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Abstract

We study timelike surfaces in Anti de Sitter 3-space as an application of singularity
theory. We define two mappings associated to a timelike surface which are called a Anti
de Sitter nullcone Gauss image and a Anti de Sitter torus Gauss map. We also define a
family of functions named the Anti de Sitter null height function of the timelike surface.
We use this family of functions as a basic tool to investigate the geometric meanings of
singularities of the Anti de Sitter nullcone Gauss image and the Anti de Sitter torus Gauss
map.
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1 Introduction

This paper is written as one of the research projects on differential geometry of submanifolds
in Anti de Sitter 3-space from the viewpoint of singularity theory. It is well known that
Minkowski space is a flat Lorentzian space form and de Sitter space is the Lorentzian space
form with positive curvature. There are several articles for the study of submanifolds in these
two Lorentzian space forms [10, 12, 13, 14, 15]. The Lorentzian space form with the negative
curvature is called Anti de Sitter space which is one of the vacuum solutions of the Einstein
equation in the theory of relativity. Singularity theory tools, as illustrated by several papers
which appeared so far (]2, 4, 5, 6, 7, 9, 10, 11, 16, 20, 21, 22, 23, 25, 28, 29, 30]), have proven
to be useful in the description, of geometrical properties of submanifolds immersed in different
ambient spaces, from both the local and global viewpoint. The natural connection between
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Geometry and Singularities relies on the basic fact that the contacts of a submanifold with
the models (invariant under the action of a suitable transformation group) of the ambient
space can be described by means of the analysis of the singularities of appropriate families
of contact functions, or equivalently, of their associated Lagrangian and/or Legendrian maps
([1, 24, 26]). However, there are not much results on submanifolds immersed in Anti de Sitter
space, in particular from the view point of singularity theory. We remark that although Anti
de Sitter space is diffeomorphic to de Sitter space, their causalities are quite different. In [§]
we have studied the spacelike surfaces in Anti de Sitter 3-space as an application of Legendrian
singularity theory. We construct a basic framework for the study of timelike surfaces in Anti de
Sitter 3-space here. As it was to be expected, the situation presents certain peculiarities when
compared with the Minkowski case and the de Sitter case. For instance, in our case it is always
possible to choose two lightlike normal directions along the timelike surface in the frame of its
normal bundle. This is similar to the de Sitter case, but the normalized image is located in
the Lorentzian torus TZ. For the de Sitter case, the normalized image of the lightlike normal is
located in the spacelike sphere S%. Moreover, there are no closed timelike surfaces in de Sitter
space but there are such surfaces in Anti de Sitter space.

In §2 we prepare the basic notions on timelike surfaces in Anti de Sitter 3-space. We define
the Anti de Sitter nullcone Gauss image (briefly, AdS-nullcone Gauss image) and Anti de Sitter
torus Gauss map (briefly, AdS-torus Gauss map). We will find the AdS-nullcone Gauss image is
more computable than the AdS-torus Gauss map. We also define the Anti de Sitter null Gauss-
Kronecker curvature and Anti de Sitter torus Gauss-Kronecker curvature. We investigate their
relations. We can prove that Anti de Sitter torus Gauss-Kronecker curvature is not a Lorentz
invariant but it is an SO(2) x SO(2)-invariant. Moreover, these two Gauss-Kronecker curvatures
have the same zero points set. In §3 We introduce the notion of height functions on timelike
surfaces, named AdS-null height function, which is useful to show that the AdS-nullcone Gauss
image has a singular point if and only if the Anti de Sitter null Gauss-Kronecker curvature
vanished at such point. In §4 We apply mainly the Legendrian singularity theory to interpret
the AdS-nullcone Gauss image as a Legendrian map. In §5 we define a surface, named Anti
de Sitter torus cylindrical pedal, as a tool to study the relationship between the AdS-nullcone
Gauss image and the AdS-torus Gauss map. We also study the contact of timelike surfaces
with some model surfaces (i.e., AdS-horospheres) in §6. In §7 we give a generic classification of
singularities of AdS-nullcone Gauss image and AdS-torus Gauss map. In the last part, §8, we
introduce the notion of the AdS-null Monge form of a timelike surface in Anti de Sitter 3-space
and as an application of this notion we give two examples.

We shall assume throughout the whole paper that all the maps and manifolds are C'*> unless
the contrary is explicitly stated.

2 The local differential geometry of timelike surfaces

In this section we introduce the local differential geometry of timelike surfaces in Anti de Sitter
3-space. For details of Lorentzian geometry, see [27].

Let R* = {(xy,- ,24)|z; € R (i = 1,---,4) } be a 4-dimensional vector space. For any
vectors © = (x1,+-+ ,14) and y = (y1,- - ,ys) in R, the pseudo scalar product of x and y is
defined to be (x,y) = —x1y1 — ToYa + 3y3 + T4ys. We call (R (})) a smei-FEuclidean 4-space
with index 2 and write Rj instead of (R?, (,)).

We say that a non-zero vector x in R} is spacelike, null or timelike if {(z,x) > 0, (x,x) =0
or (z,x) < 0 respectively. The norm of the vector & € R} is defined by ||z| = \/|{z, z)|. We

denote the signature of a vector x by



1 x is spacelike
sign(z) =< 0 x is null
-1 x 15 timelike

For a vector n € R} and a real number ¢, we define the hyperplane with pseudo-normal n by
HP(n,c) = {x € Ry|{z,n) = c}.

We call HP(n,c) a Lorentz hyperplane, a semi-Euclidean hyperplane with index 2 or a null
hyperplane if n is timelike, spacelike or null respectively.

We now define Anti de Sitter 3-space (briefly, AdS 3-space) by
Hig = {w S ]Rg | (:1:,33> - _1}7
a unit pseudo 3-sphere with index 2 by
Sy ={z Ry | (z.x) =1},
and a closed nullcone with vertex a by
Ay = {x € R}{(x —a,z —a) =0}.
In particular we call Ay the nullcone at the origin. We also define the Lorentz torus by
T = {x = (21,9, 73, 74) € No|2? + 23 = 22 + 23 = 1}.

If non-zero vector & = (x1, s, T3, x4) € Ay, we have

- 1
w::t 5 2($1,$27$3,$4):i
T] + 75

For any X, X, X3 € ]R%, we define a vector X1 A X9 A X3 by

= QmeTf.
T] + x5

1

X T X X

_ 1 1 1 1
1

T3 Ty T3 T3

where {e;, €5, €3, €4} is the canonical basis of R} and X; = (z}, 2%, 23, x}). We can easily check
that (X, X1 A Xo A X3) = det(X, X4, X5, X3), so that X1 A Xy A X3 is pseudo-orthogonal
to any X; (for i =1,2,3).

