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EXISTENCE OF ASYMMETRIC BURGERS VORTICES AND
THEIR ASYMPTOTIC BEHAVIOR AT LARGE CIRCULATIONS

YASUNORI MAEKAWA !

ABSTRACT. The asymmetric Burgers vortices are vortex solutions to the three di-
mensional stationary Navier-Stokes equations for viscous incompressible fluids in
the presence of an asymmetric background straining flow. The asymmetry of the
straining flow is expressed by a non-negative parameter less than 1. The Burgers
vortices have been used as a model which expresses tube-like structures of con-
centrated vorticity fields in turbulence, and they are numerically well investigated
especially in the case of large circulation numbers. However, their existence was
proved mathematically only when either the asymmetry of the straining flow is
not so strong or the circulation number is sufficiently small. In this paper we prove
the existence of asymmetric Burgers vortices for all circulation numbers and each
asymmetry parameter less than 1. We also obtain their asymptotic expansion at
large circulation numbers, which gives an explanation for a symmetrizing effect
by a fast rotation.

1. INTRODUCTION

In this paper we consider a stationary flow of a viscous incompressible fluid whose
velocity field U takes the form

(1.1) U(x1,x2,23) = up(r1, 2, 23) + u(x1, 2).
Here the velocity field u) expresses an asymmetric background straining flow and is
given by

1+ A 1—A
T2 T
with a fixed parameter A € [0,1). The parameter A represents the asymmetry

of the background straining flow. The solenoidal velocity field u expresses a two
dimensional perturbation flow:

ux(x1, 22, 23) = ( x2,23),

0 0
u(xy, o) = (ur(x1, x2), uz (21, 22),0), 8—2 + 8—Z§ —0.

We assume that the velocity field U solves the stationary Navier-Stokes equations:

—AU+ (U,V)U+VP =0, z € R3,

(NS)
V- -U=0, z€R3.
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Here A = Y2 | 22 (UV) = Y0 Ui, and V- U = Y7, 3% We write 9;
instead of 8%1- for simplicity. The function P represents a pressure field of the fluid.

We are interested in the behavior of the vorticity field. Taking the rotation of
U = u)y + u, we see that the vorticity 2 =V x U is given by

(1.2) Q(z1,22,23) = (0,0,w(z1, 22))

where w = 01us — Oruy. If w is smooth and integrable, and u decays at infinity, then
the velocity field w is recovered from the vorticity field w via the Biot-Savart law:

(1.3) u=K *w,
where the convolution kernel K is given by
1zt
(1.4) K(z) = %W: ot = (=2, 71).

The value [, w(z)dz is called the total circulation and its absolute value is called
the vortex Reynolds number. Let @ € R be a given real number. We consider the
vorticity field w whose total circulation is . Since U satisfies (NS), we see that w
solves the following equation

(L 4+ IM)w — B(w,w) =0, z € R%

(Bk,a) _

/11%2 w(z)dxr = a,
where
(1.5) £=A+g-v+1,
(1.6) M = %(.1‘181 — I‘Qag),
(1.7) B(f,h) = (K % f,V)h.

Conversely, if w is a solution to (B} 4), then we can show that uy + K *w gives a
solution to (NS) with a suitably determined pressure P. We call solutions to (B} )
the Burgers vortices.

Let G be the two dimensional Gauss kernel:

2
(1.8) G(x) = ie*%.
47
Then by direct calculations, we see that G satisfies

LG =0, (K*G,V)G =0.

Thus aG solves (B) o) for A = 0. This exact solution was found by Burgers [1], and
it is called the axisymmetric Burgers vortex. When A € (0,1) a solution to (B q)
is called the asymmetric Burgers vortex. In this case we can not expect the explicit
representation as in the axisymmetric case A = 0. So the existence of solutions to
(Byq) itself is an important problem and this is the main interest in this paper.
The Burgers vortices have been used as a model of concentrated vorticity fields
in turbulence. It is numerically observed that the region of intense vorticity fields
in three dimensional turbulence tends to form a lot of tube-like structures, and
that each vortex-tube is well described by the Burgers vortices. From this physical
point of view, they have been numerically studied mainly in the case of large vortex
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Reynolds numbers, since the vortex Reynolds number is considered to represent the
magnitude of the vorticity; see Robinson-Saffman [17], Kida-Ohkitani [10], Moffatt-
Kida-Ohkitani [12], Prochazka-Pullin [15], Prochazka-Pullin [16]. One of the most
interesting features of their numerical results is that as the vortex Reynolds number
is increasing, the Burgers vortices tend to be more circular even when the asymmetry
parameter is not zero. Based on their numerical results, Robinson and Saffman
conjectured in [17] that the asymmetric Burgers vortices would rigorously exist for
any A € [0,1) at least when %MI is sufficiently small. In [12] the above property
of the Burgers vortices is explained by obtaining a formal asymptotic expansion at
large vortex Reynolds numbers. First mathematical approach to this problem was
done by Gallay and Wayne in [6] and [7]. In [7] the existence of the Burgers vortices
is proved in the Gaussian weighted L? space for any |a| if the asymmetry parameter
A is sufficiently small (A << 3). This result is extended by the author [14] and it
is shown that the Burgers vortices exist in the Gaussian weighted L? space if the
parameters A and « satisfy A € [0, 1) and ﬁ < €(A\) << 1. Here the constant
€()) is taken as lim)\_)% €(A) = 0. Both in [7] and [14] the asymptotic expansion at
large || indicated by [12] is rigorously verified. For the case A € [4,1) the problem
becomes more complicated because the operator AM breaks the symmetry of the
equation strongly. As far as the author knows, the only mathematical results in this
case are the results by [6] in which it is proved that the Burgers vortices exist in the
polynomial weighted L? space when |a/ is sufficiently small depending on A € [0, 1).
So the above conjecture has been open especially in the case A\ € [%, 1). The details
on the difficulty in this case are explained later.

In this paper we will prove that the Burgers vortices exist for each asymmetry
parameter A € [0,1) and all circulation numbers «, which gives the affirmative an-
swer to Robinson-Saffman’s question. Moreover, we verify Moffatt-Kida-Ohkitani’s
asymptotic expansion at large vortex Reynolds numbers ([12]) for any A € [0, 1).
The stability of the Burgers vortices is also an important question, but we do not
discuss in this paper. Instead, we give a remark on several known results and open
problems about their stability in Remark 6.1.

To state our results precisely, let us introduce function spaces. Let G be the
function defined by

(19) G(@) = = exp(~

Let X, Y be the complex Hilbert spaces defined as follows.

1
(1.10) Xy={weL*R? |G, we L2(R2),/ wdx = 0,
R2

<wi,wy >x, = /2 G (2)w1 (z)wa(7)dz},
R
(1.11) Y)\:{U)GXA‘@IUEXA, 1=1,2,

< wi,wp >y, = /R2 Gy (@) (w1 (2)ws(z) + Vwi (z) - Vws(x))dz}.

We also define the subspace of X
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(1.12) WAZ{U)EXA‘, G)\

[N

zow € L*(R?) i = 1,2,
< wi,we S, = /RQ G;l(as)(wl(x)wg(w) + ]$|2w1(x)w2(3:))d3:.}

The space X (and also Yj) are used in [7], [13], and [14]. Let G be the function
given by
— )2 _
(1.13) G(z) = YL=X 1219243
4
Note that (£ 4+ AM)Gy = 0 and [z, Ga(x)dz = 1 hold. Our first main result is as
follows.

Theorem 1.1 (Existence of asymmetric Burgers vortices for any parameters). Let
A €[0,1) and o € R. Then there is a (real valued) solution wy o to (Bx) such that
Wxa — aGy € YN W,.

The above theorem will be proved in Section 6 by a suitable application of the
Schauder fixed point theorem. The key idea is to reduce (B),) to an evolution

equation by introducing the scaling variables z = % and apply the results of Carlen-
Loss [2] in order to obtain a priori L? estimates for solutions. Its argument is not
so complicated, but instead, we do not have detailed informations on the solutions.
Especially, the method used in the proof of Theorem 1.1 is less helpful if one want
to explain why the asymmetric Burgers vortex tends to be circular when the vortex
Reynolds number is large. So we need a completely different approach in the study
of the Burgers vortices for large |a|.
Let n € Z and let PP, be the orthogonal projection defined by

, 1 (27 .
Pow = wp(r)e™®, w,(r) = o> / w(r cos B, sin e~ "0dp.
T Jo

We set
(1.14) P, X\ = {]P’nw | w € X)\},
(115) PeX)\ = OnezlPon X).

It will be useful to define the subspace of all "non-radially” symmetric functions:
(1.16) Py Xy = {Pyw | w € Xy, Py =1 —Pg}.

For a given h € Y, we define an integro-differential operator Ay on Y) as
(1.17) Anf = B(h, f)+ B(f,h).

In Section 2 we will see that P¢X) is invariant under the action of Ay if A belongs
to P¢X . Let we € Yy N Wy be the function which satisfies the equation

(1.18) MG = Agwee.

The existence of wy, is proved in [7]; see also [12]. Especially, wso is uniquely
determined in P_5 X U Py X,.

Our second result is the existence and the asymptotic behavior of the Burgers
vortices for large vortex Reynolds numbers.
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Theorem 1.2 (Existence and asymptotics behavior at large circulations). Let A €
[0,1). Then there is a positive number ©1 = ©1(\) > 0 such that for any o € R with
la| > ©1 there exists a (real valued) solution wy o of (Bxa) satisfying wy o — oG €
P¢X, and
AM ()

(1.19) lwre = aG = Awss|lyynw, < 5ol
where the constant M(\) depends only on \. The constants ©1(\) and M(X) are
taken as

(1.20) /1\1_}ml 0:1(\) = )1\1_}1111 M(X) = oc.

