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Convergence and optimal control problems
of nonlinear evolution equations
governed by time-dependent operator

NORIAKI YAMAZAKI
Department of Mathematical Science, Common Subject Division
Muroran Institute of Technology, Muroran, Japan
E-mail: noriaki@mmm.muroran-it.ac.jp

Abstract

We study an abstract nonlinear evolution equation governed by time-dependent
operator of subdifferential type in a real Hilbert space. In this paper we discuss
the convergence of solutions to our evolution equations. Also, we investigate the
optimal control problems of nonlinear evolution equations. Moreover, we apply our
abstract results to a quasilinear parabolic PDE with a mixed boundary condition.

1 Introduction
We study an abstract nonlinear evolution equation in a real Hilbert space H of the form:

u'(t) + 00" (u(t); u(t)) + G(t,u(t)) > f(t) in H, ae. te(0,7T), (1.1)

where 0 < T < oo, ¢/(t) := Zu(t), f is a given H-valued function, and G(t,-) is a

single-valued perturbation small relative to ¢'(-; ).

Here, for each t € [0,T7], a function ¢'(+;+) : H x H — R U {oo} is given such that for
all w e H, p'(w;-) : H— RU{oo} is a proper, Ls.c. (lower semi-continuous) and convex
function, and dp'(w; -) is its subdifferential operator in H, i.e., 2* € d¢'(w; z) if and only
if

z € D(p'(w;-)) and (2%,y — 2) < o' (w;y) — ' (w; 2) for all y € H.

For a proper, Ls.c. and convex function ¢*(-) : H — R U {co}, many mathematicians

studied the nonlinear evolution equation of the form:

G () + O u(t) > f(t) in H, ae. te(0,T). (1.2)

For various aspects of (1.2), we refer to [1, 3, 7, 9, 10, 13, 15, 23, 27, 30]. For instance,
Kenmochi [13] showed the existence-uniqueness, the stability and the convergence of so-
lutions to (1.2). Also, Hu-Papageorgiou [10] studied the optimal control problems to

(1.2).

Key words and phrases. Nonlinear evolution equation; Convergence; Optimal control; Subdifferential;
Quasilinear parabolic PDE media.




For the nonmonotone perturbation G(t, ), Otani [21] has already shown the existence
of solution to the equation of the form:

u'(t) + 0t (u(t)) + G(t,u(t)) 2 f(t) in H, ae. te (0,7T). (1.3)

The large-time behavior of solutions for (1.3) was discussed by [25] from the view-point
of attractors. For another works of (1.3), we refer to [14, 22, 25, 28], for instance.

Note that the time-dependent function ¢*(z; z) in (1.1) is not convex in z. So, we can
not apply the abstract theory established by Otani [21] to our equation (1.1). Recently,
the author [29] proved the existence and uniqueness of solutions to (1.1). For similar
works, we refer to [11, 26] for instance.

The first main object of this paper is to establish the convergence result of solutions
to (1.1). More precisely, we consider the following Cauchy problems, denoted by (CP)
and (CP), (n € N):

(CP) { Z((g)) * ‘zjt(“(t)?“(t)) + Gt u(t) 3 f(H)  in H, ae te(0,T),

and

(CP), { up (1) + Ot (un (); un (1)) + Gu(t, un (1)) 2 fult)  in H, ae. t€(0,7),

Up, (0) = Up,n,

where ug € H is the given initial condition. Also, for each n € N, ¢! (+;-) is a time-
dependent function introduced as above, G,(t,-) is a single-valued perturbations small
relative to ¢! (+;-), the function f,, € L*(0,T; H) is given, and ug,, € H is the given initial
condition. Then, assuming that ¢ (-;-), G, (¢, ), fu(t) and ug, converge to ¢*(-;-), G(t,-),
f(t) and wug, respectively, (in some senses) as n — oo, we shall show that the solution w,
of (CP),, converges to one u of (CP) in an appropriate sense.

The second object of this paper is to consider the optimal control problem to (CP),
denoted by (OP), as follows:

Problem (OP). Find a function (optimal control) f* € L?(0,T; H) such that
JU) = it J(f).

FEL2(0,T;H)
Here, J(-) is a cost functional defined by:
e 2 e 2 2
) = b [ )@+ ) [ 1@ Vi€ O.TH), (0
0 0

where | - |z denotes the norm of H, the main parameter f is called the control, ug is a
given desired target profile in L?(0,T; H), and u is a unique solution to (CP) with the
control f € L*(0,T; H).

Furthermore, for each n € N we study the optimal control problem to (CP),,, denoted
by (OP);, as follows:

Problem (OP);,. Find a function (optimal control) fi, € L*(0,T; H) such that
Jl,n(fin) = lnf Jl,n(f)

feL?(0,T;H)
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Here, J; ,(+) is a cost functional defined by:

e e
Tal) =5 [ M= wd @i+ 5 [ 15Ok v e 0.1, (1)
0 0
where wu,, is a unique solution to (CP),, with the control f € L*(0,T; H).
Also, for each n € N we study the another type of optimal control problem to (CP),,
denoted by (OP),,, as follows:

Problem (OP),,. Find a function (optimal control) f5, € L*(0,T; H) such that

) = inf X
J2n(f20) P - J2n(f)

Here, Js,(+) is a cost functional defined by:

Tonlf)i= 5 [ Vo = w4 5 [ 1@+ 5 [l =@k 00

for any f € L*(0,T; H),

where f* is the optimal control of (OP), and w, is a unique solution to (CP), with the
control f € L*(0,T; H).

Then, the final aim of this present paper is to consider the relationship between (OP)
and (OP);,,. Also, we study the relationship between (OP) and (OP)s,,.

So, the main novelties found in this paper are:

(i) to prove that the unique solution of (CP),, converges to one of (CP) in some appro-
priate sense;

(ii) to prove the existence of optimal controls for (OP), (OP)y, and (OP)s,;
(iii) to show the relationship between (OP) and (OP),;
(iv) to show the relationship between (OP) and (OP)q,.

The plan of this paper is as follows. In the next Section 2, we present the results
on the existence and uniqueness of solutions to (CP). In Section 3, we state the main
results in this paper. In Section 4, we prove the convergence result (Theorem 3.2) of
solutions, which corresponds to the item (i) listed in the above. In Section 5, we prove
the main result (Theorem 3.3) on the existence of the optimal control to (OP). Also, we
show Theorem 3.4 (resp. Theorem 3.5), which is concerned with the relationship between
(OP) and (OP);,, (resp. (OP) and (OP)y,,). In the final Section 6, we apply our abstract
results to a quasilinear parabolic PDE with a mixed boundary condition.

Notation

Throughout this paper, let H be a real Hilbert space with norm |- |5 and inner product
(+,+). For a proper, Ls.c. and convex function ¢ on H, we use the notations D(v), 09 and
D(0v) to indicate the effective domain, subdifferential and its domain of 0, respectively.
For their precise definitions and basic properties, see a monograph by Brézis [6].
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2 Assumptions and solvability results

In this section, we consider the Cauchy problem (CP) for (1.1) of the following form:

cr){ ) 2 oA OO+ G u) S 10t e £E 0D,

where T is a given positive number, a function ¢!(-; -) is introduced in Section 1, G(t,-) is a
single-valued perturbation small relative to ¢!(+;-), f € L?(0,7; H) is the given function,
and ug € H is the given initial condition.

