v] > .
S5

Since € is bounded, v € L*(Q) and 2s — 1 > 0, we have by the definition of Lebesgue
integration

/ lv|? log?*~! < |v| >= - / Mlog®~! < A > duf|v| > A}
Ja Jo
3

A
< X4

= [ (-2,\ log?*~t < A > 4(25-1) log?~% < A >) w(|v] > A)dA,
JA)

where p(-) is the Lebesgue measure. Since %; < AJdog < A >> 1, we have that

/ |v|?| log |v]|**~" < Co + C [ Aog®~! < X > u(v] > A)dA. (5)
Ja Jo



So we need to estimate the second term of right hand side of (?7). For A > 0 we set
v =vy,4 + Va4 With Oy 4 = D(€)1e1ceay- Then p{lv] > A} < p{lvy al > 3} 4 p{|va,a] > 21
For the first term we have

d 4

2

loralliee < [Bralls < lollee 11 gjzenyllze < Caez?

Choose now Ay = % log (m), we have p{|vy a,] > 2} = 0, hence

/ Mog~1 < X > p(|v] > A)dA
J0

oo
< Cu+Caf AMog?*=! Au([v] > A)dA
1 2s—1 A
< Cy+Cy /\]og Ap(lvza,] > = 2 JdA
o | 25— l,\ .
< ([)—|—2(_'/ Og—”t}g‘/la”igd)t

oo | 25— l/\ -
< Got20, [ = [5(€)[PdedA.
geR;[g[>e 1}
Now |€] > e implies that A < 4Cy < |¢| >#2. By using Fubini theorem we have

f’ AMog® ™t < A > p(lv] > A)dA
0

. . 40 < |E]>92 log25=1 )
wt2c, [ per | LMYV
JRd €

<
S1iiGo 2Csf log® (4Cy < [€] >%%)|5(€) |2d¢
R
< G /R log? < |¢] > [5(8)[*d€ = Ci||(log A)"vl|F2(qy-

Here we have used the fact [gqlog® < |€] > [0(€)[*dE > [fpa [9(€)|*d€ = 1. Thus we have
proved (77) by using (77).

3. VARIATIONAL PROBLEMS
For a € R, we study now the following variational problems
inf (X0l - a [ [oFloglol). ()
~ hll 2=t vt (@) iR

The Euler-Lagrange equation of this variational problems is the following semilinear Dirich-
let problem '
Axu=aulog|u| + T.u,
(7)
i"'lﬂﬂ =0
If % is a weak solution of problem (??), for ¢ > 0 we set u = cu, then ||ulj;2 = ¢ > 0,u >
0,u€ ”A 0(£2) and in the weak sense

Axu = aulog |u| + (I, — log ¢)u.
Choose ¢ = efe=" > 0, we get the equation (77). We have

Theorem 3. Let a,b € R,a # 0, under the hypotheses H-1), H-2) and H-3), the Dirichlet
problems (77 ) has at least one non trivial weak solution u € H}{,u(QL u >0, ||ullgz > 0.



The proof for the boundedness and regularity of weak solutions is complicate.
Following this direction, we can study the high order nonlinear eigenvalue problems. Sup-
pose that we have the logarithmic Sobolev inequality

' 21 kL [v] - ;
f g (s ) < €0 (1

For ay,--- ,ar € R, we study the variational problems

k
[ G RRTEN S

i?(ﬂ} + ||””iﬂ(sz}) -

= inf )
"UHLE:I'UEH;(,Q[Q} ay, ,uk( )

with )
[:1,-" rﬂk(v) == ”XU“i?{Q) = Zﬂj /ﬂ |”|210gj |v].
D= PTG

By similar calculus, we can prove that for any ay,---,a; € R, there exists I:I,_,,ak such
that the following semilinear Dirichlet problems

5 8
Oxu= )37 ajulog’ lu| + fffl o
ulag = 0,
has at least one non trivial solution in H} ((£2), with u > 0 and [jul[;» = 1. Moreover, we
have similar regularity results as Theorem 77.
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A Variational Characterization of
the Effective Speed of Inhomogeneous Travelling Waves

Hiroshi Matano (University of Tokyo)

Travelling waves in heterogeneous media have gained much attention in the past decade
in various fields of science such as ecology, physiology and combustion theory. Previously
most of the mathematical studies were focused on spatially periodic cases, and little was
known about the nature of traveling waves in spatially aperiodic media. This is in cotrast
with the case of temporally varying media, for which there is a comprehensive study by
Shen (1999).

Recently I have introduced the notion of travelling waves in spatially almost-periodic
media, including quasi-periodic ones as special cases. The concept is a natural extension
of the classical notion of travelling waves, and I have discussed existence, uniqueness and
stability of those travelling waves.

To be more precise, a travelling wave is defined to be a solution whose “current
profile” depends continuously on its “current landscape”. Here, roughly speaking,
the current profile means the shape of the solution (at each time moment) viewed from
the postion of the “front”, and the current landscape refers to the spatial environment
viewed from that positon. For example, in the diffusion equation of the form

Uy = Ugg + b(x) f(u) (zeR,t>0),

the current profile is u(x + &(t), ), where £(t) denotes the position of the front, and the
current landscape is represented by b(z + £(t)). Thus, travelling waves are characterized
by the formula

ogyu(-t) = Wogwb),
where o, denotes the shift operator g(z) + g(x + ¢), and W is a continuous map from
the hull

H, := closure {o,b|¢ € R}

into an appropriate function space on R. By definition, any travelling wave must have a
clear “front”, and one can show easily that the front travels at some well-defined average
speed.

There is a weaker notion of traveling waves, which I call “pseudo-travelling waves”. In
the case of the above one-dimensional equation, a pseudo-travelling wave of speed ¢ is
defined to be a solution that satisfies




. v ay if c>¢
lim w(x + ¢t, t) =
o0 ( ) {a_ if c<ec

for any = € R, where ay are given zeros of f(u). Unlike travelling waves, pseudo-
travelling waves may have only rather a fuzzy front. Clearly any travelling wave is a
pseudo-travelling, but the converse is not generally true. However, one can show the
following;:

(1) In the case of one-dimensional diffusion equation with a bistable nonlinearity, any
pseudo-travelling wave is actually a travelling wave;

(2) in the case of KPP (i.e. monostable) nonlinearity in any space dimensions but with
periodic inhomogeneity, again the same statement as above holds.

