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Abstract. Let E be a Banach space on a set X and M(E)
the space of multipliers of E. In this paper, we study the space of
multipliers of the quotient space E/K where K is a closed M(E)
- invariant subspace in E. When E is the classical Hilbert Hardy
space, the Nevanlinna and Pick theorem shows M(E/K) is a quo-
tient algebra of M(E).



§1. Introduction

A Banach space E of functions on a set X is a Banach
space whose elements are complex-valued functions defined on X
with the usual pointwise addition and scalar multiplication. If φ is
a complex-valued function on X and φf belongs to E for all f in E,
then we write that φ is an element of M(E), the space of multipliers
of E. We assume that the point evaluations are continuous on E,
that is, X is embeded in the dual space E∗ and that there is no
point in X where all the members of E vanish. It is known that
Tφ : f → φf is a bounded operator on E for each φ in M(E), since
by continuity of point evaluation, each such map has closed graph.
M(E) is a closed subalgebra of B(E), the set of bounded operators
on E, indeed M(E) is closed in the weak operator topology. Thus
we assume that the space M(E) of multipliers of E is an operator
algebla on E.

If K is a closed subspace of E then E/K is also a Banach
space. We want to define the space of multipliers M(E/K) of E/K.
For φ in M(E) put

Sφ(f +K) = φf +K (f ∈ E).

In general, Sφ is not well defined on E/K. We need assume that
M(E)K ⊂ K. Suppose M(E/K) = {Sφ;φ ∈ M(E)}. Then
M(E/K) is also an operator algebra on E/K. Put

K = {φ ∈M(E);φE ⊂ K}

then K is a closed ideal in M(E). By the definition, Sφ = 0 if
and only if φE ⊂ K. Hence Sφ = 0 if and only if φ belongs to
K. Therefore Sφ+ψ = Sφ for any ψ in K and so there exists a one-
to-one map from M(E/K) onto M(E)/K. Moreover this map is
contractive. In fact, for any g in K,

Sφ(f +K) = φf +K = φ(f + g) +K

and so
‖Sφ(f +K)‖ ≤ ‖φ(f + g)‖ ≤ ‖φ‖‖f + g‖.

This implies that ‖Sφ‖ ≤ ‖φ‖. Since Sφ+ψ = Sφ for any ψ in K,
‖Sφ‖ ≤ ‖φ+K‖. Now the following problem is natural.



Problem 1. Is M(E/K) isometrically isomorphic onto
M(E)/K?

If Probrem 1 can be solved positively, then it shows that
M(E)/K is an operator algebra on E/K. Suppose

M(E/K)′ = {A ∈ B(E/K);SφA = ASφ for any φ ∈M(E)}.

Then M(E/K)′ is a commutative algebra in B(E/K) which con-
tains M(E/K). We are interested in the following problem.

Problem 2. Is M(E/K)′ equal to M(E/K)?

Problem 2 is related to a problem of commuting dilation,
that is, if A ∈ B(E/K) such that ASφ = SφA (φ ∈ M(E)) then
does exist Ã ∈ B(E) such that ÃTφ = TφÃ (φ ∈ M(E)) and
A(f +K) = Ãf +K (f ∈ E) ? If M(E)′ = M(E) then Ã = Tψ
for some ψ ∈M(E) and so A = Sψ.

Let Hp(1 ≤ p ≤ ∞) be the usual Hardy space of analytic
functions on the open unit dise D. When E = H2, Sarason [4]
solved Problems 1 and 2 positively Then a theorem of Nevanlinna-
Pick and a theorem of Carathéodary follow. When E = Hp (1 ≤
p ≤ ∞, p 6= 2) and K = BHp for a Blaschke product with simple
zeros, Snyder [5] solved Problems 1 and 2. In this paper, we solve
them when E = Hp (1 ≤ p ≤ ∞) and K is arbitrary.

In general, M(E) may not be a supnorm algebra (see [6]).
Even if E is a Hilbert space, M(E) is a supnorm algebra on X
and dim M(E)/K = 2, it is known that we can solve negatively
Problem 1 for some E and K(see [1]).

In this paper, for a subset S [S] denotes the closed linear
span of S.

