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ON A RAMIFICATION BOUND OF SEMI-STABLE
TORSION REPRESENTATIONS OVER A LOCAL FIELD

SHIN HATTORI

ABSTRACT. Let p be a rational prime, k be a perfect field of char-
acteristic p, W = W (k) be the ring of Witt vectors, K be a finite
totally ramified extension of Frac(W) of degree e and r be a non-
negative integer satisfying r < p— 1. Let V be a semi-stable p-adic G k-
representation with Hodge-Tate weights in {0, ...,r}. In this paper, we
prove the upper numbering ramification group Gg) for j > u(K,r,n)
acts trivially on the mod p" representations associated to V', where
u(K,0,n) = 0, w(K,1,n) = 1+en+1/(p — 1)) and u(K,r,n) =
1—p "e(K(()/K)™ ' +e(m+r/(p—1)) for r > 1.

1. INTRODUCTION

Let p be a rational prime, k£ be a perfect field of characteristic p, W =
W (k) be the ring of Witt vectors and K be a finite totally ramified extension
of Ko = Frac(W) of degree e = e(K). Let the maximal ideal of K be denoted
by m, an algebraic closure of K by K and the absolute Galois group of K
by G = Gal(K/K). We normalize the valuation vx of K as vk (p) = e and

extend this to K. Let G%) denote the j-th upper numbering ramification

group in the sense of [7]. Namely, we put G%) = *~!, where the latter is
the upper numbering ramification group defined in [15].

Let Xk be a proper smooth scheme over K and put Xz = Xg Xg
K. Consider the r-th étale cohomology group HY (X, Q,) and its G-
stable Zy-lattices £ D £'. In [7], Fontaine conjectured the upper numbering

ramification group ng() acts trivially on the G-module £/L' for j > e(n+
r/(p—1)) if X has good reduction and this module is killed by p". For e = 1
and r < p — 1, this conjecture was proved independently by himself ([8], for
n = 1) and Abrashkin ([2], for any n), using the theory of Fontaine-Laffaille
([10]) and the comparison theorem of Fontaine-Messing ([11]) between the p-
adic étale cohomology groups of Xx and the crystalline cohomology groups
of the reduction of X . From this result, Fontaine also showed some rareness
of a proper smooth scheme over Q with everywhere good reduction (I8,
Théoreme 1]). In fact, they proved this ramification bound for the torsion
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2 SHIN HATTORI

representations of the crystalline p-adic representations of G i with Hodge-

Tate weights in {0,...,r} in the case where K is absolutely unramified.
On the other hand, for a semi-stable p-adic representation V' with Hodge-
Tate weights in the same range, a similar ramification bound for e = 1

and n = 1 is obtained by Breuil (see [4, Proposition 9.2.2.2]). He showed,

assuming the Griffiths transversality which in general does not hold, that if

e =1 and r < p— 1, then the ramification group G%) acts trivially on the

mod p representations of V for j > 2+ 1/(p —1).

In this paper, we prove a version of the result of Breuil for the case where
K is absolutely ramified, under the condition » < p — 1. Our main theorem
is the following.

Theorem 1.1. Let r be a non-negative integer such that r < p — 1. Let
V' be a semi-stable p-adic Gg-representation with Hodge-Tate weights in
{0,...,7} and L D L' be Gg-stable Z,-lattices in V. Suppose that the
quotient L/L' is killed by p™. Then the j-th upper numbering ramification

group G%) acts trivially on the Gx-module L/L' for j > u(K,r,n), where
0 (r=0),
w(K,r,n) = 1+e(n+p%1) (r=1),

1

L= ey teln+ ) (r>1)

3=
I

<

and e(K((p)/K) denotes the relative ramification index of the extension

K(G)/ K.

We can check that this bound is sharp for » < 1 (Remark 5.13). From
this theorem and [7, Proposition 1.3], we have the following corollary.

Corollary 1.2. Let the notation be as in the theorem and L be the finite ex-
tension of K cut out by the G g-module L/L'. Let D1 Kk denote the different
of the extension L/K. Then we have the inequality
vk (D k) < u(K,r,n)
forr >0 and v (D) =0 for r = 0.
For the proof of Theorem 1.1, we essentially follow a beautiful argument of
Abrashkin ([2]). We may assume p > 3 and r > 1. Thanks to Liu’s theorem

([14]) on the Gk-stable Zy-lattices in semi-stable p-adic representations, it
is enough to bound the ramification of the G x-module

T;;J,E(Mn) = HomS,FilT,qbr,N(Mna Ast,oo),

where M, is a p"-torsion object of a category Mod;’g);oN of filtered (¢, N)-
modules over S defined by Breuil ([3]) and Ay  is a p-adic period ring. We

may also assume ¢, € K and consider the finite Galois extension
Fy = K(7Y7" ¢ uin)

of K whose upper ramification is bounded by the same value as in the theo-
rem. Let L, be the finite Galois extension of F;, cut out by T . (My)|cp, -
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Then we bound the ramification of L, over K. For this, we show that to
study this G, -module we can use a variant over a smaller coefficient ring
Y of filtered (¢, N)-modules over S. In precise, let E(u) be the Eisenstein
polynomial of a uniformizer 7= of K over W and we set

% = Wilu, E(u)”/pl].

This ring ¥ is small enough for the method of Abrashkin, in which he uses
filtered modules of Fontaine-Laffaille ([10]) whose coefficient ring is W, to
work also in the case where K is absolutely ramified.

Acknowledgments. The author would like to pay his gratitude to Iku
Nakamura and Takeshi Saito for their warm encouragements. He wants
to thank Manabu Yoshida for kindly allowing him to include the proof
of Proposition 5.6. He also wants to thank Ahmed Abbes, Takeshi Tsuji,
Xavier Caruso and especially Yuichiro Taguchi, for useful discussions and
comments.

2. FILTERED (¢, N)-MODULES OF BREUIL

In this section, we recall the theory of filtered (¢,, N)-modules over S
of Breuil, which is developed by himself and most recently by Caruso and
Liu (see for example [3], [5], [14], [6]). In what follows, we always take
the divided power envelope of a W-algebra with the compatibility condition
with the natural divided power structure on pW.

Let p > 3 be a rational prime and ¢ be the Frobenius endomorphism of
W. We fix once and for all a uniformizer 7 of K and a system {m, }nez., of
p-power roots of 7 such that 7o = 7 and m, = 7h_ | for any n. Let E(u) be
the Eisenstein polynomial of 7 over W and set S = (W[u]"P)", where PD
means the divided power envelope and this is taken with respect to the ideal
(E(u)), and A means the p-adic completion. The ring S is endowed with
the o-semilinear endomorphism ¢ : u — P and a natural filtration Fil’S
induced by the divided power structure such that ¢(Fil’S) C p'S for any
non-negative integer t. We set ¢y = p~'¢|pyrg and ¢ = ¢1(E(u)) € S*. Let
N denote the W-linear derivation on S defined by the formula N(u) = —u.
We also define a filtration, ¢, ¢¢, N on S, = S/p"S similarly.

Let r € {0,...,p — 2} be an integer. Set ’Mod;’s‘?’N to be the category
consisting of the following data:

e an S-module M and its S-submodule Fil" M containing Fil"S.M,
e a ¢-semilinear map ¢, : Fil" M — M satisfying

Gr(srm) = ¢r(sy)p(m)

for any s, € Fil"S and m € M, where we set ¢(m) = ¢~ "¢, (E(u)"m),
e a W-linear map N : M — M such that
— N(sm) = N(s)m + sN(m) for any s € S and m € M,
— E(u)N(Fil' M) C Fil' M,
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— the following diagram is commutative:

Filr M —2 M

E(u)Nl lcN

FIITM ¢—> M,

and the morphisms of / Mod;’g’N are defined to be the S-linear maps preserv-
ing Fil"” and commuting with ¢, and N. The category defined in the same

way but dropping the data N is denoted by ’ Mod;’g. These categories have

obvious notions of exact sequences. Let Mod;’gl’N denote the full subcate-

gory of / Mod;’;?’N consisting of M such that M is free of finite rank over Sy

and generated as an Si;-module by the image of ¢,.. We write Mod" 2™ for

/Soo
;g’lN and is stable under

extensions. We let Mod;’g)’N denote the full subcategory consisting of M
such that

the smallest full subcategory which contains Mod

e the S-module M is free of finite rank and generated by the image of

ér,
e the quotient M /Fil" M is p-torsion free.