In this lecture I will mainly discuss two variational problems associate with travelling
waves:

The first is the mini-max characterization of propagation speed, which is introduced
by Volpert et al for homogeneous problems and later extended to periodic problems by
Heinze, Papanicolaou and Stevens in the case of bistable nonlinearity. This method
enables one to obtain fine rigorous estimates of propagation speed. This method can be
extended to quasi-priodic or even almost periodic problems, but it raises a very intriguing
question, which I will discuss in my lecture.

The second is concerned with the minimal speed of travelling waves for KPP type
equations. As conjectured by Kawasaki-Shigesada (1986), and later proved by Hudson-
Zinner (1995 for 1-dim) and Berestycki-Hamel (2002 for higher dim), the minimal speed
is characterized by a positive eigenfunction of a certain elliptic eigenvalue problem. In
the case of quasi-periodic inhomogeneity, a similar characterization can be formulated,
but the corresponding eigenvalue problem may no longer have a positive eigenfunction,
because of the degeneracy of the differential operator. This difficulty is related to the
small divisor problem, which has bothered celestial mechanists since the 19th century.
However, by considering a “generalized” positive eigenfunction, one can partly overcome
this difficulty and use this eigenvalue problem to prove the existence of pseudo-travelling
waves and to obtain estimates of their minimal speed.



Solvability of viscous Burgers-like equations with
linearly growing initial data

Kazuyuki Yamada
Deparment of Mathematics, Hokkaido University

This is a joint work with Y. Giga.
We consider a viscous Burgers-like equation of the form

(E) { du — Au+divG(u) =0 in R"* x (0,7),

ul::-.ﬂ = Up in R",

where 0, = % It is well-known that if ug is bounded, (E) has a unique global solution.

In this paper we consider the case that u is not bounded. This paper specifies the growth
of nonlinear term as G(r) ~ r? for large r. A typical example is the viscous Burgers
equation. Our goal is to solve the initial value problem when the initial data may grow
linearly at the space infinity. We shall prove that the problem admits a unique local
regular solution. The global existence is not expected in general since u(z,t) = g
is a solution of the viscous Burgers equation with ug(z) = —z. We also obtain an
optimal estimate of the exsitence time. In fact, the existence time interval (0,7") is
estimated from below by a constant multiple over a Lipschtz bound for initial data,
T > C3)|Vig)|lw; here the constant is estimated by the structure of G, and ||Vuyl|o is
B Ou
defined by || Vgl = Y. ||@itto]loo, Where diug = ax".
i=1 i
To state our main result precisely we assume the following bounds for G = (G, -+ ,G,) €
C***(R;R™) with some a € (0,1):
Cy :=supsup m < 00,
i réER T
(C) Cy :=supsup |GY ()] < o0,

i re
& - GY
C"a '=sup sup | [ (rl) i (T3)|
i r,mER |T1 - r2|a

< 00

Here we set (z) = 4/1 + |z|? for z € R™ and G, is denotes the derivative of G;. A typical
example satisfying this assumption (C) is Gi(r) = »* (1 < i < n). We prepare a few
function spaces allowing growth at space infinity. Let L2, be of the form

< ) }

1, = I4,(R") = { 1 € Lul®) | Wlpm = |15




Of course, L} = L? by defnition so that || - ||,0 = || - ||,- Let Xp be of the form

Xp = {1 € CR") | Ifllxs = Ifllm + NVl < 00} .

Theorem. Assume that G € C***(R; R") satisfies bounds (C). Assume that ug €

Xp. Then there exist T > Ty := oAl and u € L*(0,T; Ly*(R™))NC(R" x [0,T))
Cs||Vto|oo

that satisfies (E) in R® x (0,T) with ule—o = uo. The existence time estimate T' > Ty is
optimal in the sense that a classical solution may not exist in [0,Tp).
Optimality is easily observed by the next example.

Example.  We take

2
n=1, 6=,

so that (E) becomes
(E)r Ou — Au + Coud,u = 0.

The function

C.g.’l','
14 CyCyt
solves (E)' with the initial condition u(z,0) = Cyx, where Cj is a constant. If C3C4 <0,
1

uie,t) =

the solution of (E)’' blows up at t = ———.
- PTGl

If (E) is the viscous Burgers equation, we can solve it by using the Hopf-Cole trans-

formation. For example ug(z) = z, we set v(z,t) = / ’ u(y,t)dy + f(t) ( in this case

f(t) = %}: ) and observe that v(z,t) satisfies

1
8{0 — Av + 5(6,'0)2 =0.
We set w(z,t) = e 3" and observe that w satisfies
agw — Aw = 0.

This equation is the heat equation. Since we are able to solve the heat equation by using
the heat kernel, we can solve the Burgers equation. This method does not apply for our
problem for n > 1.

A classical result of Tychonov states that the Cauchy problem for the heat equation is
uniquely solvable for continuous initial data uo(z) satisfying growth condition

|ug(z)| < Ce®leF



for some positive constants C', a. Moreover, D. G. Aronson [A] generalized the result of
Tychonov for a parabolic operator with variable coefficients

Lu = dyu — 0:{Ai;(z,t)0u + Aj;(z,t)u}

with suitable conditions for A;; and A; for u, satisfying

/n |uo(z)|e ¥ de < oo

for some positive constant b. He proved that there is a unique solution for Lu = 0 with

=0 = Uo.
K. Ishige [I] proved that solvability of Cauchy problem:

{ S|l u) = div(|VulP~*Vu),
|ul?~ u(-, 0) = u(:),

for the initial data y growing at space infinity when (p —1)/3 > 0. There are some more
results for nonlinear equations (see e.g. [I}, [BCP]) but these results do not include (E).

Idea of the proof.  If ug is bounded, (E) can be solved by the following iteration:

Uy (t) = ePug — /; et DAy (s) - G'(un(s))ds. (1)

But if ug is not bounded, it is difficult to solve (E) by the iteration (1). So we use another
iteration:

i
Unya(t) = ePug — f DAV uy,4(8) - G (un(s))ds. (2)
0
To use this (2) it is necessary to study the solvability of the linear equation:
v —Av+Vo-p—vg=0, (3)

for v € L=(0,T;L®), p € L®(0,T; L), ¢ € L=(0,T; L*). Fortunately, it is not difficult
to solve the linear equation (3). Estimating the heat kernel in (2), we get the estimate:

s @lleon < Corlltolleos +Cr [ 1Vursa(ee I (D onds. ()

Since u,4, satisfies
!
Optinsy — Attnyy + Vg - G'(un) =0,

Oillnyq satisfies
O (Oittns1) + A(ai'uu+1) + V(aiun-l-l) : G'(”n) + Vs - G"(u,,)(a.-u,,) =0.