§2. General case

For each x in X, put τx(f) = f(x) for a function f on X.
We assume that τx is bounded on E and ‖τx‖ denotes the norm of



τx on E. τx is also bounded on M(E) and the norm is just one. For

|τx(φ) · τx(f)| = |τx(φf)| ≤ ‖τx‖ · ‖φ‖ · ‖f‖ (φ ∈M(E), f ∈ E)

and so |τx(φ)| · ‖τx‖ ≤ ‖τx‖ · ‖φ‖. Put Ex = ker τx ∩E and M(E)x
= ker τx ∩M(E). If K = {0} then K = {0} and so Problem 1
can be solved trivially. Moreover the following Proposition 1 solves
Problem 2.

Proposition 1. If M(E)xE is dense in Ex for any x in
X then M(E)′ = M(E).

Proof. It is clear that M(E) ⊂ M(E)′. Suppose A ∈
M(E)′. If Tφ ∈ M(E) then T ∗φτx = φ(x)τx for any x ∈ X be-
cause τx ∈ E∗. Hence T ∗φ−φ(x)(A

∗τx) = A∗(T ∗φ−φ(x)τx) = 0 because
ATφ−φ(x) = Tφ−φ(x)A. Therefore for any f ∈ E, 〈Tφ−φ(x)f, A

∗τx〉
= 0 and so A∗τx = 0 on Ex because M(E)xE is deuse in Ex.
Thus A∗τx = ψ(x)τx (x ∈ X) and so for any f ∈ E, ψ(x)f(x) =
〈f, A∗τx〉 = 〈Af, τx〉 = (Af)(x). Hence Af = ψf = Tψf (f ∈ E).
This implies A belongs to M(E).

Proposition 2. If M(E) + K = E then M(E/K)′ =
M(E/K).

Proof. For any f ∈ E, put f̃ = f + K. Then we may
assume that f ∈ M(E) by hypothesis M(E) + K = E. For any
g ∈M(E), if A ∈M(E/K)′ then for any x in (E/K)∗

〈Ag̃, x〉 = 〈g̃, A∗x〉 = 〈g̃ · 1̃, A∗x〉
= 〈ASg1̃, x〉 = 〈SgA1̃, x〉 = 〈Sgφ̃, x〉
= 〈φ̃g̃, x〉

where φ̃ = A1̃. Since M(E) + K = E, we may assume that φ ∈
M(E) and so A = Sφ.

For a subset S of X, let E|S be the restriction of E to S
and put K = {f ∈ E; f = 0 on S}. Then, E|S becoms a Banach
space of functions on S under the quotient norm of E/K. We may
assume that E|S ∼= E/K. Put K = {φ ∈M(E);φ = 0 on S}, then
M(E)|S ∼= M(E)/K. Even if K is such a special case, Probrems 1
and 2 can not be solved in general. Snyder [5] studied Problem 1,



that is, whether M(E)|S = M(E|S). In this special case, Problem
1 is just an interpolation problem. That is, if f is a function on
S ⊂ X and f(E|S) ⊂ E|S then does there exist a function F on
X such that FE ⊂ E and F |S = f and ‖F‖ = ‖f‖? Therefore the
research of Snyder [5] is contained in our one.

Corollary 1. If E is a commutative Banach algebra with
unit then M(E/K)′ = M(E/K).

Proof. If E is a commutative Banach algebra with unit
then M(E) = E and K = K. Hence M(E) +K = E. Proposition
2 implies that M(E/K)′ = M(E/K).

Proposition 3. If E is a commutative Banach algebra
with unit then M(E)/K = M(E/K) where K = K.

Proof. By the proof of Corollary 1, M(E) = E and it is
easy to see that M(E) is isometrically isomorphic to E. Similarly
M(E/K) is isometrically isomorphic to E/K. This implies the
proposition.

§3. Two dimensional case

In this section we assume that M(E) ⊂ E. (1) of Theorem
1 is due to Snyder [5] and (2) of Theorem 1 is new.

dx is called the derivation at x if dx(fg) = dx(f)τx(g) +
τx(f)dx(g) (f, g ∈M(E)).

Proposition 4. Suppose E/K and M(E/K) are of finite
dimension 2. Then (E/K)∗ = [τx, τy] for x, y ∈ X with x 6= y or
(E/K)∗ = [τx, dx] for x ∈ X where dx is a point derivation at x.

Proof. By hypothesis, M(E/K) = E/K as a set. Since
M(E/K) is a commutative Banach algebra and dim M(E/K) = 2,
by [2, Proposition 1] it is easy to see that M(E/K)∗ = [τx, τy] for
x, y ∈ X with x 6= y or M(E/K)∗ = [τx, dx] for x ∈ X.