We begin by defining the solutions of (CP). In the rest, we denote by (CP;f, uy)
our problem (CP) when the data of the forcing term f and the initial condition uy are
specified:

Definition 2.1. Given f € L?(0,T; H) and uy € H, the function u : [0,7] — H will be
called a solution to (CP;f,up), if u € WH(0,7;5 H), u(0) = ug, u(t) € D(0¢"(u(t);-) and
f(t) = (t) — G(t,u(t)) € d¢'(u(t); u(t)) for a.e. ¢t € [0,T], namely

(f() —'(t) = Gt u(t), y —u(t)) < " (u(t);y) — ' (u(t);u(t)

for any y € H and a.e. t € [0,T].
Now, we give the assumptions on ¢'(+;-). To do so, let {a,} := {a,; r > 0} be a
family of functions «, € W1?(0,T) with parameter r > 0. Then, with this family {c,},

we specify a class ®({a,}) of all families {¢'} = {¢%; t € [0,T]} of time-dependent
functions ¢'(+;+) on H x H as follows.

Definition 2.2. We denote by {¢'} € ®({c,}) the set of all time-dependent functions
©'(+;+) from H x H into R U {oc} satisfying the following conditions:

(®1) For eachw € H and t € [0,T], p'(w;-) : H— RU{oc} is a proper, l.s.c. and convex
function;

(®2) There exists a positive constant C; > 0 such that
¢'(w;2) 2 Culzly, Vt€[0,T], Vw € H, ¥z € D(¢'(w;+));

(®3) For each t € [0,T], w € H and k > 0, the level set {z € H; ¢'(w;z) < k} is compact
in H;

(®4) D(¢'(w;-)) is independent of w € H for any t € [0, T7;

(®5) For each w € H, r > 0, s,t € [0,T] with s <t and 2z € D(p*(w;-)) with |z|g < r,
there exists an element Z € D(¢'(w;-)) such that

' (w; 2) = " (w;2) < lon(t) — ar ()] (L + 9" (w3 2)) ;

o=

2= 2l < lan(t) = o (3)] (1 + 6" (w3 2)

and



(®6) There is a positive constant Cy > 0 such that
1
|0 (w13 2) — ¢ (w23 2)| < Colwr — woln (@t((); 2)? + |wilg + [wau + 1) ;

Vit € [0,T], Yw; € H (i =1,2), Vz € D(¢%(0,-)).

Remark 2.3. For each w € H, the assumption (®5) implies the standard time-dependence
condition of convex functions (cf. [3, 13, 27, 30]).

Next, we introduce the class G({¢'}) of time-dependent perturbation G(¢, -) associated
with {¢'} € ®({a,}).
Definition 2.4. {G(t,-)} € G({¢'}) if and only if G(¢,-) is a single-valued operator from
D(G(t,-)) C H into H which fulfills the following conditions:

(G1) D(¢%(0;+)) € D(G(t,)) C H for all t € [0,T], and G(-,v(+)) is strongly measurable
on [0,T] for any v € L?(0,T; H) with v(t) € D('(0;-)) for a.e. ¢ € [0,T7;

(G2) There are positive constants C5 > 0 and Cy > 0 such that

|G(t, z)]fq < Cspl(2;2) +Cyy, VEE[0,T), V2 € D('(0;));

(G3) (Demi-closedness) If {t,} € [0,T], {z,} C H, t, = t, 2z, — zin H (as n — o0) and
{¢" (2, 2)} is bounded, then G(t,, z,) = G(t, z) weakly in H as n — oc.

By the slight modification of [29, Theorem 1], we can show the existence of solutions
to (CP) as follows:

Proposition 2.5 (cf. [29, Theorem 1]). Let T' be any positive number. Assume {¢'} €
O({c}) and {G(t,")} € G({4'}). Then, for each f € L*(0,T; H) and uy € D(£°(0;+)),
the Cauchy problem (CP;f ug) has at least one solution u on [0, T|. Moreover, there are
positive constants Ny = N1(T) and Ny = No(T), dependent on T, such that

sup [u(t)|g < Ny (|uolw + 1f |20z + 1) (2.1)
t€[0,T]
and .
sup S u(tiu0) + [ WOt < Vo (i) + o +1) - ©2)
telo, 0

Note that the assumptions of ¢!(-,-) and G(¢,-) are slight different from ones in [29].
But, by the similar technique in [16, 17, 29], namely, by using the fixed point arguments,
we can show Proposition 2.5.

In fact, for a given positive number 7' > 0, we put a Banach space

E(T) = {w c WH2(0,T; H) ; sup ¢'(0;w(t)) < +oo} :

te[0,T]



By Remark 2.3 and the abstract theory established by Kenmochi [13], we can get a unique
solution h € W2(0,T; H) to the following Cauchy problem:

{ B'(t) + 0¢t(0; h(t)) > f(t) in H, ae. t€ (0,T),

h(0) = ug. (23)

Then, we easily observe from [13, Theorem 1.1.2] that sup ¢"(0;h(t)) < +oc, hence, we
t€[0,77]
observe that F(T) > h, namely, E(T) # (.
Here, for each w € E(T) let us consider the following Cauchy problem, denoted by

(CP;f, up)w:
(CP:f. o) { Z’(((;f)) l— 2ft(w(t);u(t)) > f(t) — G, w(t)) in H, ae. te(0,T),

To show the existence-uniqueness of solution to (CP;f, ug).,, we give the key lemma.

Lemma 2.6 (cf. [29, Lemma 1]). Suppose all the same conditions in Proposition 2.5.

For each w € E(T), we take a positive constant R > 0 such that sup |w(t)|g < R, and
t€[0,7
put

%(Z) = gpt(w(t); z) forz € H.

