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Abstract

An inverse scattering problem for a quantized scalar field ¢ inter-
acting with a classical source J is considered. Assuming that J is of
the form J(t,x) = Jr(t)Jx (), (t,z) € R x R3, we represent Jx (resp.
Jr) in terms of Jp (resp. Jx) and the asymptotic fields of ¢ and its
conjugate field.

1 Introduction

We consider an inverse scattering problem for a quantized scalar field ¢
interacting with a classical source J [8] which obeys the Klein-Gordon
equation

O+ m?)é(t,z) = J(t, z) (1.1)
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in R x R Here 0 = 25 — A, A is the Laplacian in R m > 0
and J is a real function. ¢(¢,z) and its conjugate field n(t,z) =
%qﬁ(t, x) are operator valued distributions [14] and the time-zero fields
¢o(x) = ¢(0,z) and mo(z) = 7(0, z) satisfy the canonical commutation
relations

[Po(2), mo(y)] = id(z — y), (1.2)
[po(), po(y)] = [mo(x), mo(y)] = 0. 1.3

A typical example of this abstract system is the nucleon-pion interac-
tion, that is, ¢ describes the pion field and J the distribution function
of the nucleons [3]. In this case, the pions mediate the nuclear force
between nucleons.

The inverse scattering problem for the equation (1.1) is to recover
J from the knowledge of the asymptotic fields ¢+ of ¢ and 74 of .
Under suitable conditions for J the asymptotic field ¢+ and 7 are
formally given by

o0 sin(t — s)w(i 5,T
ultir) = anlto)+ [ as DT g
+oo
i (t,x) = mo(t,z) + /0 dscos(t — s)w(iV)J(s, ), (1.5)

where , w(k) = vVm? + k2, V = (8%1, 8%27 8%3) and ¢q(t,x) is the free
solution of the Klein Gordon equation satisfying ¢ (0, z) = ¢o(z) and
7m(0,2) = mo(x). It is well known that the operator-valued distribu-
tion ¢g(t, x) and 7y (¢, z) are ill-defined as operators and hence ¢ (¢, x)
and 74 (¢, z) also make no sense. But the smeared fields ¢4 (t, f) =

[dxds(t,z)f(x) and ni(t, ) = [dany(t,z)f(z) (f € L (R3)) may
be well-defined as operators on the Boson Fock space F(L?(R?)) over
L%(R?), where .7(R%) denotes the rapidly decreasing C*°-function
space on R? (d > 1). To state our results, we define functional Z[f]
by

21) = X[f) + Y[/,

where

X[f] = (@, [m(f) — - (f)]®)
Y[f] = (¥, [¢4+(w(iV)[f) = o—(w(iV) [)]T).
Here ¢+ (f) = ¢+(0, f), m+(f) = 7+(0, f) and ¥, ® € F(L?*(R3)) are

normalized vectors. Let us make some comments.

e Since, by (1.4) and (1.5), we find that X[f] (resp. Y[f]) is in-
dependent of ® € F(L?(R3)) (resp. ¥ € F(L?(R?))), X[f] and
Y'[f] can be independently determined.
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e Since, by (1.3), (1.4) and (1.5), we find that the incoming field
¢_ (resp. m_) and the outgoing field ¢4 (resp. m4) are mutu-

ally commuting and hence compatible observables, the functional
Y[f] (resp. X[f]) can be determined.

e The asymptotic completeness for this system, which is proved
later, and the equations (1.4) and (1.5) ensure the existence and
variety of vectors ®, U € F(L?(R?)) to define X[f],Y[f].

o If g and 7 are given by a classical function, then (1.1) is a
classical Klein-Gordon equation. In this case, Z[f] is equivalent

Se d ) )
<( 1~ id) <7T— f L2(R3)®L2(R3)

where S is the scattering operator for the classical Klein-Gordon
equation and ¢d is the identity operator. From the equivalence,
we can also apply our method below to the classical theory. For
other results of inverse scattering problem for classical Klein-
Gordon equations, see, e.g., [2, 7, 4, 5, 6, 1, 12, 13, 11, 10]. As
far as the authors know, there is no result of inverse scattering
problem for the equation (1.1).