The maximum principle for (3) yields

oo < lolle + [ Nl ollo)llods:




Applying the above maximum principle for v, we get

[Vk1(8llo < IVt + C [ 19115 V0k(5) o

By the Gronwall inequality ||Vu(t)||e satisfies

[[Vttolloo
Vur(t)||eo < , 5
VBl < T (5
for all k.
By (4) and (5) we see that {us} is a Cauchy sequence in L*(0,T; — &; L>") for any
¢ € (0,T) so that u := Jhlim uy, is solution of (E). It is easy to prove the uniqueness of
—r00

solution of (E) by using the maximum principle for equation (3).

Remark. It is natural to consider a linearly growing initial data. We give a
formal argument to show that linearly growing initial data is allowed. We postulate that
u(z,t) = x* f(t) is solution of (E). By (E) u must satisfy

2 f(¢) = a(e — Da™2f(t) + a2 S(OC (=1 (1)),

We observe that the growth of the left hand side is z*. By the assumption of G the
growth of the right hand side is 2?*'. Hence o must satisfy o < 2o — 1 so that o < 1.
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EXISTENCE OF THE GLOBAL ATTRACTOR
FOR WEAKLY DAMPED, FORCED KDV EQUATIONS
ON SOBOLEV SPACE OF NEGATIVE INDEX

KOTARO TSUGAWA

Mathematical Institute, Tohoku University,
Sendai 980-8578, Japan
E-mail: k99d97@math.tohoku.ac.jp

1. INTRODUCTION

We consider the global attractor of Korteweg de Vries equations with a weak
dissipation and an external forcing term:

(1.1) 6¢u+7u+63mu+%81u2 =
(1.2) u(z,0) = up(z) € H*(T)

where T is the one-dimensional torus and the unknown u maps T x [0, 00)
into R, and the damping parameter -y is positive constant, and the external
forcing term f E L*(T) that does not depend on t. Here, we define L*(T) =
{u € L¥(T); [yu(z)dz = 0} and H*(T) = {u € H*(T); [yu(z)ds = 0}. The
exjsten(.e of the g]ohal attractor of (1.1)—(1.2) with s > 0 has been studied by
many authors. In the present paper, we study the lower bound of s to assure
of the existence of the global attractor.

We recall the history of the dynamical study of (1.1)—(1.2). For classical
smooth solutions to (1.1), i.e. solutions that start from initial data in H*(T),
Ghidaglia (see [4]) proved that the associated KdV semiflow possesses a weak
global attractor, i.e. a bounded subset of H*, that is invariant by the flow
and that attracts all the trajectories when t goes to +co for the H*-weak
topology. Moreover, this attractor has finite H'-dimension. This result was
proved under the assumption that the external force f belongs to H*. Actually,
it turns out that this weak attractor is a global attractor for the H? strong
topology (see [5]). The next step is concerned with the issue of the regularity
of the attractor. In [13], Moise and Rosa proved that if the external force
f belongs to H®, then KAV equation provides a dissipative semigroup in H' 2
that enjoys the fUIlowmg property: if f € H**, then the global attractor for
the H® topology is a compact subset of H***. T vesult corresponds to the
terminology of Haraux (see [9]), where the author proved a regularization at

1991 Mathematics Subject Classification. 35Q53, 58F12.

Key words and phrases. KAV equation, Cauchy problem, global attractor, Fourier re-
striction norm, low regularity, [ method.



t = +oo for a dissipative wave equation. The asymptotic smoothing effect for
dissipative nonlinear Schrodinger equations was first proved in [6].

Next, we consider low regularity solutions. Bourgain (see [1]) proved that
the KdV equations (without dissipation and forcing term) is time locally well-
posed in L?(T) by introducing Fourier restriction norm method. Because the
KdV equations posses L? conservation, this time local solutions automatically
extend to time global solutions. Kenig, Ponce and Vega improved Bourgain’s
method and proved that the KdV equations (without dissipation and forc-
ing term) is time locally well-posed in H*(T) with s > —1/2 in [10]. By
using their method, Goubet proved that when the initial data is in L?(T) ,
equation (1.1) possesses a compact global attractor in L? that is a compact
subset of H*®. These proofs of the time global well-posedness and the exis-
tence of global attractor are based on the conservation low. Actually, the KdV
equation possesses infinite conservation quantities, each of which is defined in
Hi(j € Z,j > 0). However, because the KdV equations on H* for s < 0
have no conservation law, it seems difficult to consider the long time behavior
in Sobolev space of negative index. Moreover, we do not know whether the
solutions of (1.1)—(1.2) for s < 0 are measurable function or not, because the
KdV equations on torus do not have smoothing effects. In [3], Colliander,
Keel, Staffilani, Takaoka and Tao overcame this difficulty and proved the time
global well-posedness of (1.1)—(1.2) with s > —1/2 by introducing the operator
I and calculating the modified Energy, which is called “/-method”. Naturally,
the following problem arises. If a damping term and a forcing term are added
to the KdV equation, does the semiflow corresponding to the weak solution in
[3] also has a global attractor? We have the following theorem by using their
method in [3].

Theorem 1.1. We assume s > —1/2. Then, there exist the semigroup S(t)
and maps M, and M, such that S(t)uy is the unique solution of (1.1)-(1.2)
and

(13) S(t)'ﬂ.g = Ml(t)'lL[) + MQ (t)h‘.[],
(1.4) sup || My (t)uol 12 < K,
t>T

and fort > T,

(1.5) |Ma(t)uol

s < Kexp(—y(t —T}))

where the constant K depending only on ||f||2» and v and Ty depending only
on || fllz2, v and ||uol

H=*-

Remark 1.1. In [12|, it was proved that the KdV equations on H® 1is time
locally ill-posed for s < —1/2 under the assumption that the flow map S(t) is
C? Fréche-differentiable(see also [2]). Therefore, the condition s > —1/2 seem
to be optimal.



Remark 1.2. We ignore the nonlinear term 30,u* and let f = 0. Then, we
have

lu(t)l|zze = l|uoll= exp(=1).
Therefore, the decay order of || Ma(t)uo|

Corollary 1.2. Let s > —1/2. Then, equation (1.1)~(1.2) possess a global
attractor A in H®, that is a compact subset of L*.

g in (1.5) is optimal.