Then, there is a positive constant N3 > 0, independent of w, satisfying the following:

(%) For each r > 0, s,t € [0,T] with s < t and z € D(¢%) with |z|g < r, there exists
z € D(YL) such that

2= 2l < ln(t) — oy ()] (1+ 03(2)})
and
UL() = B3(2)
< No(1+ R) {ln(t) = ap ()| (1 + w5 (2)) + [wt) — w(s)lr (1+ 05(2))? }
Proof. By the similar argument in [29, Lemma 1], we can show Lemma 2.6. In fact, we

take w = w(s) in (®5). Then, for each r > 0, s,¢ € [0, 7] with s <t and z € D(¢*(w(s);")
with |z|g < r, there exists Z € D(¢*(w(s);-)) such that

2~ 2l < lon (1) — an(s)] (1 -+ @ (w(s):2)3) (2.4
and
' (w(s); 2) — ¢*(w(s); 2) < o (t) — ar(s)] (1 + @*(w(s); 2)). (2.5)
Here, note from (®4) that
z € D(¢"(w(s);-) = D(vy),  Z € D(¢'(w(s);+)) = D(1fy,). (2.6)



Also, from (©6) and w € E(T) with sup |w(t)|z < R, we note that
t€[0,77
P(0:2) < 20" (w(t); 2) + CYlw(t) | + 2C2|w(t) [ + 2Ca|w(t)|n
< 2L (2) + O3 R? + 20, R* + 20, R. (2.7)

Then, we observe from (2.5), (2.7) and (®6) that there is a positive number Ny > 0
independent of w satisfying the following:

vL(E) - ¥i(2)
P (w(t);2) = ¢ (w(s); 2) + ¢! (w(5); ) — * (w(5); 2)
Ny {Jwt) = w()|avh ()5 + (1+ R)w(t) — w(s)|n
Horlt) = (A + 05N} (29)

Here, let us give the estimate the term tf ()2 in the right hand side of (2.8). From (2.8)

and w € E(T) with sup |w(t)|g < R, it follows that
t€[0,7

Uis(2) < Ns {1+ R)* (145, (2) + oo () — o (s)| (1 + ¢5,(2)) } (2.9)

for some constant N5 > 0 independent of w. Therefore, using (2.9) in the right hand side
of (2.8), and by (2.4)—(2.6), we get this Lemma 2.6 for some constant N3 > 0 independent
of w. U

A

Lemma 2.7. Suppose all the same conditions in Proposition 2.5. Then, for each w €
E(T), the Cauchy problem (CP;f, ug)y, has a unique solution u on [0, T].

Proof. Note that (CP;f, ug), can be regarded as the Cauchy problem for the nonlinear
evolution equation of the form:

{ u’((t)) + oYt (u(t)) 2 f(t) — G(t,w(t)) in H,ae. te(0,T),
u(0) = uyg.

We observe from ($6) and (G2) that for any w € E(T) with sup |w(t)|g < R,

t€[0,17]

| 16t

< / {Ca'(w £)) + Cu} dt

- t€[0,1]

CiR?
< TGOy {2 sup o' (0;w(t)) + 24 + CoR* + CQR} +TC,y
< 400,

which implies that f—G(-, w(-)) € L*(0,T; H). Moreover, we see from Lemma 2.6 that the
time-dependence condition of ¢! holds. Therefore, by taking account of the assumption
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(®1), we can apply the abstract theory established by Kenmochi [13]. Thus, we get
the existence-uniqueness of solution u for (CP;f, ug), such that v € WH2(0,T; H) and

sup % (u(t)) < +oo. For its detail proofs, we refer to [13, Theorems 1.1.1, 1.1.2]. O
t€[0,T]

By Lemma 2.7, we can define a mapping Q) : E(T) — E(T) by Qw = u for each
w € E(T), where u is a unique solution for (CP;f,ug),. Then, we have the following
property of the mapping Q).

Lemma 2.8 (cf. [29, Lemmas 2 and 3]). Suppose all the same conditions in Proposition
2.5. Then, there are positive constants Ty, My and Ry such that Q) is a self-mapping on
E(Ty, Mo, Ry), i.e., Qu(=u) € E(Ty, My, Ry) for any w € E(Ty, My, Ry), where

ts[})lg]@t(();w(t)) < Mo, |w,|%2(0,To;H) < Mo
— . 10,70
E(To, Mo, Ro) =  w € E(Ty) ; sup |w(t)|g < Ro, w(0) = ug

tc[0,7o]

Moreover, Q : E(Ty, My, Ry) — E(Ty, My, Ro) is continuous with respect to the topology
of C([0,To]; H). More precisely, let {w,} C E(Ty, My, Ry), w € E(Ty, My, Ry), and
let u, be the solution of (CP;f,ug)w,. Suppose w, — w in C([0,Ty]; H) as n — oo.
Then, there is a solution u of (CP;f,ug)y on [0,Ty] such that v € E(Ty, My, Ry) and
u, — w in C([0,Ty); H) as n — oc.

Proof. Fix R > 0 for a while and take w € E(T) with sup |w(t)|g < R.
t€[0,17]

Now, we shall give a boundedness of solution u to the problem (CP;f, ug)y. So,
multiplying (CP;f, ug), by u(t) — h(t), we get

(u'(1), u(t) = h(1)) + @' (w(t); u(t)) — @' (w(t); h(1))
< (f(t) = Gt w(t)), ult) — h(D)), a.e. t € (0,7), (2.10)

where h is the unique solution of (2.3). Taking account of ($2), ($6) and (G2), we have

lult) — h1) — lult) — h(1)
< Ny (SO + OB+ 0:h0) + S Ou(®) + B +1) (1)

for a positive constant Ng dependent only on C5, C5 and C,. By applying Gronwall’s
inequality to (2.11), we obtain

sup |u(t)|y
te[0,7

T 1
< i ()| + €2 Ng {1 fle2 oz + W | e20,m,m) }
te0,T

+eT NZT? { sup o (0; () + sup @ (0;w(t))? + R+ 1}
tefo,1] t€[0,7]

N;. (2.12)



Next, we take the positive number » > 0 so that » > N;. Then, by Lemma 2.6 and the
arguments of [13, Chapter 1], we see that the function % (u(t)) = @' (w(t); u(t)) satisfies
the following inequality:

wb(ut) = vu(u(e) + [ r) = 1)+ Glrw(r) il (7))dr
< [l ) - 1)+ Gl {1+ v dr
Va1 B) [ [lalr) [+ 0Ll + 0 Ol L+ ) dr (213)

S

for 0 < s <t<Tand we F(T) with sup |w(t)|g < R.
t€[0,T7]
Here, we notice the following relations:

(W'(r) = f(7) + G(r,w(7)), u'(7)) = %IU’(TH?[ — @Ol = 1GEwE) G, (214)

()l () = £(7) + Gl w(r)l {1+ 07 a(7)*}

ol (r) = f(7) + G(r,w(m) [l + 07 on () {1 + 7, (u(r))}

<
< 30[u'(7)[ T + 301 ()5 + 301G (7, w(r) i + 0 Hon (D) {1+ ¥y (u(r))}  (2.15)

1
where we put § := 3 in (2.15) . Using (2.14)—(2.15) in (2.13), we obtain

vh(u(®) - v3uo) + 5 [ ) s
< Ns(1+ R)/ {Xr(T) {1+ 0 (u(m)} + [ (1) {1+ 0 (u(r)}?
+ |G (7, w(r)) |3 } dr (2.16)
for 0 < s <t < T, where the constant Ng > 0 is determined only by N3, and we put
X (r) = (D)l + len(r) P + 1.
By (®6), (G2) and (2.16), we obtain
wb(u(t) ~ 3 u) + [ W) s
< No(1+ R)?’/ {X(7) + [0 ()| + 07 (0;w(T)) } {1 + ¢y, (u(r)) } dr (2.17)

for 0 < s <t <T, where the constant Ng > 0 depends on Ng, C5, C3 and C}.
Applying Gronwall’s mequahty to (2.17), we get

sup wt / ' ()|3dt



< NoHR? (1Xn] 10,2y H' | 1 (0, 5y H0 O (O30() L1 0,1y

X {ng(uo) + N9(1 + R)3 (‘Xr‘Ll(O,T) + |wI’L1(07T;H) + ’90(.)(0; w('))’Ll(O,T))} . (2-18)

Now, we show that @ is the self-mapping on E(Ty, My, Ry) for some chosen constants
T0>O,M0>OandR0>O.
Note from (®6) (cf. (2.7)) that

O'(0;u(t)) < 20 (w(t);u(t)) + CiR* + 2C,R* + 2C4,R
= 20" (u(t)) + C3R? + 2C5R* + 2C4,R (2.19)

for any w € E(T') with sup |w(t)|z < R.
te[0,T7]
Here, we take Ry > 0 and M, > 0 so large that

T 1
2 [ SEJP} \h(t)|g + €2 Ng {|flr20mm + [P 20mm } | < Ro,
te[0,T"

42N L0 (g ug) + 2Ny (1 + Ro)*} + CHR3 + 2CoRE + 202 Ry < M.