When |a] is large, we also have the uniqueness around aG + Aw, as follows.

Theorem 1.3 (Uniqueness at large circulations). Let A € [0,1). Then for any 7 > 0
there is a positive number O = Oa(\, 7) > ©1 such that for any o with |a| > Oq,
there exists at most one solution of (By ) in the ball

B ={f e L’R?) | f—aGePX, , ||f — aG — Mosol|y,w, < T}
For each A € [0,1) the constant Oa(\, T) is taken as
(1.21) lim O2(\, 7) = 0.

T—00

Remark 1.1 (Large-Reynolds-number asymptotics). As stated previously, Moffatt,
Kida, and Ohkitani indicated in [12] that the asymmetric Burgers vortex would be
expanded around oG + Aws, when %MI is sufficiently small for any A > 0. This

expansion was rigorously recovered by Gallay and Wayne in [7] when X is sufficiently
small, and then by [14] when X\ < 3. Theorem 1.2 shows that for any A € [0,1)
there is a solution which satisfies the above expansion. Unfortunately, we do not
know whether or not the solution constructed in Theorem 1.1 satisfies (1.19) and

coincides with the solution obtained in Theorem 1.2.

In order to prove Theorem 1.2 and Theorem 1.3, we first expand (B} ,) around
aG 4+ M. Then we get the equation for w = w — aG — AMwe:

(1.22) (L+ MM —alg)w = B(w,w) + Ay w + Afy.
The function fy is defined as
(1.23) fa=—Lwe + )\(B(woo,woo) — /\/lwoo).

It is known that f) € Yo N Wy NP°Xy and Py fy = 0; see [14, Corollary 2.3]. In
next section we will see that P€X) is invariant under the equations (1.22).

Since the operator Ag with the domain D(Ag) = Y), is not a closed operator (but
closable) in X, we consider the closure of Ag in X instead of Ag itself. We set

(1.24) A = Ag; the closure of Ag in X,.

In fact, the operator A is given in terms of polar coordinates and the Fourier series
expansion with respect to the angular variable; see Section 2 for details.

Let us state the difficulty of this problem and rough idea to overcome it. The
most important step to solve (1.22) is to consider the linearized problem

(1.25) Lyow = (L+IM —al)w = f.
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The main difficulty comes from the operator AM, since it leads to a slow spatial
decay in xo direction and also breaks the symmetry of the equation. If A < %, we
can find solutions of (1.25) in the Gaussian weighted L? space Xg (X for A = 0) at
least for large |a|; see [7] and [14]. The only reason we can treat the equation (1.25)
even for large |a| in X is that A is skew-symmetric in Xy which is discovered by
Gallay and Wayne in [5]. The skew-symmetry of A enables us to give uniform (or
better) estimates for linearized operators (£ — aA)~! or (£ + AM — aA)~! at large
|a|. To explain this, let us recall the argument used in [5] or [7]; see also [13], [14].
Let h € X be the solution of the equation (£ — aA)h = f for f € Xy. Then we

have

Re < f,h>x, = Re <(L—al)h,h>x,
= —Re < (=L)h,h >x,
1
= —[l(-£)zhl%,

Lo
< 5l
by the skew-symmetry of A in Xy. Thus we have

(1.26) [1Allxo < 211 1]x0

which gives the uniform estimate for h = (£ —aA) ! f. In fact, it seems to be quite
difficult to obtain this uniform estimate directly without using the skew-symmetry
of A.

IfA> %, we can no longer expect that solutions belong to Xg, because of the
loss of a spatial decay by the operator AM. So we are forced to deal with the
equations (1.25) in other function spaces which allow functions with slower spatial
decays. However, in general, the operator A is not skew-symmetric in such spaces.
This causes serious difficulties to establish uniform estimates for solutions of the
linearized problem with respect to a. Especially, we need to control the term aA
without the skew-symmetry of A itself.

To overcome this difficulty, we look for a linear operator which makes A skew-
symmetric by its right action.

Definition 1.1 (Definition of a right skew-symmetrizer). Let X be a Hilbert space
and A be a linear operator in X, D(A) C X. Then we call a linear operator T in X a
right skew-symmetrizer of A if the operator AT, D(AT) ={f € D(T) | Tf € D(A)}
1s skew-symmetric, i.e.,

<ATf,h>x + < f,ATh >x=0

for f,h € D(AT). We say A is right skew-symmetrizable in X if there is a right
skew-symmetrizer T of A in X.

Then the following lemma is essential.

Lemma 1.1. There is a right skew-symmetrizer T of the operator A in P¢Xy. More-
over, T satisfies the following:

(1) T'— I is compact in P¢ X},

(2) T is injective in P X},
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By the Fredholm alternative theorem, 7" has the bounded inverse on P¢X,. So
we consider v = T~ 1w instead of the solution w of (1.25) itself. From the relations

L+ Mw = (L4+IM)v+ (L+IM)(T —I)v,
alw = olATv,

we obtain the equation for v:

(1.27) (L4+IM —alAT)v =—(L+IM)(T —1v+ f.

By the skew-symmetry of AT and the characterization of Ker AT, we can show
that the linear problem (£ + AM — aAT)v = f is uniquely solvable in P¢X) if |a
is sufficiently large. The term —(L + AM)(T — I)v can be regarded as lower order,
since T'— I is compact. Using these facts, we can show that the equation (1.27) is
uniquely solvable in P¢X, and so is true for (1.25) by the relation w = Tv. Then
the nonlinear problem (1.22) will be solved by perturbation arguments as in [14].

To solve (1.27) we need to investigate the linear operator £ + AM — aAT. For
this purpose, we decompose L as

(1.28) L=1Ly+ N,
where
(1.29) Ly=A+—5.V+1-)\ N:g-v“.

The reason why we decompose L as above is that the operator £ is self-adjoint
in X, with the spectrum o(Ly) = {—@ | n=1,2,---} and that both £y and
N map P, X, N D(L)) to P, X,. Especially, we can see by direct calculations that
each of L), M, and N maps P¢X, N D(L)) to P¢X,.

In order to derive better properties of Ly o or £ + AM — aAT for large |af, it is
important to characterize the kernel of A or AT. By a simple observation, it turns
out that the kernel of A or AT in P¢ X coincides with the subspace consisting of all
radially symmetric functions in X, i.e.,

(1.30) Ker A = Ker AT =Py X.

This is useful and essential in our proof, since the decomposition of solutions into
radially symmetric parts and non-radially symmetric parts matches the structure of
the symmetry-breaking term AMuw or the nonlinear term B(v,v). For example, if v
is radially symmetric, then Muv belongs to Pg Xy and B(v,v) = 0.

We will show that L) , is invertible for large o and its inverse has better estimates
as |af is increasing. More precisely, by similar arguments as in [14], the operator
norms of E;}OIIP% and IP%E;L are estimated as small for large |a|, where Py~ = I —Py.
We construct a solution to (1.22) by decomposing it into the radially symmetric part
(Po X)) and the non-radially symmetric part (P X,). Unfortunately, we do not have
better estimates for }P’OEX’LIP’O even if |a is large. But since the radially symmetric
part of solutions to (1.22) is essentially expressed by the non-radially symmetric part
of them, we can establish necessary a priori estimates for solutions to (1.22) when
the vortex Reynolds number |« is sufficiently large.

This paper is organized as follows. In Section 2 we summarize the properties of
the operator £ and give the representation of A in polar coordinates. We also recall
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the properties of the bilinear form B(f, h). In Section 3 we prove that the existence
of a right skew-symmetrizer 1" of A and establish some estimates for the operator
T —1I. In Section 4 we study the linearized operator £ ., and prove several estimates
depending on the value of |a|. In Section 5 we construct a solution of (1.22) by the
Schauder fixed point theorem. After that, the uniqueness of solutions to (1.22) is
proved under the assumption of Theorem 1.3. The asymptotic expansion at large
vortex Reynolds number (1.19) is also established by similar arguments as in [7] or
[14]. Finally, Theorem 1.1 is proved in Section 6.

2. PRELIMINARIES

2.1. Properties of EA It is well-known that the operator £, with the domain
{f € Xy | Af + 522 - Vf € X,} is self-adjoint in X; see [7, Proposition 2.1]
when A = 0. The spectrum of L) consists of all eigenvalues and is given by
{—@ | n=1,2,---}. The associated eigenfunctions for —(I_T’\)n
functions {07 052G} with a1 + ag = n. We set

are the Hermite

(2.1) Xo={feXy]| /RQxif(m)dx:O, i=1,2}.

The space X, ; is nothing but the orthogonal compliment of the eigenspace
{B101G) + (202G | Bi € C} in X,. The following proposition gives fundamen-
tal estimates for the inverse of £y in X, ;. These estimates will be freely used
throughout this paper.

Proposition 2.1. Let A € [0,1). Then we have for any f € X1,

(2:2) 1=L2)2 fllxy, < (=27 2If|Ixys

(2.3) lz/(—£2) "2 fllx, < —fufrm

(2.4) IV(~£) 2 fllx, < V2IIfllx,

(2.5) (L) 20 fllx, < (V2+VO)Ifllx,, i=1.2,
(2.6) 1(~L£2)22:fllx, < inHXmZZ 1,2

[un

In particular, the operator (—L£x)™2 is compact in X 1.