We define full subcategories Mod"? , Mod"?? and Mod"?¢ of ‘"Mod"¢ in a

¢ /817 /8o /s O Mods
similar way. For M € Mod;’g’N (resp. Mod;’g), the quotient M /p" M has

a natural structure as an object of Mod;’g’;oN (resp. Mod;’goo).

For p-torsion objects, we also have the following categories. Consider the
k-algebra k[u]/(u?) = S /FilPS; and let this algebra be denoted by S;. The
algebra S is equipped with the natural filtration, ¢ and N induced by those
of S. Namely, Fil'S; = u®S), ¢(u) = u? and N(u) = —u. Let ’Mod;’gl’N
denote the category consisting of the following data:

e an S;-module M and its S;-submodule Fil” M containing " M,
e a ¢-semilinear map ¢, : Fil'’ M — M,
e a k-linear map N : M — M such that

— N(sm) = N(s)m + sN(m) for any s € S; and m € M,

— u*N(Fil"M) C Fil" M,
— the following diagram is commutative:

Filr M —2r

- ov

Fil'mM —— M,

ér
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and whose morphisms are defined as before. Its full subcategory Mod;’g’N
1
is defined by the following condition:

e Asan S;-module, M is free of finite rank and generated by the image
of ¢,.
We define categories ’ Mod;’g and Mod;’g similarly.
1 1
Let D be a weakly admissible filtered (¢, N)-module over K satisfying
Fil’Dg = Dy and Fil" "' Dy = 0. Set Sk, = S@w Ko and D = D ®[, Sk,
Then the Sk,-module D is equipped with the natural ¢-semilinear map ¢®o
and Kjy-linear derivation N ® 1 + 1 ® N, which are denoted by ¢ and N,
respectively. We define a filtration on D inductively by Fil"D = D and

Fil'"'D = {x € D | N(x) € Fil'D and f,(x) € Fil'"' Dy},

where fr : D — Dy is induced by the map S — Ok sending u to 7. An
S-submodule M of D is said to be a strongly divisible lattice of D if the
following conditions are satisfied:

e the S-module M is free of finite rank,
° M Rw Ko =D,
e M is stable under ¢ and N, R R
e ¢(Fil" M) C p" M, where we set Fil'’M = M NFil"D.
We put ¢ = p~" @y o~ Then the S-module M is generated by gbr(Fil’"M)

(I3, Proposition 2.1.3]) and we can consider M as an object of Mod;’g’N.

Let Acrys and /lst be p-adic period rings. These are constructed as follows.
Set R to be the ring

R=1im(Og/pOg « O /pOg + ---),
where every arrow is the p-power map. For an element = = (z;)icz., € R
and an integer n > 0, we set

— Tim &P
(O W}Lnéongn € Oc,

where z; is a lift of ; in O and Oc is the p-adic completion of Og. Let
vp denote the valuation of O¢ normalized as vy,(p) = 1. Then the ring R is
a complete valuation ring whose valuation of an element x € R is given by
vr(r) = vy(2(?)). We define a natural ring homomorphism 6 by

0:W(R) — Oc¢
(xo,x1,...) — Zp”a:,(l").
n>0

Then Aerys is the p-adic completion of the divided power envelope of W (R)
with respect to the principal ideal Ker(6) and Ay is the p-adic completion
of the divided power polynomial ring Acrys(X) over Acrys. We set Acrys oo =
Acrys @w Ko/W and Ag oo = Ag @w Ko/W. Put © = (n)nez,, € R, where
we abusively let 7, denote the image of m, € O in O /pOg. These rings
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are considered as S-algebras by the ring homomorphisms S — flst and flst —
Acrys which are defined by u — [7]/(1 4+ X) and X +— 0, respectively. The
ring Acrys is endowed with a natural filtration induced by the divided power
structure, a natural Frobenius endomorphism ¢ and the ¢-semilinear map
bt = p Lol gy Acrys® With these structures, Acrys and Aerys oo are considered

as objects of / Mod;’g?. Moreover, the absolute Galois group G acts naturally

on these two rings. As for Ast, its filtration is defined by

R Xt .
Fill Ag = ¢ ai | ai € Fil' 7" Agyys, lima; =0
. 71— 00
1>0

and the Frobenius structure of A..ys extends to Ast by
o(X) =(1+X)P -1,
Pt = p7t¢|FiltAst‘

We write N also for the Agys-linear derivation on Ay defined by N(X) =

1+ X. The rings /lst and ASt’oo are objects of ’Mod;’g’N. The G k-action on

Acrys naturally extends to an action on Ay Indeed, the action of g € Gg
on Ag is defined by the formula

9(X) = e(9)](1 + X) — 1,

where g(m,) = en(9)m, and €(9) = (en(9))nez., € R with the abusive
notation as above. -

These rings have other descriptions, as follows. For an integer n > 1, put
W, = W/p"W and let W,,(O % /pOjf) be the ring of Witt vectors of length n
associated to O /pOj. We define a W,,-algebra structure on W,, (O /pOj)
by twisting the natural W,,-algebra structure by ¢~". Then the natural ring
homomorphism

O : Wn(Og /pOg) — O /p"Og
n—1 ]
(g, ...,an_1) Zpidfn_l,

i=0

where a; is a lift of a; in O, is Wy, -linear. Let us denote
W, P(Og /pOg)

the divided power envelope of W,, (O /pO ) with respect to the ideal Ker(6,,).
This ring is considered as an S-algebra by u + [m,]. This ring also has a
natural filtration defined by the divided power structure, and a natural G g-
module structure. The Frobenius endomorphism of the ring of Witt vectors
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induces on this ring a ¢-semilinear Frobenius endomorphism, which is de-
noted also by ¢. Then, by the S-linear transition maps

Wi (Og/pOg) — W, P(Og [pOk)

(a07 e 7an) = (CLS, ce 7a£)z—1>7
these S-algebras form a projective system compatible with all structures.
Using this transition map, a ¢-semilinear map
¢r : F'W,P (O /pO) — W P(Og /pOg)

is defined by setting ¢, (x) to be the image of p~"¢(&), where & is a lift of
T in FilTWEJB,(OK /pOf). By definition, the maps ¢, are also compatible
with the transition maps. The S-algebra WP (Og /pOf) is considered as
an object of / Mod;’g. Then we have a natural isomorphism in ’ Mod;’g’

Acrys/pnAcrys - WED(OK/pOf()
(.’L'(], cee 7'7;77,—1) = (xO,n7 ) wn—l,n)v
where we set z; = (@i ) kez-,-
Similarly, the divided power polynomial ring
W, P (O /pOg)(X)

over WPP(Og /pOg) is considered as an S-algebra by u — [m,]/(1 + X).
This ring has a natural filtration coming from the divided power structure.
We define a Gi-action on this ring by

9(X) = [en(g)l(1+ X) — 1.
We also define a ¢-semilinear Frobenius endomorphism, which we also write
as ¢, by ¢(X) = (1+ X)? — 1 and a WFP(Og /pOg)-linear derivation N
by N(X) = 1+ X. These rings form a projective system of S-algebras
compatible with all structures by the transition maps defined by the maps
above and X +— X. We define ¢-semilinear maps

¢ Fil'W, P (O [pOg)(X) — WP (O /pOg)(X)
compatible with the transition maps as before. The S-algebra WP (O /pOr)(X)

is considered as an object of ’ Mod;’g’N and there exists a natural isomor-

phism in ’ Mod;’g)’N

Ast/pnAst - WED(OR/POR)<X>
(330’ sy $n—1) = (xO,na <. 7xn—1,n)
X—X

which is G i-linear.
Put K,, = K(m,) and Ko = U,K,. For M € Mod" &V we define a

/Sec
G i-module T (M) to be
T (M) = Homg pirr g, v (M, Asto0)-
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When M is killed by p”, we have a natural identification of G x-modules
T3, (M) = Homg pir 4,5 (M, W, P (O /pOg )(X)).
Note that the G g-module on the right-hand side is independent of the choice
of m, for k > n. Since the natural map
WP (O [pOg)(X) = WyP(Ok [pO)
X—0

is by definition Gk, -linear, we also have a Gk, -linear isomorphism ([3,
Lemme 2.3.1.1])

T% - (M)lay, — Homgpir o, (M, WP (O /pO)).