2. ProOOFS OF THEOREM 1.1 AND COLORALLY 1.2

We define m : R — R be a smooth monotone R-valued function such that

[ 1L <N
m(€) = { N-s[e]*, |¢] > 2N -

We define the operator I as following

TF(&) = m(€)f(e).

Here, we summarize the properties of 1. For any function f and s < 0, we
have

I fllere < W fllze < N7°NFllas
Let g1 = fl1§|<N and g; = )?||£|}N. Then, we have
lollez < M fllees  Ngallme < NOJLF|| L2

We apply “I-method” to (1.1)-(1.2). Then, we have the following a priori
estimate.

Proposition 2.1. Let T > 0 be given and u be a solution of (1.1)~(1.2) on
t e [0,7]. We assume s > —1/2 N3/% > ~, NY* > O\T and

(2.6) | T |72 + IIffllzn exp(2vT) < N*°C,,
then we have

3 1
@7 T exp(@aT) < Cs (Ilfuoliia+?Ilz’glﬁ,zexp(?'r’i”))-

We prove Theorem 1.1 by using Proposition 2.1.
Proof of Theorem 1.1. We choose Ty > 0 so that

(2.8) exp(2vTh) > ||“0||Hs||fl|£§ max{~'~(1“””3, (G 7)™,

bs hs —10s/(3+5s 8 i ‘ —5s/3
(Caf2/49 22459, (2G5 3 exp(2yT) ™},

which may certainly be done because s > —1/2 and T}
and ||up||z2. Put

Lg 3’\{

5 ¥ —5 s 5 — : 5/6
N = max{4%/%, (CYTL)P, (Co/2) /199 ua 57, (2725 | 1 exp(2yT) " }



Then, we have
N3 5 g NS GV,
1ol < N2 ||ugllys = NP NE+1095 |lug |, < CoN?/2,
v 2| If 12 exp(24T1) < CaN®® /2.
Therefore, from Proposition 2.1 we obtain
(29) u(@)l3e < a7z < Cs (N7 |luolls exp(=29T1) + v I£1I%) -
From (2.8), we have

|£1Iz2-

N~ exp(=29T1) < |luol|
Therefore, we obtain
(2.10) [w(T)|Fe < Cs(1+y S NI7 < K

where K, depends only on || f||z2 and 7. We next fix T > 0 and solve (1.1)-
(1.2) on [Ty, Ty + T3] with initial data u(T}). Let K; > 0 be sufficiently large
enough to satisfy

(2.11) Kaexp(2yt) > ma.x{"y'm’ﬁ, (@™

(O Ka) ™, (O 1 exp(2at)) ™

for any t > 0, which may certainly be done because s > —1/2 and K, depends
only on || f|lz and 7. Put N~2* = Kjexp(2yT»). Then, from (2.11), the
assumptions in Proposition 2.1 are satisfied. Therefore, we obtain

(212)  [Tu(Ty + T)||22 < Cs (N~ ||w(T3) 13 exp(=29T2) + 77| f172)
< 6'3 (K}K‘)_ +"}’_2Hf”ia) < K3

where K3 depends only on ||f||;2 and 7. For t > T;, we define maps M, (t)
and M,(t) such that

———

(213)  My(t)yuo = S(t)uo

i = ST |

o M@0 =Sbwo |

where S(t)uo = u(t) and N = (K exp(2y(t — T1))) Y2 Then, for t > Ty, we
have

(2.14) | My (t)uollfz < [ Tu(t)]|7: < K,
(2.15) || Moy (t)uol|3s < N** || Tu(t)]|72 < Ky ' Ksexp(—=2v(t — Th)).
Let K = max{K;ﬁ,Kme;m}. Then, we have (1.4) and (1.5). O

Proof of Colorally 1.2. From Theorem 1.1, M,(t) converges uniformly to 0 in
H*® and M(t) is a compact mapping for ¢ large enough. Therefore, the semi-
group S(t) is asymptotically compact (see [8]). From Theorem 1.1.1 in [11],
we have the existence of a grobal attractor A for the semigroup. Moreover, A
is a bounded subset of L2. By using a suitable version of a classical argument
due to J. Ball, We obtain the compactness of A. 0
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Asymptotic decay toward the rarefaction waves of solutions for

viscous conservation laws in one-dimensional half space

Tohru NAKAMURA'

We cousider the initial-boundary value problem for scalar viscous conservation laws

in one-dimensional half space Ry := (0, co):

U+ [(U)y = Ugzy, TE Ry, >0,
w(0,t) = u_, t>0,

(1)
u(z,0) = y(z) = {

=u_, =10,
— Uy, T — 00,

where f is a smooth function and wy are constants. We consider this problem under

the following assumptions:
f'>%>0, u, <u_<uy (f'(v)=0).

Under these conditions, it was already shown in [5] that the solutions of (1) converge
to the corresponding rarefaction waves as t — oo. The main purpose of the present
research is to obtain the convergence rate. The main theorem is stated as follows:

Theorem 1 Let ug—u, € (H'NLY)(R,). Then the initial-boundary value problem (1)
has a unique global solution u(z,t). Moreover, u(z,t) satisfies the following estimates:
() — (t)l|ze < C(1+t)" % log(2 + 1),

() = r(E)]ls= < CO+1) "2 log*(2 + 1),

where C' 1s a posilive constant depending only on .

In order to prove Theorem 1, we derive the smooth approximation w(z,t) of the
rarefaction wave r(z,t) by employing the idea of Hattori and Nishihara [2]. We define
w(w,t) as a solution to the following Cauchy problem:

Wy + Wy = Wee, TER, 1> —1, (2)
w(z,—1) = wi(z), z€R,

I Department of Mathematical and Computing Sciences, Tokyo Institute of Technology, Tokyo 152-
8652, Japan (tooru@is.titech.ac jp)



where the initial data wi(z) is defined by

R Ju), =<0, ., i) i ~fuL), <0, 0 ) —
Wy ’) = { f.'(“_}_)‘ z>0 (f (u'-—) > 0)7 Wy (J) o { ff('“a-}—), >0 (f( —) - U)

Because (2) is the Burgers equation, we can get the explicit formula of w(x,t) by using

the Hopf-Cole transformation. Using w(x,t), we define w(z,t) as

IN=Lif ot
wiz, ) == (f)" (i, ).
Hattori and Nishihara show that w(z,t) is a smooth approximation of rarefaction wave

r(x,t) in [2].
Lemma 2 For 1 < p< +4oo andt >0, w(z,t) satisfies the followings.
(i) 0 < w(0,t) —u_ < Ce+1),
(i) |we(0,8)] < Ce ™D |, (0,1)] < Cem0F,
(iii) [[w(t) = r(®)l < COL+1)727 5.
(i) l[wa(®)ller < CO+8) 2, [lwga(®)]
(v) wy(z,t) >0 for ze€R.