Proof. When A = 0 the above estimates (2.2), (2.3), (2.4), and (2.6) are proved in
[7, Proposition 2.1], and the estimate (2.5) is obtained in the proof of [14, Proposition
2.1]. Although the estimates for A > 0 can be obtained by the same arguments as
in these papers, we give the proof here for convenience to readers.

Since —Ly > 1 — A in X 1, we have

1
(=Lx)2h|%, =< (=Lx)h,h >x,> (1= N)||][%,
thus
_1 _1
(2.7) (L) "2 fllxy, < X =272 f]]x,

for fe X WL
By direct calculations we observe that



ASYMMETRIC BURGERS VORTICES 9

/Gl\uh )|?dx

< (=L h>x, = /\v ) () 2z + &

- n —1
. /]R G h(e)|2de

1-X? g _L1=A o

(28) > Sl - S Inl,

Hence we have

(1-N)2 _1 1—-A 1 3
el (207 IRy < 1B, + 5 L) E A1 < SR,
that is,
2/

(2.9) zl(—£2)72 fllx, < Tl

We also have the equality
(2.10) < (=L)hh >x,= [[VA|[%, = (1= N)|[A], -

So we have

IV(=L) 72 f1k, = 1%, + (1= ML) 72 f1, < 201511%,

thus,
_1
(2.11) IV(=£2) 72 fllx, < V2IIfllx,-
The estimate (2.5) is proved by the duality argument. Indeed, from the equality
1—A
< (=L))"20;f,h>x, = =< Fixi(—L2)"2Th >x, — < f,0:(—L2)"%h >x,

for any h € X, we have by the estimates (2.3) and (2.4),

_1
| < (L) 720:f,h >x, | < VI FlIx Bl lx, + V2 [x 1], -
This gives (2.5) by the duality. The estimate (2.6) is obtained similarly by (2.3) and
by the equality
< (—ﬁ)\)féxif, h>x,=<f, :Ei(—ﬁ)\)féh >x, -

We omit the details. The proof of the proposition is complete.

2.2. Representation of A. In this section we consider the operator A. We recall
that A is represented in terms of polar coordinates as follows; see [5, Section 4.1.1].

Let w € X, and P,w = wy(r)e™®.
Then we see that w,, belongs to the Hilbert space

(2.12) Zy = {f: Ry —C] /Ooorg;<r>|f<r>|2dr<oo},

< fih>z,= /000 Tg)fl(r)f(r)h(r)dr.
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Here

1—X _1-
(2.13) ga(r) = e T
47
For simplicity, we write g(r) instead of go(r).
Let Ay, App be the linear operators on Z) defined by Ay 9 = Ay =0 and

(2.14) Aanlf) = ingf.
(2'15) Ab,n(f) = —inan(f),
where

(216) olr) = 55 (1= e T),

LTSl ravas - [ (Y s £ (s)ds
= i [ G ss@as+ [T G fs)as)

It is not difficult to see that for each n € Z the operators A,, and A, are
bounded in Z),. We set

(218)  Aqw =Y Agn(wn)e™, D(Aa) = {w e Xy | Y n?|lpwnlk, < oo},
nez nez

(219)  Myw =Y Apn(wa)e™, D(Ay) = Xy
ne”Z

(2.17) Qn(f)(r)

Indeed, we can check that A is bounded in X by using the Holder inequality.
Then the operator A is expressed by

(2.20) Aw = Aqw + Ayw.
We note that all of A, A,, and Ay map P, X into P, X).

The following proposition gives the characterization of the kernel of A or A,.

Proposition 2.2. Let A, A, be the operators given as above. Then we have

(2.21) Ker A = PoX)\ @ {101G + [20-G | B; € R},
(2.22) Ker A, = PyX,.

Proof. When A = 0, the characterization (2.21) is already obtained by [13, Lemma
1.2]. We easily see that the same argument can be applied and (2.21) is true for any
A € (0,1). We omit the details. As for (2.22), we note that the function ¢ is strictly
positive. Thus A, ,, f = 0 if and only if f =0 when |n| > 1, which gives (2.22).

The above characterizations will play important roles when we show the existence
of a right skew-symmetrizer of A and construct solutions to (1.22).

2.3. Estimates for the bilinear form B(f,h). In this section we consider the
bilinear form B(f,h) = (K * f,V)h which plays essential roles in our paper. First
we recall the following proposition. Let ]P’OL =1 —1P.

Proposition 2.3. Let f € P, X, and h € P, X\ NYy. Then B(f,h) € PpimX.
Especially, if f € PoXy or h € PoXyNYy, then B(f,h) € PgX,.
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Proof. The proof is the same as in [14, Proposition 2.2], so we omit it.
As a simple corollary of this proposition, we see that P¢X) is invariant under the
action of B(f,h) as follows.

Corollary 2.1. If f € P°X) and h e PX\NY, then B(f,h) € P¢X,.

Proof. Since P°X) = @,czP2, X the assertion is a direct consequence of Propo-
sition 2.3.

Remark 2.1. Note that wo € P°X) and the closed subspace P¢X) is invariant
under the action of the operators Ly, N, and M. Thus from the the above corollary
and the representations of A, and Ay, we see that P¢Xy is invariant under the
equation (1.22).

1
We set Ay = (—L))z. For v € [0,1] we set HfHD(A;) = [|fllx, + [|A] fllx, (the
graph norm). Note that this is equivalent with [|A] f]|x, since Ay has a bounded

inverse defined on X, and that || - ||p(a,) is equivalent with || - |[y,nw, by the
estimates (2.8) and (2.10).

Proposition 2.4. Let v € (0,1]. Let f € D(A}) and h € X). Then we have

_1
(2.23) I(=Lx)"2B(f, W)llx, < Cllfllpaplbllx, -
Here the constant C' depends only on A and .

Proof. First of all we note that Ay is sectorial by [4, Corollary I1.4.7], so we can
use the interpolation arguments in [11]. When A = 0, the above estimate is obtained
in Section 3. We recall the argument there. For v € (0,1) we fix o € (0,7). Let
r € (2,3) be such that ¢ = 1 — 2. By the equality B(f,h) = V- (hK = f) and the
inequality (2.5), we have

_1
I(=L2)2B(f;M)llx, < ClRE  f]|x,
< C[IK s fllzee]lhl]x,

1 3
< Ol FlILal[VE * Fl[ el x5

where C' depends only on r. In the last line we used the Gagliardo-Nirenberg in-
equality for r € (2,3) and 3—1q = 1 — 1 Note that ¢ € (2,00). By the Hardy-
Littlewood-Sobolev inequality we have

[K + fllea < ClIfllze,

for I% = % + % Since p € (1,2) we see from the Holder inequality,

1 1 11
1K # flle < ClGR|allGy  flle = C(L=A)2 4[| fl]x, -
On the other hand, we have from the Calderén-Zygmund inequality,
IVE s fllor < ClI ]z

Collecting these, we obtain

_1 101 1 1 3
(2.24) 1(=£2)"2B(f.)l[x, < O — N3 £l 1F]15 1Rl x,
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Next we observe that
1fllzr < ClFIZTNIV 11,
foroc=1-— % by the Gagliardo-Nirenberg inequality. Hence by (2.4), the estimate

1 _
1fllzr < O = N2 IFIT AN 1%,
holds, which shows that by the interpolation argument

1
(2.25) Al < O = X2l xa,pan))ons

where C is independent of \; see [11, Section 2.2] for details. So we have

—1)43 1 3
DRI pan 1L

D=

I(=£2)"2B(f,h)||x, < 0(1_)\)%(

1 30 1 3
< O =N F b 11 a1l
We also have

1 1
(2.26) Il (xa,D(AN)) o < 0(7_—0 + ;)HfH(XA,D(AA))wo
for v > o by [11, Proposition 1.2.3], and
(2.27) Al xs, D300 < CISlIDeay)
by [11, Proposition 2.2.15]. Thus we obtain

_1

(2.28) H(=LX)"2B(f, M)llx, < CA)Sf I pap |l x, -

This completes the proof.

3. EXISTENCE OF A RIGHT SKEW-SYMMETRIZER OF A

In this section we show the existence of a right skew-symmetrizer of A in P¢X, =
DPnezlP2, X). The representation of A given in the previous section is essentially
used. We start from the observation for the inverse of A,.

From the definition of A, , in (2.14), its inverse is given by

_ T
(31) Abf==2¢ ' >
We recall that Ker A, = PoX, by Proposition 2.2. Hence the inverse of A, in
(Ker Ag)t = Bp>1Pn X = Pg X is given by

(3.2)
Atw= 3T AL e, DG = {w e BE X | 3D 02l wallf, < oo

In|>1 n|>1
From this clear representation of A ! we have the following important proposition.

Proposition 3.1. It follows that Ran A, C D(A,'). Moreover the operator Aj1A,
satisfies that

(3-3) 1AL Ayl [y, w, < Cllwllx,

where C depends only on \. Especially, A; 1Ay is compact in X.
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Proof. We note that Ay maps P, X into P, Xy and Ay = 0 on PyX). Thus we see
Ran Ay, C ]P%X)V
First let us prove that for any f € Z and r > 0,

(3.4 200 < Cﬁ 1711z,
(3.5) 0, ()] < Conlr)llfllzy-
Here the positive functions Cy (1) and Cy (1) satisfy
(3.6) ig}g(ﬂr(ﬂlogr\)’ )CLa(r) < oo,
(3.7) sup(r’ +|logr[™)Coa(r) < oo,
(3.8) sgg(r—l—r_l)cl,n(r) < O, |n| =2,
(3.9) sglg(r2+1>02,n(r> < Gy, [nf>2,
r

where C and C5 depend only on A. Especially, C'y and C5 can be taken as indepen-
dent of n.