In this paper we suppose that the source J is of the form J(¢,x) =
Jr(t)Jx(x), where Jp € Z(R) and Jx € .7(R3) are real functions.
We show the following results: (1) The first result is concerned with
a reconstruction formula of Jx. Assuming that Jr is a given function
and that the Fourier transform jT of Jr is analytic, we represent
Jx in terms of Jp and the functional Z[f]. (2) The second result is
concerned with a reconstruction formula of Jr. We assume that Jp
satisfies the following condition:

For some 6 >0, (14 |t)|Jr(t)e’ € LY(R). (1.6)

Then we express Jp by means of Jx and the functional Z[f].

This paper is organized as follows. The section 2 is devoted to
the direct scattering problem for the equation (1.1) in quantum field
theory. In the subsection 2.1, we review the Boson Fock space and
operators therein. In the subsection 2.2, we first solve the equation
(1.1), construct the asymptotic fields ¢+ and w4 by the LSZ method
[9], and prove the asymptotic completeness for this system. We also
construct the scattering operator S. The precise definitions of the
functional X[f],Y[f] are given in the end of this subsection. In the
section 3, we give the reconstruction formulas of Jx and Jr, respec-
tively. To this end, we first state the basic property of the functional
Z[f] and formulate our assumptions for J. The subsection 3.1 and 3.2
are devoted to reconstructing Jyxy and Jr, respectively.



2 Scattering theory in quantum field
theory

In general we denote the inner product and the associated norm of a
Hilbert space H by (x, ) and || - [+, respectively. The inner product
is linear in - and antilinear in *. If there is no danger of confusion, we
omit the subscript H in (-, )% and || - ||. For a linear operator T" on
H, we denote the domain of a linear operator T' by D(T') and, if D(T")
is dense in ‘H, the adjoint of T" by T™.

2.1 Boson Fock space

We first recall the abstract Boson Fock space and operators therein.
The Boson Fock space over L?(R3) is defined by

F(LA(R3)) :== é é) L*(R3)

n=0 s
n o0 2
(n) 23 H (n)
v G@L(]R{ ), ;ﬂ ) ®gLLQ(RS)<O<>},

= {‘I’ = {‘If(")}%":o
where ®7L?(R?) denotes the symmetric tensor product of L?(R?) with
the convention ®?L?(R3) = C.
The creation operator a*(f) (f € L*(R?)) on F(L*(R3)) is defined
by

(@ (N0 = Vs, (F & w0 V)

with the domain

>

52 (ro we)|

e 2
. <0 p,
o ®LL2(R3)

D(a*(f)) = {‘1’ = (v,

where S,, denotes the symmetrization operator on ®"L?(R?) satisfy-
ing S, =S¥ =52 and S,(®"L*(R3)) = @2L?(R?). The annihilation
operator a(f) (f € L*(R?)) is defined by the adjoint of a*(f), i.e.,
a(f) := a*(f)*. By definition, a*(f) (resp. a(f)) is linear (resp. anti-
linear) in f € L?(R?). As is well known, the creation and annihilation
operators leave the finite particle subspace

Fo= G (o=, e =0, nzm}

m=1

and satisfy the canonical commutation relations
a(f),a*(9)] = (f,9) 2@y, la(f),alg)] = [a*(f),a"(9)] = 0. (2.1)
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The Fock vacuum Q = {Q}2 € F(L*(R3)) is defined by Q) =
1, Q™ =0 (n > 1) and satisfies

a(fYQ=0, fecL*R3). (2.2)

It is well known that € is a unique vector satisfying (2.2) up to a
constant factor.