We now study the extrinsic differential geometry of timelike surfaces in Anti de Sitter 3-
space. Let X : U — H; be a regular surface (i.e., an embedding), where U C R? is an
open subset. We denote M = X (U) and identify M with U through the embedding X. The
embedding X is said to be timelike if the induced metric I of M is Lorentzian. Throughout
the remainder in this paper we assume that M is an timelike surface in H;. We define a vector
N (u) by
X(u) A Xy, (u) A X, (u)

N = T3y A Xy () A Ko ()]

By definition, we have
(N (u), X(u)) = (N(u), X, (u)) =0 and (X (u), X, (u)) =0 (for i = 1,2).
This means that X (u), N(u) € N,M, where u = (uy,u3) € U and p = X (u) € M. Since
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the embedding is timelike and X (u) € H}, N is spacelike. Therefore (N (u), N(u)) = 1.
It follows that X (u) = N(u) € Ag N N,M and X (u) = N(u) € T N N,M. Thus we can
define a map GF¥ : U — Ag by Gf(u) = X(u) £ N(u). This map is analogous to the
hyperbolic Gauss indicatrix of hypersurfaces in H%(—1) which was defined in [11]. Here, we
call it the Anti de Sitter nullcone Gauss image (briefly, AdS—nullcone Gauss zmage) of X(Or
M) We also define a map G+ : U — T2 by Gx(u) = X(u )iN( ) = @ Gf( ), where

= +/(z1(v) £n1(u))2 + (v2(u) £ no(u))2. We call it the Anti de Sitter torus Gauss map
(or AdS-torus Gauss map) of X.

We remak that the map GF(u) was used by S. Lee [17] to study the timelike sufaces of
constant mean curvature +1 in Anti de Sitter 3-space. He called G (u) the hyperbolic Gauss

map. By a direct calculation we know that G is constant if and only if G is constant.

It is easy to show that IN,, (i = 1,2) are tangent vector of M. Therefore we have a linear
transformation S = —dG:f(u ) (dX( )£ dN(u)) : T,M — T,M which is called the Anti
de Sitter null shape operator (briefly, AdS-null shape opemtor) of M= X({U) at p = X(u).
Under the identification of U and M, the derivation dX (u) can be identified with the identity
mapping idg, s, this means that S = —dG;; (u) = —(idg,a £ dN(u)). We have another linear
mapping

dG*(u) : T,M — T,R4 = T,M & N,M.
If we consider the orthogonal projection 77 : T,M & N,M — T,M, then we have
SE = —(dG; (u))” = =77 0 dGE(u) : T,M — T, M,
and call it the Anti de Sitter torus shape operator (briefly, AdS-torus shape operator)of M =
X(U) at p = X (u). We remark that S5 (resp., Si) does not always have real eigenvalues. If

the eigenvalues are real numbers, we denote it by k= (resp., k).

We define Ky, (u) = detSE = ki - ky and K, (u) = detSi ki k2 We respectively
call K&,¢ (u ( ) the Anti de Sztter null Gauss-Kronecker curvature (brleﬂy, AdS-null G-K curva-

ture) and Kdet( ) the Anti de Sitter torus Gauss-Kronecker curvature (briefly, AdS-torus G-K
curvature) of M = X (U) at p = X (u). We say that a point p = X (u) is a (positive or nega-
tive) Anti de Sitter horospherical parabolic point (briefly, AdSh*-parabolic point) (resp. positive
or negative Anti de Sitter torus parabolic point, briefly, AdSt:-parabolic point) of M = X (U)

if K, (u) = 0(resp. K7, (u) = 0). By a straightforward calculation we have the relation

Sy = &(u )Si, so that we have k¥ (p) = &(u)kF(p) and K7%,q, (u) = £2(u)K5,q,(u). Then we
have the followmg relations.

FE(p) = 0 <= kF(u) = 0

Kgs(u) = 0 = Kiyg(u) =0

We say that a point u € U or p = X (u) is an wmbilic point if S5 = k*(p)idr,r. We also
say that M = X (U) is totally umbilic if all points on M are umbilic.

We now consider the geometric meaning of the AdS-nullcone Gauss image of a timelike
surface. First, we consider a surface given by the intersection of H? with hyperplane HP(n, c).
We denote it by AH(n,c) = H} N HP(n,c) and call it a Anti de Sitter pseudohyperbolid with
index 1 (briefly, AdS-pseudohyperboloid), a Anti de Sitter pseudosphere with index 1 (briefly,
AdS-pseudosphere) or a Anti de Sitter horosphere (briefly, AdS-horosphere ) if n is spacelike,



timelike and ||n|| < |¢| or null respectively. Especially, we call AH(n,0) the Anti de Sitter
small pseudohyperbolid with index 1 (briefly, AdS-small pseudohyperboloid) if n is spacelike and
¢ = 0. Then we have the following proposition.

Proposition 2.1 Let X : U — H?} be a timelike surface in Anti de Sitter 3-space. If the
AdS-nullcone Gauss image G is constant, then the timelike surface X (U) = M is a part of a
AdS-horosphere.

Proof.  We consider the set V = {y € Rj|(y,X £ N) = —1}. Since GE = X + N is
constant, the set V = HP(GE, —1) is a null hyperplane. We also have (X,G%) = —1, so
X(U)=McCVnNnH;. O

We also have the following classification theorem on umbilic points.

Proposition 2.2  Suppose that M = X (U) is totally umbilic. Then k*(p) is constant k*.
Under this condition, we have the following classification.

(1) Suppose k* # 0.
(a) If 0 < |[k* + 1| < 1, then M is a part of a AdS-pseudohyperboloid;
(b) If |k + 1| > 1, then M is a part of a AdS-pseudosphere;
(c) If k* = —1, then M is a part of a AdS-small pseudohyperboloid.
(2) Suppose k* =0 then M is a part of a AdS-horosphere.
The proof is almost the same as that of Proposition 2.3 in [11], so that we omit it. We also

call a point p € M the Anti de Sitter horospherical point (briefly, AdS-horospherical point) if
ki(p) =0 (i=1,2).