A variant of filtered (¢,, N)-modules over S is also introduced by Breuil
and Kisin, and developed also by Caruso and Liu (see for example [12],
[13], [14], [6]). Put & = W]([u]] and let ¢ : & — & be the o-semilinear
Frobenius endomorphism defined by ¢(u) = wP. Let ' Mod;’g denote the
category consisting of the following data:

e an G-module 9N,
e a ¢-semilinear map 9 — 9N, which is denoted also by ¢, such that
the cokernel of the map 1 ® ¢ : ¢*IM — M is killed by E(u)",
and whose morphisms are defined as before. The full subcategory of ’ Mod;’g
consisting of M such that MM is free of finite rank over &/p& (resp. over &)
is denoted by Mod;’g1 (resp. Mod;’g). We let Mod;’goo denote the smallest
full subcategory which contains Mod;’gl and is stable under extensions, as

before. Then we have an exact functor ([6, Proposition 2.1.2], see also [12,
Proposition 1.1.11])
Me,, : MOdTéi — Modgi.

For 9t € Mod” , the filtered ¢,-module M = Mg, (M) over S is defined
as follows:
e M=S5 R¢,& oM,
o Fil' M = Ker(M % S @ M — (S/Fil'S) @ M),
o ¢ Fi'M X Fil'S 0 M 5! S @46 M = M.
We write Mg for the functor Mod;’g — Mod;’;? defined similarly.
Finally, let D and D be as above and M be a strongly divisible lattice in
D. The S-module M,, = M /p" M has a natural structure as an object of

Mod;’gzoN. We set a G-module Ts*tyﬂ(/\/l) to be

Tsi,ﬂ(/\%) = Homg pirr ¢, (M, Agt).

Then we have an exact sequence of G g-modules

0 — T2 (M) 25 T2 (M) — T2 (M) — 0.
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The G g-module Ts*tﬂ (M) is naturally considered as a G'i-stable Zy-lattice

in V3 (D). By Liu’s theorem ([14, Theorem 2.3.5]), the functor Ts*tm gives
an anti-equivalence of categories between the category of strongly divisible
lattices in D and the category of Gi-stable Z,-lattices in V(D). Moreover,
for such a lattice £, its corresponding strongly divisible lattice M in D is in

the essential image of the functor Mg ([14, Subsection 3.5]).

3. FILTERED ¢,-MODULES OVER X

In this section, we define another variant of filtered ¢,-modules over S
and prove its properties.

Let p > 3 be a rational prime and r be an integer such that 0 <r < p—1.
Consider the W-algebra ¥ = W{[u, Y]]/(E(u)? — pY) as in [3, Subsection
3.2]. We regard ¥ as a subring of S by the map sending Y to E(u)P/p.
Then the element ¢ = ¢1(E(u)) € S* is contained in ¥*. We define on ¥ a
o-semilinear Frobenius endomorphism ¢ by ¢(u) = u? and ¢(Y) = pP~1cP.
Put Fil'S = (E(u)!,Y) for 0 < ¢ < p—1 and Fil’Y = (V). Then we have
P(Fil'Y) C p'S for 0 < t < p—1. We put ¢y = p'¢|pys. We also set
¥, = X/p™¥ and put on this ring the natural structures induced by those
of 3.

We define a category ’Mod;’;5 of filtered ¢,.-modules over ¥ to be the

category consisting of the following data:
e a Y-module M and its X-submodule Fil"M containing Fil">.M,
e a ¢-semilinear map Fil"M — M satisfying ¢, (s,m) = ¢r(sr)@(m) for
any s, € Fil"Y and m € M, where we set ¢(m) = ¢~ "¢, (E(u)"m).
and the morphisms are defined in the same manner as’ Mod;’g. This category
has a natural notion of exact sequences. We define its full subcategory
Mod;’g1 to be the category consisting of M which is free of finite rank and

generated by the image of ¢, as a ¥1-module. We also let Mod}"’g’oO denote

the smallest full subcategory of ’ Mod?’g which contains Mod;’g1 and is stable
T’d)

under extensions. Moreover, we define a full subcategory Mod;’g of "Mod /5
to be the category consisting of M such that

e the Y-module M is free of finite rank and generated by the image of

¢7‘7
e the quotient M /Fil"M is p-torsion free.

Then we see that for M € Mod?’g,

sidered as an object of Mod;’goo.

the quotient M / p"M is naturally con-

The natural ring isomorphism 3 /FilP¥; = S, defines a functor Ty :

Mod;’g1 — Mod;’g)1 by M +— M/FilPY;.M. Then [3, Proposition 2.2.1.3]

and Nakayama’s lemma shows the following.
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Lemma 3.1. Let M be an object of Mod;’g1 of rank d over ¥1. Then there
exists a basis {e1,...,eq} of M such that Fi'M = ¥ju"e; @ --®X1u"deq+
FilP¥1.M for some integers r1,...,7q with 0 < r; < er for any i.

Then we can show the following lemma just as in the proof of [3, Lemme
2.3.1.3].

Lemma 3.2. The functor
M — HomE,FilT,gZ)T (M7 Acrys,oo)

from Mod;’goo to the category of G -modules is exact.

For M € Mod;’gl, we can show as in the case of the category Mod;’g’l that

there is an isomorphism of G'x,-modules
HOIHE,FiF,d)T(M, (OK/pOR)PD) — Homgl,Filr,(br (T(](M), OK/pOK),
where O /pOj is considered as an object of / Modg"z> by the natural isomor-
1
phism
(Og/pOR)P [FilP (O /pOg)™P — Of [pOk.
Thus [3, Lemme 2.3.1.2] implies that, for such a ¥;-module M, we have
#Homs pir 4, (M, (O /pOg)"P) = p*,

where d = dimy,, M.
For the category Mod;’g, we can show the following lemma just as in the

proof of [14, Proposition 4.1.2].

Lemma 3.3. Let M be in Mod;’g. Then there exists ay,...,qq € M such

that Fil' M = Yoy @ - - ® Yag + FilPX.M, E(u)"™M C Sa; @ - ® Yoy and
the elements e; = ¢p(1),...,eq = ¢r(ag) form a basis of M.

Corollary 3.4. Let M be in Mod;’g and A be a X-algebra which has a

structure as an object of ’Mod;’g. Let C € My(X) be the matriz such that

(al,...,ad) = (61,...,6d)0

with the notation of the previous lemma. Then a X-linear homomorphism
f: M — A preserving Fil" also commutes with ¢, if and only if

¢T(f(elv s 7€d)0) = (f(el)a SRR f(ed))
Proof. Suppose that the latter condition holds. By assumption, we have

E() (e1,...,eq) = (a1,...,aq)C’
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for some C’ € My(X). We claim that f commutes with ¢. Indeed, we have
o(f(er,....ea)) = c "o (E(u) (fler),..., flea)))

=c "o ((flen), ..., faa))C")

=c "f(e1,...,eq)p(C")

=c "f(dr(oa, ..., 0q))d(C)

=c " f(or(E(u) (e1, ..., eq))) = floler, ... eq))
This implies ¢, o f = f o ¢, also on FilPX. M.

([l

Corollary 3.5. Let M and A be as above and J C Fil" A be an ideal of A
such that ¢.(J) C J. We can consider the X-algebra A/J naturally as an
object of’Mod;’g. Suppose that for any x € J, there exists t € Z>qo such that

¢L(x) = 0. Then we have an isomorphism
Homs; pirr 6, (M, A) — Homy, pirr g, (M, A/ J).

Proof. Let f: M — A/J be an element of the abelian group on the right-
hand side and #; be an lift of f(e;) in A. By the previous corollary, it is
enough to show that for any (¢1,...,¢q) € J%, there is a unique solution
(415 .,0q) € J¢ of the equation

(C1-eey8d) + (@r (@) Or(94))B(C) = (1, - - -, Ja)-
By assumption, the d-tuple
t

D (@), -, ¢ (ea) ' (C)g"HC) - §(C)

i=0
is stable for sufficiently large ¢ and we see that this limit gives a unique
solution of the equation. O

For an &-module 9 in Mod;’goO (resp. Mod;’g), we associate to it a

Y-module M €’ Mod;’g as follows:
o M =X R®4sM,
o Fil' M = Ker(M "2’ ¥ 06 M — (Z/FIl'S) @6 M),
o ¢ FiI'M " FI'S 0 M3 L oyeM= M.
We can check that this defines an exact functor Mod;’gm — Mod;’goo (resp.