We consider the estimate (3.4). From the representation (2.17), we see by the
Hoélder inequality,

r T‘"' r82|"|1 s)ds)? Oor_lr ) 2dr) 2
L R Gy AR NOTOEY A GBI

ey " 12y, (5)ds) b ( / g ()2 )

Cin
- |()Hfllzm

where
Cunlr)i= eI [ ga(s)ds) 471 [ 510l sy .

It is not difficult to obtain the estimates (3.6) and (3.8) for the above C ,,(r). We
omit the details here. As for the estimate (3.5), we observe that

Qf)(r) = —lel /r 3|”\+1f(s)ds + r|n41 /oo s—|”\+1f(s)ds

0
Hence as same as above, we have

(3.10) (£ ()] < Con(M)lIf]zy

where

1 r o0
Conlr) = G [ gy )iy ),
T

which gives the estimates (3.7) and (3.9). From the estimates (3.4) and (3.5), we
can check that Ayw € D(A,) for any w € X.
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Next we prove the estimate (3.3). We recall the relation A 1AyP,w = A(;}ZAbm(wn)eim9

where P,w = w, (r)e"™ as stated previously. From the definitions of Ao and Ap p,
we see
(3.11) A7 APaw = — L0 (w)e™,
¥
and
(3.12) A Ayw = Z Z O (wy)e™
\n|>1
We note that
1 sin 6
81Aa Ab]P’nw = (COS 987« - ag)A Ab]in
"o — - insin -
= —(%Qn(wn) + ;Q%(wn)) cos fe™ + . %Qn(wn)ema.
Hence we have
/

3.13)  |OATTAPLw| < g1 | gl¢ (w219 () + 10w,
(313) [0y pPruwl (so 2 )l (w)|+(p| n(w)|+rw‘ (wn)|

Since ¢(r ) =55 (1— 7%) we see that ¢ is positive and strictly decreasing with
the order r 2, and that ¢’ is bounded. So combining (3.13) with (3.4) and (3.5), we
obtain
(3.14) 10145 A Prw|[x, < Cllwy||zy,

where C' is depending only on A and independent of n. We easily verify the relation
[|Oh A lAbw||X < Ozt oA Ab]P’anX Thus we have HalAglAwa%(A <
C|wl[3 X, where C' depends only on A. Similarly we can obtain the estimates for
s A1 Apw and |x|A; 1 Ayw. Now the proof of Proposition 3.1 is completed.

As a corollary of the above propositions, we have an important property of I +
AglAb.

Corollary 3.1. The operator I + A, A, is invertible in P°X) and its inverse is a
bounded operator on P¢X.

Proof. We note that I + A;1A, maps P°X), into P°X). Since A !A is a compact
operator in Xy, it suffices to prove that I + A, 'A; is injective in P¢X) by the
Fredholm alternative theorem.

Let (I + A;'Ay)w = 0. Then from the relation w = —A;'A,w, we see that
w € D(Ay). So we have 0 = A, (I + A Ay)w = Ayw + Apw = Aw.

By Proposition 2.2, the function w belongs to Po X @ {$101G + 520.G | B; € R}.
However, since w belongs to P¢X,, we see that w must belong to PypX,. On the
other hand, we have Po Xy C Ker A;!A; by the definition of Aj. Hence it follows
that for any w € Ker (I+A;1A)NPX), we have w = (I+A 1 Ap)w— A Ayw = 0.
This completes the proof.
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Remark 3.1. If we calculate C1,(r) in the proof of Proposition 3.1 precisely, we
can show sup,~q C1p(r) < % for anyn € Z and X € [0,1). Hence we have

_ g in -
1A A3, = ) H;Qn(wn)e N < D0 llge ' Qulwn)ll7,

In|=>1 In|>1

< Cllge 112, Y llwallZ,

In|=1
= Cllge 12, Iwll%,.

where C is independent of \. We note that ||gp 1|z, goes to infinity as X tends
to 1 since g, = 14_—”/\6%’"2. This suggests that the operator norm ||[A; 1Ayl x,—x,
becomes larger as A tends to 1. So we can not use perturbation arguments in order
to prove the existence of the bounded inverse of I + A1\, (that is, the operator
A 1Ay can not be regarded as the small perturbation of the operator 1). Hence the
use of the Fredholm alternative theorem based on the characterization of Ker A is

technically essential.

Proof of Lemma 1.1. The operator A can be written as

(3.15) A=A (T4 A A).
It is not difficult to see that A, is skew-symmetric, i.e.,
(3.16) <Auf,h>x, + < f,Ash >x,=0, for f,h € D(A,).
In fact, we can also show that A} = —A,, but we omit the details here. From

Corollary 3.1 it follows that A(I + A ;1Ay)~1 = A, in P°X,. Hence A is right skew-
symmetrizable in P¢ X, and the operator (I —i—AglAb)’l is a right skew-symmetrizer
of A. Tt is clear that T = (I + A;A,)~! satisfies the properties of Lemma 1.1
since T — I = A;'A,T is compact. From the construction of T, we also see that
Ker AT = Ker A, =Py X and TPy f = Py f.

4. THE LINEARIZED PROBLEM

In the followoing sections the function spaces X, Yy, and W) are assumed to be
real Hilbert spaces, and we always deal with real valued functions. In this section we
consider the equation £ oh1 = fi for a given f; € P°X). Here L) o, = L+AM —aA.
The main result is as follows.

Lemma 4.1. Let A € [0,1) and v € [0,1). Then there is a number © = ©(\) > 0
such that for any o € R with |a| > O, we have for f1 € P€X),

(4.1)
1255 Allvsews, < H(=£2) 72 fillxas
(4.2)
1PE L5 Fillpeary < 8u(lal, A7) (11PE(—£2) 72 fillx, + AlI(—£2) 72 fullx, )
) A
(4.3)
_ _1 _1
oLy L fill payy < JaIPo(—L£2) 7% fillx, + Ada(la, A, I(—£2) 7% fillx,-
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Here the constants J; and Jo are independent of v and o with |a| > ©. For
each X € [0,1) the constants 61(|a|, A,7v) and d2(|a], N,7y) are bounded with respect
to |a| € [©,00) and v € [0,1), and satisfy that

(4.4) lim &6 (Ja|,\,y) = | lim d2(|af, A, y) = 0.

|a|—o0 | =00

The constants ©, Jy, and Jo are taken as

4.5 lim ©(A) = lim J;(A\) = o0, 1 =1,2.
(45) lim ©() = lim Ji() = o0, i
To prove this lemma we consider the equation for ho = T~'h; where T = (I +

A;tAy) 7! is the right skew-symmetrizer of A in P€X, constructed in Lemma 1.1.
Then by the relation

(L4+IM)hy = (L +IM)Thy = (L + AM)hg + (L + IM)(T — I)hs
and
Ahy = AThy = Ayho,
we obtain the equation for ho such as
(4.6) (L+IM —aly)he = (L+IM)I —T)ha + f1
Here A, is given by (2.18). Set
(4.7) Lyo=L+IM—al,
and we first consider the linear problem
(4.8) Lyoh = f

for a given f € P¢X,.

We recall that £ = £, + AN and the spectrum of the self-adjoint operator £ in
X, is given by {—@ | n=1,2,---}. We first consider the operator Ly o, — AJ
and establish some estimates for (Ly, — A)~!. Then we consider the equation
(Lxq — A)h = —=Ah + f. The key steps here are based on contradiction arguments
that are already used in [14]. But we need further idea to obtain desired estimates
for solutions of (Lo — Al)h = —Ah + f when X is near 1, because the spectrum
of Ly approaches to 0 as A tends to 1. We overcome this difficulty by using a
cut-off technique and combining the estimates for the Xy-norm of solutions in a
bounded domain and the estimates for the X y-norm of solutions in an unbounded
domain. Since Ker A, = PyX,, we decompose solutions into radially symmetric
parts and non-radially symmetric parts, and prove that non-radially symmetric parts
of solutions to Ly oh = f are estimated as small if || is sufficiently large. This is the
most essential estimate in this section. More precisely, we shall prove the following

lemma.
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Lemma 4.2. Let A € [0,1) and v € [0,1). Then there is a number ©' = 0'(\) > 0
such that for any o € R with |a] > ©', we have for f € P¢X),

(4.9)

L Fllvaamwy < AI(=£2)72 fllxa,
(4.10)

1P§ Ly 4 fllpeay) < d1(lal, A7) (HP&(—cA)?fHXA + AH(—cA)?foA),
(4.11)

_ _1 _1
IBoLy o fllp(ay) < J2(WIPo(=L2)72 fllxy + Ada(lal, A NII(=L2) 72 flIx,.

Here the constants Jy and Jo are independent of v and o with |a] > ©'. For
each X € [0,1) the constants 61(|a|, A,7v) and d2(|af, N,7y) are bounded with respect
to |a| € [©',00) and v € [0,1), and satisfy that

(4.12) lim & (Ja|, \,y) = | lim d2(|af, A, y) = 0.

|ar] =00 |—o0
The constants ©', Ji, and Jo are taken as
4.13 lim ©'(\) = lim J;(\) = =1,2.
(413 lim ©/(Y) = lim J;() = o0, i = 1

Lemma 4.1 is obtained by applying Lemma 4.2 to (4.6).
The proof of Lemma 4.2 is decomposed into several steps below.

4.1. Estimates for (L), — A)~!. As stated above, we first consider the equation
(Laa — A)h = f for f € P°X). Let us start from the following proposition.