Let C be a contraction operator on L%(R3), ie., |C| < 1. We
define a contraction operator I'(C') on F(L?(R?)) by

rEe)ym™ = (@"C)w™, ¥ ={wM}e,

with the convention ®°C = 1. If w is unitary, i.e. U~! = U*, then
I'(U) is also unitary and satisfies I'(U)* = I'(U*) and

L(U)a(H)TU)" =a(Uf), TO)a"(f)ILU)" =a"(Uf).

For a self-adjoint operator T on L2(R3), i.e., T = T*, {T\(e™") }scr
is a strongly continuous one-parameter unitary group on F(L?(R?)).
Then, by the Stone theorem, there exists a unique self-adjoint operator

dI’(T) such that
F(eitT) _ ez‘tdF(T)‘

2.2 Scattering theory

We denote by @ the Fourier transform of a function u on R%: (k) =
\/ﬁfw e~y (x)dr (d > 1). Henceforth, we assume that J €
s

S (R*) for simplicity.
For each f € . (R3) we set

L F(=)
=3 () (7))
mn:%@%ﬁﬂfqmﬂwﬂ.

Let us first solve the following operator-valued Cauchy problem:

2
%cﬁ(t, f)=o(t, (A =m*)f)+ (J(t,), f)

(0, f) = mo(f),

where 7(t, f) = %gf)(t, f) and we denote by % the time derivative in
the strong topology. Here we assume that, for each t € R, ¢(¢, f) and
7(t, f) are operator-valued distributions on Fy, i.e., ¢(t, f) and 7 (¢, f)
possess the following properties:



o Fo C D(o(t, f)) N D(o(t, £))*) N D(x(t, f)) 0 D(w(t, f))),
e the maps .7(R3) 3> f — (U, ¢(t, f)®) € C and L (R?) > f
(¥, m(t, f)@) € C are the tempered distributions.

Then the unique solution of the above Cauchy problem is given by

(z)(tv f) = ¢0(t, f) + ¢Cl(t7 f)v
ﬂ—(tv f) = FO(t7f> + 7Tcl(tv f)v

where

¢o(t, ) =T (") o (f)T(e™™), mo(t, f) = T(e™)mo(f)I'(e~"™)

and

t isw (g . PR —isw Tl o . A
balt.1) = o [ [<=f<>f> : < T f>]

ma(t, f) = ;/Ot ds [<eiswj<s’ -),eit‘”f> I <€—isw:f(s’ ')’e_itwfﬂ

In what follows, we construct the asymptotic fields ¢+ and w1 by
the LSZ method [9]. For each h € . (R3), we set

at(h‘> =1 [W(tv g(tv )) - ¢(t7g(ta ))]

and B
a; (h) = ai(h)",
where

1 dk

V(2m)3 JRrs \/Zw(k)e
i(t,z) = (;ﬂ)?) /R dky/ °"(2k)eiw<’“>t—““h(k).

By direct calculation, we have the following lemma:

iw(k)t—ik:ﬂh(k%

g(tv x) =

Lemma 2.1. Let ¥ € Fy. Then the strong limits

ar(h)¥ =s— . ligl ar(h)¥, ai(h)V =s— tliim ay(h)¥
exist and are given explicitly by

ax(h) = a(h) +(g+,h), ai(h) =a(h) +{g+.h),  (23)
where

+o0 R
g+ = z/ dse™“ J(s,-) € L*(R?).
0
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Henceforth, for h € L?(R?), we define the asymptotic annihilation
a+(h) and creation a’ (h) by the right hand sides in equations (2.3).
For each h € L?(R?) such that h/\/w € L?(R3), the operator

=351 (7)< ()]

is a essentially self-adjoint on Fy. We denote the closure of x(h) by
the same symbol x(h) and define a unitary operator % (h) by

U (h) = eXh),
By (2.1) and (2.2) one can prove the following lemma:

Lemma 2.2. It follows that
W (9u)a(W)W (92)" = as(h), % (ge)a" (W) (g2) " = a’L(h)
and that Qi = % (9+)S2 is a unique vector satisfying
ax(h)Qxe =0, he L*(R3).
Let
Fi =LHAQ4, ai(h1) - ai(hy)Qs | by by € L (RP), n > 1},

where L.H.{---} stands for the linear hull of {---}. The asymptotic
outgoing Fock space F* (resp. the asymptotic incoming Fock space
F~) is defined the closure of the subspace Fy (resp. Fp. ).