Mod;’g — Mod;’g) as in the proof of [12, Proposition 1.1.11]. We let this

functor be denoted by Mg_ (resp. Ma).

Proposition 3.6. Let 9 be an object of Mod?’gOo which is killed by p™. Set
M = Mgs__(O) and M = Me_ (9N). Then there exists a natural isomor-
phism of Gk, -modules

Homy: pirr ¢, (M, WP (O /pOg)) — Homg pirr g, (M, Wi P (O /pOg)).
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Proof. By definition, M = § ®y M and we have a natural isomorphism
Homs; (M, Wy, (O /pOg)) — Homg(M, WP (O /pOk)).

Let f be an element of Homsy: pirr 4, (M, WP (O /pOg)) and f’ be the image
of f in the right-hand side of the above isomorphism. Let us check that f’
preserves Fil” and commutes with ¢,.. Since f’ is S-linear, it maps Fil?S.M
into FilPWPP (O /pOg). For x € Fil' M NIm(M — M), the commutative
diagram whose right vertical arrow is an isomorphism

M=%@,sM —22, Y geM —— S/Fil'S @M

| ! l

M=S@seM —22, S@gM —— S/Fi'S @M

implies x € Im(Fil"M — Fil" M) and thus f'(z) € Fil'W'P(Ox /pOg).

As for the compatibility with ¢, again by the S-linearity of f’ it suffices
to show f'(¢.(z)) = ¢ (f'(x)) for 2 € FI'MNIm(M — M) = Im(Fil"'M —
Fil"M). This follows from the commutative diagram

FirmM 2 M —L . WPP(Og /pOg)

FilrM —2 M —L s WPP(O /pOg).
Hence the map in the proposition is well-defined and injective. To prove
the bijectivity, by devissage we may assume that p9t = 0. Then both sides

of this injection have the same cardinality by the above remark. Thus the
proposition follows. O

4. A METHOD OF ABRASHKIN

In this section, we study the G, -module Homsy gir 4, (M, WEP (O /pOf))
following Abrashkin ([2]).

Let p > 3 and 0 < r < p— 1 be as before. Consider the Lubin-Tate
logarithm

P p"
Z(X>:X+X7+...+X7n_|_...
p p

and put ¥(X) = [71(log(1 + X)). Then 1 gives a strict isomorphism of
formal groups between the formal group associated to the logarithm [(X)
and the multiplicative group Gy over Zy,. We fix a system of p-power roots
of unity {(pn }nez., such that ¢, # 1 and (n = anﬂ for any n, and set an

element ¢ of R to be ((yn)nez.,. Then the elements [¢] — 1 and [e/P] —1
are topologically nilpotent in W (R) and the element of W (R)

t = (] = 1)/v(E/?] - 1)
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is a generator of the principal ideal Ker(6). The element Z = ([g] —1)P~!/p
of Acrys is topologically nilpotent and ¢(t) is contained in the subset

p(1+ ZW(R)[[Z]])
of Acrys ([2, Subsection 1.8]). We set
A=W(R)[[Z]] C Acys.

Lemma 4.1. The element t/p of Acwys is contained in the subring A and
topologically nilpotent in this subring.

Proof. Put t = ([g] — 1)/([¢"/?] — 1). This is another generator of Ker(6).
We have ) .
— 1) "p—
([Q] 1) _ (t) . ([gl/p] o l)p—l
p p
and 0([e"/?] —1) = ¢, — 1. Take an element a € W(R)* such that 0(a) =

(¢ — 1)P~1/p. Then we have

([e] =P

p
for some b € W(R)*. Indeed, to show b € W(R)*, it suffices to check
that the element ([¢'/?] —1)P~! — pa of Ker(6) also generates this ideal. This
follows from the fact that the O-th entry (/7 —1)P~! of this element satisfies
vr((€/P — 1)P=1) = 1. Then we see that (#)?/p is topologically nilpotent
because so is ¢’ in W(R). O

= a(t) b o

In the following, we set the element a in the proof of the lemma to be
p—2
a=3"p  (~1P R, 1O = DV,
k=1

where ,_1Cy, = (p—1)!/(kl(p—1—k)!) is the binomial coefficient. Note that
the coefficient of [¢1/P]¥ in each term is an integer.

From this lemma, we can consider the ring A as a Y-algebra by u — [x].
Put Fil'A = (#,Z) for 0 < i < p — 1. The Frobenius endomorphism ¢
of Acrys preserves A and satisfies ¢(Fil'A) C piA for 0 < i < p— 1. Set
¢r = p~"¢|pyr 4 Then we can consider the ring A also as an object of the
category ’Modj’g, and similarly for A, = fl/p”fl and A, = A @y Ko/W.
The absolute Galois group Gk, acts naturally on these X-algebras. The
following lemma is used implicitly in [2].

Lemma 4.2. We have a natural decomposition

A =R/(") @ (2).

Proof. Consider the natural inclusion W(R) — A. First we claim that this
induces an injection R/(t’) — A;. Let x be in the ring R. If the element
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[x] € W(R) is contained in pA, then its image in Acrys/PpAcrys is zero. We
have an isomorphism of R-algebras

R[ifla Yé, .. -]/(tpv }/1P7 Y2pa .. ) - Acrys/pAcrys

which sends Y; to the image of ' /(p%)!. Thus the inequality vg(z) > p
holds. Conversely, if vg(x) > p, then we have

[2] = w(®(le] = P + pu’

for some w, w’ € W(R) and this implies [z] € pA.
Let us consider the commutative diagram of R-algebras

R/(t)

A
G
/(Z).

A
By definition, the left downward arrow is surjective. We claim that this
arrow is an isomorphism. Indeed, let x be in the kernel of this surjection.
From the proof of Lemma 4.1, we see that the image of Z in the ring on the

left-hand side of the above isomorphism can be written as a/tP~! + b'Y; for
some a’,b’ € R*. By assumption, in this ring, we have

r=c (At VY + (@ VYR pr (a/ P+ Y )PE

for some elements cy,...,c,—1 of R. Then we see that ¢; = 0 for any ¢ and
vgr(x) > p. This concludes the proof. O

Since r < p — 1, from this lemma we can show the following lemma as in
the proof of [3, Lemme 2.3.1.3].

Lemma 4.3. The functor
M — HomE,FiIT@T (M, Aoo)

from Mod;’gm to the category of Gk -modules is exact.

Corollary 4.4. For any M € Mod;’goo, the natural map

Homy; pijr 6, (M, Aso) — Homs, pirr . (M, Acrys 0o)
s an isomorphism of Gx._ -modules.

Proof. By Lemma 3.2 and Lemma 4.3, we may assume pM = 0. Consider
the commutative diagram of rings

~

A1 — Acrys/pAcrys

|

R/(t7~)
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whose downward arrows are defined by modulo Fil?~! of the rings A, and
Acrys/PpAcrys, respectively. Since r < p — 1, we have d)r(Filp_lfll) = 0 and
similarly for the ring Acrys/pAcrys. Thus these two surjections induce on
the ring R/(tP~1) the same structure of a filtered ¢,-module over 3. Hence,
as in the proof of Corollary 3.5, we see from Lemma 3.1 that we have a
commutative diagram

HomE,Fﬂﬁ(ﬁr (M, Al) > HomZ,FilT,qﬁr (M, AcryS/pAcryS)

T

Homy, pirr ¢, (M, R/ (t"~1))
whose downward arrows are isomorphisms. This concludes the proof. O
We sketch the proof of the following lemma stated in [2, Subsection 3.2].

Lemma 4.5. The natural inclusion W(R) — A induces an isomorphism of
W (R)-algebras Wy, (R)/(¢([e] — 1)P~1) — A, /(Z).