Next, we choose Ty > 0 so small that Ty < T,
To
[ Xkolz10/5) = i {[F (D + gy (T)]? + 1} dr <1,
W' 110105y + 1005w ()) 20,0y < T Mg + ToMy < 1,

Ty %
sup |h(t)|g +e2 Ng {|f
t€[0,70]

1200.70:00) + |1 1200 7050)

1 1
—i—e%NgTo { sup ©'(0;h(t))2 + Mg —I—RO—I—I} < Ry.

tE[OaTO}

vl
N =

Then, the estimates (2.12), (2.18) with (2.19) implies that Qw(= u) belongs to the set
E(Ty, My, Ry) for w € E(Ty, My, Ry), thus, @Q is the self-mapping on E(Ty, My, Ry).
Also, the continuity of @ : E(Ty, My, Ry) — E(Ty, My, Ry) with respect to the topol-
ogy of C([0,Tp]; H) can be proved by a standard technique of evolution equations gener-
ated by time-dependent subdifferentials. For the detailed proof, see [29, Lemma 3] or [13,
Theorem 2.7.1], for instance.
Thus, the proof of Lemma 2.8 has been completed. O

[Proof of Proposition 2.5] By Lemma 2.8, we see that the self-mapping @ : E(Ty, My,
Ry) — E(Ty, My, Ry) is continuous with respect to the topology of C'([0,Tp]; H). Clearly,
the set E(Ty, My, Ry) is convex and compact in C([0, Ty]; H). Therefore, the Schauder’s
fixed point theorem implies that the self-mapping @ has a fixed point v in E (T, My, Ry),
i.e. Qu = u. Clearly, u is the solution of (CP;f, uy) on [0,7T;]. Thus, we construct the
local solution u of (CP;f, ug) on [0, Tp).
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Also, by the quite standard method, we can show the global existence of solution to
(CPafa UO) :

First, we consider the inequality (2.10). By the local existence result as above, we
can take w = u € E(Tp) in (2.10), where u is the solution of (CP;f, uy) on a small time
interval [0, Ty] with 0 < Ty < T. Hence, it follows from (G2) that

CJu(t) — (O + ¢! (u(t); (1)
< Nuolut) — h(0)y + N (F @ + KW+ 0:h(0) +1)  (220)

for some constants Nig > 0 and N;; > 0 depending only on C,C5, C3 and C4. By
applying Gronwall’s inequality to (2.20), we obtain

sup |u(t)lg < SUP] ()| i + v/ NueMoT {| flrzomm) + [P [ r20mm }

t€[0,T0) te[o, T

++v/ N TeNwoT { sup ¢'(0; h(t))% + 1}
t€[0,T7]

Next, take a number R > 0 so that R > Nj,, and we now consider the inequality (2.16).
1

Applying Schwarz inequality to the term |w'(7)|y {1 + ¥7 (u(7))}? and using (G2), we

get

wb(u(®) ~ 5 uo) + 5 [ W) dr
< Nu(l+ R / Xalr) (14 U5 ()} dr + 5 / ! (7)
N1+ R) / o (w(r); w(r))dr (2.22)

for 0 < s <t < T, where the constants N;3 > 0 and N4 > 0 depend on C3, C4 and Ng.
Applying Gronwall’s inequality to (2.22), we obtain

1 [t .
%(U(t))+1/ €N13(1+R)2fTXR(S)ds’u/(TM%{dT
0

T
< Ni(I+R? [ Xp(s)ds {¢3(uo) + Ni3(1+ R)? / XR(s)dS}
0

1 [t 2t
+g | X SO ()
0

t
V(L4 R) [ MO IO (1) () (2.23)
0

Here, we take w = u € E(Tp) in (2.23), where u is the solution of (CP;f,ug) on a small
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time interval [0, 7] with 0 < 75 < T'. Then, we have

1 [t .
gOlt(u(lf); u(t)) + g/ 6N13(1+R)2 I XR(s)ds‘ul(T)Bda
0

< Nis(1+ R)2€N16(1+R)2 (gpo(uo; wp) + 1+ /Ot o (u(r); u(7’))d7’> (2.24)

for 0 <t < 7T}, where the constants Ny5 > 0 and Nig > 0 are dependent only on the given
data. By applying Gronwall’s inequality to (2.24), we conclude that

To

Pulthu(e) +5 [ W@k

0
< Ni7(1+ R)*exp(Nis(1 + R)2€N16(1+R)2) (SOO(Uo; o) + 1) ; (2.25)

where the constants Ni; > 0 and N;g > 0 depend only on the given data, and are
independent of To(< T) and R(> Nip).

Now, we show the global existence of solution to (CP;f, uy) on [0,T] for any 7' > 0.
To do so, assume that

T* := sup{Tpy; (CP;f,ug) has a solution on [0,Ty]} < +o0.

By the local existence result, we note T* > 0. By the definition of T* and the estimates
(2.21) and (2.25), there is a function w : [0,7*) — H such that for any Ty (< T%), u is
the solution of (CP;f, ug) on [0, Tp],

we Wh2(0, 7 H) and O (u(-);u(-)) € L®0,77).

Hence, from the assumptions (®1), (®3), (®5) and (P6), we observe that the limit uf :=
limyyp- u(t) exists strongly in H such that

us € DG (0; ).

Now, taking u{; as the initial value at ¢ = T™, we can construct the solution u beyond the
time interval [0, 7*]. Therefore, we have T = +o00. Hence, we conclude that the solution
to (CP;f, ug) exists on the whole time interval [0, T'].

Thus, the proof of Proposition 2.5 has been completed. 0l

To show the uniqueness of solutions to (CP;f, ug), we shall introduce subclasses of

©({0y}) and G({¢'}).

Definition 2.9. Let v be a non-negative continuous and convex function on H such that
v(2) + v(—2) =0 if and only if z = 0. Then:

(i) {¢'} € ©,({a,}) if and only if {¢'} € ®({a,}) satisfies the following y-accretiveness
(UL) for ¢'(:;-):

(U1) for any z; € D(d¢'(z;;+)) and 2z} € d¢'(2;2;) (i = 1,2), there is an element wy €
0v(z1 — 2z9) so that (2] — 25, wg) > 0, where 07 is the subdifferential of v in H.