Lemma 1. Suppose M(E)+K is dense in E. If φ ∈M(E)
then S∗φdx = dx(φ)τx + τx(φ)dx.



Proof. For f ∈M(E)

〈f +K,S∗φdx〉 = 〈φf +K, dx〉 = 〈φf, dx〉
= dx(φ)τx(f) + τx(φ)dx(f)

= 〈f +K, dx(φ)τx + τx(φ)dx〉

Theorem 1. Suppose that M(E) + K = E , E/K and
M(E/K) are of two dimension. If M(E/K) is isometrically iso-
morphic to M(E)/K then the following (1) and (2) are valid.

(1) When (E/K)∗ = [τx, τy] for x, y ∈ X with x 6= y,
for given u, v ∈ C, there exists φ ∈ M(E) such that τx(φ) = u,
τy(φ) = v and ‖φ+K‖ ≤ 1 if and only if

‖αūτx + βv̄τy‖∗ ≤ ‖ατx + βτy‖∗ (α, β ∈ C).

(2) When (E/K)∗ = [τx, dx] for x ∈ X, for given u, v ∈
C, there exists φ ∈ M(E) such that τx(φ) = u, dx(φ) = v and
‖φ+K‖ ≤ 1 if and only if

‖(αū+ βv̄)τx + βūdx‖∗ ≤ ‖ατx + βdx‖∗ (α, β ∈ C).

Proof. (1) If there exists φ ∈ M(E) such that τx(φ) =
u, τy(φ) = v with ‖φ + K‖ ≤ 1 then ‖S∗φ‖ ≤ 1 by hypothesis. This
implies that

‖αūτx + βv̄τy‖∗ ≤ ‖ατx + βτy‖∗ (α, β ∈ C)

because S∗φτx = τx(φ)τx = ūτx and S∗φτy = v̄τy. For the converse,
put A ∈ B(H/K), A∗τx = ūτx and A∗τy = v̄τy, then ‖A∗‖ ≤ 1 and
A belongs to M(E/K)′. Since M(E) + K = E, by Proposition 2
A = Sφ for some φ ∈ M(E). By hypothesis, ‖φ + K‖ ≤ 1 and
τx(φ) = u and τy(φ) = v.

(2) If there exists φ ∈ M(E) with τx(φ) = u, dx(φ) = v
with ‖φ + K‖ ≤ 1 then ‖S∗φ‖ ≤ 1 by hypothesis. This and Lemma
1 imply

‖(αū+ βv̄)τx + βūdx‖∗ ≤ ‖ατx + βdx‖∗ (α, β ∈ C).



For the converse, put A ∈ B(H/K), A∗τx = ūτx and A∗dx = v̄τx +
ūdx, then ‖A∗‖ ≤ 1 and A belongs to M(E/K)′ by Lemma 1.
By Proposition 2 A = Sφ for some φ ∈ M(E). By hypothesis,
‖φ+K‖ ≤ 1 and τx(φ) = u and τy(φ) = v.

In Theorem 1, if (1) or (2) is valid then M(E/K) is isome-
trially isomorphic to M(E)/K.

Corollary 2. In Theorem 1, if E is a Hilbert space then
there exist kx and hx in E such that

τx(f) = (f, kx) (f ∈ E)

and
dx(f) = (f, hx) (f ∈ E)

and the following (1) and (2) are valid.
(1) When (E/K)∗ = [τx, τy] for x, y ∈ X with x 6= y, for

given u, v ∈ C, there exists φ ∈M(E) such that τx(φ) = u, τy(φ) =
v and ‖φ+K‖ ≤ 1 if and only if

|α|2(1− |u|2)(kx, kx) + αβ̄(1− ūv)(kx, ky) +

ᾱβ(1− uv̄)(ky, kx) + |β|2(1− |v|2)(ky, ky) ≥ 0

for any α, β ∈ C.
(2) When (E/K)∗ = [τx, dx] for x ∈ X, for given u, v ∈

C, there exists φ ∈ M(E) such that τx(φ) = u, dx(φ) = v and
‖φ+K‖ ≤ 1 if and only if

(|α|2 − |αū+ βv̄|2)(kx, kx) + (αβ̄ − (αβ̄|u|2 + |β|2uv̄))(kx, hx)
+(ᾱβ − (ᾱβ|u|2 + |β|2ūv))(hx, kx) + |β|2(1− |u|2)(hx, hx) ≥ 0

for any α, β ∈ C.

