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Another form of the reciprocity law of Dedekind sum

Tadashi Ashikaga and Mizuho Ishizaka

Abstract

We propose a certain formula of Dedekind sum by using two mutually distinct
methods. The one is an elementary number theoretic method and the other is a
geometric method. Moreover, we re-prove the reciprocity law by the formula.

1 Introduction

Let (λ, σ) be any pair of mutually prime natural numbers. Let

s(σ, λ) :=
λ−1∑
k=1

((
k

λ

)) ((
kσ

λ

))
be the Dedekind sum, where ((x)) = x − [x] − 1/2 for a non-integer x and ((x)) = 0 for

an integer x. ([x] is the greatest integer not exceeding x.) This notion was introduced

by Dedekind in 19-th century in order to describe the behavior under the action of the

modular transformation of the Dedekind eta function η(τ) = e
πiτ
12

∞∏
m=1

(
1 − e2πimτ

)
, where

τ is a complex variable with Im τ > 0. Dedekind also proved the beautiful reciprocity

law

s(σ, λ) + s(λ, σ) = −1

4
+

1

12

(
σ

λ
+

λ

σ
+

1

λσ

)
. (1)

Nowadays many proofs of (1) are known via number theoretic methods (e.g.[9] Chap. 2).

On the other hand, Dedekind sum historically appeared again in 20-th century in the

field of topology related to the signature theorem, namely as the term of the equivariant

L-class at an isolated fixed point of a group action to a four-dimensional manifold (e.g.

[5]). Especially, among many other results, Hirzebruch-Zagier [5] proved (1) via this

context and also by using quotient singularities, which we call the first geometric proof of

the reciprocity law.

Now the aim of this paper is to present another geometric proof of (1) along this

context. At the same time, we re-formulate (1) into a new form.
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Assume 1 ≤ σ ≤ λ − 1, and let δ be the integer with σδ ≡ 1 (mod λ), 1 ≤ δ ≤ λ − 1.

Let
λ

σ
= K1 −

1

K2 −
1

K3 − · · · −
1

Kr

(2)

be the continued linear fraction of negative type. Then;

Theorem 1.1

s(σ, λ) = −r

4
+

1

12

(
σ + δ

λ
+

r∑
j=1

Kj

)
. (3)

Proposition 1.2 The formula (3) implies the reciprocity law (1).

We prove Theorem 1.1 by two mutually distinct ways. In the first proof in §2, we

use the reciprocity law successively and also use the Matsumoto-Montesinos formula [7],

which is proved by purely elementary number theoretic method (see also Remark 2.2).

The proof of Proposition 1.2 is elementary, which is given in §3.

Therefore the formula (3) is, in some sense, “another form” of the reciprocity law.

The second proof of Theorem 1.1 given in §4 is independent of the reciprocity law, and

is geometrical as follows; We construct a fibered complex surface as the resolution space

of some cyclic quotient singularities, and compute its signature by two ways. The one is

the use of the equivariant signature theorem, in which the Dedekind sum appears. The

other is the use of the global signature theorem of Hirzebruch, and the calculation of the

signature is reduced to that of the self-intersection numbers of the canonical bundle, which

can be done by the formula in Ishida [6]. By comparing them, the proof is completed.

From Proposition 1.2 and the second proof of Theorem 1.1, we complete our geometric

proof of the reciprocity law.

Note that the formula (3) is applied to the localization problem of the signature of

fibered complex surfaces ([1]).

2 The first proof of Theorem 1.1

We consider the continued linear fraction (2), and set n0 = λ, n1 = σ and ni = Ki−1ni−1−
ni−2 (2 ≤ i ≤ r). For the proof of the following theorem, see [7] §4.

Theorem 2.1 (Matsumoto-Montesinos)

r∑
i=1

1

ni−1ni

=
δ

λ
.
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Remark 2.2 Although the proof of Matsumoto-Montesins ([7] §4) is done via elemen-

tary number theoretic way, their motivation of this formula comes from geometry, which

relates the analysis of the local monodromy of degenerations of complex curves. Namely,

the formula means the decomposition of the 2πδ/λ rotation to the composition of fractional

Dehn twists, see [7] §8.