12



Eii) ){G(t7 )} € G,({¢'}) if and only if {G(t,-)} € G({¢"}) satisfies the following condition
U2):

(U2) for any positive number ¢ > 0, there is a positive constant C. > 0 such that
(Gt 21) — Gt 22), wo)| < e(2] — 25, wo) + Ce{y(21 — 22) +7(22 — 21) },
whenever ¢ € [0,7], z; € D(0¢"'(z;+)), zF € 0p'(zi52;) (i =1,2), and
wy € Oy(z1 — 22) with (2§ — 25, we)g > 0.
By the same proof of [29, Theorem 3|, we can show the following result of the unique-
ness of solutions to (CP;f, up). For the detailed proof, see [29, Theorem 3].

Proposition 2.10 (cf. [29, Theorem 3|). Let T be any positive number. Assume {¢'} €
o, ({ar}) and {G(t,)} € G,({¢'}). Then, for each f € L*(0,T; H) and uy € D(¢"(0;+)),
the solution u of (CP;f, ug) is unique.

3 Main results

In this section, we state the main results in this paper.
We begin by recalling a notion of convergence for convex functions, developed by
Mosco [20].

Definition 3.1 (cf. [20]). Let ¢, ¢, (n € N) be proper, ls.c. and convex functions on
a Hilbert space H. Then, we say that 1, converges to 1 on H in the sense of Mosco [20]
as n — 00, if the following two conditions are satisfied:

(i) for any subsequence {¢p, } C {tn}, if zx — z weakly in H as £ — oo, then

li]{ginf U, (26) > V(2);

(ii) for any z € D(v), there is a sequence {z,} in H such that

zn —> zin Hasn — oo and  lim ¢,(z,) = ¥(z2).

n—00

Now, we state the first main result in this paper, which is concerned with the conver-
gence of solutions for (CP) and (CP),,.

Theorem 3.2. Let 0 < T < +oo be fized. Assume {¢'} € ©,({en}), {G(t,")} €
G,({¢'}), f € L*(0,T;H) and ug € D(¢°(0;-)). Also, suppose {¢,} € ©,({ar}),
{Gu(t,)} € G,({vn}), {fu} C L2(0,T5H) and uoy € D(p,(0;) for n = 1,2,---.

Furthermore, assume the following convergence conditions:
(K1) ¢! (w;-) converges to ¢'(w;-) on H in the sense of Mosco [20] for each t € [0,T)]
o

and w € H (asn — 00). Moreover, U{z € H; ' (w;2) < k} is relatively compact

n=1
in H for allk >0, t € [0,T] and w € H, where {¢! .} = {¢'} € ©,({a,}) when
n = ooy
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(K2) Gp(tn, zn) — G(t,2) weakly in H as n — oo, if {t,} € [0,T], {z,} C H, t, =1,
zn — z in H (asn — 00) and {@lr (2,3 2,)} is bounded;

(K3) won — ug in H as n — o0, and {@° (ugn;uen)} is bounded;
(K4) f, — f weakly in L*(0,T; H) as n — oo.

Then, the unique solution u, of (CP; f,, uon)n converges to one u of (CP; f,ug) in the
following sense:

u, —u in C([0,T); H), u!, —u' weakly in L>(0,T;H) asn — oo.

The proof of Theorem 3.2 is given in Section 4 by using Mosco convergence.
Next, we state the second main result in this paper, which is concerned with the
existence of an optimal control for (OP).

Theorem 3.3. Assume {¢'} € ,({a,}), {G(t, )} € G,({¢'}), uo € D(¢°(0;-)) and uq €
L?*(0,T; H). Then, the problem (OP) has at least one optimal control f* € L*(0,T; H) so
that

J(f") i (f);

where J(-) is the cost functional given in (1.4).

The proof of Theorem 3.3 is given in Section 5 by using the result (cf. Corollary 4.1
below) of convergence of solutions to the state problem (CP; f, ug).

Also, let us study the control problem (OP),, for each n € N. Then, we have the
following third main result in this paper, which is concerned with the relationship between
problems (OP) and (OP);, (n € N).

Theorem 3.4. Assume uqg € L*(0,T; H), {¢.} € ©,({aw}), {Gn(t,)} € G,({¢L}) and

ugn € D(K2(0;+) forn = 1,2,---. Then, for each n € N, the problem (OP),,, has at
least one optimal control fy, € L*(0,T; H) so that

Jin ) = inf Jin )

1n(f1n) reratte T (f)

where Jy 5 (+) is the cost functional given in (1.5).

Furthermore, suppose {¢'} € @, ({a,}), {G(t,-)} € G,({¢'}), up € D(°(0;-)) and the
convergence conditions (K1), (K2) and (K3) in Theorem 3.2. Then, there is a subsequence
{ni} C {n} and a function f** € L*(0,T; H) such that f** is the optimal control of (OP),
ng — 00, and

fim = % weakly in L*(0,T; H) as k — oco. (3.1)

In order to show the strong convergence of optimal controls, we consider the another
type of control problems (OP),,, for each n € N, which is introduced in Section 1.

Now, we mention our final main result in this paper, which is concerned with the
relationship between problems (OP) and (OP),, (n € N).
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Theorem 3.5. Assume uqg € L*(0,T; H), {¢.} € ©,({w}), {Gn(t,)} € G,({¢L}) and
g € D(E0;) forn = 1,2, Let {¢'} € ®,({ar}), (Gt} € G, ({6'D), uo €
D(¢%(0;+)), and let f* be the optimal control obtained in Theorem 3.3. Then, for each
n € N, the problem (OP)y, has at least one optimal control f5, € L*(0,T; H) so that

JQ,n(fQ*m) = inf JQ,n(f)a

feL?(0,T;H)

where Jon(+) is the cost functional given in (1.6).

Furthermore, suppose the convergence conditions (K1), (K2) and (K3) in Theorem 3.2.
Let u;, and u* be unique solutions of (CP;f3,,, to.n)n and (CP;f*,ug) on [0,T], respectively.
Then, there is a subsequence {ny} C {n} such that ny — oo,

fon, — J7 strongly in L*(0,T; H) (3.2)
and

uy,, —u*  strongly in C([0,T]; H) (3.3)
as k — oco.

The proof of Theorems 3.4 and 3.5 is given in Section 5. Roughly summarized, the
convergences (3.1)—(3.3) are proved by using the result (Theorem 3.2) of the continuous
dependence between solutions of (CP; f, ug) and (CP;f, ugpn)n-

4 Convergence of solutions

In this section, we prove Theorem 3.2 concerning the convergence of solutions to (CP)
and (CP), (n € N).
We begin by the key lemma to showing Theorem 3.2.

Lemma 4.1 (cf. [13, Proposition 2.7.1]). Let {¢} € ®({c,}) and {¢'} € ®({a,}). For
each w € L*(0,T; H), put
#(:) = [ o and ) = [ el
for any z € L*(0,T; H).