The condition of (1) in Corollary 2 shows that the 2 ×
2 matrix {(1 − |u|2)(kx, kx), (1 − ūv)(kx, ky), (1 − uv̄)(ky, kx), (1 −
|v|2)(ky, ky)} is nonnegative. When (kx, hx) = 0, the condition of
(2) in Corollary 2 shows that the 2×2 matrix {(1−|u|2)(kx, kx), ūv(hx, kx), uv̄(kx, hx), (1−
|u|2 − |v|2)(hx, hx)} is nonnegative.



When dimE/K ≥ 3, even if dimE/K is finite, it is difficult
to describe (E/K)∗ except K = {f ∈ E : f(xj) = 0 1 ≤ j ≤
dimE/K} and xi 6= xj(i 6= j). Therefore we could not generalize
(2) of Theorem 1.

§4. Hardy space Hp (1 ≤ p ≤ ∞)

In this section, we solve Problems 1 and 2 when E = Hp

for 1 ≤ p ≤ ∞. When E = H∞, we can solve trivially Problems 1
and 2 by Corollary 2 and Proposition 4. If dim Hp/K < ∞ then
M(Hp) +K = Hp and so M(Hp/K)′ = M(Hp/K) by Proposition
2. However we have to work more in order to prove M(Hp/K) =
M(Hp)/K.

Let W be a nonnegative function in L1 with logW in L1 =
L1(dθ/2π). Then there exists an outer function h in H1 with
W = |h|. For 1 ≤ p < ∞, Hp(W ) denotes the closure of analytic
polynomials in Lp(W ) = L1(Wdθ/2π). Then Hp(W ) = h−1/pHp

and so we may assume that Hp(W ) is a Banach space of analytic
functions onD. It is known that the point evaluations of points inD
are continuous on Hp(W ). It is well known that M(Hp(W )) = H∞.

Theorem 2. For 1 ≤ p ≤ ∞, let K be a closed sub-
space of Hp(W ) with M(Hp(W ))K ⊆ K. Then M(Hp(W )/K)′ =
M(Hp(W )/K) and M(Hp(W )/K) = M(Hp(W ))/K where K =
{φ ∈M(Hp(W )) : φHp(W ) ⊆ K}.

Proof. Since M(Hp(W )) = H∞, K = QH∞ for some inner
function andK = QHp(W ). SinceM(Hp(W )/K) ⊆M(Hp(W )/K)′,we
will show thatM(Hp(W )/K))′ ⊆M(Hp(W )/K). IfA ∈M(Hp(W )/K)′

then there exists ψ in Hp(W ) such that A(1+K) = ψ+K. For any
polynomial f = h−1/pF in Hp(W ), ‖ψf +K‖W ≤ ‖A‖‖f +K‖W .
Since K = QHp(W ) = h−1/pQHp, if 1/p + 1/q = 1

‖ψf +QHp(W )‖W
= sup{|〈ψf, g〉W | : g ∈ {QHp(W )}⊥ and ‖g‖W ≤ 1}

= sup
{
|
∫
ψh−1/pFQ̄h−1/qG|h|dm| : G ∈ Hq

0 and ‖G‖q ≤ 1
}



= sup
{
|
∫
ψQ̄FGdm| : G ∈ Hq

0 and ‖G‖q ≤ 1
}

≤ ‖A‖‖f‖W = ‖A‖‖F‖p

because {QHp(W )}⊥ = Qh̄1/p|h|−1H̄q
0 . Thus

sup
{
|
∫
ψQ̄FGdθ/2π| : F ∈ Hp, G ∈ Hq

0 , ‖F‖p ≤ 1 and ‖G‖q ≤ 1
}
≤ ‖A‖

By the factorization theorem of H1,

sup{|
∫
ψQ̄Kdθ/2π| : K ∈ H1

0 and ‖K‖1 ≤ 1} ≤ ‖A‖

Since (Q̄H1
0 )∗ = L∞/QH∞, ‖ψ + QH∞‖ ≤ ‖A‖. Hence there

exists a function φ in H∞ such that Sφ = A and ‖φ + K‖ = ‖Sφ‖.
Thus A belongs to M(Hp(W )/K). Therefore M(Hp(W )/K)′ =
M(Hp(W )/K) and M(Hp(W )/K = M(Hp(W )/K).

Corollary 3. For 1 ≤ p ≤ ∞, M(Hp(W )/QHp(W )) =
H∞/QH∞ for any inner function Q.
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