Proof. For a subring B of Ays, put
I¥1B = {x € B | ¢'(z) € Fil*Aepys for any i }
as in [9, Subsection 5.3]. Then we have IFIW (R) = ([g] — 1)*W (R) and the
natural ring homomorphism
W (R)/TFIW (R) — Acrys/ T Acrys

is an injection (]9, Proposition 5.1.3, Proposition 5.3.5]). Since the element
Z is contained in the ideal I [p*”AcryS, this injection factors as

W(R) /TP~ YW (R) — A/(Z) — Acrys/TP "V Acrys.
Hence the former arrow is an isomorphism and the lemma follows. [l

Since the ideal (Z) of A, satisfies the condition of Corollary 3.5, the Y-
algebra A, /(Z) is naturally considered as an object of’ Mod;’g. We also give
the ring W, (R) /(1 ([g] — 1)P~1) the structures of a Y-algebra and a filtered
¢r-module over X induced by those of A,/(Z). The map

S = Wa(R)/(¥(le] = 1))
sends the element u € ¥ to the image of [r] in the ring on the right-hand

side. Put v =¢'/E([x]) € W(R)* with the notation of Lemma 4.1. As for
the element Y € X, the equality

Y = —ab ' E([n]))P +wb w2

holds in A, where a and b are the elements in W(R)* as in the proof of
Lemma 4.1 and the remark after this lemma, and w € W(R)* is a power
series of [¢] — 1. Hence the above homomorphism sends the element Y to
the image of —ab~ v~ E([x])P~L.
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Consider the surjective ring homomorphism
R— O /pOgk
x = (20, 21,...) — Tp
and the induced surjection W, (R) — W, (Og/pOf). Let
J ={(z0,...,xn-1) € Wp(R) | vr(z;) > p" for any i }
be the kernel of the latter surjection.

Lemma 4.6. The ideal J is contained in the ideal (1([g] — 1)P~1) of the
ring Wn(R).

Proof. Write ([g] —1)P~! also as = (20, ..., 2Zn_1) € W, (R) with vg(zo)
p. Take an element z = (zp,...,2,—1) in the ideal J. We construct y
Wy (R) such that xy = z. By induction, it is enough to show that if z
cvoo = z;-1 = 0 for some 0 < i < n—1and (xg,...,24)(0,...,0,9;) =
(0,...,0,2) in Wit1(R), then z(0,...,0,y;,0,...,0) € J. Let us write this
element as (0,...,0,w;, ..., w, 1) with w; = z;. We have vg(y;) > p"—p'tl.
In the ring of Witt vectors W, (F,[Xo, ..., Xn-1,Y0,...,Ys—-1]), the k-th
entry of the vector

(Xo, ..., Xn-1)(0,...,0,Y;,0,...,0)

N m I

0 k—1i
is XV VP for any k > i. Thus we have vg(wy) > p™. 0

Note that the elements [(yn]—1 and [(yn+1]—1 is nilpotent in W, (O /pOf ).
By the above lemma, we have an isomorphism of rings
Wa(R)/(¥([e] = 17 — WalOg/pOg)/ (([Gn] — 1P TH).
We give the ring on the right-hand side the structure of a filtered ¢,-module
over Y induced by this isomorphism.
Put F, = K,,({yn+1). For an algebraic extension F' of Fy,, let us consider
the ideals
M r = {(20,...,2n-1) € Wp(Op/pOr) | ; € mp/pOF for any i }
mpr = {(20,...,2n-1) € Wy(OF) | z; € mp for any i }
of W,(Op/pOr) and W, (OF), respectively. The elements [(,»] — 1 and
[Cpn+1] — 1 are topologically nilpotent in W,,(OFf) and we define an element
t € W,(OF) to be

t=v([Gr] = D/9([Grar] = 1)

Note that these elements are non-zero divisors of W;,(OFr). Let the ring
Wn(Or /[pOF) /1([Gpn] — 1) i,

be denoted by /_ln,py,ur. We also put m,, = My, > M = My, and /_lmur =

An,k P
For an algebraic extension F' of K, we put

bp={z € Op | vg(x) >er/(p—1)}
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Note that the ring Op /b is killed by p. When F' contains F),, we also put
A et = Wa(Op/bp) /$([Gpr] = 1), -

Then, for 0 < r < p — 1, we have natural isomorphisms of rings
Wi(OF) /Y ([Gn] = D' M r — Appry — AL gy

Indeed, as in the proof of Lemma 4.6, we can show that both of the kernels
of the maps W, (Or) — W,(Or/pOF) and W, (Or) — W,(Or/br) are
contained in the ideal ¥([(yn] — 1)"my p of the ring W, (Ofp). We often

. . . Al _ 1/
identify these rings. We also put A;, ., = An,f(,r+'

Write Z, for the image of the element Z of Aeys in WEP(Og/pOg).
Then we have a commutative diagram of Y-algebras

An Acrys /pnAcrys
1§
WrP(O /pOk)
Wi (R)/(([Gpn] = 1P ———= A,,/(2)
i \
Wi(Og /pOg)/(Y([¢pn] = 1)P7H) WrP(Og /pOg)/(Zn),

An,r—‘r
1§
‘Zl;z,r+

where all vertical arrows are surjections satisfying the condition of Corollary
3.5. Thus we see that this is also a commutative diagram in ’ Mod;’g. Note
that these rings and homomorphisms are independent of the choice of a
system {(pn }nez.,. Moreover, let M be in Mod%’ and put M, = M /p"M.
Then, by Corollary 3.5 and Corollary 4.4, we have a natural isomorphism of
abelian groups

Homs pirr g, (M, WP (O /pOg)) =~ Homy pirr g, (My, Apyt).

To study Gp,-actions on both sides of this isomorphism, we need the
following proposition.

Proposition 4.7. The image of the element Y € Y in the ring flmH 18
contained in its subring A, F, ry.
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Proof. We have the equality
([g"7] = 1P~ = pa — E([x])bv

in W(R). By definition, we see that the images of the elements a, [¢'/?] and
E([x]) in W,,(Of /pOj) are contained in the subring W,,(OF, /pOF,). Write
B for the product bv € W(R). Let ay, 5, and «, denote the images of the
elements a, 3 and pa— ([e1/P] —1)P~! in the ring W, (O /pOf ), respectively.
Then the element «, is also contained in the subring W,,(Op, /pOF, ). Now
we have the equality

E([”n])ﬁn = Qlp.

Note that any element 3, € W, (O /pOk) satisfying the same equality
is invertible and thus the elements (3,) ' E([r,]) are equal to each other.
Since Y = —a, 3, E([m,])P~! in A, 4, it suffices to construct an element
B, in the ring W,,(OF, /pOF, ) such that the equality E([m,])3], = ay holds.
Take a lift &y, of ay, in W, (OF,). Since E([m,]) € Wy(Og) divides every
element in the kernel of the surjection W, (Og) — Wy, (Ox/pOfk), we have
E([mn))f, = é, for some 3, € W,(Of). Then the element (3, is contained
in the subring W, (O, ) and we set 3, to be the image of 3.

By a similar argument, we can also check that the ring A, g, is a subring
of A, 1 and coincides with the image of W,,(Or) in A,,,+. This concludes
the proof. O

_ Let t, and ¢, be the images of t € W(R) in W,,(Or/pOf) and Ay, .1 (or
Aj, 1), respectively. Then ¢ is a lift of ¢, and %, to W,(Og) by the natural
surjections

Wn(Og) — Wn(Og/pOg) — Anys
Note that we defined the filtration of Anﬂq, as Filrﬁimur = 7:7,An,r+~

Lemma 4.8. Let T be in Filrzzlnﬁr. Then we have

¢r(7) = ¢(y) mod P([¢pn] — 1) Mn,

where y is any element of W, (O /pOg) such that the element t)y is a lift
of T. In particular, the right-hand side of the above equality is independent
of the choice of a system {Cp"}neZzo- Similar assertions also hold for the
ring

WO /pOg)/ (W([Gn] = P

Proof. Since the filtered ¢,-module structure of A, . is induced from that
of A and ¢r(t") = 1 mod Z in /l, we see that there exists an element y as
in the lemma.