Then, ®Y, ® are proper, Ls.c. and convex on L*(0,T; H). Moreover, assume the condi-
tion (K1) in Theorem 3.2, and w € WY*(0,T; H). Then,

®v converges to ®° on L*(0,T; H) in the sense of Mosco [20] (4.1)
as n — oo.
Proof. Assume w € L*(0,T; H). Then, clearly, ®* and ®“ are proper, l.s.c. and convex

on L?(0,T; H), since ¢! (w(t);-) and ¢'(w(t);-) are proper, l.s.c. and convex on H (cf.
(®1) in Definition 2.2).
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Next, assume w € W12(0,T; H). Then, we see from Lemma 2.6 that ¢! () =
¢'(w(t);-) satisfies the time-dependence condition proposed by Kenmochi [13]. Thus, by
applying the abstract result of [13, Proposition 2.7.1], we conclude that the convergence
(4.1) holds. For the detailed proof, we refer to [13, Proposition 2.7.1]. O

Now, we show the first main result in this paper, which is concerned with the conver-
gence of solutions for (CP) and (CP),.

[Proof of Theorem 3.2] Let u, be the unique solution of (CP; f,, ug,)n. Note from
the assumptions (K3) and (K4) that {ug,} is bounded in H, {¢0(ugn; o)} is bounded,
and {f,} is bounded in L?(0,T; H). Therefore, by the estimates (2.1) and (2.2), we see
that

{u,} is bounded in W'?(0,T; H) (4.2)
and

sup @ (un(t); un(t)) is bounded. (4.3)

t€[0,T]

From the assumption of the level set compactness (cf. (K1)) we observe that there is a
subsequence {n;} C {n} and a function v € W0, T; H) satisfying

Up, — U strongly in C([0,77]; H), :
Uy, — U’ weakly in L*(0,7T; H) (4.5)

as k — oo.
Now, we show that the function w is the solution to (CP;f, ug).
Since u € W12(0,T; H), we infer from Lemma 4.1 that

T T
() = / L (u(t); )t converges to BU(:) = / S (u(t): - )dt
0 0
on L?(0,T; H) in the sense of Mosco [20] as n — oo. Therefore, for any w € D(®"), there
is a sequence {w,} in L?(0,T; H) such that
w, — win L*(0,T;H) asn —oc and  lim ®%(w,) = ®*(w). (4.6)

n—0o0

Now, we observe from (®6) that

T T
/ or, (U, (2); Wy, (¢ / o' )dt‘
0 0

< [ et /ka wnk())dt‘
o T%k< i)t = [ S wlruon
< [ ot~ 0l (e 000 00+ it Ol + a0+ 1)

+|05, (wn,) — @ (w)]
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o=

T
< 02T5|unk—u|cqo,ﬂ;m{( / @;k<o;wnk<t>>dt) + ltm 202500
0

}

+ [Py (wn,) — P (w)]. (4.7)
Here, we note from (4.6) and (®6) (cf. (2.7)) that

MES

+|“|L2(0,T;H) +T

T
/ ¢y, (03wn, (t))dt  is bounded uniformly in 7. (4.8)

Thus, by (4.2), (4.4), (4.6), (4.7) and (4.8), we have

/0 s (t (8); 10, (£))dt — / W) w)dt as k- oo (4.9)

Also, from (4.2), (4.3), (4.4), (92), ($6), the convergence assumption (K1) and Fatou’s
lemma, it follows that

T
imint [ G (050, ()

k—o0

> mint { [t O 0101~ [ 00 1)

k—o0
T
} liminf / ol (ult): un, (1)) dt
k—oo 0

> / lim inf i, (u(£); tn, (1))t

k— o0

> / o ult); u(t))dt. (4.10)

Now, let us show that the function w is the solution to (CP;f, ug). Since u,, is the solution
of (CP;fn,,%om, )n,, then, the following inequality holds:

/0 (Fan (8) =ty (£) = Gy (bt (1)), 0 (£) — 1 (1))
< / o (1t (£); w0 (1))t — / (i (£); i (£)) (4.11)

and
Un; (0) = U0y, (4.12)

where {w,, } is a sequence in L?(0,T; H) obtained in (4.6).
Taking account of (K1)-(K4), (4.3)-(4.6), (4.9)—(4.10), and letting k¥ — oo in (4.11)-
(4.12), we get

/0 (f(8) = u'(t) = G(t, u(t), w(t) — ult)) di

/0 o (u(t); w(t))dt — / o u(t); ult))dt
= PU(w) — 3%(u) (4.13)

IN
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and
u(0) = ug. (4.14)

Therefore, it follows from (4.13) that f — v’ — G(-,u) € 9% (u) in L*(0,T; H), since w is
the arbitrary function in D(®“). Here, note from u € W4(0,T; H) that we can get the
standard time-dependence condition of ¥ (-) := ¢'(u(t);-) (cf. Lemma 2.6). Therefore,
by taking account of [12, Proposition 1.1 and Lemma 3.3], we infer from (4.13) that
f(t) —d'(t) — G(t,u(t)) € 0o (u(t);u(t)) for a.e. ¢t € [0,7]. Hence, u is the solution of
(CP;f,up) on [0,T].

By the uniqueness of solutions to (CP;f,ug), we conclude that the solution wu, of
(CP; fn, o n)n converges to one u of (CP; f,ug) in the following sense:

U, — uwin C([0,T]; H), wul, — v weakly in L*(0,T; H) asn — oo.
Thus, the proof of Theorem 3.2 has been completed. O

We can easily get the following result of the convergence of solutions to (CP).

Corollary 4.1. Let 0 < T < +oo be fired. Assume {¢'} € ®,({a,}) and {G(t,-)} €

G,({¢'}). Also, suppose {fn} C L*(0,T; H) and {ugm} C D(¢%(0;-)) so that {¢°(uom; tom)}
1 bounded,

fm = | weakly in L*(0,T; H) and ugm — up in H as m — oo

for some f € L*(0,T; H) and ug € D(¢°(0;-)). Then, the unique solution u, of (CP; fm, uom)
converges to one u of (CP; f,ug) in the following sense:

U — w in C[0,T); H), ul, —u' weakly in L*(0,T;H)  as m — oo.

Also, we get the convergence result of solutions to (CP),, but, we don’t mention the
detailed statements.