Now we prove Theorem 1.1. Since s(λ, σ) = s(−n2, σ) = −s(n2, σ) by λ = K1σ − n2,

it follows from the reciprocity law that

s(σ, λ) = s(n2, σ) − 1

4
+

1

12

(
σ

λ
− n2

σ
+ K1 +

1

n0n1

)
.

By σ = K2n2 − n3 and also the reciprocity law, we have

s(σ, λ) = s(n3, n2) −
1

2
+

1

12

(
σ

λ
− n3

n2

+ K1 + K2 +
1

n0n1

+
1

n1n2

)
.

By using the same argument inductively, we have

s(σ, λ) = s(1, Kr) −
r − 1

4
+

1

12

(
σ

λ
− 1

Kr

+
r−1∑
i=1

Ki +
r−1∑
i=1

1

ni−1ni

)
.

Therefore, by Theorem 2.1 and s(1, Kr) = (Kr−1)(Kr−2)/(12Kr), we have the assertion.

3 Proof of Proposition 1.2

Let m2 be the integer with n2m2 ≡ 1 (mod σ), 1 ≤ m2 ≤ σ − 1. Since s(λ, σ) =

s(−n2, σ) = −s(n2, σ) and

σ

n2

= K2 −
1

K3 −
1

K4 − · · · −
1

Kr

it follows from Theorem 1.1 that

s(σ, λ) + s(λ, σ) = −r

4
+

1

12

(
σ + δ

λ
+

r∑
j=1

Kj

)
−

{
−r − 1

4
+

1

12

(
n2 + m2

σ
+

r∑
j=2

Kj

)}

= −1

4
+

1

12
· σ2 + λ2 + (σδ − λm2)

λσ
.

From [6] Lemma 1.7, we have

σδ − λm2 = 1.

Therefore we complete the proof of Proposition 1.2.
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4 The second proof of Theorem 1.1

First, we review some facts about the cyclic quotient singularity. Put ζ = e2πi/λ. We call a

germ (X ′, o) a cyclic quotient singularity of type (σ, λ) if (X ′, o) is isomorphic to the germ

at the origin of the quotient analytic space C2/G where G is the group of automorphisms

of C2 = {(z1, z2)} generated by the map (z1, z2) 7→ (ζz1, ζ
σz2). The exceptional set of

the minimal resolution X̃ → X ′ is a P1 chain, so that the self intersection numbers of

the components are −Ki (1 ≤ i ≤ r) in the continued linear fraction (2). The following

description of the difference of the self-intersection numbers of the canonical divisors

K2
eX
− K2

X′ is due to Ishida [6].

Proposition 4.1 ([6], Proposition 1.9, p. 43)

K2
eX
− K2

X′ = 2(r + 1) − σ + δ + 2

λ
−

r∑
i=1

Ki.

Next we review the terminology introduced by Nielsen [8]. (Although the original

situation in [8] is topological, we present it in analytic situation.) For an analytic auto-

morphism φ : Σg → Σg of a Riemann surface Σg of genus g, we call the smallest positive

integer Λ satisfying φΛ = idΣg the period. For each point P on Σg, we denote by rP

the cardinality of the orbit of P under φ, and set λP := Λ/rP . Let σP be the smallest

nonnegative integer such that φrP is the rotation of angle 2πσP /λP near P . Namely, by

a suitable coordinate t of a neighborhood U of P , the restriction map φrP |U is written by

t 7→ e2πσP /λP t. Denote by δP the smallest positive integer satisfying σP δP ≡ 1 (mod λP )

if σP ̸= 0, and set δP := 0 if σP = 0. The rational number δP /λP is called the valency of

the orbit of P .

The valencies of all but a finite number of orbits are zero and the sum of all valencies

is an integer. The set of the positive valencies is called the total valency of φ. By

Hurwitz formula, the genus g′ of the quotient Riemann surface Σg/〈φ〉 coincides with

1 + (1/2Λ){2g − 2 −
∑l

i=1(λi − 1)}.
Conversely, there exists an analytic automorphism φ : Σg → Σg whose period and

total valency are Λ, {δi/λi}(i=1,··· ,l) (l ̸= 1), respectively, if
∑l

i=1 δi/λi is an integer and

the following Harvey conditions are satisfied ([3], see also [4]).