1 O+,

Successively, we define W(x,t) and 9(z,t) as follows:
W (x,t) = w(z,t) — P(z,t), Pz, t) = (w(0,t) —u_)e ™,

where W (xz,t) and 1(z,t) are called “modified smooth approximation” and “modifica-
tion function” respectively. Using W (z,t), we define the perturbation v(z,t) as

o(z,t) = u(z, t) — Wz, ).
v(x,t) satisfies the following equation:
v 4 (F(W +v) — f(W))y = vau + R(z,t), z€Ry, t>0,
v(0,1) =0, ¢ >0, (3)
v(z,0) = vo(w) = uo(x) — Wolz), =€ Ry,

where R(xz,t) = --,,—(—lw —(f(W) = f(w))z — tzz + 1. From Lemma 2, we can see
S (wr) :

that R(z,t) satisfies
IR(O)||zr < C(1+1)"°

Making use of a standard iteration method, it is shown that the equation (3) has a
unique solution locally in time in the space X = C°([0,T]; H'(Ry)) (T > 0). We have
a priori estimates and L'-estimates for v(z, 1) as follows.



Proposition 3 (A priori estimate) Suppose that vy € H' (R, ). Then there emsts a
positive constants C' such that the solution v € X satusfies the estumale

ol + [ IV + (i dr < O

Proposition 4 (L'-estimate) Suppose that vy € (H' 0 L')(Ry). Then the solution
v € X satisfies the estimate

ol +1).

”U(i)HL' S ||'U0||Ll + ClUg(l + f)
Combination of H'-estimates and L'-estimates gives the decay estimates of v.

Theorem 5 (Decay estimate) Suppose that vo € (H' N L')(R,). Then the solution
v € X satisfies the following estimates for arbitrary constant ¢ € (0, %)

(i) (1+6)Eu(t)]2 + /D"(l + )3 { IV Wao(r) 3 + Ilvz('r)ll‘ia} dr
< C(1 +t)°log?(2+ t),
() (0Pl + [ 1B (Il + e ()

+ _f’(u_)'ul.([),'r)?}d'r < C(1+t) log"(2 + t).
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An asymptotic expansion of solutions to the Lame
system in the presence of inclusions and applications.

Hyeonbae Kang
School of Mathematical Sciences
Seoul National University
Seoul 151-747, Korea
Email: hkang@math.snu.ac.kr

Suppose that an elastic medium occupies a bounded domain © in R?, with a con-
nected Lipschitz boundary 9€). Let the constants (A, t) denote the background Lamé
coefficients, that are the elastic parameters in the absence of any inhomogeneities.
Suppose that one or more elastic inhomogeneities lie in 2. We first suppose that
the inhomogeneity consist of a single domain of the form
(0.1) D=eB+z

where B is a bounded Lipschitz domain in R?, ¢ denotes the order of magnitude of
D and is small, and z is a center of D. We assume that there exists dy > 0 such
tuhat.

(0.2) jenf)dist(:r,aﬂ) > dy.

Suppose that D has the pair of Lamé constants (X,ﬁ) which is different from that
of the background elastic body, (A, pt). It is always assumed that

(0.3) >0, 3342u>0, F>0 and 3X+2i>0.
We also assume that
(0.4) A =N — 1) = 0, (A=A + (u— i)* #0).

We consider the following transmission problem associated to the system of elas-
tostatics with the traction boundary condition:
3
3, % (C,-J-,u%?) =0 inQ, i=1,23,
(0.5) Gikt=1 7 -
i 5
8—1}'09 =4,



where 5% denotes the conormal derivative associated with the system of elastostatics.
Here the piecewise constant Lamé parameter Cjjpy is given by

Cigp = (A(R\ D) + 2(D) ) dijdu
(0.6)
+(#X.’(Q \ D)+ ﬁX'(D))(ffiijr + dudjk),

where y(D) is the characteristic function of D. Let u, be the solution of (0.6). Then
it is easy to see that u, converges, in an appropriate topology, to the background
solution U, which is the solution of

Z =5 ( ."mab ):0 n® i=1,23,
J.

(0.7) Jikd=1
ot -
‘a_ldﬂ =g,
where

C?jkl' = ’\55'}'5&11' -+ ‘U.((sgkfsﬂ G & Jilajk)‘

We first derive an asymptotic expansion formula of the solution u, in terms of U as
¢ tends to 0. The asymptotic formula up to the third order terms takes the form

3 d—jal
(0.8) i(x) = [ (x) + Z Z Z Jor[ 1A+ (9°U; )(z)afN(.B, z 11—3,3 -+ O( )
=1 =1 (=1

uniformly for x € 0€2. Here N(w,z) is the Neumann function function for the
problem (0.7), and M? g 15 the elastic moment tensor (or elastic polarization tensor).
I want to emphasize that similar formula can be obtained even when there are
multiple inhomogeneities, and when homogeneities are hard inclusions or cavities.

The elastic moment tensors, which arise naturally in the asymptotic expansion,
describe the disturbance of the solution due to the discontinuity of the Lamé param-
eters along the boundary of D, and carry important information of D. T will explain
some basic properties of these tensors such as symmetry and positive-definiteness.
[ will also discuss the connection of its eigenvalues to some geometric properties of
D.

The formula (0.8) has many potential applications. Among them are an inverse
problem to detect the location and magnitude of the inhomogeneity and computation
of the effective moduli. T will explain how one can use the asymptotic expansion
formula to detect the inhomogeneity, with possibly some numerical examples.

This talk is based on the joint work with H. Ammari, G. Nakamura, and K.
Tanuma.



On large time behavior of solutions to the compressﬂ)le
Navier-Stokes equation in the half-space in R?

Yoshiyuki KAGE]

Faculty of Mathematics, Kyushu University,
Fukuoka 812-8581, JAPAN

In this talk 1 am going to talk about large time behavior of solutions
to the compressible Navier-Stokes equation on the half space of R®. The
results in this talk were obtained in a joint work with Takayuki KOBAYASHI
(Kyushu Inst. Tech.).