Proposition 4.1. Let A € [0,1) and o € R. Then the operator Ly, — Al has a
bounded inverse in P¢ Xy and we have for any f € P¢X,

_ C _1
(4.14) 1(Lxa =AD" fllvanw, < T L0072 fllx
Here the constant C' is independent of A and a.

Proof of Proposition 4.1. The operator L) o, — Al can be written as

Ly — M = —(=L£)2(I = A} — MIy + a%, + M(—Ly) ") (=Ly)2,

where

(4.15) M = (=L ZM(-Ly)73,
(4.16) I, = (—£2) 2N(-L£y) "2,
(4.17) S = (=L£y) 2Al(=Ly) 72

It is not difficult to see that the operators Il;, IIs, and >, are bounded in P°X,.
Indeed, from the definitions M f = (0121 —domo) f, Nf = V- (%f), and A, f = (K *
G,V)f for f € Y\ N W), each operator above is bounded in P¢X ) from Proposition
2.1 and Proposition 2.4. We also note that since A, is skew-symmetric, so is 3.

We define the bilinear form @) , in P°X x P¢X) as

(4.18) Qrnalf h) =< (I = NIj — My + aXq + A(—Ly) ") f,h >x, .



18 YASUNORI MAEKAWA 1

Then it is easy to see that @)y , is bounded, i.e., there is a positive C'(A, a) such that
|@xa(f, )] < C(X, a)|[f]|x,|[h]|x, holds for any f, h € Xj.
Moreover we have by skew-symmetry of ¥,

Q)\,a(fa f)
= |fI%, —A<ILf, f>x, —A<Iaf, f>x, +A < (=L))7'f. f >x,

= (1B =A< ML) 72 f (L) 73 >x, =A< 5 V(L) 2L (=L2) 2] >x, -

Set h = (—E)\)féf. Then we see by the integration by parts,
i
2
—1 1 -1, 7
= G)\ h§($181 — I‘Qag)hd.% + G)\ h§ - Vhdx
2

R2 R
1 1—\

= ——/ G;1|h|2da:——/ G, 'zl dz.
2 Jge 2 Jge

Hence we have

S M(=L2) 2, (—L2)"2f >x, + < = V(=LA 2f,(—Lx) 2 f >x,

AL

— A 1
AN (o) H IR,

A 1
Qualfi ) = Wl + SN0 2 R + =

> |IfIl%,-

Thus by the Lax-Milgram theorem, the operator I —AII; —Allo+aX,+A(—Ly) !
is invertible and

(4.19) [[(1 = Ay = Ally + aXq + A(=£2) ") 7 fllx, < |fllx,.-

Combining this with Proposition 2.1, we have the desired estimate (4.14). The
proof of Proposition 4.1 is now completed.

Let h = (Lyo — M)~ f for f € P°X). Then we have (L) + M — aA, — A)h =
f— AMh. Thus h is written as

(4.20) b= —(=£2) T34 (~£2) 2 f 4+ A(=L2) 205 L (~£2) "2 Mb,
where
(4.21) Taa = I — Al + a%, + A(=£3) .

Here we used the relation
(L7 M = aly = AD)™ = —(=£3) 3Ty (L) 2.

Next we decompose h into the radially symmetric part and the non-radially sym-
metric part. Note that the projection Py or ]P’é commutes with the operators

(—£x)"2 and T;L, and that Pol'y, = Ty aPy = [Py since Ker ¥, = PyX,.
The same is true for F)_\la For simplicity we write Pyh = hg and P&h = hé. Then
we have from (4.20),
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(4.22)

hs = —(=L£2) 2T55Po(—L2) "2 f + A(—Lx) 205 hPo(—L2) "2 M,
(4.23)

he = —(—L2) 3T LBE(—L£0) 3 f + A(—L£2) 2T\ LPg(~L) 2 Mh.

Here we used the fact that Po(—ﬁ)\)_%/\/lh = IP)O(—EA)_%M]P’(J;h by the property
of the operator M = %(33181 — x909).

We recall that II; = (—EA)_%M(—EA)_%, and that Ay = (—E)\)% and D(A))
is equipped with the norm ||f||pay) = IIfllx, + I1(=£x)2 f||x, which is equivalent
with |[(—£x)2 f]| x, itself. Then we have the following important proposition.
Proposition 4.2. Let A € [0,1) and v € [0,1). Then we have for any f € P¢X,,
(4.24)

1 =1
1(=£2) 7205 gPofllpay) < (1= A) 7 [[Pofllx,
(4.25)
N
1(=£2)72T3 o Po fllpay) < exllal, A )IIBy flIx,
(4.26)
[(=£x) " 2T L PIL I L P 1| < A7) [PE
A2 Pl [Py flipayy < eallal, A 7)IIPy fllx, -

For each A € [0,1), the constants e1(|a], \,7) and ex(|a|, \,7y) are bounded with
respect to || and v € [0,1). Moreover we have

(4.27) lim €(laf,A,v) =0, i=1,2.
|a|—o0
Proof of Proposition 4.2. To prove the estimate (4.24), we first note that
11 a1
(4.28) 1(=L£)77 |xy—x, < (T =277,
which is obtained by the estimate (2.2) and the interpolation inequality
=1 _1 1—
I(=£2)"2 fllxy < L0721, -

It is not difficult to see that

(4.29) 05 Fllxy < 11£1Lx,

for any a € R. Indeed, the bilinear form Q,\,a(f, h) =< I'xof,h >x, is bounded
and satisfies that

Q)\,a(fv f) = Hng()\ -A< H2f7f >X>\ +)\ < (_E)\)ilfmf >XA
= A, =A< 5 V(L)L) 73 >,

AL =)

_1
5l (=£x) 2 fl[%,

_1
= [IflI%, + (=L 72 fIl%, +
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By the Lax-Milgram theorem, we have the estimate (4.29). Thus the estimate
(4.24) holds.

We prove the estimates (4.25) and (4.26) by deriving a contradiction. This argu-
ment is also used in [14, Lemma 3.2].

Without loss of generality, we may assume that « > 0. Set

S
e1(a,y) = [|[(=£x) QF,\LP&||JPEXA—>D(A§)'

Then €; (e, ) is uniformly bounded with respect to a and « by the estimate (4.24).

We assume that limsup,_,. €1(a,y) > 0. Then there exists a sequence {«; }ien,
a; — o0 as i — 00, such that €; = infiener(a;) > 0. So we have a sequence of
functions { fi}ien with || fi||x, = 1 such that

1 €1(ay) €1
[(=£x) QFA,iiP(J)_fiHD(AK) 2= = fillx, > 5 >0
We set h; = (—E)\)_IQMF)_\}%P&fi € Py X.

Since (—Ly) =7 s compact (because (—EA)_% is compact) and {F;lai]P’OLfi} is

bounded in Xy, we have a subsequence {h;} of {h;} such that h; converges to a
function he, € Py X, strongly in X,. Then ho, satisfies (—EA)FTWhOO € Py X, and
Hh’OOHX)\ > %1 > 0.

On the other hand, for any f € X, we see

< (—L2) 7 Aa(—L2) P hoo, [ >x,
= = < (—L2) Fhoo Aa(—L2) 2 f >x,
= —lim < (—ﬁ)\)ighj,Aa(_ﬁ)\)iéf>XA

J—o0
= lim < (L) 2Ag(—Lx)"2h;, f >x,
Jj—00
. 1 1— 1—y
= jhm a—<< Caoy (LX) 72 hy, f >x, — < (=£X)72 hy, f >x,

1—

+A < HQ(—ﬁ)\)Tﬂ/h]’,f >x, A< (—[,)\)_Hthj,f >x, >

.1 1y
— lhm —<<]P’0ij,f > X, —<(—E>\) zvhj,f >X,

J—00 aj
A< TIo(—Ly) 2 hy, f >x, A< (—L2) 2 hy, f >x, >
= 0.

Thus (—EA)_%Aa(—L’)\)_%hOO = 0, that is , Ag(—Lx) " Zheo = 0. However, since
Ker Ay = PoX) and ho € PEX, (and thus (—£y) 2heo € PEX)), we must have
(=£) " 2hee = 0. Hence ho, = 0. This contradicts with l|hoo||x, > 0. Now the
estimate (4.25) has been proved.

The estimate (4.25) leads to the following simple claim.

Claim. Let {fi}ien be any bounded sequence in P€X,. Then for any sequence
{a;}ieny in R such that o; — oo as i — oo, the sequence z; = I‘;laiIP’(J)-fi weakly
converges to 0 in X.
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Indeed, for any f € D(L)) we have

lim <z, f >x, lim < 2, (=£) 72 (=£2) 7 f >x,

1—00 1—00

= lim <( E)\) 2 Zza( ‘C)\) f>X>\_0

1—00

Since D(L)) is dense in X and {z;} is bounded in X by the estimate (4.29), we
have the claim.
The estimate (4.26) follows by the above claim. Indeed, we set

1. _
e(a,y) = [[(=Ly) 2F)\})POHIF)\LPM|]P’6XAHD(A})

Again we assume that there exists a sequence {«;}ien, o — 00 as i — o0,
satisfying es = infjenyea(a,y) > 0. Then we have {f;}ien with ||fi||x, = 1 such
that the function h; given by

hi = (— cA) IP’OHJ‘ P&fi
satisfies
ol _
[hillx, = [[(=£x)2(=£Lx)" 2 hillx,
> C[I(=£N)" gh\lp(m
= CII(=£x)"2 POHIF)_\,IaPOLfiHD(A})
€2
> i
> cZ,

uniformly in i € N. Here we used the fact that HfHD(A}) and ]|(—£>\)%f||xA are
equivalent.
—14
Since HlF;}xiPé is bounded and (—Ly) 2 s compact in X, we have a subse-
quence {h;}jen of {hi}ien such that h; strongly converges to a nontrivial function
hoo in Py Xy. However F;%)IP’()Hl I‘;’laiIP% fj must converges to zero weakly in X since

lim < Pol'y oDy e Bo fi f >x, = ]1EEO<PA;]P> iy (T3 L) Pof >x,
=0

by the above claim. Here (I'y {II1)* is the (bounded) adjoint operator of I'y pII;.
Hence ho, = 0, which leads to a contradiction.
Now the proof of the proposition is completed.