To prove the independence of the choice of a lift, let z = (2g,...,2,-1)
be an element of W, (Og /pOg) killed by t,. The element z is also killed by
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p — [pn], where p, = p'/P". This implies

Pnzo € POg
zg +pn—121 € pOf;

Zﬁ_g + pirzn—1 € pOf

and vpy(2g) > 1 —1/p"* for 0 < k < n — 1. Repeating this, we see that if
z is killed by ¢, then vy (2;) > 1 — r/p"*. For such an element z, we have
#(z) = 0 in the ring W, (O /pOf).
Let y; and yo be elements as in the lemma. Then we have
Y1 —y2 = P([(nt1] = 1)"w + 2,

where w € m,, and z is an element as above. The Frobenius endomorphism
¢ sends the element on the right-hand side to an element which is contained
in the ideal 1([¢yn] — 1)"m,. Thus the assertions for the ring A, 4 follows.
We can show the assertion for the ring W, (Ox/pOg)/(W([¢{m] — 1)P71)
similarly. (I

From this lemma and Proposition 4.7, we see that the natural G, -actions
on the rings W,,(Or/pOg)/(([Gr] = 1P7), Ay and A, are compat-
ible with the filtered ¢,-module structures over 3. In the commutative
diagram above, the lowest horizontal arrow and lower right vertical arrow
are G'p, -linear by definition. Hence we have shown the following proposition.

Proposition 4.9. Let M be in Mod;’g and put M, = M/p”M. Then we
have an isomorphism of G, -modules
Homg pirr ¢, (Mn, Anry) ~ Homy pirr o, (Mp, Wy P (O /pOg)).
Let ey, ...,eq be a basis of M as in Lemma 3.3 and C' = (¢; ;) € My(%)

be the associated matrix representing ¢, as in Corollary 3.4. Then the
underlying G, -set of the G,-module

Homy: pir o, (Mp, Ap i)

is identified with the set of d-tuples (Z1,...,%q) in /LMJF such that c1 ;Z1 +
o+ cqiTq € Fil" Ay, 4 for any 7 and the following equality holds:
Or(c1,1Z1 + -+ + €41Tq) = T1
(1) :

d)r(cl,dfl + -+ Cd,di"d) = Z4.
We choose a lift (¢;;) € Mg(W,(OF,)) of the image of C' in My(A,,+) by
the natural ring homomorphism

Wn(Og) = Wa(Og /pOg) — A+

Fix a polynomial ®; € Z[Xy, ..., X,—1] such that ®; = X? mod p. This
induces for any commutative ring B a map ® = (&, ..., ®,_1) : W,(B) —
Wy (B) which is a lift of the Frobenius endomorphism on W, (B/pB). In
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particular, set B to be the polynomial ring Z[Xo, ..., X,—1,Y0,...,Yn1]
Put X = (Xo,...,X;,—1) and Y = (Yp,...,Y,,—1) in the ring W,,(B). Then
we see that there exists elements Uy, ..., Uy,—1 and U, ..., U], _; of the poly-
nomial ring B such that

QX +Y)=0(X)+2(Y) + (pUo, . .., pUp—1),
O(XY)=d(X)(Y) + (pUf, ...,pU._1)
in the ring W, (B).

Proposition 4.10. Every solution (%1, ...,%q) in A, .+ of the equation (1)

such that c1 ;%1 + - - +cq,;Tq € Fil" Ay, for any i uniquely lifts to a d-tuple
(21, ..., 8q) in W, (Og) such that ¢1,;31 + - + Caidaq € "W, (Og) for any
1 and the following equality holds:

(I)((él’lii'l + -+ édJi”d)/tAT) =1

(2)

@((617di1 + o+ éd,di'd)/fr) = Z4.
Proof. Fix a lift Z; of Z; to W,,(Of). Then we have

(1,181 + -+ + Eq12a) /) = &1+ ([Gn] — 1)701

D((e1,481 + -+ + Caata) /T7) = Za + ([Gr] — 1)704

for some 1, .. .,Sd € my,. It suffices to show that there exists a unique
d-tuple (91, ...,9q) in my, such that

O((e1,i(21 + ([Gpn] = 1)"91) + -+ + Eqi(@a + ([Gn] = 1)75a)) /77)
= &i + ([Gpn] = 1)"0i
for any i. For this, we need the following lemma.

Lemma 4.11. Let N be a complete discrete valuation field and my be the
maximal ideal of N. Letey, ..., eq be inmpy. Let Py,...,Pgand P| ..., P} be
elements of On|[Y1,. .., Y]] such that P; € (Y1,...,Yy)%. Then the equation

Yi—P(Y1,....Yy) —aP{(Y1,...,Y) =0

Yg— Pi(Y1,...,Yy) —eaPy(Y1,...,Yy) =0
has a unique solution in my.

Proof. By assumption, we see that for any integer [ > 1, a d-tuple y =

(Y1,..-,yq) in my/ mﬁv satisfying the above equation lifts uniquely to a d-

tuple in my /mf{l satisfying the same equation. Thus the lemma follows.

(]
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Let us write as §; = (9i,0, .- -, ¥in—1). Since the image of ®(([(,n+1] —1)")
in A, is divisible by ([¢n] — 1), we can find b € W, (O ) such that

O(([Gn] = 1)"/E) = ([Gn] = 1)'D.

Then there exists polynomials U;,, over O of the indeterminates ¥ =
(Yim)i<i<d0<m<n—1 such that the equation we have to solve is

&+ ([Gr] = 178 = & + ([Gr] = 1)1
+ ([Gor] = DB (E3,1) @ (i1) + -+ - + P(E,a)D(Ja)
+ (pUio(@), - - - s PUin-1(9))
for any i, where we put § = (¥i,m)1<i<d,0<m<n—1. Note that, for any elements
Py, ..., P,_1 of the polynomial ring Ox[Y], we can uniquely find elements

Qo - - -, Qn—1 of this ring such that the coefficients of these polynomials are
in the maximal ideal mg and the equality

(pPOa cee aanfl) = ([CP"] - 1)T(Q0a oo aanl)

holds in the ring of Witt vectors W,,(Oz[Y]). Therefore, this equation is
equivalent to the equation

i = 6 + b(®(1)®(91) + - - + D(&1,40)P(a))
+ (‘/Z',O(y)a B Vvi,nfl(y)%

where V; ,,, is a polynomial of Y over O whose coefficients are in the max-
imal ideal mg. From the definition of ®, we see that the elements §; ,,, is a
solution of a system of equations

Yi,m - Pi,m (Z) - ei,mf)i,,m(X) =0

satisfying the condition of Lemma 4.11 for a sufficiently large finite extension
N of K. Then, by this lemma, we can solve the equation uniquely in mg. O

Let F' be an algebraic extension of Fj, = K;({n+1) and consider the
ring /_1n7 Fr+- By Lemma 4.7, we can consider this ring as a Y-algebra and
also as an object of / Mod;’g by putting Fil"A, g, = A, p,4 and for
T € Fil" A, pry,

¢r(T) = ¢(y) mod ¥ ([Gpr] — 1) M,
where y is any element of W,,(Op/pOFr) such that the element ]y is a lift
of Z. For M, = M /p"M € Mod;’goo

Tz, (M) = Homy, gy o, (My, A prt).

CTYS,Tn,

as before, let us set

We see that

An,TJr = An,f(,r+ = U An,F,r—l—
F/E,
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in "Mod”? and thus we have a natural identification of abelian groups

>
T:rys,ﬂn,f((Mn) = U T:rys,wn,F(Mn)'
F/F,

The absolute Galois group G, acts on the abelian group on the left-hand
side.

Lemma 4.12. For an algebraic extension F of F,,, the fized part TC*ryS - R(MH)GF
is equal to Tg o o p(My).
Proof. From Proposition 4.10, we see that the elements of T°* = (My,)

crys,mn, K
correspond bijectively to the solutions of the equation (2) in T/I}]n((’) ) sat-
isfying the condition on Fil". The uniqueness assertion of this proposition
shows that ¢ € Gp fixes a solution in W,,(Op) if and only if g fixes its
image in A, ;. Hence a solution is fixed by G if and only if this solution
is contained in the image of W,,(Op). Thus the lemma follows. O

Corollary 4.13. Let L, be the finite Galois extension of F,, corresponding to
the kernel of the map G, — Aut(T* ~(My)). Then an algebraic exten-

crys,mn, K
sion F' of Fy, contains Ly if and only if #T7, o P (M) = #T7 M,).

crys,wn,f((

Proof. An algebraic extension F' of F,, contains L, if and only if the action
of Gp on T(;krys7r #(My) is trivial. By Lemma 4.12, this is equivalent to

T (M) =T" (M,). O

CryS,Tn, crys,mn, K
5. RAMIFICATION BOUND

In this section, we prove Theorem 1.1. Take Gk-stable Z,-lattices £ D L’
in V such that £’ 2 p™L. Since the G g-module £/L’ is a quotient of L/p"L,
we may assume £ = p"L. If r = 0, then the Gg-module V is unramified
and the theorem is trivial. Thus we may assume r > 1 and p > 3. Let L be
the finite Galois extensions of K corresponding to the kernel of the map

Gr — Aut(L/p"L).