We consider the initial boundary value problem for the compressible

Navier-Stokes equation in R3 = {z = (2/,23);2" € R?, 23> 0} :

pt+ divm = 0,
(1) my + div (22m) + VP(p) = pA(%) + (p +v)Vdiv (),

n“‘l.rg:{l - U: .alt:l) = Po, ”1|t:0 = Mo,

where p = p(t,«) is the density; m = (my(t, ), my(t, x), ms(t,z)) the mo-
mentum; and P = P(p) the pressure; u and v are viscosity constants satis-
fying > 0 and 2p + v > 0; (po, o) is the initial value, which is close to a
constant state (p*,0). Here p* is a given positive constant.

Matsumura and Nishida proved in [12] that if [|(po — p*, m0)||Hsxps is
sufficiently small, then there exists a unique solution (p(t),m(t)) of (1) glob-
ally in time and (p(t), m(t)) satisfies ||(p(t) — p",m(t))||c — 0 as t — oo.
Concerning the decay rate of the perturbation (p(t) —p”,m(t)), we will show
the following

Theorem 1. (i) Let uo = (po — p*,m0) € (H*(R}) x H*(R%)) N (L'(R3) x

L'(R3)) and satisfy a suitable compatibility condition. Assume that d,P(p*) >
0 and that wy is sufficiently small in H® x H®. Then there exists a unique

global solution (p(t), m(t)) of (1) with U(t) = (p(t)—p",m(t)) € C([0, 00), H3x
H?) ; and U(1) satisfies

JU@)2xiz = O(*) and [9,U(1)]l52x12 = Ot™"*)

as t — oco.

—34=.{



(i) Furthermore, we have
1U(t) = U(t)uollpzxzz = O(™")

as t — oo. Here U(t)ug denotes the solution of the linearized problem at
(p*,0) with initial value ug.
(iii) In addition to the same assumption on (py — p~,myg), if we assume

that / (po(z) — p")dx # 0, then
Ry

WU () uoll 2 xr2 > ci=3/4
ast — oco.

Decay rate t=** for ||U(t)||p2xz2 in Theorem 1 is the same as in the case
of the Cauchy and exterior problems ([3, 8, 11]). As for ||0.U(1)||12xz2 we
have obtained the decay rate t~%/% which is slower than the rate :=°/4 for the
Cauchy and exterior problems ([3, 8, 11]). This difference of decay rate is
due to the analysis for the linearized problem, where we have obtained only
10U (t)uo||p2x12 = O(1~%), see Theorem 2 below.

The property ||U(t) — U(t)uo||r2xzz = O(t™') in Theorem 1 is also dif-
ferent from the one in the case of the Cauchy problem, where ||U(1) —
U(t)uol||2x 2 = O(t=**) holds ([3, 5, 6]). To prove this in the case of the
Cauchy problem, the property ||U ()0 uo| 12 xp: = O(t~%*) for the linearized
problem is used; while in the case of the problem (1.1) on the half space
we have only ||U(2)@rug||z2xz2 = O(t™'), which is, however, optimal (see
Theorem 3 below).

We also note that Deckelnick [1, 2] showed that if (po — p*,mq) is suffi-
ciently small in H*® x H® (but not necessarily belongs to L' x L'), then the
solution of (1) satisfies

10U (1)l 12x12 = O, N0V (D)l 2x22 = O(~14),
lm(t)llze = O, lo(t) = pllue = O@™'%)

as I — 00.

Theorem 1 is proved by combining the global existence results by Mat-
surnura and Nishida ([12]) and the following decay estimates for solutions to
the linearized problem at (p*,0).



We write the solution (p,7) of the linearized problem with inibialviahie
o = (po,mo) € H' x L? as

U(tyup = (W(t)uo, V(t)uo), W(t)uo = p(t,-), V(t)up = m(t, ),

V(t)uo = (Vi (t)uo, Va(t)uo, Va(t)uo)

Theorem 2. Let ug = (po,mo) € (H' x L) N (L' x L'). Then, there exists
a positive constant C such that the following estimates hold for all t > 1:
(i) _ -
[T (t)uoll2xze < CL*(|[uollp xrr + |luoll2xr2),

(i1) B
102V (£)uol| 2 x 22 < C3M(|luollprxr + lftollz2xr2),

109 (t)ug || 25 2 < Cf—m([[‘uu[lL'xLl + |two || g1 x22)s
(iii)
110, V() to || L2 x22 < CI_H‘(B(HUU||L1><L1 + |lwollizxr2) (0 = 1,2),
10, Va(t)uto] | z2x e < C " (Jluoll izt + llvoll L2xz2),
(iv)

[T (8)ar 0| 2x 22 < CE* ([luollLisrr + lluwollxz2)-
(v) If ug = (0,mn0), then it holds

“U(t)aﬂ::‘uﬂ“[ﬂxfﬂ < Ct“l("m'ﬂllﬂ * H”IGHL")'
(vi) We also have, for uy = (po,ma),

H&F(t)unHszLz S Ci_5;4([ltj{]||u x 1 + ||'u.|_|||szL2).

The estimates in Theorem 2 (i) and (v) are optimal. In fact, we have the
following lower bounds.

Theorem 3. Let ug = (po,mo) € (H' x L*) N (L' x L').
G) If /Ri po(z) dz # 0, then

[T (8)uol| g2 xpz > CL=3/*



ast — oo,
(1) Assume that ug = (0,my) with my = (Mo, Mo2,mo3) € H' N L' and
/ my;(z)dz #0 for j =1 or 2. Then we have
B-3

+

|[U(t)(313-uo||szbe 2 Ct'_l
as i — oo.

Although the optimal decay rate of HSIU(t)ug“szLz for general uy, =
(po,mo) € (H' x L*)N(L* x L') is unclear, we have the following decay rate
under some additional assumption on wug.

Theorem 4. (i) Assume thal ug = (po,me) € (H' x L*)N(L' x L'). Assume
also that z4ug € L' x L'. Then

10:U(t)uollz2xzz < CEFA(I(L + 23)uolluss + o]l xie)-

(i) Furthermore, in addition to the assumption of (i), zf/ , Po(z)dz #0,
R
=+

then
1.0 (Ol sz > CLo

ast — oo.