4.2. Proof of Lemma 4.2. We are now in position to consider the equation L) ,h =
f for a given f € P°X,. By the equality (Ly o — A)h = —Ah + f, we substitute
—Ah + f for f in (4.22) and (4.23). Then we have
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(4.30)
hs = —A(—Lx)TET5h(—La)"Fhs + A(—L£x) T3 EPo(—L2)"EMbE
—(—ﬁAT%FX%Po(—ﬁ,\)*%f,
(4.31)
hs = —A(—L2) T3 EPE(—L0) 2h + A(—L2) 3 T3 A Pg (—L£3) "2 Mh

—(=L)) I LPG(—Ly)E .

By Proposition 4.1 we already have

C 1
1Pllaow, < 7= II(=£X)72(=Ah+ f)llx,
CA 1
. < 20 L (=L)E f] s
(4.32) < (1_)\)%” Iy + 7= I(=£2)72 fllx,

So roughly speaking, it suffices to control ||h||x, instead of ||h||y,nw,. This is
important for our purpose, since we can use the results of (4.25) and (4.26) in
Proposition 4.2. By the estimate (4.25), we have good estimates for the non-radially
symmetric part kg when |af is large. Indeed, we have from (4.31) and (4.25),

1hgllx, < @ (AH(—z:A)%héHXA +A|(=L£2) "2 Mbl|x, + ||Pé(—£A)éf||XA>

IN

[N

A n CA _1
(g 7y s, + B 241, )

Thus by taking « large enough, it follows that

061)\

_1
(4.33) 1h5]1x, < S1- HhHW,\+2€1H]P0( A2 flxss

from which we easily obtain the a priori estimates for the non-radially symmetric
part h§ in terms of hg and f.

Unfortunately we need more complicated arguments to control hg when A is not
small, especially, when A\ > % Let us explain this difficulty. The second term in the
right-hand side of (4.30) is a good term; we can estimate this term by combining
(4.26) with the representation of (4.23). The difficulty appears when we deal with
the first term in the right-hand side of (4.30). First we observe that

(4.34) (Lx+IN =AD" x, < A1

A
1—5

Indeed, we have for h = (Ly + AN — )71 f,
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—<fih>x, = <(=Lx—MW +X)h,h>x,
Xz
(L=Nhl%, —A< 5 Vhh>x,

AL =)
8

V

A
(1= NIhl%, + FlIhl%, + 1A%,

A
> (1= 5)lIhlf,
Here we used the fact —£) > 1 — X in P°X, and the integration by parts. Thus we
obtain (4.34). Since —(—L£3) 2T p(—L£2)"2 = (L + M — AI)~Y, we have

1 1 A
IM=£2) 7203 5(=L0)2hsllx, < T llhsllxy
2

So the first term can be controlled at least when T Ao <1, ie, A< % since we

2
get the contraction estimate in this case. In the case of A > % the above argument

is no longer useful and we need further idea.

To overcome this difficulty, we use a cut-off technique as follows. Let R > 1 and
let xr be the characteristic function of the ball {x € R? | |z| < R}. Then we define
linear operators ® i and P} as

(4.35) drpf = XRf—/R2XRf(x)dx G,

(4.36) of = (1—xm)f— /[R (1 xp)f(@)dz G.

Here G is the two-dimensional Gauss kernel. We see that

/ @Rfdx:/ Gfdx =0,
R? R?

and if [, f(x)dx =0, then ®rf + @4 f = f.
Especially, if f € PgX), so are ®rf and ®%f. We also note that ®rf € Xg by
the definition. With these operators the equation (4.30) is written as

(4.37) hs = B 40+ F,
where

(438) Y = —A(—L2)T2T5h(—La) 2@ phs,
(4.39)  AY = —A(—L2) Ty 5(~L2) 2 @Ghs,

_1

(440)  F = A(=£x) 72T jPo(—L2) 2 Mg — (—L£2)72D5 gPo(—L2) 2 f.
Then we have

Proposition 4.3. Let A € [0,1). Then there is a positive Ry = Ri(\) > 1 such that
the following estimate holds.

A
(4.41) 1hslx, < CesTi||F]|x,.
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Here the constant C' is independent of A € [0,1), Ry, and «.

Proof of Proposition 4.3. We decompose hg into xrhs and (1 —xgr)hs. For xghs
we first estimate the norm in X instead of X. The key fact here is that hg) belongs
to Xy. Indeed, we recall that L is self-adjoint in Xy and —£ > 1 in Py Xy. Especially,
since ® phg belongs to X, the function (L—\I)~'®zrhg makes sense in Xo. So by the
uniqueness of solutions to the equation —(—EA)_% (I — My +)\(—E,\)_1)(—£,\)%zl =
(L= AD)z = 2 in X, and X C Xy, b3 belongs to PoXo.

We easily see that for any z € Py X,

(£ = AD ™ ellxy < s MllIx-

1
— 14+
Thus we have

A
d
< Tisleabslix < Ty bahsllx, +1 [ xehsdal)

Since [po xrhsdx = — [z2(1 — XRr)hsdz, we have by the Holder inequality,

157 1x, <

1 _1-Ap2
\/RQ(l—XR)hdeI <|IG3 (A=xr)|[ 121G (1 Xr)hsllz = e 5 T ||(1=xr)hs||x,-
Hence we obtain

1) -\ p2
(4.42) 18§10 < T Ulxrhsllx, +e” S - xm)hsllx, ).

T 1+
(2)

Next we estimate xghg”. By the relation

_1 1 A
IxrhS llxe = 1G 2 xrh P2 < (1—N)2e3™(|G, th [P
A
= (1-NzesT R x,,

we have from (4.34),

2 1 Ap2 2
Ixehllxe < (1=N7es%)0) x,
A 1 Ap
< C(1 = N)7es | 0% hs | x,
-2
2\ 1 Ap
< g1 Nes” (||<1—XR>hs||xA+||GHXA| (1= xr)hsda])

A
< 2A(1 - \)zesH (1+(1 —AQ)_ie_TRQ)H(l—XR)hSHXA.

Collecting these above, we have

A 1-A p2
l[xXrhs||x, < 1+/\(\|XRhSHXo+€ s ||(1_XR)hSHX>\)
1 A 1-X
F2A(1 = A)2e (14 (1= 2255 ) (|1 = xr)hsllx, + [[XRF|x0s
thus,
(4.43)
xrhs|lx, < CA 6_%R2+6_%R2+ 1—)\%
0

AR
s

11— xr)hsllx, + 2l xR F X0
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where C' is independent of A and R.
Next we consider (1—xpr)hs. For the term (1 —XR)hg), we have from Proposition

2.1 with A = 0,

_ 1
10— xhPllx, = ( / G110 2da)
|z|>R

IA

Rl(/ G a2 h D Pdr)t
|z|>R

< ART[la|(—£) 72 (1 + ML) T (L) "2 @rhs]|x,
CA 1y _1

< FIT+ML) )T (L) 2 @rbs|lxg
CA

< g lI®rhsllx
CA _1-x

< S (lxrhsllx, + e 5 )1 = xr)hs||x,)-

Here we used the fact that ||[(I + A(—£)7!)7||xy—x, < 1. Thus we have

— 1
11— xw)h$llx, = (/||>RG)\1\hg)\2dx)2

< @-NEER( P
|| >R

A p2
C)\e_ER 1-) p2
< —————(llxrhsllx, + e = (1 = xr)hs]||x, )

Similarly from Proposition 2.1, we have for (1 — x R)hg),

1

2 _ 1 1.
11— xr)h |x, < ARY[[2|(—L£2) 205 5 (—L£2) 2 Bhhs||x,

)

C)‘ -1 —1zc
< m”r)\,o(_['A) 2@Rhs||x,
C\
< ——||PRhs||x
R1—N3 " e,
CA 1 11—\ p2
—— S (1+ (1 =272 F )1 = xR)hs||x,
R(l—A)%( ) \

Hence (1 — xr)hs is estimated as

(1 = xR)hs]|x,
1 2
< (1= x2)2P1x, + 110 = x) 2 1x, + 111 = X&) Fllx,
A p2
Che sl 1-) p2
< T (lIxrhsllx, + e 5 |1 = xr)hs||x
R(l—)x)%(‘ [P l1x,)

CA 1 _1-ape
+——— 1+ (1 =X)"2e s TN - xr)hsllx, + (1 = xr)Fl|x,,
R(1—X)2
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that is,

Che 5B
(4.44) |1 =xr)hsllx, < ———lIxrhsllx, + 21 = xr)Fllx,
R(1—\)z2
if R is sufficiently large depending on A.
Combining (4.43) and (4.44), we obtain

C\2 152 1-X p2 1
lIxrhs|lx, < ——(e7 5% +e 5 4 (1—X)32)||xrhs]|x
’ R(l—)\)%( ) °
1 1—X 1 A
FONe™ s 4 e 5 1 (1= 0)2)es T ||(1 - xr)Fllx, + 2lIxrF|lx,,

A
8

thus, by the inequality ||xrF||x, < (1 — )\)%e R2||XRF||XA,

_1=2Ap2

(445)  lIxrhsllx, < CA(e™5™ 475 4+ (1= 0)2)es™](1 - xn) Fllx,
1 A
+ 01 = N)2e3IxrF]|x,,
if R is sufficiently large. Here C is independent of A and R. From the estimates
(4.44) and (4.45) we have

CA
(4.46) |1 = xRr)hsllxy, < ————|IxrFllx\ +2/|(1 = xr)Fllx, < ClIF]|x,,
R(1—M\)2
where C can be taken as independent of A and R, if R is sufficiently large.
Finally we see from (4.45) and (4.46),

lhsllxy < lIxrhsllx, + 111 = xr)hslx,
_1
< (@ =N"z|[xrhslx, + [[(1 = xr)hs|x,
AR2
< Ces™|[[Fllx,,

if R is sufficiently large. Here C' is independent of A and R. This completes the
proof of Proposition 4.3.