It is enough to show that, for the greatest upper ramification break ur ) K
of the Galois extension L((p)/K, the inequality

ur e,k < u(K,rn)
holds. Since the Herbrand function is transitive and the finite Galois ex-
tension K((p) is tamely ramified over K, we may assume (, € K. We fix
a uniformizer m of K and a system {m,}nez., as before. Then, by Liu’s
theorem ([14, Theorem 2.3.5]), it suffices to show the following.

Theorem 5.1. Let r be an integer such that 1 < r < p—1 and ./\%l be
the strongly divisible lattice corresponding to L. Put M, = M/p"M €

Mod;g;oN. Then G%) acts trivially on the Gx-module Tg (My) for j >

u(K,r,n).
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Let L, be the finite Galois extension of I}, = K, ((,n+1) corresponding to
the kernel of the map

GF, — Aut(T (My)).

Since F), is Galois over K, the extension L, is also a Galois extension of
K. Let 9 be the object of the category Mod":® such that Ms(OM) ~

/6
M. From Proposition 3.6 and Proposition 4.9, we see that L,, is also the
finite extension of F;, cut out by the G, -module TC*WSTr 7(My) for M,, =

Mg (9M)/p"Mg(9M). It is enough to prove the inequality

1—|—e(n+p%1) (r=1),

< K = n
up, i < u(K.r.m) {pp;1+e<n+pzl> (r>1).

Before proving this, we state some general lemmas to calculate the ramifica-
tion bound. Let IV be a complete discrete valuation field of positive residue
characteristic, vy be its valuation normalized as vy (N*) = Z and NP be
its separable closure.

Lemma 5.2. Let f(T) € Opn[T] be a separable monic polynomial and
21, ..., 2q be the zeros of f in Onser. Suppose that the set {vn(zx — zi)| k =
1,...,d,k # i} is independent of i. Put

§= Z UN(Zk - Zi) and o = sup ’L}N(zk - Zi),
k=1,...d k=1,...d

which are independent of © by assumption. If j > s+ «, then we have the
decomposition

{z € Onser | un(f(2)) 25} = [] {2 €Onser | on(z—2) >j— s}
i=1,...,d

Otherwise, the set on the left-hand side contains
{z € Onser | un(z — 2i) 2}
which contains at least two zeros of f.

Proof. A verbatim argument in the proof of [1, Lemma 6.6] shows the claim.

O

Corollary 5.3. Let f(T) be as above and put B = On[T|/(f(T)). Suppose
that the algebra B 1is finite flat and of relative complete intersection over
On. Let us write the N-algebra N' = B®p, N as the product Ny X - - - x Ny
of finite separable extensions Ny,...,Ny of N. If j > s+ «, then the j-th
upper numbering ramification group ([1]), which we let be denoted by GE\J,),
is contained in Gy, for any i. Moreover, if N' is a field and B coincides

with Onr, then j > s+ « if and only if G%) C Gpr.
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Proof. From the previous lemma, the conductor ¢(B) of the Oy-algebra B
([1, Proposition 6.4]) is equal to s + a. Thus we have the inequality
c(On, X ---xOp,) <c(B)=s+a

by the definition of the conductor and a functoriality of the functor FJ
defined in [1]. This implies the corollary. O

Corollary 5.4. Consider the finite Galois extension Fy, = Kp((pn+1) of K
and let up, /i denote the greatest upper ramification break of Fy,/K. Then
we have the equality

1
=1 ).
Up, /K +€(n+p_1)
Proof. Note that we are assuming that ¢, is contained in K. Applying the
previous corollary to the Eisenstein polynomial f(T) = T?" — 7 shows that
j>1+en+1/(p—1)) if and only if G%) C Gk, . Similarly, putting

f(T) = TP" — ¢, we see that if j > e(n+1/(p— 1)), then G%) C GK(can).

Since Gr, = Gk, N GK(c,,+1), We conclude that j > 1+ e(n+1/(p—1))if
and only if G%) C Gp,- O

Remark 5.5. Note that this argument also shows the equality
1+e(n+ ! )
U = e(n+ ——
Kn(Cpn)/ K p—1
without assuming ¢, € K.
Next we assume that the residue field of N is perfect. For an algebraic
extension F' of N, we put
a%/N ={z € Op|vn(x) > j}.
For a finite Galois extension () of N, we write ug,y for the greatest upper
ramification break ([7]) of @/N. Let us consider the property
for any algebraic extension F' of N, if there exists
(P;)q an Oy-algebra homomorphism Og — Op/a7, N
then there exists an N-algebra injection @) — F

for j € R>o, as in [7, Proposition 1.5]. Then we have the following propo-
sition, which is due to Yoshida. Here we reproduce his proof for the conve-
nience of the reader.

Proposition 5.6 ([16]).

ug/n = inf{j € R>q | the property (P;) holds }.
Proof. By [7, Proposition 1.5 (i)], it is enough to show that the property
(P;) does not hold for j = ug/y — (¢/)~ with an arbitrarily large ¢’ > 0.

As in the proof of [7, Proposition 1.5 (ii)], we may assume that @ is totally
and wildly ramified over N. Let N’ be a finite tamely ramified Galois
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extension of N such that Q N’ = N and put Q' = QN’. Note that we have
ug/N = ug N by assumption. From this proposition in [7], we see that for
some algebraic extension F' of N, there exists an Oy-algebra homomorphism
Oy — Op/a%/N for j = ug/n—e(Q'/N)~! but no N-algebra injection Q' —
F. Since Q/N is wildly ramified, we see that e(Q/N)ug,ny —1 > e(Q/N).
Hence we have uQ/]\,—e(Q’/N)_1 > 1 = upr/n and there exists an N-algebra
injection N/ — F also by this proposition. Thus there exists no N-algebra
injection @ — F' and the property (P;) for Q/N does not hold. Since we
can choose an arbitrarily large N’ as above, the proposition follows. ([

We see from Proposition 5.6 that to bound the greatest upper ramification
break ur, /i, it is enough to show the following proposition.

Proposition 5.7. Let F' be an algebraic extension of K. If j > u(K,r,n)
and there exists an Og-algebra homomorphism

n:0p, — Op/a%/K,
then there exists a K-algebra injection L, — F'.

Proof. By assumption, we have j > er/(p — 1) and bp 2D a%/K. Thus 7
induces an Og-algebra homomorphism

O, — Or/bp.

Since 7 also induces an Ok-algebra homomorphism O, — Op/ a% /K and

r > 1, from Corollary 5.4 and [7, Proposition 1.5] we get a K-linear injection
F, — F. Thus we see that F' contains 7, and (,n+1. More precisely, we
have the following lemma.

Lemma 5.8. For some integers i and i' such that i = 1 mod p, we have
n(mn) = m(pm mod br and n(Cyni1) = C;};H mod br. Moreover, there ex-

ists g € Gk such that g(my,) = TrnC;n and g(Cpn+1) = C;/n“.