We now introduce the pseudo-Riemannian metric ds? = 222 =1 gijduiduj on M = X (U),
where g;;(u) = (X, (u), X, (u)) for any u € U. We also define the Anti de Sitter null second
fundamental invariant by hi;(u) = (=G;;, (u), X, (u)), Anti de Sitter torus second fundamen-

nu;

tal invariant by hj?(u) = (—(/}E(u),Xuj(u» = wlu)hf](u) for any u € U. We can also show

the following Weingarten formulas by exactly the same arguments as those of [8, 11, 15].
Proposition 2.3 With the above notation, we have the followings

(1) Anti de Sitter null Weingarten formula:
2

GTj:LuZ - Z(hi)gxuﬁ

where ((h*)!) = (h)(g") and (g") = (gi;) "

(2) Anti de Sitter torus Weingarten formula:
2

GE ) =T oGE, = - Y2 (F) X, = —@ S ()X,
j=1
where ((h%)!) = (h%)(g"9) and (g7) = (gi;) 1. O

As a corollary of the above proposition, we have the following expression of the AdS-null
G-K curvature and AdS-torus G-K curvature .

Corollary 2.4  With the same notations as in the above Proposition, we have:

+
2det(hi]—)
det(Qij)

5

det(h;;)
det(gi;)

+ _ _ _ 27t
KAdSn = =< =< KAdSt' O



3 Height functions on timelike surfaces

In this section we define two families of functions on a timelike surface in Anti de Sitter 3-space
which are useful for the study of singularities of AdS-nullcone Gauss image and AdS-torus
Gauss map.

Let X : U — H} be a timelike surface. We define a family of functions H : U x Ag — R
by H(u,v) = (X (u),v) + 1. We call H an Anti de Sitter null height function (or, an AdS-null
height function) on M = X (U). We denote the Hessian matriz of the AdS-null height function
hyy(w) = H(u,vq) at ug by Hess(hy,)(up). Then we have the following proposition.

Proposition 3.1 Let M = X (U) be a timelike surface in Hy and H : U x Ay — R be an
AdS-null height function. Then we have the following:

(1) H(ugp,v) = g—fi(uo,v) =0 (fori=1,2) if and only if v = X (ug) £ N(ug) = GE(up);
(2) Let v¥ = X (ug) & N(ug), then p = X (ug) is a AdSh*—parabolic point if and only if
detHess (h,z)(uo) = 0;

(3) Let v = X (uo) &= N(ug), then p = X (ug) is a AdS-horospherical point if and only if
rankHess(f,+ ) (uo) = 0.

Proof. (1) Since {X,N,X,,, X ,,} is a basis of the vector space T,R3 where p = X (u),
there exist real numbers A, n, ay, as such that v = AX + 9N + a1 X, + asX,,. Therefore
H(u,v) = 0 if and only if A = —(X (u),v) = 1. Since 0 = g—i(u,v) = (X,,,v) = 2321 Gij
and (g;;) is non-degenerate, we have o; = 0 (for ¢ = 1,2). Therefore we have v = X + nN.
From the fact that (v,v) = 0, we have n = £1.

(2) By definition, we have
Hess(h,2 ) (o) = (X, (u0), Gy (u0))) = (—(Xu, (), Giy,,, (u0)))-

From the AdS-null Weingarten formula, we have
_<Xuiv Giuﬂ = ZZ:1(hi)?<Xua7 Xuj) = Zi:1(hi)?gaj = hzj;

Therefore we have

det(h;;(ug))  detHess(h,z)(uo)
det(gij(uo)) — det(gij(uo))

K.»:L}tdSn(uo) =
Then assertion (2) is satisfied.
(3) By the AdS-null Weingarten formula, p is an umbilic point if and only if there exists an

orthogonal matrix A such that A'((h*)))A = k*I. Therefore, we have ((h*)!) = AK*IA! =
k*I. Then we have

Hess(h,)(uo) = (hi;(uo)) = ((B*)(u0)) (g1 (u0)) = k* (g (uo))-
Thus, p = X (u) is a AdS-horospherical point if and only if rankHess(hUOi)(uo) =0. O

As an application of the above proposition, we have the following direct corollary.

Corollary 3.2 Let H: U x Ay — R, with H(u,v) = h,(u) be an AdS-null height function
on timelike surface M = X (U) and GF be the AdS-nullcone Gauss image, p = X (u). Suppose
vt = GE(u), then the following conditions are equivalent:

(1) p € M is a degenerate singular point of AdS-null height function h,+
(2) p € M is a singular point of AdS-nullcone Gauss image G;
(3) Kiigsn (1) = 0. =



We can also define another family of functions H : U x T2 — R by H(u,v) = (X (u),v).
We call H an Anti de Sitter torus height function (briefly, an AdS-torus height function) on X :

U— H}. We denote the Hessian matriz of the AdS-torus height function hy,(u) = H (u, vo)

at ug by Hess(hy,)(ug). By exactly the same arguments as those of Proposition 3.1, we have
the following proposition.

Proposition 3.3 Let M = X (U) be a timelike surface in H3 and H : U x T2 — R be an
AdS-torus height function. Then we have the following:

(1) g—Z(uo,v) =0 (fori=1,2) if and only if v = X (ug) £ N(ug) = G (up);
Suppose that vy = @;f(uo). Then
(2) p= X (up) is a AdSt=—parabolic point if and only if detHess(hvoi)(uo) =0;

(3) p = X (up) is a AdS-horospherical point if and only if rankHess(ifz:OZ)(uo) = 0. O

Corollary 3.4 Let H: U x T2 — R, with H(u,v) = hy(u) be an AdS-torus height function
on timelike surface M = X (U) and @7% be the AdS-torus Gauss map, p= X (u), v= = éf}(u)
Then the following conditions are equivalent:

(1) p € M is a degenerate singular point of AdS-torus height function h,+,

(2) p € M is a singular point of AdS-torus Gauss map @%,

—~——

(3) Kiase(u) = 0. .

4 AdS-nullcone Gauss images as Legendrian maps

In this section we naturally interpret the AdS-nullcone Gauss image of M as a Legendrian
map in the framework of Legendrian singularity theory. We give a brief review on Legendrian
singularity theory mainly due to Arnold and Zakalyukin[1l, 32]. The main tool of Legendrian
singularities theory is the notion of generating families. Let F': (R* x R",0) — (R, 0) be a
function germ. We say that F'is a Morse family of hypersurfaces if the mapping

oF or

AF=(F—, -, —): (RF xR",0) — (R x R*,0)

oq1 gk
is non-singular, where (¢,7) = (q1, -+, qr, 1, ,,) € (R¥ x R",0). In this case we have a

smooth (n — 1)—dimensional submanifold,

OF OF
and the map germ Lp : (3.(F),0) — PT*R" defined by
OF OF
Lr(g x) = (, [8_x1(q’ T) e 8_%((1’ x)])

is a Legendrian immersion germ. Then we have the following fundamental theorem of Arnold
and Zakalyukin[1, 32].