Finally, we should also mention that, in the case of the whole space and
the exterior domains, large time behavior of solutions in L? spaces has been
studied; by Hoff and Zumbrun [3, 4], Kobayashi and Shibata [9], Liu and
Wang [10], and Weike [13] for the Cauchy problem, by Kobayashi [7] and
Kobayashi and Shibata [8] for the exterior problem.
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1 Introduction and Main Result

The Dirichlet problem of the nonlinear Boltzmann equation in the half-space arises
in the analysis of the kinetic boundary layer, the condensation-evaporation problem
and other problems related to the kinetic behavior of gas near the wall, [5]. The
main concern is to find a solution which tends to an assigned Mazwellian at infinity.

An interesting feature of this problem is that not all Dirichlet data are admissible
and the number of admissible conditions changes with the far Maxwellian. This has
been shown for the linear case by many authors [3],[6],(7],[8|, mainly in the context
of the classical Milne’s and Kramer’s problems. Recently, a nonlinear addmissible
condition was derived for the discrete velocity model in [13] and the stability of
steady solutions was proven in [10]. The full nonlinear problem was solved on the
exisitence of solutions in (9] for the case of the specular reflection boundary condition,
whose proof, however, does not work for the Dirichlet boundary condition, and in
2] for this case, but with the ambiguity that the far Maxwellian cannot be fixed a
priori. Here, we will establish the admissible conditions for the fixed far Maxwellian.
Our proof provides also a new aspect of the linear problem.

1t should be mentioned that K. Aoki, Y. Sone and their group, ([1], [11], [12] and
references therein), made an extensive numerical computation on the same nonlinear
problem. Our result gives a partial explanation of their numerical results.

We are concerned with the steady state of a gas in the 3-dimensional half-space
D = {(z,y,z) € R*|z > 0}, in which the mass density F of gas particles is assumed
constant on each plane plarallel to the boundary 8D although the particle motion is
3-dimensional, that is, F' is assumed to be a function of position z (but not of y, z)
and particle velocity € = (&,&,&3) € R3. Let & stand for the velocity component
along the z-axis. Then, F'is governed by

EIF: = Q(F,F)! I>01€€R31
(11) FlI:U = FU(£)1 5] > 0! (52:53) € R?.,
F — My(§) (z— c0), £ e R,

Here, @, the collision operator, is a quadratic integral operator in £. We do not use
its explicit form here but need the following two classical properties, 4], [5].



(i) Q(F) = 0 if and only if F' is a Mazwellian,

p ( € — ul® )
1. =SVins ek S ke
( 2) M [P'J 'U., T](g) (2‘”T)3f2 exp 2T ]
which describes the distribution function of a gas in the equlibrium state with the
mass density p > 0, How velocity u = (uy,us, u3) € R® and temperature T' > 0.
(ii) A function ¢(£) is called a collision invariant of Q if

(9, Q(F)) =0 for all F,

(,) being the inner product of L*(Rf). @ has five collision invariants

(1.3) do=1, ¢:=6(@E=123), ¢ =,

which indicate the conservations of mass, momentum and enery in the course of the
binary collision of particles.

The second equation in (1.1) is the Dirichlet boundary condition. The Dirichlet
data Fy(€) can be assigned only for incoming particles (§; > 0), but not for outgoing
ones (£, < 0) because, then, the problem becomes ill-posed as will be seen from the
a priori estimate stated in §3. This corresponds to the physical situation that one
can control the incoming distribution but not the outgoing one.

It is clear that the far field M, (€) in the third equation of (1.1) cannot be
assigned arbitrarily but must be a zero of @, and hence a Maxwellian. Thus, we
must take

Moc T M[Pao;ucmToo]:

with some constants pe > 0, % = (Uoo,1; Ueo2, Yoo ,3) € R?, and Toe > 0 which are
the only quantities we can control. By a shift of the variable £ along the boundary
AD, we can assume without loss of generality that 1. 3 = U3 = 0. Therefore, the
sound speed and Mach number of this equilibrium state are given by
(1.4) s AL T o A — B

3 Coo
respectively, [5]. Note that the flow at infinity is incoming (resp. outgoing) if
M= < 0 (resp. > 0) and supersonic (resp. subsonic) if [M®] > 1 (resp. < 1).

We will see that the Mach number M® provides significant changes on the
solvability of (1.1). Indeed, since the boundary condition at = = co specified by the
third equation of (1.1) is imposed for all £, it is over-determined (ill-posed) and as a
consequence, (1.1) may not be solvable unconditionally. Actually, we will show that
the number of solvability conditions changes with M. To state this precisely, set

0, M> =1
1, 1< M* <0,
4, R )
5o 1= MR,

(15) rn,"' —



and introduce the weight function

1/2

(1.6) Wa(€) = (1 + [€)) (M1, oo, Tecl(6))
with 3 € R. Our main result is

Theorem 1.1 Suppose M*® # 0,%1 and let 3 > 3/2. Then, there ezist positive
numbers €y, 0, Cy, and a C' map

(1.7) W LA(R3,6dE) — R™,  ¥(0) =0,

such that the following holds.
(i) For any Fy satisfying

(1.8) |Fo(€) — Muo(€)| < coWp(€), € €R?,
and
(1.9) Y(Fy — M) = 0,

the problem (1.1) has a unique solution F' in the class
(1.10) |F(2,6) = Moo(€)] + |62 F(z, )| < Coe™*Wp(€), z>0,€ € R’.

(ii) The set of Fy satisfying (1.8) and (1.9) forms a (local) C' manifold of codimen-
sion nt.

Remark 1.2 For each given M, (1.8) is a smallness condition on the deviation
of Fy from M, whereas (1.9) gives restrictions on Fy however small it may be, if
nt # 0. Thus, our theorem says that the problem (1.1) is solvable unconditionally
for any Fy sufficiently close to My, if M* < —1 but otherwise not. A physical
explanation of this is that if M® < —1, any phenomena near the boundary cannot
affect the far field while a part of them can propagate to infinity and affect the far
field if M* > —1.

Remark 1.3 In the numerical works made in [11], [12] and references therein, the
Dirichlet data Fj is fixed to be the standard Maxwellian M|1,0,1|(¢) (of course
for & > 0), and values of three parameters (poo, M™, Tw) are sought numerically
which admit smooth solutions connecting Fy and M. The conclusion is that the set
of such admissible values is, in the parameter space R®, a union of a 3-dimensional
subdomain in the domain M* < —1, a 2-dimensional surface in —1 < M* < 0 and
a 1-dimensional curve in 0 < M® < 1 whereas no solutions are found if M* > 1.
Our theorem agrees with this for the case M® < 1 in the sense that the codimension
of the above mentioned regions of admissible values is just n* in the parameter space
R3. For the case M™ > 1, Iy = M([1,0,1] may not satisfy the solvability condition
(1.9) and hence, no solutions.