Proof. Since the map n is Ok-linear, the equality n(m,)P" = 7 holds in
Op/ai,/K. Set Z to be a lift of n(m,) in Op. Then we have

p"—1
v (TP —m) = Z Vg (T — T lpn) > J.

i=0
Let us apply Lemma 5.2 to f(T) = T?" — 7. Then, with the notation of the
lemma, we have

" —1 1
L and o« = — + c_
ptp—1

Since j — s > er/(p — 1) by assumption, we have

s =ne—+

& = mp(yn mod bp

for some 1.
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Let h(T) be the minimal polynomial of (,n+1 over Ok. Since h divides
TP" — ¢, the Of-algebra B’ = O [T]/(h(T)) is also finite flat of relative
complete intersection and the K-algebra B'®p,. K is étale. The Galois group
Gal(K (¢yn+1)/K) acts transitively on the set of zeros of h. Hence h also
satisfies the conditions of Lemma 5.2. Let s’ and o’ be as in this lemma for
h. Then we have s’ < ne and o/ < e/(p—1). This implies j—s' > er/(p—1).
By this lemma, there exists an element g’ € Gal(K ((,n+1)/K) such that the

element g'(Cyn+1) = C;;H satisfies

1N(Cpn+1) = g'(Cpn+1) mod bp.

Since K, N K((ynt+1) = K (see for example [14, Lemma 5.1.2]), we can find
an element g € G such that g(m,) = Wné-;;n and g(Gyn+1) = g'(Gpn+1). This
concludes the proof. O

Lemma 5.9. The Ok -algebra homomorphism n induces an O -algebra in-
jection

Ne : OLn/bLn — OF/bF.

Proof. We write the Eisenstein polynomial of a uniformizer 7y, of L, over
Ok as

P(T) =T + T " + 4 co 1T + co,
where ¢/ = e(L,/K). Then z = n(ny,) satisfies P(z) = 0 in Op/a;,/K.
Let 2 be a lift of z in Op. Since j > 1, we have vp(2) = e(F/K)/e'. The
condition ¢ > e(Ly,)r/(p — 1) is equivalent to the condition

e(Ln)r e(F/K) _e(F)r

UF(ZA,’i) >

Thus the claim follows. O

p—1 e/ p—1°

Since L, contains F;,, we can consider the ring
4 Lt = WalOr, /61,) /0 ([Gr] = 1) 1,

for F'. We give these rings structures of Y-algebras as

and similarly A; p,.
follows. The ring fl;h L, .+ is considered as a Y-algebra by using the system
{7 }nez-, we chose of p-power roots of 7, as in the previous section. On the
other hand, using i and ' in Lemma 5.8, put 7,, = WHCI@H and Epn-&-l = C;;;L+1-
Then we consider the ring fl;% Fri @82 >-algebra by using a system of p-
power roots of 7 containing 7,,. We define Fil" and ¢, of these rings in the

same way as before.

Lemma 5.10. The induced ring homomorphism

LAY Al
N AnLpr+ — An,F,r+

is a morphism of the category ’Mod;’g.
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Proof. Firstly, we check that 7 is X-linear. By definition, this homomor-
phism commutes with the action of the element v € 3. To show the com-
patibility with the element Y € 3, let us consider the commutative diagram

l !

Wn(Op, /br,) —2— W,(Op/bp)

| !

—_ 7_7 —_
A;L7Ln77"+ A%7F7T+7
where the horizontal arrows are induced by 7. Note that we have ny(m,) = T,
and nb(Can) = (pnt1. Put B € W(R)™ as in the proof of Proposition 4.7.

Namely, the element [ is the solution in W(R) of the equation
E([x])8 = pa— ([£"/7] - 1),
where the element a € W(R) is as in the remark after Lemma 4.1. Let a,

and [, denote the images of a and  in W,,(Op, /pOr, ), respectively. Then
the element (3, is a solution of the equation

E([mn])Bn = pan — ([Cp"“] - 1)p71‘
Similarly, we define elements a,, and By, of Wi (OF /pOF) using 7, and Eanrl.
By definition, the element Bn is a solution of the equation
E([#n])Bn = pin — ([Grer] = 1P,
Now what we have to show is the equality
(anBy E([ma)P~") = @nfy,  E([f])
Since the element a, of W, (O, /pOr,) is a lin-

/
n,Fr4-

car combination of the elements 1,[(yn+1],...,[{n+1]P~1 over Z, we have

in the ring A

f(an) = ap in A;%FJJF. Thus the elements 3, and 7(8,) satisfy the same
equation in A’n’ Fortr Since these two elements are invertible, we see that
7(Bn) " E([7n]) = B;'E([#n]) and the equality holds. Since the diagram
above is compatible with the Frobenius endomorphisms, we see from the
definition that 77 also preserves Fil” and commutes with ¢, of both sides. [J

Thus the homomorphism 7 induces a homomorphism of abelian groups

crys,Lp,Tp crys,F, 7y,
Then the following lemma, whose proof is omitted in [2, Subsection 3.13],

implies that this homomorphism is an injection. We insert here a proof of
this lemma for the convenience of the reader.

Lemma 5.11. The ring homomorphism 1j : A;7L7l’r+ — A;I,F,T—I— is an injec-
tion.
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Proof. For an algebraic extension IV of F, let us write flg\, for the ring
A}, N+ Note that the ring A% /pAly is isomorphic to the ring
r

P p — 1)}'

As in the proof of Lemma 5.9, we see that the homomorphism 77 induces an
injection

(’)N/{w S ON ’ Up(l') >

AL, /PAL, — AR /pAp.
Thus it is enough to show the exactness of the sequence
0 — A /p" Ay = Ay fp" Ay — Ay /pAly — 0.
Let £ and ¥ be in fl’N such that pz = p™*ly. Let & = (%¢,...,2,_1) and
9= (Yo,--.,Un—1) be lifts of Z and g in the ring W,,(Op), respectively. In
this ring, we have
R R ~ m—+41 R m—+1 “

(0,25, 27,...,)=(0,...,0,95 .97 ...+ ([{n] — 1),
where 2 is in the ideal m, . From this equality we see that wv,(Zg) >
/("' (p—1)) and

z= ([CP”] - 1)7‘11) + (Oa :i‘lla :i‘/Qv .- )

for some w € my, n and &, € On. The image of the first term on the right-
hand side in Ay is zero. Hence we may assume Zo = 0. Repeating this, we
can see that z € p™ A’y and the above sequence is exact. O

(M) is of
order p™?, where d = dimg, V. This implies that the the abelian group
T3 ys F 7, (Mp) is also of order p™. Let g € Gk be as in Lemma 5.8. Then
we have the following lemma.

Now Corollary 4.13 shows that the abelian group T

crys,Ln,mn

Lemma 5.12. The G -action on T* - .
n crys, K,

M,,) by the element g.

(M,,) is the conjugate of the

o *
action on Tcrys,i{,wn(

Proof. Let ay,a, and By, Bn be the elements of Win(Ox/pOfk) as in the
proof of Lemma 5.10. Let us consider the composite

A/ R
Y- An,r+ - An,'r—l—

of the ring homomorphism defined by u + [r,] and Y +— —a,,3; *E([r,])P~!,
and the map induced by g. We claim that this is the natural ring homomor-
phism defined by 7,,. For this, we only have to check that this composite
sends the element Y € ¥ to —a, ;' E([7,]). Since the equality

E([mn])Bn = pan — ([Guia] — 1P

holds in the ring fl;w + on the source of the above map g, we have

E([7n])g(Bn) = pan — ([{pni1] — 1)P
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in the ring fl;m + on the target. Since the elements g(/3,) and 3, are invert-

ible, we have g(6,) ' E([7,]) = 3; ' E([#,]) and the claim follows. Thus we
have an isomorphism of abelian groups

Homy (M, /_l;wn_i_) — Homy (M, A;z,r-i-)
fr—=golf,
where we consider on the ring fl;w, , on the right-hand side the filtered ¢,-

module structure over ¥ defined by 7,,. Since g(t,) = tn, we can check that
this isomorphism induces an injection

Homy, pirr ¢, (Mn, A, ) — Homs, gir g, (M, Ay, ).

Since these abelian groups have the same cardinality, this is also an isomor-
phism. [l

Since L,, is Galois over K, the above lemma shows that the finite Galois

extension of F}, cut out by the action on :rys’ Roin (M,,) is also L,,. Hence we

see from Corollary 4.13 that F' also contains L,, and Proposition 5.7 follows.
This concludes the proof of Theorem 1.1. O

Remark 5.13. The ramification bound in Theorem 1.1 is sharp for r < 1.
Indeed, the greatest upper ramification break 1 +e(n+1/(p —1)) forr =1
is obtained by the p"-torsion of the Tate curve K* /7% (see Remark 5.5).
The author does not know whether this bound is sharp also for r > 1.
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