Proposition 4.1 All Legendrian submanifold germs in PT*R™ are constructed by the above

method.
We call F' a generating family of Lr(X,.(F')). Therefore the corresponding wave front is
OF OF
W(Lp) ={x € R"|3 q € R¥ such that F(q,x) = a—(q, x)=--= a—(q,x) = 0}.
sl Ak

We sometimes denote Dp = W(Lp) and call it the discriminant set of F.
Now we can apply the above arguments to our situation. First, we have the following



principle property with respect to the AdS-null height function H.

Proposition 4.2 The AdS-null height function H : U x Ay — R is a Morse family of
hypersurfaces.

Proof. For any v = (v, vg,v3,04) € Ag, we have v # 0. Without loss of the generality, we

might assume that v; > 0, then v; = y/v3 4+ v? — v3. So that

H(u,v) = —z1(u)y/1 +v2 + v] — v3 — 29(u)va + 23(u)v3 + 24(u)vy + 1
where X (u) = (z1(u), zo(u), z3(u), z4(u)). We have to prove the mapping
OH OH
" Ouy” Quy

is non-singular at any point. The Jacobian matrix of A*H is given as follows:

A*H = (H

v
v2 v3 V4
<Xu1u17 'U> <Xu1u27 'U> Ilul H - w2u1 _x1u1 H + :L‘3u1 _'Ilul H + $4u1

v v3 V4
<Xu2u1 ) 'U> <Xu2u27 ’U> xluga - I’2u2 _xluga + l’gu2 _mluga + :L‘4u2

(Xy,v)  (Xyy,v) T132 — T —z12 + 13 —Z1gt + 2y

We claim that it will suffice to show that the determinant of the matrix

V3 V4
1= — X9 —ZE1H+ZL‘3 —ZE1E+ZE4
_ V2 v3 V4
A — x1u1 H - x?ul _xlul H + x3u1 _xlul H + $4u1 y
V2 v3 V4
xluga - x2u2 _xluga + x3ug _xluga + ‘T4u2

does not vanish at (u,v) € A*H~1(0). In this case, v = G (u) and we denote

T i) T3 Ty
b, = T1uy , by = Loy, , by = T3uy , by = Tgyy
T1ug L2uy L3ug L4y

Then we have

detA = — Ldet(by, by, by) + 2det(by, by, by) — det(br, by, by) + —det(by, by, bs).
U1 U1 U1

U1
On the other hand, we have

X/\Xul /\Xu2 = (—det(bg, bg, b4), det(bl, bg, b4), det(bl, bg, b4), —det(bl, bQ, b3))
Therefore we have

12;1’ vy v v
:__<G$7HX/\XU1/\XU2HN>
v

1
| X ANX, AXy |l 40,

U1

O

Let X : U — H?} be a timelike surface in H; and G be the AdS-nullcone Gauss image on
M = X (U). We denote X (u) = (x1(u), xo(u), z3(w), z4(u)) and G (u) = (vi(u), va(u), v3(u), v4(u))
as coordinate representations. We define a smooth mapping
Gt. U — PT*(Ao)
by GF(u) = (GE(u), [(x1v2 — z2v1) 1 (=103 + 2301) : (—2104 + 24v1)]). Then by the above
proposition we have the following corollary.

Corollary 4.3 For any timelike surfaces X : U — H}, the AdS-null height function H :
U x Ay — R of X is a generating family of the Legendrian embedding G*. a

8



Therefore we conclude that the AdS-nullcone Gauss image G can be regarded as a Legen-
drian map and GE(U) can be regarded as a wave front set of G*.

5 The AdS-torus cylindrical pedals of timelike surfaces

In this section we consider a surface associate to M = X (U), whose singular points set is
diffeomophism to those of AdS-nullcone Gauss image. We can use this surface to investigate
the relationship between the AdS-nullcone Gauss image G and the AdS-Gauss map G of a
timelike surface in the Anti de Sitter 3—space. For any timelike surface X : U — H}, we
define a smooth mapping ACPy; : U — T¢ x R* by

ACPy(u) = (G (u), —(X (u), G () = (G (w), ).

We call it the AdS-torus cylindrical pedal of M = X (U), where R* = R\{0}. We define a
diffeomorphism ¢ : T? x R* — Ay by ¢(v, \) = A~1v. Tt is easy to check that ¢(AC Py(u)) =
GE(u), this means that the singular points sets of G and AC Py, are diffeomorphism.
We now consider a family functions H : U x T? x R* — R defined by
H(u,v,\) = (X (u),v) + A = H(u,v) + A,
we call it the extended AdS-torus height function on M = X (U). By the similar calculation to
the proof of Proposition 3.1(1), we have
Dy = {(Gx(u), gy)lu € U} = {ACPy (u)|u € U}
On the other hand, we consider the canonical projection m; : T? x R* — TZ2. Then we have
m1|Dg can be identified with the AdS-torus Gauss map G of X. Since
1 —

G (u) = — — (/}%u:ﬁuGﬁu,
(u) X(a). G () (u) = E(uw)Gy (u)

we have ¢(Ds7) = {GE(u)|u € U} = Dy. Therefore, we may say that the AdS-nullcone Gauss
image G is a lift of the AdS-Gauss map GF. In fact, we also have

2 (H) = {(u, GE(u), —(X(u),GE(w)))|u € U}

We remark that similar discussions apply to the extended AdS-torus height function H and
AdS-torus height function H, we have H and H are Morse family.

On the other hand, for any v = (vy,v9,v3,v4) € T?, we consider a coordinate neighborhood
Uy, = {v = (v1,v9,v3,v4) € TE|vy > 0 and vy > 0}, then

H(u,v,\) = H(u,v) + A = —z10; — 22y/1 — 02 + 2303 + 244/ — 02 + .