(1) L = lcm(λ1, . . . , λl) = lcm(λ1, . . . , λ̂i, . . . , λl) for all i, where λ̂i denotes the omis-

sion of λi.

(2) L divides Λ, and if g′ = 0, then L = Λ and l ≥ 3.

(3) If 2|L, the number of λ1, . . . , λl which are divisible by the maximal power of 2

dividing L is even.
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We express the total valency as the formal symbol σ1/λ1 + · · · + σl/λl as in [2] §1.

Lemma 4.2 Let λ be a positive integer which is greater than or equal to two. If we

choose suitable integers l and g, there exist a Riemann surface Cg of genus g and an

automorphism φl,λ : Cg → Cg with the period λ and the total valency 1/λ + · · · + 1/λ︸ ︷︷ ︸
l

.

Proof Let l (> 2) be an integer so that l(λ − 1) is even. We choose an integer g′

satisfying the Hurwitz formula, i.e., 2g − 2 = λ(2g′ − 2) + l(λ − 1). Then the Harvey

conditions (1) and (2) are satisfied. Moreover, if 2 divides λ, then the above integer l is

even. Then the Harvey condition (3) is also clear. q.e.d.

Let {Pi} be the set of the fixed points of φl,λ. Denote a neighborhood of Pi and

its parameter centered at Pi by Ui and ti, respectively. We set M = Σg × Σg, Φ =

φσ
l,λ × φl,λ : M → M and M ′ = M/〈Φ〉. Let π′ : M ′ → Σg′ be the natural morphism

induced from the second projection M → Σg. Let f : M̃ → M ′ be the minimal resolution

of the singularities on M ′, and π̃ : M̃ → Σg′ be the natural morphism induced from π′.

Since Φ|Ui×Uj
(ti, tj) = (e2πσi/λti, e

2πi/λtj), there exist l cyclic quotient singularities of

type (σ, λ) on each singular fiber of π′. From the construction, the irreducible decompo-

sition of each singular fiber of π̃ is written by λΣg′ +
∑l

j=1 Dj, where Σg′ is a Riemann

surface of genus g′ and Dj is the exceptional set of the minimal resolution of each singular

point so that Σg′Dj = 1 and DjDk = 0 (j ̸= k).

We calculate some invariants of M , M ′ and M̃ . Since M is a direct product, the

second Chern number c2(M) of M coincides with (2 − 2g)2. The Euler number of each

singular fiber of π̃ coincides with 2 − 2g′ + rl. Therefore

c2(M̃) = (2 − 2g)(2 − 2g′) + l(lr + 2(g − g′)). (4)

Set D = K
fM − f∗KM ′ . Let SignM (resp. SignM ′, resp. SignM̃) be the signature of

the intersection form on the 2-homology of M (resp. M ′, resp. M̃). (Note that, since

M ′ is a rationally homology manifold, SignM ′ is also well-defined.) Then the Hirzebruch

signature theorem says that SignM̃ = (1/3)(K2
fM

− 2c2(M̃)). Since the number of the

components of the exceptional set of f coincides with rl2, we have SignM ′ = SignM̃ +rl2.

Therefore

SignM ′ =
1

3
(K2

M ′ + D2 − 2c2(M̃)) + rl2.

From λK2
M ′ − K2

M = 0, c2(M) = (2 − 2g)2 and (4), we obtain

SignM ′ − 1

λ
SignM =

1

3
(K2

M ′ + D2 − 2c2(M̃)) + rl2 − 1

3λ
(K2

M − 2c2(M))

=
1

3
D2 +

1

3
rl2 − 2

3

{
(2 − 2g)

(
2 − 2g′ − 1

λ
(2 − 2g)

)
+ 2l(g − g′)

}
.

5



By the Hurwitz formula, we have

SignM ′ − 1

λ
SignM =

1

3
D2 +

1

3
rl2 − 2l2

3

(
λ − 1

λ

)
. (5)

On the other hand, the defect formula in Hirzebruch-Zagier [5], p.181, Theorem 2 implies

that

SignM ′ − 1

λ
SignM = −4l2s(σ, λ). (6)

Since M ′ has l2 cyclic quotient singularity, we have D2 = l2(K2
eX
−K2

X′). Thus, combining

the above (5), (6) and Proposition 4.1, we complete our geometric proof of Theorem 1.1.
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