Proposition 2.3. The asymptotic completeness holds, i.e.,
FLARY)=Ft=F".

Proof. This lemma follows from the fact that the subspace Fg, =
LH{a*(h1) - a*(ha)Q | h1, -+ ,hn € L(R3?), n > 0} is dense in
F(L*(R3)). O

By the above lemma, the scattering operator S is uniquely deter-
mined up to a phase by the following relations SQ, = Q_ and

Sa’ (h1)---a’ (hp)Qy =a* (hy)---a” (h,)Q-
for hi,--+ ,h, € LQ(R3) (n > 1), and is given explicitly by
S = %(goo)a
where

Joo = —i/ dse™™ J(s,-).
R
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The asymptotic fields ¢4 (¢, f) and 74 (¢, f) are defined by the so-
lution of the following Cauchy problem:

2
S0t 1) = 6u(1, (A — ) f

)f)
¢+(0, f) = 9=(f)
7+(0, f) = 7 (f),

where 71 (t, f) = %qﬁi(t,f) and

= e () s o, ({22
¢j:(f)'—\/§[j:<\/a)+ i( @)]’
m(f) = 5 |k (VT ) —ax (VRF(-) ]
For all ¥ € Fy \ {0} with ||¥|| =1 and f € .7 (R3), we set
X[f] =, [m(f) = 7 ())]¥)
Y[f]:=(2, [p4(w(iV)f) = ¢ (w(iV) [)]T).

Since, by direct calculation, we find that the functionals X[f] and
Y[f] are bounded on .#(R?), one can uniquely extend X[f] and Y|[f]
to bounded functionals on L?(R). We denote by the same symbol X[f]
and Y[f] the extended functionals of X|[f] and Y[f], respectively.

3 Inverse scattering

Our aim of this section is to represent the classical source J in terms
of the outgoing field ¢ (f) and the incoming field ¢_(f). We define
functional Z : L?(R3) — C by

Z[f] = X[f1+Y[f].

For f € L*(R3), A > 0 and ko, € R3, we denote e~ f(\z) by
f,:}o (). Before we give main results, we first state the following lemma:

Lemma 3.1. Assume that J € /(R x R3). If f € L*(R?) satisfies
f € LY(R?), then we have, for any k € R3,

im A it / —iw(k)t—ik-z ) _
tim Z[77] <R3f(k )dk)/Rdt/Rg dpe—w M=k ;g oy (31)



Proof. Since, by , we have

X[f] :% [</Rdteit‘”¢](t, -),f> + </Rdte—“wj(t, -),f>]
Y] :% K/Rdteitw(t,.),f> _ </R dte”“’J(t,-),f>] ,

it follows that

Z[f] = < /R ¢V g (L, )t f>
= /Rdt <e“w(N>J(t, D, f> :

We immediately see that

12, (k) = A2 FAT (R + ko)),
Therefore, it follows from the Plancherel theorem that

~

Zlfa] =273 /R dt<e““’(k)f(t, k), (A‘l(kz+ko))>
- / dt<e“w0’f*’f0) T(t, M — ko), A(k:)>.
R

By using the Lebesgue dominated convergence theorem, we obtain
(3.1). O

Henceforth, we suppose that J is expressed by
J(t,x) = Jp(t)Jx(z), (3.2)

where Jr € Z(R) and Jx € #(R3). In Subsection 3.1 below, as-
suming that Jr is a given function and that Jr is analytic, we will
represent Jx in terms of Z and Jp. In Subsection 3.2 below, we next
assume that Jx is a given function. We will show that Jp is deter-
mined by Z and Jx if Jr satisfies the following condition:

For some 6 >0, (1 + [t|)]Jr(t)][e’ e LY(R). (3.3)

3.1 Reconstruction of Jx

Let Jr be a given function belonging to .’(R). Then we immediately
obtain the reconstruction formula for determining Jx:



Theorem 3.2. Assume that J € .7 (R x R3) satisfies (3.2) and Jp €
Z(R) is a nonzero, real analytic given function. Suppose that f €
L2(R3) satisfies f € L*(R3) and Jps £ #0. If w(k ) ¢ (Jr)~1(0), then

we have

~

o) = lim Z[ £}

var ([ (D) Grem)

(3.4)

Remark 3.1. Since Jr € .7 (R) is real analytic function, (jT)_l(O)
is a discrete set and hence countable. Thus, (3.4) holds for almost all
k € R3 and we have

= o)

for any x € R3.

3.2 Reconstruction of Jr

Let Jx be a nonzero, given function belonging to .#(R?). The follow-
ing lemma will help us to identify Jr:

Lemma 3.3. Suppose that Jp satisfies (3.3). Then Jr is real analytic.
Furthermore, the radius of convergence of a Taylor series of Jr is
larger than §.

Proof A function ¢(z) = [ge " Jp(t)dt is well-defined on a strip
+ (—4,0)i. Let pgr and ¢1 be real-valued functions given by
or(z,y) = /Rcos(t:r)etyJT(t)dt,
prle.y) == [ sinta)e M Ir(t)ar
respectively. Then we see from (3.3) that
p(a +iy) = pr(z,y) +ipr(z,y) € CH(R x (=4,9)),

Orpr = Oypr and Oypr = —0,p1. Therefore, ¢ is analytic and Jr is
real analytic.
Let m be a positive integer. Since

sup t™e % = MMy e ™

t>0

9
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we obtain for any 7 € R,

T < <= [ 1l

5~
3

1 5 _
< —— [ | Jr@)| M ¢ e 0 at
<= [ e
1
< —mM"e e ™ Jr ()] gt
< JALL
Thus, we have
(Jr)™ (7) 1 / se) ) mTeT™
< t dt oM.
m)! = \/ﬂ R’JT( )’6 m)!

Using Stirling’s formula
m! = V2rm™ 1 2emmImN2m g < g(m) < 1,

we see that

~ 1/m
(m)
lim sup Ur)™(r) <51,
m—0 m!
which completes the lemma. ]

Applying Lemmas 3.1 and 3.3, we have the following result:

Theorem 3.4. Assume that J € .7 (R x R3) satisfies (3.2) and Jx €
{”(R‘g) is a nonzero, gien function. Suppose that f € L?(R3) satisfies
f e LY (R?) and Jgs [ # 0. If Jr satisfies (3.3), then Jp is determined
by the following steps:
(Step 1) Fiz a point ko € (jT)_l(O). Let Uy be a ko-neighborhood such
that 0 ¢ (Jr)(Uo). Then we have

- lim Z[f7]
(Jr)(w(k)) = A=t . kelp  (35)
on ([ Forar') (o
R3
Therefore, we see exact values Of(jT)(T()), m=20,1,2,---, where

70 = w(ko).
(Step II) For any T € (10 — 0,70 + 0), we have

~

(T =Y Ul

m)



(Step III) Let 1 be a positive integer. Suppose that we have already de-

termined (jT)(T) with 7 € (19 — o + (
TE [0+ (HQI)&,TO =+ (l+22)5), we see the value of (jT)(T) by

(l+21)5, For any

l+21)5) ]

> i (Jr) (70 +16/2)

(Jr)(7) = - (1 —710—10/2).

Il
=)

On the other hand, For any T € (19 — (l+22)5, o — (H_;)(S]

the value of (J7)(1) by

, we see

m!

(Fr)ry = S WD 0/2) o 12),

o

m

(Step IV) From (Step III), Jr is reconstructed completely. Hence we can

determine Jr by the inverse Fourier transform.
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