Remark 4.1. From the above proof we have shown more precise estimate
A R2 A p2
(4.47) [hsllx, < C(eSTIXRF||x, + (1 + A5 T)[|(1 = xr)F||x,)-
The number R >> 1 is taken large enough to satisfy
(1-MN"2R'<<1,

. _1 _1-Ap2 . .
since we have (1 —X)"2e” 8 'V << 1 in this case.

Proof of Lemma 4.2. In order to complete the proof of Lemma 4.2 we shall
estimate the function F defined by (4.40). By the representation (4.23) for h&, we
observe that

Fo= <—£A>5&,5%(—@)W(—mﬂg;w&{ N2(—Lp) kb
_1

(L) EMB = ML) = (-6 B0

Therefore we have from the estimate (4.26),
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1F|lxy, < e€al| = N2(=L£2)"2hg + A2(=Ly) T Mh — ABF(—L£3) 72 f|Ix,
(1= A2 [Po(—La) "2 £l x,
62)\2
1—)
(1= A) 2P (—L2) "2 fllx,-

1
[1llw, + e2AlPg (=£2) 72 fl|x,

IA

Combining this estimate with (4.41), we obtain

€a N2
1-A

A 1
(4.48) lhsllxy < CegRQ{ [1Allwy, + e2l[Py (—£2)72 fIx,

- A)_%HPO(—EA)_%NXA}-

Applying (4.33) and (4.48) for (4.32), we get the estimate

Hh| ’YAOWA

C

m||(—ﬁx)7f||XA +

IN

CA 1
iyl GLSRH

+ea e R |[Bg(—L2) 2 fl[x, + (1= A) " 2e

C
1-X

A
8

RQHPo(—m—%foA)

A 1
(4.49) e3(=£2)72 flx,.
if we take |« sufficiently large. This estimate leads to the existence of the bounded
inverse of L), by the Fredholm alternative theorem. Now we have proved the
estimate (4.9).
Collecting (4.49), (4.33), and (4.48), we obtain the estimates (4.10) and (4.11) for

v =0 as

(450)  |hkllx, < 6u(lalA) (AH(—cA)-%fHXA T ||P&<—£A>-%f||xk),

A p2
1 Cestt _1
(4.51)  lhsllxy < Ada(fal, MII(=£2)" 2 fllx, + a )\);HPO(—/JA) 2 fllxs-
— )2
Here 01 (||, A) and d2(|, \) satisfy
(4.52) lim 6;(|a|,A\) =0, i=1,2.

|af—o0

The estimates (4.10) and (4.11) for v > 0 are obtained in the similar way as above
by using the representation (4.30), (4.31), the estimates (4.25), (4.26), and the above
results (4.49), (4.50), (4.51). We omit the details. The proof of Lemma 4.2 is now
completed.
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4.3. Proof of Lemma 4.1. Let us prove Lemma 4.1. First we note that (—EA)*% (L+
AM)(I —T) is bounded in P°X by Proposition 2.1 and Proposition 3.1. We also
note that (I — T)hy = (I — T)Pghy. Then from the relation (4.6) and by Lemma
4.2, we get the estimates of hg in (4.6) such as
1
12l [varw, < CIIBg hallx, + Cll(=£2)72 fullx,,
_1 _1
[IPg Az llx, < 8lIPg hallx, + d(IIPy (—£x) 72 fullx, + Al(=£2) "2 fillx,),
1 1
[Pohallx, < CAlIBghellx, + ClIPo(=L2) "2 fillx, + Adl[(=£2) "2 fillx,.,

where C' depends only on A, and ¢ is sufficiently small by taking |a| large enough.
For hy = Thy we see that Pghy = Pghs, and Pé‘hl = ]P)(J)_hQ + (T — I)P(J)‘h,g hold.
Now Lemma 4.1 easily follows when v = 0, and then, also when v € (0,1). This
completes the proof of Lemma 4.1.

5. CONSTRUCTION OF ASYMMETRIC BURGERS VORTICES FOR LARGE
CIRCULATION NUMBERS

Based on the results for the linearization established in the previous section, we
can construct solutions to (1.22) by perturbation arguments. Our aim is to solve
the equation

(5.1) w=(L+IM —al) " (Bw,w) + My w~+ Afr),

where A, and f) are given by (1.17) and (1.23). Since we already have the es-
timates for (£ + AM — aA)~! by Lemma 4.1, the argument to solve (5.1) is just
parallel to [14, section 4]. So we only give the sketch of the proof here.

To apply Lemma 4.1 we decompose (5.1) into the radially symmetric part and
the non-radially symmetric part. That is, we construct a solution of the form

w=ws +wgr, ws € YANWyNPyXy, wgr € Y\N W) N BpeznrtoPonXy.
Then we see
B(w,w) = B(ws,wgi)+ B(wgi,ws)+ B(wgi,wg1)
Apswgr + %AwslwsL,
Ap w = Ay ws+ Ay wgi.
Fix v € (0,1). We identify D(A}) in P*X with Dg x Dg., where
Ds = D(A]) NPoX», Dgi = D(A]) N BpeznroPanXa.
For (f,h) € Dg x Dg., we define the mappings

(5.2) Hi(f,h) = (L—aA+IM) 'Ash,
(5.3) Hy(fh) = %(5 — ah + AM) Ak,
(5.4) H3(f,h) = ML —aA+IM)A, T,
(5.5) Hy(f,h) = ML—ah+IM) A, _h,
(5.6) Frna = ML—aA+IM)7 1,
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and

(5.7) Hyolf,h) = ZHi(f, h) + Fya-

4
=1

Since f\ € Dg1, we observe from (4.2) and (4.3) that lim|,|_ ||F)\7a\|D(A;) =0
(in fact, we have a better estimate; see (5.13) below).

The map H) , is compact. Indeed, from (4.1) in Lemma 4.1 we see that H) ,
maps Dg X Dg. into Yy N W) NPX,. Now we set the map W), on Dg X Dg.1 as

(58) \Ijk,a(f) h) = (POH)\,a(fv h’)? PéHA,a(fv h’))7

where Pg- = I — Py. Arguing as in [14, Proposition 4.1], we can show that for any
k1 > 0, there are ko > k1 and R = R(A, K1, k2) >> 1 such that ¥, , has a unique
fixed point in the closed subset

(59 Xew = {(F,0) € Ds x Dgu | 1l < 5o, Ihllpgay) < b
if || > R. Indeed, from (4.2) in Lemma 4.1 and (2.23) we have for (f;, h;) €
XRQ,R17 1= 1727
(5.10) 1By Haa(f1,h1) = Py Hya(f2, h2)llpeay)
< Cbi(sr + k2)(Ilf1 = follpray) + 11 = h2llpay)),

where 9, is sufficiently small if |«| is large enough. Similarly, we have from (4.3) and
(2.23),

(5.11)
IPoH ) a(f1,h1) = PoHxa(f2, h2)llpeay)
< Ok 4+ D[ht = hallpay) + Co2(k1 + k2 + (11 = follpay) + [ = h2llpay)),
where Jy is sufficiently small if || is large enough. So W, , is completely contin-
uous. Since [[Wxa(f,7)lIpay) < [¥ralf;h) = ¥ra(0,0)Ipay) + [[Fxallpay) and
lim g oo ||F>\,a||D(AK) = 0, we see from the above estimates that W) , maps X, ,
into Xy, s, for any x; > 0 and suitable k9 > k1 and |a| >> 1. Thus there is a fixed
point in Xy, ., by the Schauder fixed point theorem. The uniqueness of fixed points
in Xy, x, also follows from (5.10) and (5.11). This proves Theorem 1.2 and Theorem
1.3 except for the asymptotic estimate (1.19).
Let (wg,wg1 ) be the fixed point of ¥y 4 in X, x,. Then from (5.10), (5.11), and
H(wSawSL)HD(A}) = ||‘I’A,a(wsawsl)||D(A})
< Waalws,wge) = ¥aa(0,0)l[peayy + [[Fxallpeay)
we get
(ws, ws)lpayy < CllFxallpay)-
Moreover, we have from (4.1) and (2.23),

[(ws, ws2)llyaowy < Clll(ws, ws)lpay) + 1(ws, ws )5 a7 + [[Faallvanws),
where C depends only on A\. Combining these above, we obtain

(5.12) [[(ws, wg)|lvanw, < Cl[Fxallvinw,-



30 YASUNORI MAEKAWA 1

Thus it suffices to show

D)
1 F < —
(5 3) H )\,O&HY)\QW/\ =1+ ’a|

for |a] >> 1. This estimate is obtained from the fact that there is a function
hy € Y\ N W, such that fy = Ahy; see [7, Proposition 3.4] or [14, Proposition 5.1].
Indeed, since we have the relation
Fra = MLAHIM—al) L fy
= ML+ MM —al) Ak
A
= —a(z +AIM — aA)HL+AIM —al — L — AM)hy,
A A
= —ht E('C + AIM —al) "L + AM)hy,

we get (5.13) from (4.1). This completes the proof of Theorem 1.2.