5 Optimal control problems

In this section, we study the optimal control problem (OP). Also, we consider the optimal
control problems (OP);, and (OP)y,, (n € N). Moreover, by using the convergence result
(Theorem 3.2) of solutions to (CP; f,ug) and (CP;f, ug,)n, we prove Theorem 3.4 (resp.
Theorem 3.5) concerned with the relationship between (OP) and (OP)y,, (resp. (OP) and
(OP)Q,n)

At first, we prove Theorem 3.3, which is concerned with the existence of an optimal
control for (OP).
[Proof of Theorem 3.3] By the quite standard method, we can prove Theorem 3.3.
So, let {f,} € L*(0,T; H) be a minimizing sequence such that

lim J(f,)= inf J(f).

n—o0 fEL2(0,T:H)
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Then, by the definition (1.4) of J(-), we see that {f,} is bounded in L?*(0,7; H). Hence,
there is a subsequence {n;} C {n} and a function f* € L?(0,T; H) such that n; — oo
and

fr, = f* weakly in L*(0,T; H) as k — oc. (5.1)
Here, for any k£ € N, let u,, be a unique solution to (CP;f,,,uo) on [0,T]. Then, from
(5.1) and Corollary 4.1, we observe that

Up, —> u*  strongly in C([0,T]; H) as k — oo, (5.2)

where u* is a unique solution to (CP;f*, ug) on [0, T].
Hence, it follows from (5.1)—(5.2) and the weak lower semicontinuity of L?-norm that
5 < _
I < lim J(fu) = b T ()

The above inequality implies that f* € L?(0,T; H) is an optimal control for (OP). Thus,
the proof of Theorem 3.3 has been completed. O

Now, let us prove Theorem 3.4, which is concerned with the relationship between (OP)
and (OP)y, (n € N).
[Proof of Theorem 3.4] By replacing ¢'(+;-) (resp. G(t,-)) with % (+;+) (resp. Gn(¢,-))
in Corollary 4.1, we get the result of convergence of solutions for (CP),. Thus, for each
n € N, by the same proof of Theorem 3.3, we can show the existence of an optimal control
fi, of (OP)y,, such that

n i) = inf n )
Ji, (fl,n) feLQl(%,T;H) Jin(f)

where .J; ,(-) is the cost functional defined in (1.5).

Now, we show (3.1). Let f be any function in L*(0,T; H). Also, let u, be a unique
solution for (CP;f, ug,)n on [0,7], and let u be a unique solution for (CP;f, ug) on [0,7].
Then, we observe from the assumptions (K1)—(K3) and Theorem 3.2 that

u, — u  strongly in C([0,7]; H) as n — oo. (5.3)
Since f},, is the optimal control of (OP),,, we see that

1

Balfia) € Tl = 5 [ o= vt +5 [ e ()

Clearly, it follows from (1.5), (5.3)-(5.4) that { f;,} is bounded in L*(0, T; H) with respect
to n € N. Thus, there is a subsequence {n;} C {n} and a function f** € L?*(0,7; H) such
that ny — oo and

fin, = 7 weakly in L*0,T;H) ask — oo. (5.5)

For any k € N, let u;, be a unique solution of (CP;f{, ,uon,)n, on [0,T]. Then, by (5.5),
the assumptions (K1)-(K3) and Theorem 3.2, we see that u;, converges to the unique
solution u** of (CP;f** ug) on [0, 7] in the sense that

u, — u™  strongly in C([0,T]; H) as k — oc. (5.6)
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Now, by using (5.3)(5.6) and the weak lower semicontinuity of L?-norm, we see that
I < timint Jy (F ) < (7).

Since f is any function in L?*(0,T; H), we infer from the above inequality that f** is the
optimal control of (OP) satisfying the convergence (5.5) (i.e. (3.1)). Thus, the proof of
Theorem 3.4 has been completed. O

Finally, by using Theorem 3.2, we show Theorem 3.5, which is concerned with the
relationship between (OP) and (OP)y,, (n € N).

[Proof of Theorem 3.5] At first, note that by the same argument in Theorem 3.3,
namely, by using the result of the continuous dependence of solutions for (CP), (cf.
Corollary 4.1), we can get the existence of an optimal control f5, of (OP),, for each
n € N, such that

J2,n(f2*7n) = inf JQ,n(f);

feL?(0,T;H)

where J5,,(-) is the cost functional defined in (1.6).

Now, we show (3.2)—(3.3). For the optimal control f* of (OP) obtained in Theorem
3.3, let u,, be a unique solution to (CP;f*, ug,), on [0,77], and let u* be a unique solution
to (CP;f*, up) on [0,T]. Then, we observe from the assumptions (K1)—(K3) and Theorem
3.2 that

u, — u*  strongly in C([0,T]; H) as n — oc. (5.7)

On the other hand, since f5, is the optimal control of (OP),,, we see that
* * 1 ’ 2 1 ’ * 2
Jen(fon) < Jonlf7) =5 i (= ua) ()t + 5 i |7 (@) [ dt. (5.8)

Clearly, it follows from (1.6) and (5.7)—(5.8) that { f5,,} is bounded in L*(0,T; H) with re-
spect to n € N. Thus, there is a subsequence {n;} C {n} and a function f° € L*(0,T; H)
such that n; — oo and

Som, = f°  weakly in L*(0,T; H)  as k — oo. (5.9)

For any k € N, let u;, be a unique solution of (CP;f3,, ,uon,)n, on [0,T]. Then, by the
assumptions (K1)-(K3), (5.9) and Theorem 3.2, we see that uy converges to the unique
solution u® of (CP;f°, ug) on [0,7T] in the sense that

uy, —u° strongly in C([0,T]; H) ask — oo, (5.10)

Now, by using (5.7)—(5.10) and the weak lower semicontinuity of L?-norm, we see that

]_ . T E *
5hmwg/|0@%—fﬂﬂﬁﬁ
0

k—o00
. * 1 T * 2 1 T * 2
< timsup (o (1) = 5 [ 105, —ud @t — 5 [ fin Ol
k—o0 0 0
1 g * 2 1 g * 2
< o [l @ [ R
0 0

20



1 T 1 r
—=lim inf/ |(u — ug)(t)|3dt — = lim inf/ \f (1)|5dt
2 0 k 2 k—o0 0 T

k—o0

< I - [ 1 =@ [ 1ok

= J(f") = J(f).
Thus, we have

1 T
T+ glmsp [, = @ < 0

k—o00

Since f* is the optimal control to (OP), we see that

T
timsup [ [(f5, = 1))t = (5.11)

k—00

Therefore, we observe from (5.9) and (5.11) that f° = f* and
fon, —> 7 strongly in L*(0,T;H) ask — oo,

hence, the convergence (3.2) holds.
Also, we infer from (5.10) and the uniqueness of solutions to (CP;f*, ug) that u°® = u*
and
uy, —u*  strongly in C([0,T]; H) as k — oo,

hence, the convergence (3.3) holds.
Thus, the proof of Theorem 3.5 has been completed. O

6 Application

In this section, we apply our abstract results (Theorems 3.2, 3.3, 3.4, 3.5) to a quasilinear
parabolic PDE with a Signorini-Dirichlet-Neumann type mixed boundary condition as
follows.

Problem (P). Find a function u : [0,7] — L*(2) such that

up — V- a(z,u, Vu) + g(u) = f(t, ) in (0,7) x Q,
u < h(t), v-a(r,u, Vu) <0
and (u—h(t)v-a(z,u,Vu) =0 on (0,7) x T,
u = h(t) on (0,7) x I'p,
v-a(z,u,Vu) =0 on (0,7) x Ty,
u(0, ) = ug in €.