1
We now consider smooth mappings L7 : GE  (U,) — T*(T}) x R* defined by

L) = (GE). [+ G+ b gep) =GR, 5o G )

and L : GF  (Uf;) — T*(T7) defined by
~ OH oH ~ OH OH
L~(u) = (G — (G* )
H(u) (GTL (u>7 avl ) avg (Gn <u>7 a’UI ) avg)

According by these definitions we have L is a Legendrian embedding whose generating family is
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the extended AdS-torus height function H and L 7 is a Lagrangian embedding whose generating
family is the AdS-torus height function H. The details on Lagrangian singularities can be found
in [1, 32]. We now consider the canonical projection

7 T*(TE) x R* — T*(T?), 7n(v,\) = v,
then m(Lg) = L. We remark that if we adopt other local coordinates on T}, exactly the same
results hold. Therefore we have the following proposition.

Proposition 5.1 Under the same assumptions as in the above arguments, we have the fol-
lowing:

(1) The AdS-Gauss map @% 15 a Lagrangian map. The corresponding Lagrangian embedding
L is called the Lagrangian lift of the AdS-Gauss map ((/}%;

(2) The Legendrian lift G* of the AdS-nullcone Gauss image G is a covering of the La-
grangian lift Ly of the AdS-Gauss map @%

Proof. The assertion (1) follows from the above arguments.

On the other hand, for any v € T?, without loss of the generality, we can assume that
vy > 0 and vy > 0. Then we have v, = /1 — v}, vy = /1 — v, so we can regard (vy,v3) as
the coordinate system of T7. Therefore, the homogeneous coordinates of PT*(T# x R*) can be
expressed as (vq,vs3, A, [¢1 @ 6 @ <]). Moreover, if ¢ # 0, we have
G2
so that we can adopt the corresponding affine coordinates (vy, vs, A, p1, p2), where p; = 1 /<. By
the above argument we can naturally regard T*(T7) x R* as the affine part of PT*(T? x R*).
We also have the following relation:

S
(v1,v3, A, [1 1 62 1 6]) = (v, 03, A, [?1 :

H o (idy x ¢)(u,v,\) = H(u, \"'v) = X" H(u, v, \).

This means that H o (idy x ¢) and H are C-equivalent in the sense of Mather[18]. So that these
generating families correspond to the same Legendrian submanifold (cf., [1, 32]. Then we have
a unique contact diffeomorphism @ : PT*(T? x R*) — PT*Ay covering ¢ : T x R* — Ay
such that ® o L4 = G*. Therefore, G* is a covering of L. O

6 Contact with AdS-horospheres

In this section we consider the geometric meaning of the singularities of the AdS-nullcone Gauss
image of a timelike surface M = X (U) in H. We consider the contact of timelike surfaces with
AdS-horosphere type surfaces. We now briefly review the theory of contact due to Montaldi
[24]. Let X;,Y;(i = 1,2) be submanifolds of R” with dimX; = dimX, and dimY; = dimY>. We
say that the contact of X; and Y; at y; is the same type as the contact of Xy and Y; at g, if
there is a diffeomorphism germ ® : (R",y;) — (R™, y2) such that ®(X;) = X, and ®(Y)) = V5.
In this case we write K (X3, Y1;y1) = K(Xa, Ys;y2). It is clear that in the definition R" could
be replaced by any manifold. In his paper [24], Montaldi gives a characterization of the notion
of contact by using the terminology of singularity theory.

Theorem 6.1 Let X;,Y;(i = 1,2) be submanifolds of R™ with dimX; = dimXs and dimY; =
dimYy. Let g; : (X, z;) — (R™ y;) be immersion germs and f; : (R",y;) — (RP,0) be
submersion germs with (Yi,y:) = (f71(0),y:). Then K(X1,Y1;v1) = K(Xo,Ya;5s) if and only

2
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if fiog1 and fyo0 gy are K-equivalent.

For the definition of the IC-equivalent, See Martinet [19]. We now consider a function
H: H}x Ay — R defined by H(u, v) = (u,v)+1. For any vy € Ag, we denote b, (u) =H(u, vo)
and we define the AdS-horosphere by h;'(0) = H} N HP(vo,—1). We write AH(vo,—1) =
H} N HP (v, —1). For any ug € U, we consider the null vector v = G*(ug). Then we have

hv(ﬂ): o X (ug) = H o (X x idp,)(uo, vo) = H(ug, G (ug)) = 0.

We also have relations
dh,z 0 X OH

o, (uo) = i, (uo, G (1)) = 0,

for i = 1,2. This means that the AdS-horosphere AH (vZ, —1) is tangent to M = X (U) at
p = X (ug). In this case, we call AH(vy,—1) the tangent AdS-horosphere of M = X (U) at
p = X(ug) (or, ug), which we write AH*(X,ug). Let vy, vy be null vectors. If v; and v,
are linearly dependent, then H P(vy, —1) and H P(vy, —1) are parallel. Therefore, we say that
AdS-horosphere AH (v, —1) and AH (vs, —1) are parallel, if v, and v, are linearly dependent.
Then we have the following lemma.

Lemma 6.2 Let X : U — H} be a timelike surface. Consider two points uy,us € U. Then
we have the following assertions:

(1) GE(uy) = GE(ug) if and only if AH*(X,uy) = AHH (X, uy).

(2) @%(ul) = (%(lLQ) if and only if AH*(X,uy) and AH* (X, uy) are parallel. O

We now consider the contact of M with tangent AdS-horosphere at p € M as an applica-
tion of Legendrian singularity theory. We introduce an equivalence relation among Legendrian
immersion germs. Let i : (L,p) C (PT*R",p) and ¢ : (L',p") C (PT*R™,p') be Legendrian
immersion germs. Then we say that i and i’ are Legendrian equivalent if there exists a contact
diffecomorphism germ ¢ : (PT*R",p) — (PT*R",p’) such that H preserves fibres of m and
(L) = L'. A Legendrian immersion germ into PT*R"™ at a point is said to be Legendrian
stable if for every map with the given germ there are a neighborhood in the space of Leg-
endrian immersion (in the Whitney C'*°—topology) and a neighborhood of the original point
such that each Legendrian immersion belonging to the first neighborhood has, in the second
neighborhood, a point at which its germ is Legendrian equivalent to the original germ.

Since the Legendrian lift i : (L, p) C (PT*R™,p) is uniquely determined on the regular part
of the wave front W (i), we have the following proposition due to Zakalyukin[33].

Proposition 6.3 Leti: (L,p) C (PT*R™,p) and i : (L',p') C (PT*R™,p') be Legendrian
immersion germs such that regqular sets of wo 1 and wo i’ respectively are dense. Then i and i’
are Legemndrian equivalent if and only if wave front sets W (i) and W (i') are diffeomorphic as
set germs.