6. EXISTENCE OF ASYMMETRIC BURGERS VORTICES IN GENERAL CASES

In this section we prove the existence of the asymmetric Burgers vortices for
general asymmetry parameters A € [0,1) and circulation numbers o € R. Let us
recall the equations for the asymmetric Burgers vortices:

(L+IM)w — (K *w,V)w =0, z € R?,

(Bxa) w(x)dx = a.

R2
Then solutions to (B) ) are constructed as solutions to

(6.1) w:—(E—i-/\M—I)*1w+(£+)\M_I)—lv‘(wK*w)'
Let

—\2
(6.2) Ga(z) = Qelyﬁaﬁ;

T

Then by the relation —(L+AM —1)"1G\ = Gy, (6.1) is equivalent to the equation
for w = w — aGy:
(6.3) w = —(LAIM =D w+ (L+IM— 1)V - (wK *w)
+(L+ MM —I) Hahg,w + o*(K %Gy, V)G)).
We set the right hand side of (6.3) as ¥(w). So our aim is to look for a fixed point of

¥ in X by using the Schauder fixed point theorem, which gives Theorem 1.1. We
first observe that ¥ is a completely continuous mapping defined on D(A}) where

Ay = (—Lﬁ)\)% and v € (0,1). Indeed, similar arguments as in the previous sections
give the estimates

(6.4) (£ + MM = D)7 frllyv,nwy, < CllAlx,

(6.5) (£ + MM = D)7V - (f2/ * f3)|lvarwy, < Cll fallx, [[K * f3]|ze~
1 1

(6.6) 1K * f3]|pee < CllfslI7allf3l e

(6.7) 1K * fsllLee < Cllf3llpayy »
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for any f; € D(A)) and v € (0,1). Indeed, (6.4) and (6.5) are obtained by the
argument as in the proof of Proposition 4.1, and (6.6) and (6.7) are established
by the Hardy-Littlewood-Sobolev inequalities and the interpolation arguments. We
omit the details here. Hence ¥ is completely continuous and it suffices to show that
the set

(6.8) {we D(A)) | w=6T(w), §€[0,1]}

is bounded. For simplicity we always take v = % Without loss of generality, we
may assume that o is positive. Let w = 5\11( ) Then from (6.4)-(6.7), and the

interpolation inequality ||w|| 1 < C’HwHYmWAHwHX , it is not difficult to obtain

D(AR)

the estimate
(6.9) lwllysw, < Cr(llwllx, + [lwl%k,) + Ca

where C; and Cy depend only on A and «. From now on, we estimate ||w||x,. If w
satisfies w = 0¥ (w), then w = w + aG) solves the equation

(L+IM—(1=6)Tw=—a(l—-¥8§G\+ K *w,V)w, z € R?
(6.10) /11%2 w(z)dr = a.

First we consider the case § < 1. Let us introduce the scaling variables ¢ € R? and
T>1 as
§
6.11 = —.
(6.11) ==

Set v(1,&) =7~ w(\f—) By direct calculations, we get the equation for v:
(6.12)

{ &,v—Av—in—i-@v:@g)\( —8(K xv, Vv, 7> 1, £ € R%

£)
VT VT

V=1 = w.

Now we claim that (HwHLl =)|[v(7)||r1 = a and so w is nonnegative. Indeed, if
we set ¢ (r) = (1’ + € ) —eforr, € >0, then 0 < ¢(r) <r and we have

0. [ ovtrene = — [ olivetrepas -
+0 [ do e

Here we used the fact that if u(7) is a given vector field satisfying V - u(7) = 0,
then

/ 61(0) (u, V)o(r, £)dE = / (u, V)0, £))dE = / V - (ude(v(r, €))dé = 0.
R2 R2 R2

Hence from ¢, (v) > 0, it follows that

- (1 — )
0. [ ootrende = ~U= [ gt o + 200

)d¢

/ be(0(r,€))dE < / be(w(£))dE — (1 - 6) /Ts—l 6.(0)o(s, €)déds + a(1 — 6)log .
R2 R2 1 R2
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Tending € to 0, we see from the Lebesgue convergence theorem,
T
()l < llwlpr — (1 - 5)/1 s H[v(s)l|Lrds + a(l =) log T

Thus from the Gronwall inequality, we have

||U(T)HL1 < T*1+6||w’|Ll + a(l o 7_71+6)‘

But since ||v(7)||;1 = ||w||r1, the above inequality implies ||v(7)||;1 < « when
d < 1. Thus we have ||[v(7)||;1 = « and especially, v(7) is nonnegative. Also
in the case 6 = 1, we can get the same result of ||w||;1 = [[v(T)||z1 = « by the

maximum principle; see Remark 4 in [6, Section 4]. Next we consider the evolution

operator I'(7, s) associated with d;v — Av — %MU + (1; Ly + O(K *v,V)v. Since

—%Mv + d(K xv, V)v is a convective term by the divergence free vector fields, by

the results of Carlen-Loss [2, Theorem 1] we can get the LP — L7 estimates which do
not depend on the terms %Mv and (K * v, V)v. More precisely, we have

C
(6.13) I Dfller < ————lIfllze, 7> 1, 1<g<p< oo
T—1)ap
Here C is a numerical constant. Since v(7) is written as
(6.14) (1) =T(1, Dw + a(1 = §) / NG S)S_2g)\(;)d8,
1 S
we get
C T —24+1
ol < —rllellus +a(1-8) [ 57 5as
(r— 1)1_5 1
C
< —a+a(l-6)C,, 1 <p< .
(r—1)'">

Then taking 7 = 2, we have ||w||zr = 217%”0(2)”” < Ca where C depends
only on p. Hence we have [|w||pr < Cpar for any 1 < p < oo. This a priori LP
estimates for solutions of w = §¥(w) lead to the a priori estimates in X . To prove
this, we estimate ||xrw||x, where xg is a cut off function such that xg(z) = 0 if
|z|] < R and xgr(x) = 1 otherwise. Let us give the estimate for the nonlinear term
(L+AIM — )7V - (wK *w) in the definition of ¥(w). From (6.5), (6.7), and the
a priori LP estimates for w, we have
IXR(L +AM — D)7V - (WK = w)||x, R7Y[[a|(L+AM = 1)V - (wK *w)||x,
CR™MJw]|x, [|K * w]| Lo
CR™Y(I(1 = xr)wllx, + lIxrwllx,)a
CraR™ | xrw||x, + C2

VAN VAN VAR VAN

Here C'1 depends only on A, and C5 depends only on «, A, and R. Then from similar
arguments, we have

(6.15) Ixrwllx, = 8|lxrT(w)|[x, <ClaR™|xrullx, + Cs,

where C] depends only on A, and C} depends only on «, A, and R. So if we take R
large enough to satisfy CjaR™! < %, then we obtain the a priori estimate

(6.16) Ixrw||x, < 2Cs.
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Note that the choice of R depends only on a and A\. Combining (6.16) with the a
1

priori estimates in L? and (6.9), we get the desired a priori estimate in D(A}) for
all fixed points of w = 0¥ (w), § € [0,1]. The proof is now complete.

We conclude this section by giving a remark on the stability of the Burgers vortices
which is not discussed in this paper.

Remark 6.1 (Stability of Burgers vortices). Since the azisymmetric Burgers vortex
aG gives the nontrivial exact solution to three dimensional Navier-Stokes equations,
its stability problem has attracted many researchers. In Giga-Kambe (9] it is proved
that if the L' -norm of initial data is sufficiently small, then the solution of the non-
stationary equation associated with (B o) with A = 0 converges to aG where « is
the total circulation of initial vorticity (note that the total circulation is conserved
under the equation (B ,)). Their result is extended by Carpio [3] and Giga-Giga
[8] in which the global stability of the axisymmetric Burgers vorter (with respect
to two dimensional perturbations) is obtained when the vortex Reynolds number is
sufficiently small. Although the global stability for not small vortex Reynolds numbers
had remained open for years, the affirmative answer is given by Gallay- Wayne [5].
The rate of convergence is also discussed there. As indicated by [15], it is important
to consider the influence on the stability by a fast rotation || >> 1. In [13] the
spectrum of L — alg in X is studied and the rate of convergence to axisymmetric
Burgers vortices is improved when the vortex Reynolds number is sufficiently large.

As for the asymmetric Burgers vortices, as far as the author knows, the mathemat-
ical understanding of their stability has not yet been achieved much. Gallay- Wayne
[7] proved the local stability of asymmetric Burgers vortices when X\ is sufficiently
small. In Gallay-Wayne [6] the local stability with respect to three dimensional per-
turbations is obtained for A € [0,1) when |a| is sufficiently small. In [14] it is
proved that the asymmetric Burgers vortices are locally stable with respect to two
dimensional perturbations when A € [0.3) and |a| is sufficiently large. However it
is still open whether or not the local stability of asymmetric Burgers vortices holds
i general. In particular, when A\ € [%, 1) we do not know whether the asymmetric
Burgers vortices obtained in Theorem 1.2 are locally stable or not even in the case
of sufficiently large |a|. Finally, the global stability is not obtained so far in any
asymmetric case A € (0,1).
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