Remark 1.4 The stability of the stationary solutions obtained in Theorem 1.1 is
an important issue. In the talk, we will show the exponentially asymptotic stability
for the case M*™ < —1.

2 A Remark on the Linearized Problem

Our proof relies on the analysis of the corresponding linearized problem at Moo, 1t
provides also a new aspect of the linear problems discussed in [3],[6],[7],[8].
We shall look for the solution of (1.1) in the form

(2.1) F(z,€) = Muo(£) + Wo(§)f (2, ),
where W, is the weight of (1.6) with 3 = 0. Then, the problem (1.1) reduces t
&f: — Lf =T(f), z>0, § €RY,
(2.2) fle=o = ao(§), £ e R3,
f —0(z—o0), EERY,

where

LS = Ws ' { QMoo Wal) + QWof, Mec) },  T(f) = Wy ' Q(Wol, Wol),

dg = Wo“l(Fg 4 Mw).

The operator L is linear while the remainder I" is quadratic.
The linearized problem of (1.1) at M, is just (2.2) with the term I'(f) dropped;

& f.—Lf =0, 3:>0,_§€R3,
(2.3) fle=o = ao(£), £ €RY,
f —0(z—00), E€R’,

We can get the following linear version of Theorem 1.1.

Theorem 2.1 Suppose M™ # 0,%1. Then, there ezist n* functions r;, 1 < ¢ <
nt, of L*(R3,&,d€) such that for any ap € R' with

R = Span{?’h?’za o :Tn+}'1
(2.3) has a unique L* solution [ which tends to 0 ezponentially as x — co.

Remark 2.2 This theorem says that for the linear problem (2.3), the map ¥ of
Theorem 1.1 is linear and the manifold of admissible ag is the hyperplane R*.
Actually, ¥ has the form

(2.4) Uiin(a) = (< &m0 >4 )im120 0+

where <, >, denote the inner product of L*(R?).



In order to compare our result with the ones known so far, recall the linear operator
L and put N = kerL. 1t is classical that

(2.5) N = span{Wy(£)$i(€) bi=o.1.- 4

where ¢; is as in (1.3) and thus N can be taken a 5 dimensional subspace of L*(R®).
Let P : L*(R%®) — N be the orthogonal projection and define the linear operator

A= P&P,
which is the 5-dimesional bounded self adjoint operator and has the eigenvalues
(2.6) M = Uooi =Cooy M=ot (F=23,4), As="teo1 + Cooy
on N. Define
I'* ={jla; >0}, I = {j[A <0}

Note that n* of (1.5) is just #1*. Let x; be the eigenfunction corresponding to the
eigenvalue A;. In (7], the following is proved.

Theorem 2.3 ([7]) For any ap € L*(R3,&,d€) and for any constants c;,j € I,
there exists a unique L? solution f satisfying the first two equations of (2.3) and
instead of the last one, the auziliary condition

<Xj=f($1')>:cj1 z>0, €T .
Moreover, there ezists an element foo € N such that
f= fo (z—00) in L*R®).

The proof in [7] does not tell us how to determine the limit fo,. However, since
(2.3) is linear and that fo, € N = kerL, we see that f = [ — feo solves all of three
equations in (2.3) with ag replaced by ap — foo, and thereby, it follows from Theorem
2.1 that @y — foo should be in Rt

3 Outline of the Proof

There are two ingredients in our proof. One is to add an artificial “damping” term
and the other is to introduce the spatial weight function ¢°*,o > 0.

To construct the damping term, decompose the operator A on N into the pos-
itive and negative parts A", A~ and denote the corresponding eigenprojections by
Pt,P~. Note that if M # 0,41, then A has not zero eigenvalues (see (2.6)), so
that

A=A"+ 4", P=Pt 4 P,

—43— |



We modify (2.2) by adding to its right hand side the damping term defined by

—yP*af, v>0,
and then rewrite it by putting f = e *g, to deduce

519:: = 0'619 = Lg = h~— 7P+€lgu T > 01 E € RS:
(3.1) glz=0 = ao(§), £ e R3,
g— 0(z—o0), E€R,

with
(3.2) =g ")

Note that for the case M™ < —1, we have n* = 0 and P* = 0, and hence no
damping term.

Take the inner product of (3.1) and g in L(R, x R®) and integrate by parts, to
deduce

(3.3) < |&ilg’, 9" >~ +(Bg,9) — (Lg, 9) =< &1a0,00 >4 +(h, 9),
where ¢° = g|.—o while
B = —0& + yP*&, o,7>0.
Seemingly, this has not a good sign but it does on N if v > o > 0 as seen from
PBP = —0cA+q9At = —0A™ + (y—0)A".

On the other hand, it is classical that L is negative definite on N+, so that if h is
assumed given and (3.1) is looked as a linear problem, then, (3.3) establishes a nice
L? energy estimate of g.

The estimate thus obtained is enough to construct our solutions. First, the same
estimate can be derived for the adjoint problem to (3.1), which then enable us,
together with Riesz representation theorm, to conclude the existence of weak L?
solution g to (3.1). Furthermore, taking suitable test functions, the “weak=strong”
theorem can be established, and thus g is a unique strong solution and satisfies the
above mentioned L? estimate. Finally, starting from this estimate and using the
boaotstrap argument, we can get the estimate of the L* norm of g in terms of those
of h and ay.

Now, the contraction argument applies to the nonlinear problem (3.1) with (3.2)
and proves the existence of L solutions for sufficently small ao.

In the case M® < —1, this gives the solutions to (2.2) and hence to the original
problem (1.1). It remains to discuss the case M> > —1. Clearly, if

(3.4) Pt&g=0, >0, £€R?



then g is also a solution of the original problem without the extra damping term.
We can show that the condition (3.4) reduces to

(3.5) P*6g’ =0, E€R’,

where ¢° = g|,—o. Clearly, g and hence ¢° are determined uniquely by the boundary
data ag. Write

(3.6) W(ap) = PT&16°

Identifying the space P*N with R™", we can show that (3.6) defines a C' map
(3.7) W L3RS, &d€) — R,

and ¥(0) = 0. Moreover, we can prove

Proposition 3.1 The Fréchet derivative of ¥ at ag = 0 is given by (2.4).

This and the implicit function theorem, then, prove that the set of ag’s satisfying
U(ap) = 0 forms a C" manifold of codimention n*, whence Theorem 1.1 follows.
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