We remark that the assumption in the above proposition is a generic condition for i and 7'.
In particular, if ¢ and i’ are Legendrian stable, then these satisfy the assumption.

We can interpret the Legendrian equivalence by using the notion of generating families. We
denote &,, the local ring of function germs (R™,0) — R with the unique maximal ideal M,, =
{h €€,|h(0) =0}. Let F,G : (R* x R*,0) — (R, 0) be function germs. We say that F' and G
are P—KC equivalent if there exists a diffeomorphism germ ¥ : (R* x R", 0) — (R* x R", 0) of
the form W(q, x) = (¢1(q, x), ¥a(x)) for (¢, z) € (RF x R",0) such that U ((Fe,,,) = (Gg,, .-
Here U* :£y.,, —E1n is the pull back R-algebra isomorphism defined by W*(h) = ho .
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Let F: (RF xR" 0) — (RR,0) be a function germ. We say that F is a K-versal deformation
of f = FIR* x {0} if
oF oF

& = TUO)S) + (GRS x {0}, o
where T, (KC)(f) = (g—qfl, e g_qfk’ f)e.. The main result in the theory of Legendrian singularities

[1, 32] is the following:

[R* x {0})r,

Theorem 6.4 Let F,G : (R* x R",0) — (R,0) be Morse families. Then
(1) Lr and L are Legendrian equivalent if and only if F' and G are P—K equivalent;
(2) L is Legendrian stable if and only if F is a K-versal deformation of f = F|R*x {0}.

By the uniqueness result of the K-versal deformation of a function germ, Proposition 6.3
and Theorem 6.4, we have the following classification result of Legendrian stable germs in the
appendix of [11]. For any map germ f : (R",0) — (RP?,0), we define the local ring of f by
Q(f) =&,/ [*(M,)E,. Then we have the following proposition.

Proposition 6.5 Let F,G : (R* x R",0) — (R,0) be Morse families. Suppose that Ly and
L are Legendrian stable. Then the following conditions are equivalent:

(1) (W(LF),0) and (W(Lg),0) are diffeomorphic as germs;

(2) Lr and L are Legendrian equivalent;

(3) Q(f) and Q(g) are isomorphic as R-algebras, where f = F|R¥x{0} and g = G|R¥x{0}.

We have the tools for study of the contact of timelike surfaces with AdS-horospheres. Let
GE, : (Uw) — (Mo, v7) (for i = 1,2) be AdS-nullcone Gauss image germs of timelike surface
germs X; : (U,u;) — (H}, Xi(u;)). We say that GE, and G, are A-equivalent if there
exist diffeomorphism germs ¢ : (U, u;) — (U, uz) and @ : (H} v7) — (H} v3) such that
PoGE, = GE,0¢. Suppose the regular set of G, is dense in (U, u;) for each ¢ = 1,2. It follows
from Proposition 6.3 that GI, and G, are A-equivalent if and only if the corresponding
Legendrian embedding germs G¥ : (U,u;) — (A1,21) and Gy : (U,ug) — (A, 25) are
Legendrian equivalent. This condition is also equivalent to the condition that two generating
families H, and H, are P—K equivalent by Theorem 6.4. Here, H; : (U x Ao, (u;, v¥)) — R
is the corresponding AdS-null height function germ of X;.

On the other hand, we denote h, .+ = H;(u, vi); then we have hi o= (w) = b+ 0 X;(u). By
Theorem 6.1, ' Z '

K(X,(U), AH* (X1, u),v5) = K(Xo(U), AH* (X o, up), v¥)
if and only if hlyvli and h2’v2¢ are C-equivalent. Therefore, we can apply the above arguments to
our situation. We denote by Q*(z, ug) the local ring of the function germ hyt : (Uyug) — R,
where v = G (ug). We remark that we can write the local ring explicitly as follows:

w,up) = “al®)
Q= (2, uo) (X (u), G5 (uo)) + ez )

where Cg°(U) is the local ring of function germs at 1o with the unique maximal ideal M., (U).

Theorem 6.6 Let X;: (U,u;) — (H}, Xi(uw;)) (fori=1,2) be timelike surface germs such
that the corresponding Legendrian embedding germs G : (U,u;) — (A4, ) are Legendrian
stable. Then the following conditions are equivalent:

(1) AdS-nullcone Gauss image germs G, and G, are A-equivalent;

(2) Hy and Hy are P—K-equivalent;
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(3) hypx and hy 2 are K-equivalent;
(4) K(X,(U), AH*(X 1, u1),v7) = K(Xo(U), AH* (X o, up), v5)
(5) Q(X1,u;) and Q* (X, us) are isomorphic as R-algebras. O

For a timelike surface germ X : (U, uo) — (H}, X (ug)), we call X '(AH (G (ug), —1), up)
the tangent Anti de Sitter horospherical indicatriz germ (briefly, tangent AdS-horospherical
indicatriz germ) of X. In general we have the following proposition:

Proposition 6.7 Let X; : (U,w;) — (H}, Xi(w;)) (for i = 1,2) be timelike surface germs
such that their AdSh™-parabolic sets have no interior points as subspaces of U. If AdS-nullcone
Gauss image germs G, and G, are A-equivalent, then

K(Xl(U>,AHi<X1,U1)7’l)it) = K(XQ(U),AHi(X27u2),’U;:).
In this case, X1 (AH(GE | (uy), —1),u1) and X5 (AH(GE,(ua), —1),ua) are diffeomorphic as

set germs. O

From the above proposition, the diffeomorphism type of the tangent AdS-horospherical
indicatrix germ is an invariant of A-classification of the AdS-nullcone Gauss image germ of X.
Moreover, we can borrow some basic invariants from the singularity theory on function germs.
We need K-invariants for a function germ. The local ring of a function is a complete K-invariant
for generic function germs. It is, however, not a numerical invariant. The K-codimension of a
function germ is a numerical K-invariant of function germs. We denote

C2(U)
(R (o), Ohyz (o) /Ous) oo )

where v = G*(up). Usually Ah*-ord(X,u) is called the K-codimension of ht. However,
We call it the order of contact with tangent AdS-horosphere type surface at X (ug). We also
have the notion of corank of function germs:
Ah*-corank(X', ug) = 2—rankHess(h,z ) (uo),

By Proposition 4.1, X (ug) is an AdSh*-parabolic point if and only if Ah*-corank (X, ug) >
1 and X (up) is an AdS-horospherical point if and only if Ah®-corank (X, ug) = 2 . On the
other hand, a function germ f : (R""! @) — R has the A;—singularity if f is K-equivalent to
the germ 4u? 4+ - +u2 _, +uF"l. If Ah*-corank(X,ug) = 1, the AdS-null height function hot

Ah*-ord(X, up) = dim

has the Aj—singularity at uy and is generic. In this case we have Ah*-ord(X, uo) = k. This
number is equal to the order of contact in the classical sense (cf., [3]). This is the reason why
we call Ah*-ord(X, u) the order of contact with the AdS-horosphere type surface at X (ug).