Here, Q2 is a bounded domain in R™ (m > 1) with smooth boundary I' := 09, and T
admits a mutually disjoint decomposition such as

I=TgUlpUTy,
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where I'g,I'p and I'y are measurable subsets of I'. Also, v is the outward normal vector
on the boundary, the given function g : R — R is Lipschitz, and the function A is given
so that

h € WH(0,T; H(Q)).

Furthermore, the elliptic vector field a(-, -, -) is assumed to satisfy the following condition

(A).

(A) a(z,s,p) = 0,A(x, s,p) for some potential function A(z, s, p). There exist constants
i >0, Cs >0 and Cg > 0 such that

la(z,s,p) — a(z,s,p)]- (p—p) > plp—pl,
la(z, 5,p) ] + |A(z, 8,p)| + [0:A(z, 8,p)]> < Cs(1+ |s]* + [p]?),
’a(l',s,p)—a(l‘,@p)‘ S CG(1+‘p‘)‘S_§’

forallz € Q, s, € R, p,p e R™.
Moreover, a(-,,-) and A(-,-,-) satisfy the Carathéodory condition.

Now, we give the weak formulation of (P). To do so, for each ¢ € [0, T], we define the
convex set K (t) by

K(t):={2€ H' () ; 2<h(t)on s and z = h(t) on Tp}.
Here, we give the definition of solutions to (P).

Definition 6.1. Given f € L*(0,T; L*(Q)) and uo € L*(Q2), a function u : [0, T] — H'(Q)
is called a solution of (P), if the following items (a)-(d) are satisfied.

(a) uwe Wh2(0,T; L*(Q)) N L>(0,T; H' (Q)).
(b) u e K(t) for a.e. t € (0,7).

(c) For a.e. t € (0,T), the following inequality holds:
(ug, u —v) + / a(z,u, Vu) - V(u —v)dz + (g(u) — f,u—v) <0
0
for all v € K(t), where (-, -) is the standard inner product on L?*(2).

(d) u(0) = ug in L*(£2).

Now, let us reformulate the problem (P) as the abstract evolution equation (CP;f, uy).
To do so, we define the time-dependent functional ¢'(+;+) : L?(Q) x L*(2) = RU {co} by
1
/QA(Q:, w(2), Va())de + 3 <l

+Cy (1 + |w|22(9)) . ifze K1),

—+00, otherwise,

' (w; 2) = (6.1)
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where | - |12(q) is the standard norm of L*(Q), and C7 > 0 is the constant so that

M
%Z(Q) + Z’VZ

—’Z

t . >
gp(w,Z) — 2

2
L2(Q)»

vVt € [0,T), Vz € K(t), Yw € L*(Q).

%Z(Q) + |w

By the similar calculation in [17, Lemma 3.1], we can find the positive constant C; in
(6.1). For the detailed calculation, see [17, Lemma 3.1].

Also, we define the single-valued operator G(t,-) : L*(Q) — L?(Q) and the function
v: L*(Q) = R by

G(t,z) == g(z()) — 2(-) in L2(Q), vt € [0,T] (6.2)
and

v(z) = / M (x)dx for z € L*(), (6.3)
Q
respectively, where 2T := max{z, 0}.
Lemma 6.2. For each t € [0,T] and r > 0, we put
¢
a,(t) := 6'8/ \W(T)|urydr  for some (sufficient large) constant Cg > 0,
0
where | - |giqy is the standard norm of H'(Y). Then, we have {¢'} € ®,({a,}) and
{G(1,)} € ,({¢'D).
Proof. We can show (®5) by taking
Z:=z—h(s)+ h(t)

for given z € K(s). Then, by the similar calculation in [17, Section 5.1], we can show
(®5).

Also, we can easily observe from (6.1)—(6.3) that {¢'} € ®,({a,}) and G(¢,-) €
G,({¢'}). We omit the detailed proof. For the detailed arguments, we refer to [17,
Sections 3.1 and 5.1], for instance. O

As a direct application of Propositions 2.5 and 2.10, we get the following result of
existence-uniqueness of solutions to (P).

Proposition 6.3. Assume (A). Then, for each f € L*(0,T; L*(Q)) and ug € K(0), the
problem (P) has a unique solution v on [0,T].

Proof. By [17, Lemma 3.2], we easily see that the problem (P) is reformulated as in the
following abstract form (CP;f, ug):

(CP: f. up) { Z’((g)) 4:— ift(U(t);U(t)) + G(t,u(t)) > f(t) in L*(Q), ae. t € (0,T),
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Taking account of Lemma 6.2, we can apply Propositions 2.5 and 2.10. Thus, we observe
that the problem (P) has a unique solution u on [0, T]. O

Furthermore, by applying Theorem 3.3, we see that the optimal control problem for
(P) has at least one optimal control f* € L%(0,T; L*(Q)):

J(fF) = inf J
() fer2©T;12() )
where J(-) is the cost functional defined in (1.4) with H := L*(Q).
Next, for each n € N, we consider the following approximating problem of (P), denoted
by (P)n:
Problem (P),. Find a function u : [0,T] — L*(Q) such that

(un)t -V a(x, Unps Vun) + g(un) = f(t, 1') in (0, T) X Q,
V-a(x,un,Vun):—“";—f(t)-XD _W'XS on (0,7) x T,
1 (0, ) = ug in €2,
1
where uy € K(0), A\, := — and yp (resp. xg) is the characteristic function of the set
n

(0,T) x I'p (resp. (0,T) x I'g).

By the similar argument as the problem (P), we can show the existence-uniqueness of
solution to (P), for each n € N. In fact, for any ¢ € [0,T], we define the time-dependent
of functional ¢! (+;-) : L*(Q) x L*(Q) = RU {oc} by

,
1
Alw,w(@), V2(@))da + 5[l + Cr (1+ lole)
1
dloe={ g [ =P o [ (- )R
n JTp n JTg
if z € H'(Q),
—+00, otherwise,

\

where C7 > 0 is the same constant in (6.1).
Then, we easily see that the problem (P), is reformulated as in the abstract form

(CP;f,up)n:

ul (t) + 0t (uy (8); un(t)) + Gt un(8)) 3 f(t) in L*(Q),
(CP;f, uo)n a.e. t € (0,7),
un(0) = uo.

Clearly, for the function «, defined in Lemma 6.2, we have {¢.} € ®.({a,}) and {G(t,-)} €
G, ({¢h}). Therefore, by applying Propositions 2.5 and 2.10, we see that for each n € N,
f e L*0,T;L*(Q)) and uy € K(0), the approximating problem (P),, has a unique solution
uy, on [0, 7).

Also, it is very easy to check the convergence assumption (K1) in Theorem 3.2, since
we employ the standard approximation of the boundary by the penalty method in the
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problem (P),,. Thus, by applying Theorem 3.2, we observe that the unique solution w,, of
(P),, converges to one u of (P) in the sense that

u, — uin C([0,T]; L*(Q)), (un); = u; weakly in L*(0,T; L*(Q)) as n — oo.

Furthermore, by applying Theorems 3.4 and 3.5, we get the existence of an optimal control
for (P),, and the relationship between the optimal control problems for (P) and (P),,.
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