7 Classification of singularities of AdS-nullcone Gauss
images

In this section we give the generic classification of singularities of AdS-nullcone Gauss images.
We have almost the same arguments as those of [11], so that we omit the details. We con-
sider the space of timelike embeddings Emby (U, H}) with the Whitney C*-topology. By the
classification of stable Legendrian singularities of n = 3 and the transversality theorem of [11]
(Proposition 7.1), we have the following theorem.

Theorem 7.1 There exists an open dense subset OCEmbz(U, H}) such that for any X €O
the following conditions hold.
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(1) The AdSh*-parabolic set Kdenfl(O) is a regular curve. We call such a curve the AdSh*-
parabolic curve.

(2) The AdS-nullcone Gauss image GE along the AdSh*-parabolic curve is a cuspidal edge
except at isolated points. At such the point G is the swallowtail.

(3) The cuspidal edge points (swallowtail points) of AdS-nullcone Gauss image GE corre-
spond to fold points (cusp points) of AdS-torus Gauss map.

Here, a map germ [ : (R* a) — (R3,b) is called a cuspidal edge if it is A-equivalent to the
germ (uy,u3, u3) and a swallowtail if it is A-equivalent to the germ (3uf+uiug, 4u$ +2uiug, us).
A map germ f: (R% a) — (R2,b) is called a fold if it is A-equivalent to the germ (uy,u3) and
a cusp if it is A-equivalent to the germ (uy,us + ujus) (cf., Figure 1).

Cuspital edge Swallowtail
Figure 1

Following the terminology of Whitney[31], we say that a timelike surface X : U — H}
has the excellent AdS-nullcone Gauss image G, the AdS-nullcone Gauss image G has only
cuspidal edges and swallowtails as singularities.

We now consider the geometric meanings of cuspidal edges and swallowtails of the AdS-
nullcone Gauss image. We have the following results analogous to the results of [11].

Theorem 7.2 Let G : (U, ug) — (Ao, v5) be the excellent AdS-nullcone Gauss image germ
of a timelike surface X and hy, : (U ug) — R be the AdS-null height function germ at uy,
where vy = Gt (ug). Then we have the following.

(1) The point uq is an AdSh®-parabolic point of X if and only if Ah®-corank(X ,ug)= 1.
(2) If ug is an AdSh*-parabolic point of X, then hv(:)lz has the Ax—singularity for k = 2, 3.
(3) Suppose that ug is an AdSh*-parabolic point of X. Then the following conditions are
equivalent:
(a) GE has the cuspidal edge at ug;
(b) h& has the Ay—singularity;
(c) Ah*-order( X, ug) = 2;
(d) the tangent AdS-horospherical indicatriz is an ordinary cusp, where a curve C' C R?
is called an ordinary cusp if it is diffeomorphic to the curve given by {(u1,us)u? — us = 0}.
(e) for each € > 0, there exit two points ui,us € U such that |ug — u;| < e fori = 1,2,

neither of u; nor uy is an AdSh™-parabolic point and the tangent AdS-horospheres to M = X (U)
at uy and uy are parallel.

(4) Suppose that uqy is an AdSh*-parabolic point of X. Then the following conditions are
equivalent:

(a) GE has the swallowtail at ug;
(b) h& has the As—singularity;
(c) Ah®-order(X,ug) = 3;
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(d) the tangent AdS-horospherical indicatriz is an point or a tachnodal, where a curve
C C R? is called a tachnodal if it is diffeomorphic to the curve given by {(uy,ug)|u? —uj = 0}.
(e) for each € > 0, there exit three points uy,us,us € U such that |ug — w;| < & for
2,3, none of uy,us, ug are an AdSh*-parabolic points and the tangent AdS-horospheres to

i=1,2,3,
X (U) at uy,us and us are parallel.

M =

(f) for each € > 0, there exit two points uy,us € U such that |ug — w;| < € fori = 1,2,
neither of uy nor uy is an AdS-parabolic point and the tangent AdS-horospheres to M = X (U)
at uy and uy are equal.

Proof. By the Proposition 3.1, we have shown that v is an AdSh*-parabolic point if and
only if Ah*-corank(X,ug) > 1. Since n = 3, we have Ah*-corank(X, ug) < 2. Since AdS-null
height function germ H : (U x Ag, (ug, vE)) — R can be considered as a generating family
of the Legendrian embedding germ G¥, hvoi has only the Ap—singularities (kK = 1,2,3). This
means that the corank of the Hessian matrix of the hva: at an AdSh*-parabolic point is 1. The
assertion (2) also follows. For the same reason, the conditions (3){(a), (b), (c)}(respectively,
(4){(a), (b), (c)}) are equivalent.

On the other hand, if the AdS-null height function germ hv(:)t has the A;—singularity, it

is K-equivalent to the germ 4u? + u3. Since the K-equivalence preserves the zero level sets,

the tangent AdS-horospherical indicatrix is diffeomorphic to the curve given by +u? + uj = 0.
This is the ordinary cusp. The normal form for the As;—singularity is given by 4u? + u3, so
the tangent AdS-horospherical indicatrix is diffeomorphic to the curve given by 4u? + uj = 0.
This means that the condition (3){(d)}(respectively, (4){(d)}) is also equivalent to the other
conditions.

Suppose that v is an AdSh*-parabolic point, by Proposition 5.1, the AdS-torus Gauss map
has only folds or cusps. If the point ug is a fold point, there is a neighborhood of 4y on which
the AdS-torus Gauss map is 2 to 1 except the AdSh*-parabolic line (i.e, fold curve). By Lemma
6.2, the condition (3)(e) holds. If the point ug is a cusp, the critical value set is an ordinary
cusp. By the normal form, we can understand that the AdS-Gauss map is 3 to 1 inside region
of the critical value. Moreover, the point ug is in the closure of the region. This means that the
condition (4)(e) is satisfied. We can also observe that near by the cusp point, there are 2 to 1
points which approach to uy. However, one of those points are always AdSh*-parabolic points.
Since other singularities do not appear in this case, so that the condition (3)(e) (respectively,
(4)(e)) characterizes a fold (respectively, a cusp).

For the swallowtail, point ug, there is a self-intersection curve approaching ug. On this
curve, there are two distinct points u; and uy such that GE(u;) = G=(uy). By Lemma 7.2, this
means that the tangent AdS-horospheres to M = X (U) at u; and uy are equal. Since there
are no other singularities in this case, the condition (4){(f)} characterizes a swallowtail point
of GE. This completes the proof. O

8 AdS-null Monge form

The notion of the Monge form of a surface in Euclidean 3-space is one of the powerful tools for
the study of local properties of the surface from the view point of differential geometry.In this
section we consider the analogous notion for a timelike surface in H3.

We now consider a function f(uy,us) with f(0) = f,,(0) = 0. Then we have a timelike

15



surface in H? defined by

(]_ — 51)11,1 + (1 — 52)U2
9 ’

X f(ur,uz) = (\/1 + e1u? + equl + f2(uq, ua),

(I+eur + (1 + 52)“2)
2 )
where ¢; = sign(X;) (¢ = 1,2). We can easily calculate N(0) = (0,0, ,0); therefore

GE(0) = (1,0,%1,0). We call X a Anti de Sitter null Monge form (briefly, AdS-null Monge
form). Then we have the following proposition.

f(ul,u2),

€2 — &1

Proposition 8.1 Any timelike surface in H} is locally given by the AdS-null Monge form.

Proof. Let X : U — H3} be a timelike surface. We consider Lorentzian motion of H; which
is a transitive action. Therefore, without loss of the generality, we assume that p = X (0) =
(1,0,0,0). We denote M = X (U), we have a basis {X (0), N(0), X, (0), X ,,(0)} of T,R3 such
that T,M = (X,,(0), X,,(0))r. Applying the Gram-Schmidt procedure we have a pseudo-
orthonormal basis {X(0), N(0), e, e} of T,R3 such that T,M = (e;,ez)r. In particular,
{e1,es} is an orthonormal basis of 7,M. Since p = (1,0,0,0), T,M is considered to be a
subspace of ¢R? = {(0, 21,72, 73)|z; € R}. By a rotation of the space ¢R?, we might assume
that T,M = {(0, (l_el)ulg(l_”)uz,O, (1+€1)“1J2r(1+52)“2)|u,- € R} C RY. Then the germ (M,p)
might be written in the form

(14 er)ur + (14 e2)uy
2

with function germs fo(uy,us), f(uy, us). Since M C H}, we have the relation

(1 — 81)U1 + (1 — 62)u2

5 )

7f<u17u2>7

(fO(uh U2);

Jo(ur,uz) = \/1 + e1ui + equ3 + f2(uy, ug).

Since we have

(1 — 81)U1 —+ (1 — 52)u2 0 (1 + 61)U1 + (1 + 82)u2
2 T 2

the condition f(0) =0, f,,(0) = 0 are automatically satisfied. O

T,M = {(0, )|ui € R},

For the null vector vi = (1,0, 41, 0), we consider the AdS-horosphere type surface AH(v;,—1).
Then we have the AdS-null Monge form of AH(vg, —1):

g1uf + equ3
2

(1 —e1)uy + (1 — e9)uy ielu% +eoud (1 +e1)up + (1 + e9)uy

1
Th 2 ’ 2 ’ 2

).

ai(ulaw) = (

Here, we can easily check the relation (a(u),vi) = —1.

On the other hand, a*(0) = (1,0,0,0) = p and a; (0) is equal to the x3,.,-axis for i = 1,2.
This means that T,M = T,(a*(U)). Therefore a*(U) = AH(vg,—1) is the tangent AdS-
horosphere of M = X ;(U) at p = X (0). It follows from this fact that the tangent AdS-
horospherical indicatrix of the AdS-null Monge form germ (X f,0) is given as follows:

XJTI(AH('UOi,O)) = {(uy, ug)| & 2f (uy, up) = e1u? + cou3}.

On the other hand, since f(0) = f,,(0) = 0, we may write
1- 1-
fun,u0) = Shyut + Shous + g(ur, us)
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where g €M3 and ki, ky are eigenvalues of (fu,u,(0)). Under this representation, we can easily
calculate X 7,4, (0) = (£:9:5,0, ki, 0;5,0). It follows from this fact that

135(0) = (G (0), X fuu,(0)) = eidi(—1 % ki),
and
9i3(0) = (X 14, (0), X 1, (0)) = &:0;.
Therefore, we have k;*(0) = —1 4 £;k; and

K%6,(0) = ki (0)k3(0) = (=1 £ e1kp)(—1 & e9ks).

The tangent AdS-horospherical indicatrix is given by
X;l(AH('vOi, —1)) = {(uy, up)| £ k1u? £ kous & 2g(u1, ug) — e1uj — cous = 0}
= {(uy, ug)|e1kF (0)u? + ek (0)u3 £ 2g(uy, ug) = 0}.
If we try to draw picture of the AdS-nullcone Gauss image, it might be very hard to give
a parameterization. However, by the AdS-null Monge form of the tangent AdS-horospherical

indicatrix germ, we can easy to detect the type of singularities of the AdS-nullcone Gauss image
G (or, AdS-torus Gauss map G¥).

Example 8.1 Consider the function given by

1 1
Suppose that 61 = —1,e9 =1 Then ky = 1, ky = 2. We have ki = =2, kf =1, kf =0,k, =
—3. So that the origin is an AdSh™- parabolic point. The tangent AdS-horospherical indicatriz
germ at the origin is the ordinary cusp u3 = —%u? By Theorem 7.2, G,, (G;;) is the cuspidal
edge (fold) at the origin.

n

Example 8.2 Consider the function given by
1, 1, 3,

f(ul, Ug) = Eu% + Z—lug + éul.
Suppose that e, = 1,69 = —1 Then k; = 1, ky = 1/2. We have k7 = 0, kj = —3/2,
ki = —2,ky = —1/2. So that the origin is an AdSh*- parabolic point. The tangent AdS-

horospherical indicatriz germ at the origin is the tachnodal u3 = ui. By Theorem 7.2, G, (G;;)
is the swallowtail (cusp) at the origin.
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